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A mathematical method is developed which gives fairly generally the density of eigenstates for one-
dimensional disordered systems. The method is applied first to a disordered linear chain of elastically
coupled masses. The results for the energy spectrum are closely related to those obtained by Dyson.

Then we consider the electronic energy-states in a one-dimensional disordered crystal, represented by a
series of §-function potentials of different strengths, randomly distributed.

We solve the resulting functional equation explicitly in that case which corresponds to a uniform crystal
with a small amount of impurities; that is, we find the shape of the impurity bands.

I. INTRODUCTION

HE energy levels of an electron in a pure crystal

can be computed in principle if the crystal po-

tential is known. In this paper we will study the case

in which the crystal consists of different atoms, ran-
domly distributed.

We restrict our considerations to a one-dimensional
crystal model and hope that this gives in some respects
a qualitatively correct description of real three-dimen-
sional crystals.

We shall use a general mathematical method which
also applies to similar problems. One of these is the
determination of the eigenfrequencies of a linear chain
which consists of elastically coupled atoms with ran-
domly varying masses. This problem is interesting in
itself and most suitable for demonstrating the mathe-
matical method involved. Therefore, we will consider
it first.

II. FREQUENCY SPECTRUM OF A
DISORDERED CHAIN

(a) Description of the Model

Suppose that we have an alloy containing ¢ different
kinds of atoms A, - - -, A* with the masses m!, - - -, m®.
Let p7 be the fraction of atoms A7, 3 p’=1. As a one-
dimensional model of this crystal we choose a chain of
elastically coupled masses my, ms, ms, - - -, where the
nth mass m, can assume the values m!, - - -, m® with the
probabilities p!, - - -, p°. Suppose for the present that
these probabilities are independent of the nature of the
atoms which occupy the neighboring places (z—1) and
(n+1). (The case where a correlation between neigh-
boring atoms exists will be discussed in Appendix II.)
Furthermore we will assume that the forces between all
neighboring atoms can be described by the same elastic
constant k.

Now consider such a chain of many, say X, atoms
and assume as the boundary conditions that the chain
is fixed at the points which correspond to the place
numbers #=0 and n=N-+1. Then the equation of
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motion for this chain may be written as
Mptin=RkUnp1FUn1—2u,) for n=1,2, --- N, (II, 1a)

MQ=MN+1=O. (II, 1b)

Here #,---uy are the displacements of the masses
my---my from their equilibrium position and u,
=uyy1=0 are merely introduced to establish the
validity of (II, 1a) also for =1 and n=V.

With M.=m./k, Mi=mi/k and idi.=—o’u,, Eq.
(I1, 1) gives

Un(2— M 0?)=tn1+ 2y for n=1,2 ---N,
u0=uN+1=0.

(I1, 2)

The secular equation for the eigenvalues w,? of w? can
now be written as

2— M —1
—1 2— My —1 o
—1 2— My —1 =
—1 2— My

We could try to determine the possible eigenvalues w,?
from this equation and then by averaging over all
possible chains find the mean distribution of the eigen-
values. This way, however, is mathematically difficult.
We have found a different method which seems con-
siderably simpler.

(b) New Formulation of the Eigenvalue Problem

We write Eq. (II, 2) in matrix form:

(7))
Upy1 B -1 2—M.*/ \u,

for »=1,2,---N, (II, 3)

U= MN+1=O.

From this it follows that

)= )
uni] \—1 2—Mye?
0 1 %o
x( )( ) (11, 4)
—1 Z—lez Ui
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Now instead of considering #,=0 and #y,1=0 as fixed
numbers in Eq. (I, 4) for «? we fix only #,=0. Then
with #,=0 and w#;=coswt, Eq. (II,4) gives uni:
=12n41(w?) coswt as a function of w? and ¢, and whenever
#un4+1(0?)=0, then both the boundary conditions are
satisfied and w?=w,? is an eigenvalue of our problem.

To study the «? dependence of uyy1(w?), we look at
the two-dimensional vectors

()

in an a-y plane; v= (i) These vectors have a remark-

(I1, 5)

able property: With increasing w® the vector v,(w?)
rotates uniformly in the positive direction around the
zero point in the x-y plane, ie., if ¢,/2 is the angle
between the positive x-direction and the vector vn,
then ¢, (w?) increases monotonically with w?

To prove this we define

Zin (W) =Un_1/Un="tan(on/2). (11, 6)
Then (3) implies
Zn1=1/Q2—M?—2,) for n=1,2,---N. (II,7)
with the boundary condition
51=0, Zys1=0. (IL, 8)

Equations (II, 6) and (II,7) establish a continuous
connection between ¢, and ¢,.1. We shall make this

connection unique by requiring in accordance with
(I1, 6) and (11, 7) that

on=2mwh+m Ony1=2mh+ 2.

(Here and in the following, % is any integer.)

If we furthermore put ¢:=0 (in accordance with the
boundary condition #o=0) then ¢,= ¢.(w?) is a well-
defined function of w?. The second boundary condition
uny1=0 is satisfied whenever

ons1(w?)=m+2rmh

Now from (II, 6) and (II, 7) it follows that

(a¢n+1) ( 1422 )
n+1
aSDn for constant w? 1+Zﬂ+12.

O@ni1 Znpt
=2M,\ ——
Ao’ for constant ¢n 1+Zn+12

Therefore with ¢;=0 the functions ¢2(w?), @s(w?), - -
are monotonic nondecreasing functions of w?.

Let now w? increase from w,? to w;?. Then eyi1(w?)
increases monotonically from ¢(w.?) to ¢(w?) and
whenever in this region ¢y 1(w?)=m42rh, then both
the boundary conditions are satisfied and w?=w,? is an
eigenvalue. Therefore the number of eigenvalues in
the interval w2 <w?<wp?is (with an error smaller than

implies (11, 9)

(boundary condition). (II, 10)

v

0,

v

0.
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unity) given by

2_[¢N+1(wb2)“ ev1(ed) ]

w
=N[M (o) —M(w)], (L 11)
where M (w?) is defined as
M («?)= (1/N) X {number of eigenvalues w,?
with w,2<w?}. (11, 12)
Then!
M(?)= (1/22N) oxy1(w?)+const. (11, 13)

(c) Chains with Randomly Distributed Atoms

So far we have discussed only one chain with a speci-
fied distribution of the masses M?*, ---M* over the
places (1), - -+ (V). Now we consider a large number of
such chains with different random distributions of the
masses. For each of these chains the vector

(5 i) () ()

is a different function of w?.
Let us describe the probability distribution of the

Un— . . .
vector v,,(wz):( 1’; 1) over the different directions in
n

in the x-y plane by means of a distribution function for
Zn="1Un_1/Un. We define:

w,[2]dz
No. of chains for which 2<z,(?) <z+dz
= . (11, 14)

total number of chains

Then we can easily obtain a relationship between the
distribution functions w,[ z ] and w.1[z] for z, and 2,41

If in all chains the nth place were occupied by the
same mass M,=M‘ then z,.; would be a definite
function of z,:

Zap1=1/2—Mi?—2,); z.=2—Miw®— (1/2a11).

