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Microwave Resonance Relations in Anisotropic Single-Crystal Ferrites*
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The ferromagnetic resonance relations in magnetically anisotropic single-crystal ferrites have been re-
examined. Detailed analyses are presented for spherical ferrite specimens possessing first order anisotropy.
Generalized nomograms are presented which relate the microwave resonance frequency to the static magnetic
field II, the anisotropy parameter X/M, and the static field orientation angle. These curves are derived for
both negative and positive anisotropy specimens with H lying in a (110) crystal plane.

Below magnetic saturation a simple multi-domain structure is suggested by crystal geometry in which the
domains are lamellar in form. The orientations of the magnetizations in these domains are assumed to be of
two varieties which alternate in sequence. Equilibrium and resonance results are given for such a con6gura-
tion when H is applied in the L110]direction. Two resonant frequencies are found for a given H, depending
on whether the microwave 6eld is perpendicular or parallel to H. For both positive and negative anisotropy
crystals, nomograms are given relating the resonance frequencies to II, IC/3I, and M. The results depend
sensitively on the magnetization M. The nature of the magnetization curve predicted from this structure is
discussed.

The angular variation of resonance field and the positions of the secondary resonances found in recent
experiments by Tannenwald are in accord with theory.

I. INTRODUCTION

HE ferromagnetic resonance relations in mag-
netically anisotropic single-crystal ferrites have

been re-examined. The basic theory had been consjdered
previously by various authors. ' ' The results can be
derived quite generally; however, the detailed analyses
described in this paper were done for spherical ferrite
specimens possessing only first order anisotropy. The dc
magnetic field in all cases was chosen to lie in a (110)
crystal plane. This is the geometry generally selected for
microwave measurements since, in this plane, effects in
the hard, easy, and intermediate crystal magnetization
directions can be examined by orienting the magnetic
field appropriately.

Results are given first on the assumption that the
specimen exists as a single magnetic domain. Generalized
nomograms are presented for both negative and positive
anisotropy crystals which relate the microwave reso-
nance frequency to the static magnetic field H, anisot-
ropy parameter E/M, and static field orientation angle
f. The nature of the gradual alignment of the mag-
netization M to H is discussed in detail. Simplified
formulas are given for the "quasi-lineup" region in
which the angle between M and H becomes very small.

*The research reported in this document was supported jointly
by the U. S.Army, U. S.Navy, and U. S.Air Force under contract
with the Massachusetts Institute of Technology.

t Presently at Gordon McKay Laboratory, Harvard University,
Cambridge, Massachusetts.' H. J. Zeiger, Lincoln Laboratory (private communication).

2 J. Smit and H. G. Beljers, Philips Research Repts. 10, 113
(1955).' H. Suhl, Phys. Rev. 97, 555 (1955).

4 Derivations similar in some respects to references 1 through 3
had been given for antiferromagnetic resonance by C. J. Gorter
and J.Haantjes, Physica 18, 285 (1952),J.Ubbink, Phys. Rev. 86,
56'I (1952), T. Nagamiya, Progr. Theoret. Phys. (Japan) 6, 350
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Expressions are also given for the susceptibility tensor
components.

Below magnetic saturation a simple multi-domain
structure is suggested by crystal geometry in which the
domains are assumed to be lamellar in form. The
orientations of the magnetizations in these domains are
assumed to be of two varieties, disposed in an alter-
nating sequence. ' The treatment of such a configuration
is simplest when H is applied along a [1107 direction.

Following the methods of Smit and Beljers' the multi-
domain structure is shown to have tzvo resonant fre-
quencies, depending on whether the microwave mag-
netic field is oriented perpendicular or parallel to H.
Nomograms are given for both positive and negative
anisotropy crystals which relate the resonance fre-
quencies to O', E/M, and 3L T'he resonances predicted
from this multi-domain structure are found to depend
sensitively on 31. Further details of the multi-domain
analysis are given in the Appendix. The magnetization
curve predicted from this structure is also derived.

The data from some recent experiments are compared
with the theory.

II. CONDITIONS FOR EQUILIBRIUM AND
RESONANCE —SINGLE-DOMAIN CRYSTALS

In order to demonstrate conveniently ferrite prop-
erties in microwave resonance experiments, a standard
crystal and field arrangement has become customary;
results are given specifically for this geometry but can be
derived readily for other cases. The crystal, in the form
of a sphere, is mounted on a rotatable post with a L1107
crystal axis parallel to the axis of rotation. The micro-
wave and dc magnetic fields are perpendicular to each
other and lie in the (110) plane normal to the axis of
rotation (see Fig. 1).