L If all the masses are equal, M,=M, then

0 1)\¥/0 .
VN+1=(__1 Za) (1), with a=1-Mw?/2.

The eigenvalues of the matrix (_(1) ;a) are Ay, 2 =a= (a?—1)% If

these eigenvalues are real, i.e., |a| >1 or Mw?>4, then for in-
creasing 7, v, converges to an eigenvector of the matrix. This
eigenvector does not satisfy the second boundary condition and
therefore no eigenvibrations can exist in this region.

If |«| <1, however, then Ay s=¢E#/? with real 8, and

(_(1) ;H)N(?)=a cos(NB/2)+b sin(NB/2),

where a and b can be expressed by the eigenvectors of the matrix
and depend slowly (compared with N -8) on 8. Therefore on41(w?)
~N-g8 and

2
M (w?) =%+const = —}_ arc sin{ 1 —M-%} +1.
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Therefore, in this special case, the probability of finding
Zny1 In an interval dz,,; must be equal to the proba-
bility of finding 2, in the corresponding interval, i.e.,

Wi 1] Znp1 1020 11=W,[ 20 )20,
or

1
Waa[ 2]= —2w,,[2 —Miw*—37].
:

Since actually the nth place can be occupied by all
masses M!---M* with the probabilities p!:--p? the
actual relationship between w,i[2] and w,[z] is

1 1
W[ z]=2 p"-—zw,.[Z—Mfw?——]. (11, 15)
i3 2

According to the boundary condition z;=0 for all
chains, we have

wi[z]=0(2).

With this the functions w,[z] are completely deter-
mined.

If for large » the functions w,.[z] approach a function
w[z], then w[z] must satisfy

(@) wlzl=2p'(1/w[2—Miw*—(1/2)],
(b) wl[z]>0,

(I1, 15a)

w (11, 16)
(c) f w[z]dz=1.

(The relations (b) and (c) follow from the definition
of w,[2z] as a probability density.)

We shall see, however, in Appendix I that w[z] may
become an extremely singular function. (We shall give
there an example where w[z] is not continuous in any
interval of the real axis.)

Therefore it is convenient to introduce

W.[z]= fzw,.[z’:ldz’. (11, 17)

Here we consider W,[z] as a many-valued function
of z. (This convention is necessary in order to obtain
the simple Eq. (IT, 18) for W,[2].) The main branch
W.[z] of W,[2] is obtained by integrating Jfo=w[2' ]d’
on the direct way without touching infinity (suppose
27 ). The other branches are obtained by adding or
subtracting /o*wn[z]dz+ S twa[ z]dz=1 several times.
We see that W,[0]=0 and that for all branches I,,[0]
in an integer.

Now Eq. (IT, 15) can be written as

Wanlz]=2pWa[2—Miw—(1/7)]
—Wa[—=]

Here the same branch of W, has to be taken for all
values of j. Then W, [0]=W,[— o ]-W,[—»]is

(11, 18)
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an integer and therefore one branch of W,.;, namely
Wryi vanishes at z=0 in agreement with W, [z]
= Jo'wny1[2]1d7". Instead of (II, 15a), we can write

Wiz]l= % for 2>0
0 for z=0 (11, 18a)
-1 2<0.

Then the functions W,[z] are completely determined
by (II, 18) and (II, 18a). Now it can be shown (see
Appendix I) that

I/Vl 2z 2 e nl 2
tim LWLl WL 1w a19)

n—00
n

exists (I, 19) and that W[z] is a continuous function.
This function satisfies the relations:

(@) Wll=XpW2—Mi—(1/5)]-W[—],
(b) W/[z] is a monotonic nondecreasing

function of gz,
(© Wlol-W[—w=]=1; W[0]=0.

[The relations (b) and (c) are satisfied already by each
W.[z] and (a) follows from (II, 18) and (II, 19).] It
can be shown (see Appendix I) that W[z] is uniquely
determined by (11, 20).

Differentiating (II, 20), we obtain with w[z]= (d/dz)
XW[z] Egs. (I1, 16) for w[z], provided that W[z] is
a differentiable function. In cases where W[z] may not
be differentiable, we shall sometimes say “w[z] is
given by Eq. (II, 16),” as synonymous to “W[z]
= fo2w[z']d7’ is given by Eq. (II, 20).”

By means of (I, 18), (I, 18a), and (II, 19) the func-
tion W[z] can be calculated by iteration.? This iteration
method can be assumed to converge quite well except
in some limiting cases. In Sec. IV we shall give an
approximate explicit ‘expression for W[z] in such a
limiting case.

As a last step we have to express M (v?) of Eq. (12)
by means of the distribution functions w[z]=1w[zw?],
or W[z]=W[zw*] (it is convenient to indicate the w?
dependence explicitly).

Let us consider for a specified chain the numbers

on1(@)> on (WH)> - > po(0?)> p1(w?)=0. (I1, 21)

Write oyy1(w?)=2rH-+e¢, where 0<e<2r and H is a
large integer (we assume that V is very large). Now
compare with (IT, 21) the numbers

ont1(w?) > 2rH> 2r(H—1)> - - -

> 47> 2> o1(0?)=0. (I1, 22)
Since 2> @n11— ¢,>0 [ thisis seen from (11, 6), (II, 7),
(I1, 9)7, it must occur for H different values of # that

¢n and ¢n41 include an integral multiple of 2, i.e.,
that @n41>27h> ¢,. From (11, 6), (I, 7), and (1T, 9)

(1, 20)

2In Sec. IV(b) a different iteration method for w[z] is de-
veloped.
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it is seen that the latter condition is satisfied if and
only if —7r<¢,—27h<0 or if — o <z,<0. Therefore
H is equal to the number of z.’s with negative sign in
the series zx, zv—1, ---21=0. On the other hand—
averaging over many chains—this number is given by

N f_ :w[z]dz= N =],

Therefore, for large .V,
(1/2eN) g =H/N==W[— ]

and with (13) we obtain the final result for M («?) as
defined in (1T, 12):

M(?)=—W[— o, o] (11, 23)

[The additive constant in (II, 13) is seen to be zero
by checking (IT, 23) for «*=0. Then z,11=1/(2—32,)
and z,—1 for w—w. Therefore S w2, ]dz,=
—W,[—«,w?}—0. On the other hand, (II, 12) gives
M (?) =0 for «?*=0.]

(d) Summary
We define

0
Pty a5 pyeopd= [ wlsdn, (11,29
where [ z] is uniquely determined by
.1 .
wz]=2 pi-w[2a'—(1/7)],
i 2

w[z]>0, (11, 25)

o0

f w[z]dz=1.

—o0

Now the relative number of eigenvalues with w,? <w?
for a long random chain is

M(w2):F[al,...ai;PI’..‘pj]’ (II, 26)

with a’=1— Miw?/2. Here p’ is the fraction of atoms
with mass M.

Similar results were obtained for the first time by
Dyson.? Dyson’s results, though equivalent, are slightly
more complicated mathematically. In particular the
relationship (II, 26) is much simpler than Dyson’s
expression for the distribution function.

III. ELECTRONIC ENERGY LEVELS IN
ONE-DIMENSIONAL DISORDERED
POTENTIALS

In this section, we consider the electronic energy
levels in one-dimensional models of a disordered crystal
consisting of different atoms 41!, - - - 4% We restrict our-
selves to models which satisfy the following conditions:

3 F. J. Dyson, Phys. Rev. 92, 1331 (1953).
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1. The atoms A1, Ao, -+ - Ay in the one-dimensional
model shall be equidistant; let the nth atom 4, lie at
x=nl.

2. The atom A, can be any one of the A1, ---A4°%
Considering many systems, we assume that the proba-
bility of 4, being an A7 is p7, independent of the neigh-
boring atoms. (The more general case where correla-
tions between neighboring atoms exist is discussed in
Appendix I1.)

3. The potential V(x) in the interval (n—3)i<x
<(n+%)! shall be determined completely by the nth
atom, V(x)=Ui(x—n-l) in (n—3)i<x<(n+3), if
An,=A41.

The general method for calculating the density of
electronic energy states will be described in (c). As a
preliminary we shall consider in (a) and (b) two special
potential types for which the results can be stated more
explicitly. Here the crystal potential is represented by
a succession of equidistant 6 functions of different
strengths:

V(e)=2.(/2m)V ,-6(x—n-1).

Here V, characterizes the potential of the nth atom
and can assume the values V!, --- V¢ corresponding 1o
the different atoms 4!, --- 4% Now we consider sepa-
rately the cases

(a) V.>0 for all »,
(b) V.<O for all n.

We shall prove that the density of eigenstates in these
cases can be expressed by the function F[a!---af;
P p7] of Eq. (IT, 24).

(@ Vix)= 2, */2m)V,5(x—nl); V,>0

We write the wave function in the interval (n—1)!
<x<nl as Y= A ,e**4 B,e"* ™ with x,=x—I(n—131
where k=[(2m/#*)E)* and E is the energy. Then

<A n+1> and (A ”) are connected by the relationship
Bn+1 B"

Va
(1+_ gikl
(A"+1) 2ik 2ik (A,,)
Bn+l a Vn ( Vn Bn
- 1 ___) e ikl
2ik 2ik J

A,
ssmn( ) (11, 1a)4
B.,

Assuming as boundary conditions the vanishing of
Y(x) at x=1/2 and x= (NV-+3)! these boundary condi-

Va

4If all the potentials are equal: V,=V,9,=9Ty, then the
regions in which eigenstates exist are given by |\; 2| =1, where
A2 are the eigenvalues of Mlp: [IMg—Ny, 2| =Ny, 22— 2\y, [ cOSkl
4 (Vo/2k) sinklJ+1=0. | Ay, 2| =1isequivalent to | coskl+ (Vo/2k)
X sinkl| <1.
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tions can be written as

At Bi=0, (IT1, 1b)
Ayt Bysi=0.
Now we introduce
rn=—iA./Bn. (111, 2)
Then (III, 1) can be written as
Tup1= (Catn+1)/(12+c,*), where
en=i[1+ (2ik/ V) Je*!  (ITI, 3a)
T1=7y11=1 (boundary conditions). (I11, 3b)

To solve this boundary problem we define with ;=1
and Eq. (ITL, 3a) the functions of k: 7,=1, 72(k),
---7n4+1(k). Then the k values of the electronic eigen-
states are given by 7y41(k)=14. From (III, 3a) with
71=1 it is seen by induction that |7,|=1 for all »
values. Therefore we can introduce angles ¢, by

(111, 4)

Tp= eifﬁn_

The continuous relation between ¢, and ¢, given by
(I, 3a) and (IIL,4) can be made unique by the
auxiliary requirement that

on=3m—kl4-2mhy shall imply

Onp1=3m+kl+27hs,

with the same integer %, in both expressions. If further-
more we put ¢;=m/2 (in accordance with the boundary
condition 7;=1), then ¢,= ¢,(k) is a well-defined func-
tion of & (for given V,’s) ; and whenever gy 1=37-+2wh,
then y¥(x) vanishes at x= (V43)/ and both the bound-
ary conditions are satisfied. From (III, 3), (III, 4), and
(I11, 5) with V,>0 it follows by a short calculation
that ¢,(k) is a monotonically nondecreasing function
of k. Therefore in an interval k;<k<k, the boundary
condition ¢ny1(k)=2%7+27h is satisfied (with an error
smaller than 1) [pyi1(k2)— oni1(k1)]/27 times, i.e.,
the number of eigenstates in the interval &y <k <ks is

NIM (k2)— M (k1) 1= [ons1 (k) — oni1(k2)]/2r (111, 6)

with

M (k)= (1/NV)X {No. of eigenstates with k<k'}
=[ ony1(F')/2x ]+ const.

Suppose now that we have many random chains of 6
potentials, where V, can assume the values V1, ---V?
with the probabilities p!, - - -p¢. We look at ¢, (for a
specified large #) in many such chains. We define
w(p)d e as the probability that ¢, lies in any one of the
intervals

(I11, 5)

(111, 7)

2rh+ o< o <2mh+- o+do,

with =0 or =1 or +=2- - -. For this function w(¢) we
can easily derive a functional equation. In order to
write this equation most conveniently, we must express
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¢n as a function of ¢,,1. We shall write
@0=@ni1—D?(@ny1), provided that 4,=A47. (111, 8)

From (III, 3a), (I1I, 4), and (III,5) we could easily
derive an explicit expression for the so defined functions
Di(p). We shall need, however, in the following only
two properties of the functions D’(¢) which are easily
verified :

Di(¢+2m)=Di(¢),

‘ II1, 9
Di(3m+kl) = 2EL. (ILL, 9)

Assuming now that w(¢) is the distribution function
for ¢, as well as for ¢.y1 (for large enough #), we obtain
by the same reasoning as in Sec. II for w(e):

w(p)do=2_;p'w(e—Di(¢))d(e—Di(p)). (III, 10)
It is convenient to introduce
(4
W= [ wiehad,
ikl

where w(¢p) is considered as a periodic function,
w(p+27)=w(p) [this follows from the above defini-
tion of w(¢)]. Then W (yp) is a single-valued function
defined for all real values of ¢ and satisfies the relations:

(a) W(p)=2ip'W(e—Di(¢))—W (3r—El),
(b) W(et2m)=W(p)+1,

(c) W(En+Ekl)=0,

(d) W (e) is a monotonically nondecreasing

(II1, 12)

function of ¢.

[(III, 12)(a) is obtained from (III, 10) by integration;
note that ¢=3ir+kl implies that ¢—Di(p)=3%r—Fkl
and that W(&nr+4k)=0. (111, 12)(b) and (d) follow
from the definition of w(¢) as a probability density and
(111, 12)(c) follows from (III, 11).]