5The structure is similar to that used by Smit and Beljers'
to explain ferromagnetic resonance effects in uniaxial crystals.
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The directions of the [010],[001],and [100]crystal
axes define the triad (z,j,z). The dc magnetic field H is
applied in the (110)plane that passes through the 9 axis
and makes an angle P with the z axis. See Fig. 2.' The
magnetization M is inclined at the angle 8 to the z axis.
The projection of M on the x-y plane is inclined at the
angle p with respect to i

The total energy per unit volume is, considering
magnetostatic and anisotropy contributions only,

4Er[sin'(28)+sin48 sins(2&)]
MH[—cos8 cosP+sin8 sing sin(gm. +P)]+—~M'. (1)

The equilibrium point is found from the requirement
that the net torque on M be zero. This yields the
equations:

BE"/8$= MH sing—sin(P —xi~) sin8,
(2)BE"/88= MH)sing sin(rgvr+g) cos8—cosp sin8],

where
E"= 4r ICr[sin'(28)+ sin48 sin'(2P)].

To evaluate the ferromagnetic resonant frequency ~&
and the susceptibility tensor components, departure of
M from equilibrium is considered. Neglecting damping
sects, ~II is given by

Hp PERPENDICULAR

TO AXIS OF ROTAT ION

AXlS OF ROTA T ION

FIG. 1. Principal axes in a cubic crystal.

where the elements are

{(yMH cosf cos8
M sin8

+7MH sing sin(gx+P) sin8+yE„gg]

X [yMH sing sin(xr~+P) sin8+7E~e&]

—PyMH sing sin(-'m. —Q) cos8+yE~&g] }', (3)

where y is the gyromagnetic ratio and Edge ——O'Ez/888$,
etc.

Instances occur in which the point of zero torque is not
stable. In such cases the expression inside the square
brackets (shown above) is negative. Also, as will be dis-
cussed below, more than one stable equilibrium point
may exist for given H and P values. The proper choice
would follow from the requirement that the total energy
given in Eq. (1) be minimal.

A susceptibility tensor g may be defined, relating the
magnetization to the applied extra/ microwave Geld.
This is not a true susceptibility but, nevertheless, still
is a convenient way of expressing the ferrite properties.
Axes (1,2,3) are chosen: "1,"perpendicular to the plane
formed by M and the [1007direction; "2,"normal to M
and lying in the M —[100]plane; "3," parallel to M.
With reference to this coordinate system, the tensor is:

4~™
~

yH, cos8+yH, sin8+
M )

4'�&M (&H„&Epee )
x. =

i +
D E sin8 M sin'8)

4~yM t 1 yEgge q
jzsi —

~
y"+—+yH cot8+

D & T M sin8l

4myM ( 1 yEgge )j~»=
I j~+ vH. co«—

D ( T M sin8)

X33=o,

with D equal to ~ns "'+1/T'+j (2&v—/T), co+ given by

~ I

~ ~

X&&

JK21
0

X22

0

0
0

X33.

t.O O I]

(I I 0) PLANE

' Strictly speaking, the (110) plane and $110$ direction shown
in this diagram are an (011)plane and L011jdirection, respectively.
The somewhat incorrect notation will, however, be used through-
out this paper.

t. o Io] [I IO]

FIG. 2. Spatial configuration of M and H.
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gradually pulled into alignment as H is increased from
zero. The a&/y curves bend toward the ~/y= 0 line which
is reached when H/~Et/M~ =2 and H/~Ei/M~ =1, re-
spectively; at these points 8 equals P. M remains parallel
to H along the right-hand portions of these curves for
which the resonance conditions are

~~/v=H 2~E—i/~~,
~H/7 L(H [Et/~ ( ) (H+2j Et/~

(
)]-',

respectively.
For all other f values, M is gradually pulled in toward

H from the I 111] direction; the direction of M ap-
proaching that of H asymptotically as B approaches
infinity. The &v/y curves tend upward as shown. In some
instances for a given f, a particular &u/7 may correspond
to several values of II. In an experiment in which the
microwave frequency is fixed and the dc magnetic field
slowly varied, several ferrite resonances would be
observed.

APPLIED MAGNETIC FIELD Hoc

FIG. 3. Single-domain resonance relations in cubic crystal;
X~/M' negative.

Eq. (3), and

H, =H sing sin(P —~i~),

H„=H sing sin(-,'m-+P),

H, =H cosP.

The properties of the normal modes of oscillation of
the ferrite follow immediately from diagonalization of
this tensor.

A. Negative Anisotropy Crystals

From energy considerations it is evident that M lies
in the given (110)plane. The formulas, Eqs. (2) and (3),
apply with &=or/4. Normalized curves relating (&u/y)/

~Et/M~ to H/~Et/M~ for various values off are given
in Fig. 3.' These curves converge to (co/y)/IEt/3II~
=4/3 for H =0. Values of P in the three principal crystal
directions 0, 54'44', 90' must be considered specially.

P equal to 54'44' corresponds to the L111] line, an
easy anisotropy axis. 8 always equals P in this direction
and the resonance condition is simply ~ii/y =H
+ (4/3)

i
Et/M

i
.