In order to express M (k) of Eq. (III, 7) by means of
W(p), we shall use a method different from that
applied in IT but more generally applicable. From
(I11, 7) we have

2w NM (k)4 const= pny1(k)
=[onr1(k)— on(R) HLow (k) — ex-1(k)]
+FLe(k)—@u(k)]. (111, 13)
We see that 2rM (k) const equals the average value

over different chains of @n11(k)— .(k) (for large
enough #). This average value can be written as

<§0n+1_ $0n>Av

= Z P]f (‘Pn+1_ son)iw(son)dga,.. (III, 14)

Here the subscript j indicates that ¢, and ¢a.41 are re-
lated by @n=@n1—Di(pnsy1) as in Eq. (III, 8), ie,,
(@np1— @n); €quals (gny1— ¢n) provided that V,= V7.
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Integration by parts gives from (I1I, 14)

ir—kl+2m

(ent1— en)n=2_ p'(@ni1— @a) W (¢n)

Lr—kl

A yr—ki2T d€0"+1
-2 P'f ( —1) W (en)deon
7 Yr—kl j

deon J

1Tkl
=2kI+ W (pn)don

ir—kl

Ir+kl42w

~f Z P’iW(«’nH—Dj(qon+1))d¢,,+1.
fmtkl 1

[We could have integrated in (III, 14) over any interval
of length 2. The present choice of the limits of integra-
tion is convenient because at these limits (¢ny1— ¢2);
= 2kl, independent of j.]

By means of the functional Eq. (ITI, 12a) for W (¢),
the last integral can be written as — /{IW (o)
+W (37— kl)}de, and we finally obtain

(1/2m)(ni1— eu)n=—W Gr—kl)=M (k). (1L, 15)

[Note that the additive constant in (III, 13) vanishes
because for k—0 W (Er—kl)—>W Gr+kI)=0.] With
this result our problem is reduced to finding W (e)
from (IIT, 12). We could calculate W (¢) directly from
(I11, 12) by an iteration method. We shall see now,
however, that W (y) is closely related to W[z] in
(I, 20) and that consequently M (k) can be expressed
by means of F[a!---at; p'-- - p*] of (II, 24). We define

1—igeiC vtk coskl—sine,

fn= = . (111, 16)
1—ieiCot 1 —sin(kl-+n)
Then (III, 3) and (IIT, 4) imply
(a) zn+1=1/(2an_zn) with
an=coski+(V,/2k) sinkl. (III, 17)

(b)  zi=zyy1=—1 (boundary conditions).

For a better understanding of the transformation
(II1, 16) note that ¢'=3r—Fkl and o”'=3inr+kl are
transformed into z'= and z’=0. Therefore z,=
implies that z,;1=0 because ¢,= ¢’ implies that ¢.;1
= ¢"". It follows that the relation between z,,; and z,
must have the form z,;1=c¢/(b—2z,) and furthermore ¢
can be made unity. From (III, 17) we can draw a simple
interesting conclusion: Consider a region where none of
the pure A7 crystals (j=1, 2,- - -7) has an energy level,
i.e., a region where |a’| = | coskl+ (Vi/2k) sinkl| > 1 for
all j.* Now for a mixed crystal we obtain from (III, 17a)
with z1=—1 successively |z:| <1, [z3] <1, -+ |zx1]
<1, because |a,|>1. Therefore the second boundary
condition zyy1=—1 cannot be satisfied. That means
that in this region the mixed crystal has no electronic
states either.
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This result was conjectured first by Saxon and
Hutner and proved subsequently by Luttinger.®

Let us now define w[z] by w[z]|dz|=|w(e)de]
where z and ¢ are connected by Eq. (III, 16). (Note
that d¢/dz>01f 0<kl<w and d¢/dz<0 for 7 <kl<27).
Then Eq. (III, 10) gives for w[z]:

171 Vi
w(z]=2 ;i)fw[Za”—— ] -—, with a’=coskl+— sink/;
i zl 2 2k

furthermore

©

f'w[z]dx=1 and w[z]>0.

0

The same function w[z] which is uniquely determined
by these relations, occurred in (II, 25), only with a
different meaning of the a’s. To express M (k) in terms
of w[z], we write kl=2mh+6 with 0 <§<2x. Then Eq.
(I11, 15) with W (kl)=0 gives

M (E)=W Gr+2mh+8)— W (br—2mh—0)
=204+ W (3w 4-8)— W (37—0)

ir+s
=2h+ w(p)de

1r—b

0
2h+f w[z]dz for 0<6<Z7w

2h+1+f w(z]dz for 7<8<2m.
0

Therefore we have the final result: If kl=2xk+46 (ie.,
we are in the region of the (24+1)th and (24+2)th
band), then

M (k)
2h+F[at- - -af; pt-- - p']  for 0<6<m

= (111, 18)
2h+2—F[al- - -at; p'-- - pi] for 7<6<2m.

Here F[ ] is defined as in (IT,24) and of=coskl
+ (V7/2k) sinkl.

) V(x)=— X,(A*/2m)V,6(x—nl); V,.>0

A single one-dimensional potential hole V(x)
=— #2/2m)Vd(x) with V>0 has exactly one bound
electron state with the binding energy (42/2m)(V%/4).
Therefore we expect that for the crystal potential con-
sidered there exist states with negative total energy.
We shall consider here these states only. Then the
wave function in the interval (n—1)/<x<#ul can be
written as

‘I/ (x) =A neik:cn_l_B"e—ikzn’
5 J. M. Luttinger, Philips Research Repts. 6, 303 (1951).

with x,=x—I(n—13).
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Here £ is real and E= — (#2/2m)k? is the total energy.

The relation between <A "> and (A "+1> is easily found:
B, B

Va Va
(1__)ekz I
(A,,+1) 2k (A,,)
Bn+1 V'n Bn

2k
Va

— (1+ _) e—kl

2% 2%

4,
Esm,.( ) (IT1, 19a)
B,

The boundary conditionsy=0at x=//2and x= (N+3)!
can be written as

A1+B,=0,

(IT1, 19b)
Anp1+Byi1=0.

If all potentials are equal, V.=V, NM,=9M,, then the
regions in which eigenstates exist are given by [Ay,2]| =1
or |ao(k)|=|—cosh(kl)+ (Vo/2k) sinh(kl)| <1, where
A1,z are the eigenvalues of 91,. In the case where |ao(0)]
>1 or V>4, no eigenstates with £~0 are possible;
i.e., the energy of all states is negative, and we have a
band with NV bound states which correspond for very
large values of V¢l to the bound states of N single
potential holes. For V(<4 however, the energy band
will be broadened so as to include some states with
positive energy. Therefore the number of states with
negative energy, which we are considering here, will be
smaller than V.

In the following, we shall assume that IV ,<6 for
all #. This is a very weak assumption [e.g., for [=10"%
cm it means that the binding energy in a single potential
hole, |Ey| = (%/2m)(V*/4) is smaller than (%2/8mi?)
X 36=28 ev]. However, it simplifies the following con-
siderations since it implies that da, (k)/dk <0 (for all n
and % values), where a,= — cosh (kl)+ (V ./2k) sinh (kI).
Now we apply to (III, 19) the transformation

3n=— (A "+ B,)/(An+Bae™*). (III, 20)
This gives

Znp1=1/(2an—2,), with
a,= —cosh (kl)+ (V ./2k) sinh (kl),

z1=2y41=1 (boundary conditions).

(I1I, 21a)
(I, 21b)

If we put z:;=1, then by (III,21a) z:(k), z3(k),
-« +zn41(k) are functions of k£ and zy41(k)=1 is the
condition for an eigenstate. Furthermore the z,(k) are
monotonically nondecreasing functions of & for V,/<6
(because then da,/dk<0). It follows then as in (II)
that the number of eigenvalues in an interval &2, <k <k,
is given by N[ M (ks)— M (k1)], where

M(k)=F[a'--a'; p'- - - p*]+const, with

a’= —cosh (kl)+ (Vi/2k) sinh (k). (I1I, 22)
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(¢) General Method

Now we develop the general method for calculating
the density of electronic energy levels in a potential
which satisfies the conditions 1-3.% In the interval
(n—3)l<x<(n+3)! the wave function ¢ (x) is deter-
mined by the values of ¢(x) and ¢/ (x) at one point. The
values of ¢¥(x),¢/(x) at the ends of the interval are
related by

(:( (x j) ) z=("H)l=mzn(le) ( Z,(:Z) ) o (111, 23)

Here the matrix 9, (k) is determined by the potential
in the nth interval. Since we assumed this potential to
depend on the nature of the nth atom only, we can
write

N, (k)=9M/(k) provided that A,=A4".
The matrices N (&), - - -Ni(k) shall be assumed known.
They depend on the electron energy. £ shall be any
parameter which characterizes this energy. If we pro-

ceed from one cell to the next, then ¢(x), ¥’ (x) change
continuously with x. Therefore

(x)
(:’:Cx))k(mé)z

¥ (x)
=M (k)Muy_1(k) - - -9M1(k) (l//

'(%)

We can assume that ¥ (x) is real and therefore define
©a by

) . (III, 24)
z=1/2

¥(x)
¥'(#)

Then (IIT, 23) and (III, 25) imply a relationship be-
tween ¢, and ¢@,y1. This relationship can be made
unique by an auxiliary requirement [see Eq. (I1I, 5)].
We write the so-defined unique connection between ¢,
and @n41 as

tan(3¢,) = (111, 25)

z=(n—3%)1

02=onp1— A/ (pny1) provided that A,=47. (III, 26)

The functions A7(¢) can be computed from the matrices
917 and are periodic: A7(o+27)=A/(p). As our bound-
ary conditions we shall assume ¥(x)=0 at x=1/2 and
x= (N+2) or, in terms of ¢,

01=0, ony1=2mh.

If we define by (III, 26) with =0 functions ¢;=0,
oa(k), - - - on+1(k), then the eigenstates of the systems
are given by ¢ni1(k)=2wh. Considering now many
random systems, we describe the probability distribu-
tion of ¢, by a density function w(¢e). This function

6 Tn this section we shall omit some proofs which are obtained
by the same reasoning as the corresponding proofs in (II) or
(I11a).
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satisfies [see Eq. (111, 10)]

w(@)do=2ipw(p—A(p))d(o—Ai(p)),
w(‘P)_>_0;

27
f w(g)do=1,
0

w(e+-2m)= (o).

For W ()= Javw(¢')d¢', where d is an arbitrary con-
stant, we obtain

W(e)=2_p'W (e—Ai(¢))+C(k),
W () is monotonic in ¢,
W(e+2m)=W(e)+1,

W (d)=0.

The relations (II1, 28) determine the function W ()
and the constant C(k) (for fixed k) uniquely. Further-
more W (¢) and C(k) can be calculated from (III, 28)
by an iteration method. We note that C(k) is inde-
pendent of the choice of d and that C (k) can be written
as

(I11, 27)

(I1L, 28)

0

w()de. (I11, 29)

C®=;ﬁf

—47(0)
In order to find the mean value of ¢x.1(k), we write

Zn+1(B)=N{@ut1— @u)n

=N Zf?i(¢n+1— ©n);w(pn)dp, (for large N and #).
i

The subscript j indicates that ¢,y and ¢, are related
by ¢n=@ni1—A(pat1). Integration by parts gives,
with (III, 28), the result

1
\ ovi1(k)=C (k).

TN

(I, 30)

Let us assume first that for all possible chains ¢ny1(%)
increases with 2 monotonically. Then for % increasing
from ki to ks, ¢nii1(k) increases from oni1(k1) to
¢ony1(k:) monotonically. Hence in this interval the
boundary condition ¢n;1(k)=27h is satisfied (1/2m)
X {ont1(k2)— ont1(k1)} times and therefore the aver-
age number of eigenvalues in &y <k <k is

1
2—{ @nr1(ks) — @ni1(k)} =N{C (k) —C(k1)}.

This condition that ¢x,1(k) is monotonic in k for all
possible chains was satisfied in the special cases con-
sidered in II, III(a), and III(b), and there we used this
property of ¢xy1(k) for obtaining the results. Now we
shall extend our theory to cases where this condition
is not satisfied, i.e., where the functions ¢n41(%) for the
individual chains need not be monotonic. In these
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cases we can determine (1/27xN)@n.1(k)=C(k) as
before, but now C(k) also need not be monotonic.
Assuming however that C(k) is a smooth function of %,
we can divide the k-values into intervals in each of
which C(k) is monotonic.

Let us consider such an interval k; <k <k, where the
function C(k) is monotonic, assume for example that
C(k) increases with & in (k,ks). Now there may be
chains for which ¢x;1(k) does not increase with % in
(k1,ks). We shall show however that the fraction of
these chains goes to zero when N and the number of
chains compared approach infinity.

Let N,m,s be large numbers such that ms=N-+1
and write py;1(k) as a sum of s terms:

SDN‘?-I(k) = (Sam— §01>+ ((pZm_ ‘pm)+ e
+ (ettm— @m)+ -+ (Com— @s—1ym)
=htbt- bt H

Averaging over all chains, we obtain
L= {@wim— @mm=mC(k), independent of .

Consider now for a moment those of the chains only
for which ¢, (for one specified ») lies in a certain small
interval. Then for these chains the numbers ¢,m, ¢ymi1,
@vmta, * - Will soon approach the probability distribu-
tion given by w(¢), independent of the value of ¢,m;
ie., almost all of the @um, Gumil, Comi2, ** * Gvmpm are
(for large ) distributed according to w(¢). Therefore
the average of (¢(41m— ¢wm) taken over the restricted
class of chains with specified ¢, will also be mC (%), in-
dependent of the value of ¢,,. Now in the sum

d d d
——QOA\'—}—I(k) =_(§0m— §01)+ e +’—(§Dsm_ ﬁa(s—l)m)
dk dk ak

=t

averaging over all chains again, each term has a positive
average value and the average value {,,,’ is independent
of ¢,/. Therefore, for large s, the fraction of chains for
which the sum in negative approaches zero, i.e., for
almost all chains ¢ny1(k) increases with 2 and we have
the final result:

In a region &, <k <k, where the mean value @x,1(k)
=2rNC(k) is a monotonic function of %, there the
number of eigenvalues is given by

N|C(ko)—C(ky)| = (1/2m) | @ns1(k2) — @x11(F1) |

There may be chains for which ¢xy1(k) has not the
monotonic character of &yy;(k) but the fraction of
these chains goes to zero and hence they can be
neglected.