Initially M is not lined up with H for the /=0 ([100]
direction) and /=90 ([110]direction) curves. M is

B. Positive Anisotropy Crystals

The curves relating (co/y)/(Ei/M) to H/(Et/M) for
various values of P are given in Fig. 4. These curves
converge to (~/y)/(Ei/M) =2 for H=O. For /=0' M
lies parallel to H. This is the L1007 direction, an easy
anisotropy axis for which the resonance relation is
simply ~Ii/y=H+2Et/M. For values of P between 0'
and 54'44', M lies in the (110) plane and is tipped in
toward H asymptotically from the L100] direction. For
values of P between 54'44' and 90', M is drawn in
toward H from the [010]or [001]direction. s These will
be termed "skew" orientations. As H is increased from
zero these skew solutions curve in toward the (a&/y) =0
line. At the point &= ~in, corresponding to (~/y) =0, M
has been pulled into the (110)plane. However, M is not
parallel to H. As H increases further, M, lying in the
(110) plane, is asymptotically pulled into alignment
with H.

The solution for /=90 is a limiting case in which M
always lies in the (100) plane while "skewly" oriented.
At H(/EtM/) =2, (~/y)/(Et/M) is zero. At this point,
P= 4t~ and M has become parallel to H. M then remains
parallel to H as the field is increased. The right-hand
portion of the curve is then obtained, for which the
resonance relation is

(uIi/y =[(H+Et/M) (H 2Kt/M) ]l. —

The solution for /=54'44' is another special case.
Three types of single domain solutions are possible, all
equivalent to each other and yielding the same a&/p vs H
curve. These are: the given (110) plane solution corre-
sponding to M being tipped in from the L100] direction;
and two skew solutions corresponding to M being tipped
in from the $010] and I 001] directions. As H increases

7 Adapted in part from calculations by P. E. Tannenwald and
Marjorie M. Campbell, Lincoln Laboratory, Massachusetts Insti-
tute of Technology.

A graphical method for obtaining some of these equilibrium
conditions was given by R. M. Bozorth and H. J. Williams, Phys.
Rev. 59, 827 (1941).
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from zero, the resonance curve bends toward the (&u/y)
=0 line which is reached when H/(Er/M) is 1.483. The
cv/y solution for M parallel to H is a straight line
inclined at 45' and terminating at H/(Er/M)=4/3.
The curves intersect as shown. For all points to the
right of H//(E~/M) = 1.466, the lineup solution has the
lower total energy. At this point, indicated by a dotted
line, a jump is made from one curve to the other. The
resonance relation for the lineup solution is coII/y=H
—(4/3)(E&/M). As in the negative anisotropy case,
multiple ferrite resonances may be observed under
appropriate conditions.

III. EQUILIBRIUM AND RESONANCE CONDITIONS
WHEN M AND H LIE IN THE (110) PLANE'

QUASI-LINEUP CONDITIONS

As discussed in Sec. II, M will lie in the (110) plane
for negative anisotropy crystals and also for positive
anisotropy crystals when su%ciently high dc magnetic
fields are applied. When M lies in the (110) plane, the
azimuth angle p equals Ler. The equilibrium conditions,
Eq. (2), simplify to

a)&

0-
(3

LLI

LL8

K

BEA/B8= MH sin Q —8).

The resonant angular frequency &ozz, Eq. (3), is now

t' »n4 Y&A88 l
~~= IvH +

sin8 M sin'8i

(7)

APPLIED MAGNETIC FIELD Hpc

7+A 88)
&&

I
yH cos(8—P)+ I

. (g)

In the limit of large magnetic fields, H/I Er/M I))0, M
tends to become parallel to H and Q —8)=—8 approaches
zero. This condition, for which M lies in the (110)plane
and

I
eI &5', will be termed "quasi-lineup. " M can

become parallel to H only in the three principal crys-
tal directions for which BFA/B8 =0 Since BEA/.88
=Er sin8 cos8(3 cos'8 —1), these correspond to /=8
=0', 54'44', and 90'.

Putting 8 equal to P in Eq. (g) does not yield the
proper limiting lineup formula originally derived by
Bickford. ' The correct relation is obtained as follows: to
the first order in e the resonance equation is

FIG. 4. Single-domain resonance relations in cubic crystal;
KI/M positive.

1 E] E2
e=—Fr(8) +F8(8)—,

H 3f M
(10)

present ~/y vs f plot is not the same as the ~/y vs 8 plot
since P and 8 are not necessarily equivalent. These
conclusions hold also in the presence of second order
anisotropy:

EsA ——r'sEsI sin'(2p) sin'(28) sin'8].

The more general relation for e is

1 (
sin8 cos8(3 cos'8 —1) I

Er+ sin'8 I,
'—

3fII i
01

(cease

( F»8 l (
I

—
I
=

I
H+H«o«+ . II H+

M sin'8i ( M i
where e is now expressed in degrees and

Fr = 57.296 sin8 cos8 (3 cos'8 —1),
F8=57.296 sin8 cos8(3 cos'8 —1)X—', sin'8From the equilibrium condition He= (I/M)(BEA/88)

Hence,

This relation between ~~ and 0 is equivalent to the
relation between ~~ and P derived by Sic%ford. The (COt8 FA8@ +Ace )

~&/& =H+ s I &Ae+ + I. (11)
E M Msin'8 M i8 L. R. Bickford, Jr. , Phys. Rev. 78, 449 (1950).

Ii ~ and Ii2 are plotted in Fig. 5.
In Figs. 6 and 7 the resonance nomograms are plotted

coH ~ j cot A@8 ( Aee )
(9) for very high fields where the lineup formulas apply and

E p i & M M sin 8i ( M i for which, in addition, the resonance relation, Eq. (9),
can be approximated by
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experimentally in ferrites. ' "These resonances, in many
cases, have been presumed to be a consequence of the
domain structure existing below magnetic saturation.
ERects of this nature in magnetically uniaxial crystals
have recently been analyzed by Smit and Beljers.'
Nagamiya" has considered domain structure eRects in
Fe304 when the magnetic anisotropy has tetragonal
symmetry. Treatment of the multiple-domain structure
problem in crystals with cubic symmetry is, in general,
very involved. One situation for which a solution can be
obtained readily in both negative and positive anisotropy
crystals occurs when H lies along a [110]direction.

In the analysis that follows, the domains are assumed
to be lamellae of two varieties arranged alternately. The
lamellae are presumed to be equal in volume. The planes
of the lamellae are perpendicular to the dc magnetic
6eld direction. Orientations in which these planes are
parallel to the magnetic field direction are shown in
the Appendix to be unlikely. The treatment of the
equations follows very closely that of Smit and Beljers.

A. Negative Anisotropy Crystals —H in
[110]Direction

-6-l2
Fl

I I I I I i I I I t t I I I I I

0 l0 20 30 40 50 60 70 80 90
8 DEGREES

The two types of domains expected correspond to
magnetizations lying in the (110) plane tilted equally
with respect to the [110]direction. The domains are,
therefore, of types 1 and 2 in which the orientation of M
is specified by the parameters (01, pi=~~) and (02=m.
—01, Q2=~~), respectively (see Fig. 8). The angle
nomenclature corresponds to that used previously.

The total energy per unit volume for this multi-
domain structure is:

Fro. 5. Tilt angle functions Fj and F2.

Substituting for the anisotropy terms,

coIr I 1 ( 15—=H+—
~

2+—sin'8 —10 sin'0 ~.
ME 2 )

Figures 6 and 7 should be compared to the previous
Figs. 3 and 4.

The susceptibility tensor [see Eq. (4)] described
earlier simplifies greatly under lineup conditions. Equa-
tions (5) become

E= SEi[sin'(201)+sin'0l sin'(2/i)

+sin'(202)+sin'02 sin'(2&2)]

——',MH[sin0i sin(~~+Pi)+sin02 sin(g7I+Q2)]

+6''M [(cos01+cos02) + (s11101slnpi+ s11102 sin/2)4vrpM t' pEAeg &

x»=
I »+

M ) + (s11101 cospi+sln0g cos$2) ]
+~ s M'[sin01 cos (4 sr —pi) —sin02 cos (~ ir —$g) ]2. (13)

4z-yM )
] 7H+ cot0E~g+ —(, (12)—

D M sin'0) The 6rst term represents the crystal anisotropy
energy; the second, the rnagnetostatic energy; the third,
the demagnetization energy for the net magnetization in
the spherical sample; and the fourth, the demagnetiza-
tion energy of poles on the walls of the domains —the
domain demagnetizing factor is taken as 4m. The equi-

4~pM( jy
K12=K21=K =

T)

' P. E. Tannenwald, Phys. Rev. 99, 463 (1955)."P.E. Tannenwald, Phys. Rev. 100, 1713 (1955).
'~ R. L. White and I. H. Solt, Jr., Hughes Research Laboratory,

Culver City, California (private communication).
'3 C. Hubbard, Harvard University (private communication).
'4A. F. Kip and R. D. Arnold, Phys. Rev. 75, 1556 (1949),

observed similar effects in single crystals of iron."T.Nagamiya, Progr. Theoret. Phys, (Japan) 10, 72 (1953).

IV. FERROMAGNETIC RESONANCE IN THE PRESENCE
OF MAGNETIC DOMAIN STRUCTURE

Resonances which are not predictable by the single-
domain analysis curves of Sec. II have been observed

As before, D is given by coll' —&u'+1/T'+ j(2~/T),
where &o& is now obtained from Eq. (9).