IV. IMPURITY BANDS
Introduction

Suppose that we have a crystal of 4 atoms with a
small amount of B-atoms. Then in an energy region



DISORDERED ONE-DIMENSIONAL CRYSTALS

where the pure A crystal has no allowed electronic
states, there may occur an “impurity band” of electron
states due to the B atoms. Impurity bands can occur
also in the frequency spectrum of an elastic chain:
Suppose the chain consists of atoms 4 with mass M
and a small number of atoms B with a lighter mass .
Then above the frequency limit of the pure M chain,
there appears a band of frequencies due to the masses .

If the B atoms in the crystal are far apart from each
other, then the impurity band will be very narrow and
for increasing concentration of the B atoms the width
of the impurity band will increase.

By means of the general methods developed in the
previous sections, it is possible in principle to calculate
the density of eigenstates everywhere and in particular
in the impurity band. But the iteration method used in
IT and III, though always convergent, converges suffi-
ciently quickly only so long as the fraction ¢ of B atoms
is not too small.

In this section, however, we shall consider the case
where the concentration of B atoms is very small.
Therefore we have to apply here a different method.
We shall approach the problem first, in (a), by a simple
approximate method. Later, in (b), we shall develop a
more accurate theory based on the general results of
Secs. II and III.

It will be sufficient to consider for the present the

impurity bands of the elastic chain only. The generaliza-
tion to electron impurity bands is then straightforward.

(a) Approximate Method

Here we calculate the impurity bands in an over-
simplified model of the elastic chain. We cannot expect
this calculation to give quantitatively good results.
The reasons for considering this model however are:
(1) Since we obtain explicit results here, we can check
the validity of an approximation method which becomes
essential in (b). (2) Our over-simplified model can also
be applied to three-dimensional problems. It is there-
fore interesting to check the usefulness of this model
by comparison with the more realistic model of (b).

Assume that we have a chain of elastically coupled
masses M (fraction p) with a small number of lighter
masses m (fraction ¢). Then each m-mass in the chain
will generally be embedded in many M-masses and will
therefore in first approximation behave like a mass m
when embedded in an infinite chain of M masses. In a
second approximation which will be studied here, we
take into account not only one mass m but also the
next nearest m mass, neglecting all other m-masses in
the chain.

Suppose that the two m masses considered are sepa-
rated by s M masses. Then for calculating the fre-
quencies due to these two 7 masses we consider them
in our simplified model as embedded in an infinite
chain of M masses, and again separated by s M masses.

Now we shall calculate the eigenfrequencies due to
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the two m masses for such a system. Then, by averaging
over these systems with the correct statistical weight
for all possible s values, we shall obtain an approximate
expression for the energy spectrum of a disordered
chain.

Looking at one 7 mass in a random chain, the proba-
bility that the next m mass in one direction of the chain
is separated by s M masses is clearly Pi(s)=gp*
(s=0,1,2,---). Likewise the probability that the
next m mass in the other direction is separated by s M
masses is P,(s)=gp*. Therefore the probability that
the next » mass in one or the other direction is sepa-
rated by s m masses becomes P(s)=Pi(s)P:(>s)
+P2(S)P1(>S)+P1<S)P2(S), or

P(s)=2gp"1+¢'p> (=2gp* for ¢<p). (IV, 1)

Now we consider a chain consisting successively of :
Ko masses M, 1 mass m, s masses M, 1 mass m, K
masses M, where K is very large. As in 11, let %, be the
displacement of the #th mass and define

U1 0 1 0 1
Vn=( ); Ta=( ); Te=( >,
U, —1 2a -1 28

with 2a=2—Mo?, 28=2—mw? (IV,2)
Now the displacement vectors vy and Vogisi3= Venq at
the beginning and the end of the chain are related by

Vend= T8 TpTo*TsT o V1. v, 3)

We want to calculate the eigenfrequencies due to the
two m masses above the frequency limit of the pure M
chain. In this region T, has real eigenvalues:

TV =NV, Tuv"'=\N'v", (IV, 4)

with

N=a+(@—1)} N=a—(@—1)} N'<—1<N\<0,

1 1
V/: ( )’ v”= ( ).
A, k”

If now the m masses vibrate with a frequency above the
frequency limit of the M chain, then the amplitude of
the M masses must decrease exponentially towards the
ends of the chain, i.e.,

Taan+s+3
—0 for large n.
To™Vki1

This is possible only if
Viysp3=V Xconst,
V1=V’ Xconst.
Therefore the eigenfrequencies are given by the relation

V' =TgT*Tsv"' X const, 1v,5)
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with

1 =X\ 1 0
S=( );Sv’=( )Xconst;Sv”:( )Xconst;
1=\ 0 1
A2 0
ST S1= ( ) X const.
0 1

We obtain from (IV, 5)

1 N0 0
( )=STgS"( )STgS—l( )Xconst,
0 0 1 1

and inserting

(B+1)A2 —\"?
STpS™1= ( ) X const,
1 B—1
a?—1)}
with B= , (IV,6)
B—a

we finally obtain as conditions for the eigenfrequencies:

(1 _3)2:)\’2(s+1)
or

(a2—1)?
B—a

=14 |\/|*H, (Note that |\'| <1.) (IV,7)

It is easily seen that this equation [where a, 8, and N
are given by (IV, 2) and (IV, 4)] determines exactly
two eigenfrequencies w,* and w,~ above the limit fre-
quency of the M chain, provided that m<3M. For
M>m>1M two such solutions exist only if s is large
enough. (Consider as an illustration the case s=0
where the two m masses are neighbors. If m <3M, then
two vibrations exist where the masses m swing against
each other or in phase. In the latter case the effective
swinging mass is 2m and therefore this type of localized
vibration in the chain is possible only for 2m <.)

When we average now over all possible values of s,
the density of eigenfrequencies in the impurity band
can be written as

(@) =% TP 3 —wt) i —w)},

where

v, 8)

() No. of frequencies in dw?
u(w*)dw =

No. of m masses in the chain

Here we have assumed that either m <M /2 and hence
for each s two frequencies w,* (above the frequency
limit of the pure M-chain) exist, or that we consider
only large s values. If m <M /2 is satisfied, then u(v?*) =0
beneath the frequency limit of the M chain and
Jo2u(w?)dw?=1 [since Y P(s)=1] i.e., the number of
frequencies in the impurity band equals the number of
m masses. For large values of s, i.e., if the two 7 masses
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are far apart, w,m and w,~ approach, according to
IV, 7), a frequency &, given by B=1 or

4 1 m
r=— , with d=—.
M8(2—3) M

Iv,9)

This frequency & is therefore the resonance frequency

of a single mass 7 in a long chain of masses M. [The

frequency limit of the pure M chain is given by
=(4/M) <a?.]