M I C R 0 W A V E RESONANCE RELATIONS

H +4 —'

o

LLJ
CL'

H+3—

HOC CONSTRAINED TO MOVE IN {I 10 ) PLANE.

hrf J HDC

ANGLE OF H WITH RESPECT TO LIOOj AXIS

NEGATIVE
Kl

(r ) ANO Hoe IN UNITS OF

oc

JLJ

O
K

X
H+ 2—1

5

504 00 90
Oe

H + l —'

H H + I H + 2 H + 3 H + 5

APPLIED MAGNETIC FIELD H pp

Fio. 6. Resonance relations in cubic crystal at very high magnetic field; IC&/M negative.

librium conditions BE/Bgr =0, BE/BBS=0, BE/B&r =0, where
BE/Bp& ——0 are, as anticipated, satisfied by pi= p~= As-

and 0~ =m —0~. Two resonance conditions are found.

tei . ~, (OI-~ »»
I

= (~~)', I
-~ »nB [

= (»)'* (14)
).

A = 2 (Esi8r+E8T8s),

8= 2 (Esisi Esiss), —
C= 2 (E8 ikr+ E8,r8,s) &

D=2(Eater Eerie)i

&. H+4
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F$G. 7. Resonance relations in cubic crystal at very high magnetic field; E&/M positive.
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and

)24 11 4~My )4~My
I

—+-
&25 5 3 ) E 3 )

"Henceforth, the quantities (a&/y), 3f, and ff will be expressed
in units of )X&/M I.

Ester ———',Xi[2 cos40+sin'0(3 —4 sin'0)]
+-', MH sin0+-'s. M' cos20+vrM' cos'0

Esiss= —ss'M cos20+s M cos 8, (16)

Eeiei = Ei sin'Oi+—-', MH sin0 sing —
—s,

s-M' sin'8,

Eylp2 3z.~2 sin2g

The (o~/y)~ resonance corresponds to microwave excita-
tion perpendicular to H while the (ro/y)„resonance
corresponds to excitation parallel to H.

In Fig. 9, families of the multiple-domain to/7 ss H
resonance curves are shown superimposed on the usual
single-domain /=90' resonance curve (refer to Fig. 3).
M, H, and o~rr/y are expressed in units of

~
Ei/M

~

. For
each value of M/~ Ei/M

~

both the (&o/y)i, and (&o/y)„
curves are shown.

The energy, equilibrium, and resonance conditions
are, if one expresses all quantities in units of

~

Er/M ~,
is

E= —
~~ [sin'(20)+ sin'07 —H sin0+ —,s.M sin'0,

(17)H= (3 sin'0 —2+ (4/3)s.M) sin0,

(ro/y) ~={[(1—sin'0) (9 sin'0 —2)

+(4/3) vrM(3 —2 sin'0) 7
~r [(5 sin'0 —2)+ (4/3) sM]}&,

(1g)
(io/y) „={[(1—sin'0) (9 sin'0 —2)

+ (4/3) s.M (1—sin'8) 7
[(5 sin'0 —2)7}l.

For (4/3)sM) 2, equilibria exist for all values of

0, but are not stable below Geld values less than
(ss)**((4/3)sM—4) (corresPonding to 0=sin '[(s)'*])since
(~o/y)«vanishes at this point. The (&o/y)» curves are
similar in form to semicircles. (co/y)«vanishes for all
values greater than (4/3)s.M+1. This is the point
O=s./2, at which the multiple-domain structure ceases
to exist. The (~o/y)~ resonance terminates on the single-
domain curve at O=s./2, H= (4/3)s.M+1 at the value
(ro/y)~= {[(4/3)sM][(4/3)vrM+37}*. As H decreases,
(co/y)~ increases, reaching a value of

at 0= sin '(s)', H= (s)'*[(4/3)sM —s47. The values
of (co/y)~ in the unstable region below H= (-', ) &

X [(4/3)s.M—-', 7 are indicated by dashed lines.
When observing (co/y)~, two resonances may be seen

as the dc magnetic field is increased from zero upward.
The one at the lower 6eld corresponds to the multiple-
domain resonance. The one at the higher Q.eld is the
usual single-domain resonance. If (cu/y)~ is too large,
then only the single-domain resonance will be seen. If
(oi/y)~ is too low, then no resonance will be seen.

When investigating (&o/y)„, two resonances may be
seen as H is varied, both due to multiple-domain reso-
nance. If (co/p)~~ is too high, no resonance will be
observed.

As anticipated, the total energy for this multiple-
domain structure at a given II is never greater than the
energy for the single-domain structure.

A "gross susceptibility tensor" gg may be defined in a
manner similar to that of Sec. II. The axes of the
reference system are as follows: "1," perpendicular to
the (110)plane; "2,"directed along the [1007axis; "3,"
parallel to H.

The tensor elements [see Eq. (4)7 are:

Xg11

Xg22

47I-M2A sin20

AC —s2

4+M2C sin20

AC —z2

47'-M2D cos'0

BD—S2

(19)

4z3Ps sin'0

AC —s2
Kgl2 Kg21 Kg =

where A, 8, C, and D are defined through Eqs. (15) and
(16) and z= (ro j /T)M sin0/p—.