If the concentration g of the 7 masses decreases then
the probability of finding two m masses close to each
other (e.g., s<10) decrease with ¢*. Now only two m
masses close to each other can give a frequency much
different from &. Therefore, for low impurity concen-
tration ¢, almost all frequencies lie near to @.

Let us consider this case, where frequencies much
different from @ can be neglected, in more detail. The
relation (IV, 6) can be written near w=w as

(D), o

with &? and ¢ from (9). Using ¢=B—1 as our new co-
ordinate, the eigenfrequencies are determined [see
Eq. (IV, 7)] by

c=B—1==|N|"H, v, 11)

Therefore the density of frequencies u[¢]=pu(w?)dw?/dc
is given by

W[A1=3 2 PO [N |)-+5(c+ X' |}
:0 v, 12)
=2 gp*{8(c— IN|)+8(c+ N9}

s=1

This function u[¢] is highly singular at ¢=0 (note that
[N'] <1 and that therefore the § functions accumulate
around ¢=0). In a real chain these 6 functions will be
smeared out a little by the interactions between more
than two masses which we have neglected here. There-
fore it is reasonable to replace u[c] for ¢~0 by a
smoothed function i[c]. In order to determine u[c | we
form f'u[c]dc, replace this by a smoother function,
and differentiate again: If ¢=|\|®, where s, is a posi-
tive integer, then

0

[ sterie= £ apr=tpn=iiels,
0 3=39

with

2—9
=Inp/2 In|)\'| =q/2 In -——’ (Iv, 13)

[Here N =a+ (a?*—1)! has been replaced by its value
at w=a: N'=—9¢/(2—9).] Therefore the most natural
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way of smoothing /" ou(c’)dc’ is to replace it by

c

fﬂ[c’]dc’=%]c[4‘ for ¢>0.

0

This gives
alc]=2¢|c|

The same result is obtained by replacing the s summa-
tion in (IV,12) by an integration. This is justified if
besides p~1 also |\ | =1 is satisfied. A simple calcula-
tion gives

fdsqzi“{<s(c~Ix’l’)+6(c+IA’I")}=24°[‘“’1
=1 Gf || <|N]),

with e as in (IV, 13). This replacement of the sum by
an integral can be described quasi-physically as follows:
Actually the numbers s of M atoms between two nearest
m atoms is an integer, occurring with the probability
P(s)=2¢p* (for p=~1). We calculate, however, as if s
could assume any positive value with the probability
density 2¢p*®. This procedure is justified mathematically
only if |N|=1. In our example it gives good results,
however, also if this condition is not satisfied since even
then the result agrees with the preceding smoothing
method. The procedure of replacing s by a continuous
parameter will be used again in (b). We shall assume
there also that the condition |\'| =1 is not so essential
for the result.

Concluding our discussion of the simplified model—
in which we take into account only the interaction
between two nearest masses m at a time—we see that
the density of eigenfrequencies in the impurity band
can be described by

plel=alc]=2¢|c|*, (Iv, 14)

with
s(1—0/2) P~ g "
TTamee @ T amle-ep | M

provided that the following conditions are satisfied:
(1) ¢ must be small enough such that almost all eigen-
frequencies lie near @; (2) w must lie near to @ such
that the approximation (IV,10) is valid and that
r(c) can be replaced by u[c].

The previous theory could be improved by consider-
ing the vibrations of 3,4, 5- - masses m in a chain of
masses M. This way of approach to the problem is
troublesome, however. Therefore we shall use in the
next part (b) a different method based on the results of
Secs. IT and IIT. We shall obtain there a better expres-

“sion for u[c], which is different from (IV, 14).

(b) More Accurate Method

In order to calculate the impurity bands of an M
chain containing some lighter masses m (fraction ¢<1)
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we begin here—according to the general theory of Secs.
IT and ITI—by calculating the distribution function
w[z]. Equations (II,16a) and (II, 20a) for w[z] and
W[z] read now

(a) w[z]———éw[h——l—]-l-%w[m—i],

F: zl 2 z

) 1 (IV, 15)
(b) W[lz]= pW[Za— —]-I—qW[ZB——]—I—const,

2 z

where p and ¢ are the fractions of M- and m-masses in
the chain and a, 8 are given by (IV, 2). We are con-
sidering a region above the frequency limit of the M
chain, i.e., « <—1. Furthermore we can assume —1 <3
<41, since for a<—1 an 8<—1 no eigenfrequencies
exist.

It is convenient to introduce

x=(z—N\)/(z—=\"),
w(x)dx=w[z]dz; W(x)=W[z], IV, 16)

where N, \” are defined as in (IV,4). Then w(x) is
determined by [see (IV, 15a) and (II, 16)]:

T (x)
(a) w(x)=pN"*w(\") +q—a——wl:Tﬁ"‘ ()],
X

(b) w(x)=0, (IV, 17)
(¢ fww(x)dx=l.
with -

x(B—1)+A" (a2—1)}

Tst(x)= ; B= (Iv, 18)
— 2+ (BH1)\” B—a

Before we go into details it is important to obtain a
qualitative idea of the behavior of w(x): As before, let
%, be the displacement of the nth mass and define the
numbers

Xn= (Z,,——N)/ (Zn_ )‘”);
where
Zn="Un_1/Un.

Then the relationship between x,1 and x, is

Zni1=T o(Xn) =N%2n,
or

ni1=Tp(xa) =[(B+ 1N 2, —N*]/[2+ (B—1)],

depending on whether the nth mass is M or m. Now
w(x)dx is the probability that x, (for large ») lies in
the interval (x, x+dx), when we compare either many
chains at the same # or many different n-values at one
long random chain. In the case of a pure M chain
(g=0), the relation between wx,;1 and «x, is always
Znp1=N2x,; and since N2<1, x, will go to zero for
n— o, Therefore we have w(x)=48(x) for ¢=0.
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For very small values of ¢ one might assume w(x) to
differ only slightly from &§(x) because in the series
X1, X2, X3, - - - the relation between successive x values is
mostly x,.1=N2x,, which tend to push x to zero. Only
the transformation x,,1= Ts(x,), which occurs with the
small probability ¢, may push x out of the neighborhood
of zero again. But this effect of a transformation T'g
will generally be canceled by the many following
transformations 7.

This argument fails, however, if 75(0)= . Here
again many of the x,’s will be near to zero, but a
transformation T now pushes these x,’s near to in-
finity. An x, near enough to infinity, however, cannot
be transformed into the neighborhood of zero, even by
as many as 1/¢ successive transformations 7.

Hence in this case the x,’s accumulate around x= o«
as well as around x=0 and w(x) differs from zero
appreciably at x~0 and x=~ «. We see that even a small
number of lighter masses 7 in a chain of masses M
may change w(x) considerably if the ‘resonance
condition” T(0)=o is satisfied. From (IV,18) it
follows that 74(0)= o or T '(»)=0 is equivalent to
B=1. Therefore T3(0)=~ means [see part (a)] that
w equals the resonance frequency of a single m mass
in an M chain. [ The same result can be obtained easily
without referring to part (a).]