B. Positive Anisotropy Crystals —H in
[1107Direction

The analysis is quite similar to that of the negative
anisotropy case. Two types of domains are postulated,
corresponding to magnetizations lying in the (100)
plane tilted equally with respect to the [1107direction.
The orientation of the magnetizations in these domains
is specified by the angular parameters (Oi ———',s, Pr) and

(Os
———', s., Qs ——-', s —pi). See Fig. 10. The total energy per

unit volume for this type of structure is given by
Eq. (13).

The equilibrium conditions BE/BOi ——0, BE/BOs 0, ——
BE/B&i 0, and BE/B&s——0 are, as a—n—ticipated, satisfied

by Oi=Os= ss and Qi=Q, ps= ss —@i.
The equations of motion about the equilibrium point
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Fro. 9. Resonance relations in cubic crystal; IC&/M negative; H in I 1107 direction.

again yield the two resonance conditions: case are:

(ro . l, (ro
M sino

I
=(&c)'

I
-M»no

I =(»)',), (y )„
where A, 8, C, and D have been de6ned previously in
terms of the energy derivatives. See Eq. (15).

The expressions for the energy derivatives in this

Esrsr = sEt (2—sin'2Q)+ —,'MH sin (sr s.+p) —sr vrMs sin2g,

EH]82= 371 3Pq

Ester ——Et cosQ+ ',MH sin(-,'s 1p) — (20)
—

s sM' sin2&+-', sM' sin'(sr s —@),

Egrets= ssM' sin2&+ rssM' sin'(sr' —g).
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Families of the multiple-domain &o/y tIs H resonance
curves are shown superimposed on the single-domain
/= 90' resonance curve in Fig. 11.M, H, and CI~/y are
normalized by being expressed in units of Ei/M.

The energy, equilibrium, and resonance relations for
the chosen structure are, expressing quantities in units
of Ei/M:

E=—„'(sin'2It) —H sin(4Tr+p)

V. MAGNETIZATION CURVES PREDICTED FROM
POSTULATED MULTIDOMAIN STRUCTURE

The form of the magnetization curves when H is
applied in a [110]direction follows immediately from
the analysis of the previous section. For the negative ani-
sotropy case H= (3 sin'0 —2).

~
Ei/M, ~+ (4/3}TrM, »n&

and the observed magnetization M,b, equals 3f, sin8. If
we write f= sin9= M,b,/M, and express H and

~
Ei/M,

~

in units of 3f„ the following relation is obtained:

+ sTrM (1+sin2it),

sin4&+ (4/3) TEM cos2&a=
2 COS&sTr+p)

(21)
H= (3f'—2)f iEt/M, i+(4/3)TrfI

where 1&f& (-,')l.

Similarly, for positive anisotropy,

(24)

sin4& cos2$
Ei/M, + (4/3) s-M,

2 COS (-',Tr+p) 2 cos(srTr+ItI)
(OI/y) ~ = ([2—Sin'2ItI+H Sin (4 Tr+p)

+(4/3)TEM Sins(rsTr —P)][2 COS+

(oI/y} « ={[2—sin'2p+H sin (sTr+g)

a d
M,b.=M, sin(~Tr+g).

+H Sin(4'Tr+I|I)+4TrM Sins(4tTr —g)]}i,
(22) If g= sin(srTr+It) =M,b,/M„ then, in reduced units,

H = 2g[2g' —1] Ei/M+ (4/3) Trg (25)
—ssTrM (1+sin2it )][2 cos4&

+H sin (sr Tr+ItI) —(4/3) TrM sin2&] }'.

When observing (CI/y)~ a total of none, one, two, or
three resonances may be seen as the dc magnetic field is
increased from zero upward. The number of resonances
seen depends on the values of (CI/y) and M. The reso-
nance at the highest field value is the usual single-
domain resonance. The (&c/y)~ resonance terminates on
the single-domain curve at H= (4/3)TrM+2 at which
&=rsTr. Similarly none, one, or two resonances may be
seen when investigating (rd/y)».

As expected, the total energy for this structure at a
given LI is never greater than the energy for the single-
domain structure.

A "gross susceptibility tensor" gg may be defined as in

Part A of this Section. Kith reference to the coordinate
system used previously, the tensor elements are now:

4TrM'A sin'(tsTr+p)

AC —s2

1&g& 1/v2.
These formulas, of course, would not be expected to

apply at low magnetic field values at which the simple
multidomain structure would not exist. A derivation
leading to similar formulae has been given by Bozorth. '
However, the geometrical shapes of the domains and the
domain-wall demagnetization energy factors are not
discussed.

VI. COMPARISON OF THEORY WITH RECENT
EXPERIMENTAL RESULTS

Detailed investigations on single-crystal ferrites have
recently been reported by Tannenwald. ""In his paper
on a group of Mn ferrites (crystals with negative
anisotropy), Tannenwald" states that no combination
of Ei/M, Es/M, and g gave a good fit to the angular
variation of resonance field observed. This apparent
discrepancy between the calculated angular variation of
resonance 6eld and the experimental results can now be
removed. For example, the experimental values found
for Mn-Zn ferrite at 77'K and 9.198 kMc/sec are shown

4m3PC
gg22

AC —s2

4TrM'S Sin(sr Tr+@)

AC —s2
Kg12 Kg21 Kg =

4TTM'8 sin'(-', Tr —g)

BD—S2

(23)

t'ooi]

M~

I I I 0] MS .
'''

M
I

Olpj

GONFlGURAT10N OF POMAlNS
AND liflAGNETlC FlELp

CROSS- SECTION IN ( IOO) RLSNE
DOMAlN AND WALL GEOMETRY

FIG. 10. Multidomain structure in positive anisotropy crystal;
H in $110) direction.

where z= (rc j/T)M/y —and A, J3, C, and D are defined
through Eqs. (15) and (20).

R. M. Bozorth, Ferromagnetism (D. Van Nostrand Company,
Inc. , New York, 1951),pp. 578—579.
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H pg IN )I IO] DIRECTION
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LLI

LLI 3

3

APPLIED MAGNETIC FIELD H pc

FIG. 1].. Resonance relations in cubic crystal; E&/M positive; H in L110$ direction.

in Fig. 12 "From the held values at 0', 54'44', and 90'
(4054, 2670, and 3146 oersteds, respectively) the follow-

ing parameters were computed: Er/M = —399 oe, Es/3I
= —121 oe, or/p =3256 oe. Two curves of resonance field
~s orientation angle were computed from these data and
plotted in Fig. 12. In the first, the magnetization M was

considered to be parallel to the magnetic field H. In the
second, the angle between M and H was taken into
account by applying the first order angle correction as

' Data furnished by P, E. Tapnepwald (private communi-
cation).

given in Eq. (10).As expected, the experimental data lie
on the second curve.

At a frequency of 9.150 kMc/sec, Tannenwald ob-
served additional ferrite resonances under appropriate
temperature conditions. These secondary resonances
occurred at magnetic fields below that necessary for the
usual resonance. The secondary low-field resonances
were not found when the crystal was magnetized in the
easy direction; nor were they found at all at 23.0
kMc/sec.

The explanation for these eGects is quite direct in
terms of the magnetic domain structure discussed in
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Sec. IV. 23.0 kMc/sec is apparently too high an
operating point for observation of the secondary reso-
nances. No domain structure eGects would be expected
in the easy crystal direction. The curve relating low-
field resonance point to temperature in Mn-Fe ferrite
(Fig. 12 in reference 11) is reproducible when one uses
Tannenwald's results for Et/M, the nomogram in
Fig. 9, and M values which, for example, range from 591
cgs units at 40'K to 577 cgs units at 138'K. These 3f
values are within the range of values deduced from the
magnetization data of Pauthenet" and the x-ray density
data of Verwey and Heilmann. "Although some of these
crystal data have been criticized by Gorter, "the ques-

ANGLE BETWEEN MAGNETIC FIELD AND CI003 CRYSTAL DIRECTION (degrees)

FIG. 12. Variation of resonance field with crystal orientation angle
(negative anisotropy crystal).

tion is rather moot since magnetic moment and density
measurements have rot been made on the spherical
specimen actually used in Tannenwald's microwave
experiments. (Variation. of properties in different por-
tions of even a given ferrite crystal is quite common. )

The results for positive anisotropy crystals obtained
in this paper can be applied to the phenomena observed
by Tannenwald in Co ferrite. ""The variation of
resonance Geld with direction (Fig. 4 in reference 10) can
be reproduced with fair accuracy using the nomogram
of Fig. 4. A better fit should be obtained by considering,
in addition, second order anisotropy, but these more
general calculations have not been made. An approxi-
mate calculation for the angular variation of resonance
field was made in the same manner as in the Mn ferrite
case discussed previously. The results are shown in
Fig. 13."From the three principal direction field values
(2850, 9750, and 7700 oersteds) at 90'C and 23.8
kMc/sec the following parameters were computed:
Ei/M = 1826 oersteds, Es/M = 1830ocrsteds, o&/Y = 6502
oersteds. The two curves of resonance field vs orientation
angle computed from these data are plotted in Fig. 13.
In the first, M was considered as parallel to H. In the
second, the first order angle correction of Eq. (10) was
applied. Some discrepancies still exist between the ex-
perimental data and the second curve. This is not too
surprising. First, the first order angle correction proba-
bly is not adequate. The first order correction is con-
sidered adequate for 5' or less but here corrections of as
much as 12' were encountered. '4 Secondly, the data are

so
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Fro. 13. Variation of resonance field with crystal orientation angle (positive anisotropy crystal).
» R. Pauthenet, Compt. rend. 230, 1842 (1950).
~0 E. I.W. Verwey and E.L. Heilmann, I. Chem. Phys. 15, 174 (1947).» E. W. Gorter, Philips Research Repts. 9, 295, 321, 403 (1954).
22 The parameters and resonance points given by Tannenwald for Co ferrite at 90'C and 23.8 kMc/sec have been recalculated using

analyses described in earlier sections. From the hard- and easy-direction resonance point values, one obtains XI/3' =2070 oe, g =2.43,
(ca/y)/(IC&/M) =3.37. Using, in addition, the intermediate axis direction resonance point value, one obtains Kq/M=1826 oe, Zr/M
=1830oe, g=2 61, rd/p= 6 302 oe, (u&/y)/(Itr/M) =3 36. These values differ somewhat from those given by Tannenwald. '

'3 Experimental data were furnished by P. E. Tannenwald (private communication).
~4 A. plot, very much the same as curve 2, can be obtained from the nomogram of Fig. 4. Owing to neglect of second order anisotropy,

this curve is raised in the region near 90'.
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not internally consistent, since the resonance points do
not quite lie on a curve symmetrical about 8=90'. The
crystal may be sufficiently misaligned to cause detect-
able skewness in the observed points.

The secondary peaks observed (Tannenwald's Fig. 3)
were, as expected, absent in the easy direction of
magnetization. The appearance of the secondary peak
in the [1107direction can be understood by referring to
the multidomain nomogram of Fig. 11.At a frequency
(&u/y)/(EI/M)=3. 37 two secondary peaks would be
seen if an (4/3)grM/(EI/M) curve of value 0.9 is
intercepted. This apparently is what has happened, the
two secondary peaks blending to form a blob. A more
detailed comparison is not possible since the Co ferrite
resonances are very broad. Moreover, as in the Mn case,
data on the magnetic properties of the sample used in
the microwave experiments are not available.

We have taken further data on Co ferrite at a fre™
quency of 47.3 kMc/sec at room temperature and at
50'C. At room temperature, EI/M was 3.6 kilo-oersteds
and the g value was 3.3. The resonances were several
thousand oersteds in width, making observation dif6-
cult. An indication of multiple-domain effects was seen.

Low-field resonances have been seen also by Hubbard
in Ni ferrite" and White and Solt in Co ferrite, "but
their data are at present only preliminary.

Smit and Beljers' have reported observations of
(M/p) ~~

in a uniaxial crystal. Observations of ((0/p) s on
cubic ferrites apparently have not yet been made.
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APPENDIX —EQUILIBRIUM AND RESONANCE
RELATIONS IN PRESENCE OF MAGNETIC

DOMAIN STRUCTURE

A. Negative Anisotropy Crystals —H in
[110]Direction

Three types of the lamellar domain structure such as
that described in Sec. V were considered. Each corre-
sponded to magnetizations lying in the (110) plane
tilted equally with respect to the [110]direction. The
model finally adopted had the domain walls oriented
perpendicularly to the dc magnetic field. The energy per
unit volume in this arrangement was given in Eq. (13).
The alternative structures differed in the orientation of
the domain walls. In the first alternative the domain
walls were parallel to Hq, and perpendicular to the

[100j direction. In the second the walls were parallel to
Hq, and parallel to the (110) plane. The domain energy
term of the 6rst model,

ggrM [slI181 cos(ggr QI) —s1118g cos(4gr —Qg)) ~

is replaced by
g grM (cos81 cos8g)

ggrM [sln81 cos(ggr+$1) s1118g.cos(ggl+Qg)$ q

respectively, for consideration of these alternative
models. At the equilibrium point 8=81——gr —8g $g —$1
= ~+, the domain energy term for the first alternative
model has a positive value 2xM'cos'0, whereas the
corresponding term for the other two models is zero.
Hence, this model was not considered further. The
second alternative yielded solutions in which the (cv/y) ~
curve sloped upward to the right as H was increased.
Only one resonance would have been seen in this case.
Hence, this alternative was also discarded.

B. Positive Anisotropy Crystals —H in
[110j Direction

As in the negative anisotropy case, three types of
lamellar domain structures were considered. Each corre-
sponded to magnetization lying in the (100) plane tilted
equally with respect to the [110jdirection. The model
finally chosen (as in the negative anisotropy analysis)
had the domain walls oriented normally to the dc
magnetic field. The energy per unit volume for this
model (as given in Eq. (13)) included a domain energy
term

—g,grM'[sin81 cos(~gr —QI) —sin8g cos(~gr —@g))'.

At equilibrium, 81——8g ———ggr, p= &I———g,gr —pg, this domain
energy term is zero.

The two alternative structures corresponded to walls
oriented parallel to the dc field. The first alternative
examined had walls in the (110) plane with the domain
energy

ggrM'[sin81 sin(~gr &I) sin8g sin(4gr 4g) 3

This domain energy gives a positive contribution at
equilibrium. Hence, this model was discarded.

The second alternative had a structure composed of
walls in the (100) plane. The domain energy was
—g'grMg(cos81 —cos8g)'. This formulation yielded the iden-
tical equilibrium condition as the finally adopted case.
However, the (co/y)g curve in this instance was below
the (Id/y)~ curve of the first model and did not corre-
spond to available experimental data. This model also
was not considered further.