We return to Egs. (IV, 15). In deriving these equa-
tions in Sec. IT we obtained an iteration method for
W[z]. Now we derive Eq. (IV, 15) once more in order
to obtain a new and here more useful iteration method.

Considering a chain of M and m masses, let us define
the numbers z, as before. Then for a particular chain

Zn1=1/Qa—2,)=Tu[2,], 20=2—Muw*

or
Znp1=1/(28—2,)=Ts[ 2.,

according to whether the nth mass M, is M or m.
Assume that M,=m for n=sy, ss, -+ - (Snr1>5,) and
that all other places are occupied by masses M.
Now consider among the z,’s only zs1, 2se, - - - and write
for convenience zs, =2,). Then

28=2—mw?

Sy =Ta = DTl 30y ].

Let w(,[2] be the distribution function for z(, if we
average over many chains.

Assuming for a moment that in all chains there would
be the same number s=(s,;1—s,—1) of M masses
between the nth m mass and the (z+1)th m mass, we
would obtain

Z(nt1) = TasTﬂ[Z(ﬂ)]:

and consequently, for

W m[z]= f ISR
0
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we obtain
W in[2]=W [T T[] ]+ const.

Since it occurs, however, with the probability P’(s)
=gp* that the nth and (n-1)th m masses are separated
by s M masses, we obtain

Wn2]=2 ¢p*W [ T5 ' Toa[2]]
$=0

+const.  (IV, 19)

This gives a new iteration method for W[z ], since again
1
lim (I’V(l)[zj-f—l/V(z)[Z]—f— W (n)[z]) X—= I/V[Z].
n—® n

['This can be proved in the same way as (I1,19).] It is
easily verified that the equation

Wlz]= i gp W T T *[z]]+const
§=0

is equivalent to
Wlz]=pW[ T [2]]+gW[T5 '[z]]+const,

which is Eq. (15b). Introducing x and W(x) as in
(IV, 16), we can write (IV, 19) as

W sy (x) =3 quIV(n)(TB~1 ()\"23x))+const. (1V, 20)
§=0

So far our equations are quite general. Now we assume
that ¢ is very small. Then the number s of M masses
between successive s masses is mostly very large,
since the probability for a certain value s is P’ (s) =g¢p*.
Here we make the following approximation: We calcu-
late as if s could assume any positive value with the
probability density gp*. This is equivalent to replacing
the s-summation in (IV, 20) by an integration. [ This is
mathematically justified if, besides p=1, also |A"/| ~1.
We may assume, however, as explained in (a), that the
requirement |\’|~1 is not very important for the
result.] Then we obtain for W (x), from (IV, 20),

W(x)=f gp*W(Tg ™ (\"*x))ds+const; (IV,21)
0
and, differentiating, we get

- AT (\"25x)
wi)= [ apue o)y ————ds
0

x
or, with
T=N\"2x, e=gq/In\""?
(+w)z 1 X e—1 dTﬁ_l(T)
w(x)=f |- w(Tsi(r))—dr.
z TIT dT
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The last equation can be written as

= dT5()
w(x) = f L(nx)dew(Tﬁ—l(f))dr v

@

- f L(T(+) (),

with
L(‘r,x)=elxl“l/|‘rl‘ for
0<x<r and
=0 otherwise.

r<x<0 (IV,22)

We want to solve Eq. (IV, 22) for w(x) under the
assumption that ¢ is very small and that the frequency
considered lies near the resonance frequency of a
single m mass in an M chain (i.e., B=1). In order to
do this we note:

1. For any function g(7) which vanishes in a neigh-
borhood of 7=0, we obtain from (IV, 22)

alx|<t for >0
near x=0,

[:L(T,x)g(r)dr= t

ca]x| e for x<0

where ¢; and ¢, are constants.

2. We have seen that w(x) is very small except near
x=0 and x=c. Therefore, in (22), [dTs'(r)/dr]
Xw(Tg (7)) is very small near 7=0. [From (IV, 18),
with B=1, it is seen that T5!(0) is neither near to 0
nor near to .|

Looking now at w(x) on the left of Eq. (IV, 22), we
see that w(x) near x=0 must be almost equal to a
function A(x) defined as

A(x)=aq|x|<? for 0<x<1
=bglx|<t for —1<x<0
=0 otherwise,

(v, 23)

where @ and b are constants. Inserting into both sides
of (IV, 22) such a function w(x) with

w(x)=A(x) for
=0

—1<x<<1,
except near x=0 and x= 0,

where we note that A(x) is very small for x—=1, we
obtain from (IV, 22) near x=0:

A(x)zf L(Ts(x"),x)A(x")dx'

+ f LT e,

or
1

Alx)= f L(T5(),5)A () d +-dL(Ta(),), (IV,24)
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with

d=f w(x')dx'.

[Here we used that L(xo,x) depends very slowly on xg
near xo=T45().]

Now the constants a, b, and d can be determined as
follows: from S . *w(x)dx=1=/_'A(x)dx+d, it fol-
lows that

(a+b) In\"24+d=1. 1V, 25)

Two further relations between «a, b, and d are obtained
from (IV, 24) by comparing both sides for x>0 and
x <0. These three equations for a, b, and d give us, after
a short calculation’:

1 9193
“=2In\"+9;—go——— if B<1, (IV,26a)
a n\'’2

1 11’1)\”2—53

“=2 In\"2+9, if B>1, (IV,26b)
a III)\”z—gz

1
s1=g [ |G+l ] ~idnmd N1 ]9,
0

0
9’2=Qf | (x4 [e]) [ <[] 'dwmInN"* |,
—lel

—lel
93:9[ [ ([l | <]x] M~ N2 (1= [c]*),

where |¢|=|B—1|. (The approximate expressions for
the integrals can be used since ¢<1.)

As the last step in our calculation, we show that
M («?) of Eq. (I1, 12) can be expressed by the constant
a only:

M () =q(1—a In\""?)+const. v, 27)

7 Let us consider, for example, the case B<1. In the region
x>0, Eq. (IV, 24) gives

0
aglel 1 =el x| {1 Ta() |48 [ gl | 1 Tp (o) |0
1—-B
o) gl | 0| T v .
Since

Tp(x)=[(B+1N%'—N?]/[a'+ (B—1)]= —\"*/[«'+ (B—1)]

for #’=~0 and B=~1, and since furthermore |Tg(»)|¢~1 and
|N2|¢~1 for ¢«<1, our equation can be written as

1
a= (ln)\"z)"‘{d+bqj:) ||t 2+ | B—1] | dx”
tagf x|l Bt o}
—|B—1j
Similarly, considering (IV, 24) for x <0, we obtain
—1B-1|
b=(nn")7tag [ |xl x| B—1]|%da.
1

Now, with (IV, 25), the constant ¢ can be calculated. This gives
us the result (IV, 26a).
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This result is easily obtained from the relation

(w?)= f w[ z]dz+const

1
=— ) w(x)dx+const [see Eq. (IV, 16)].

Xl?
With w(x)=aq|x| <! in the region M2 <x <1, we obtain

M (w?) = const—age 1 (1—N\"%)

~const—aq In\"? for e=0.

This derivation of (IV, 27) is questionable, however.
We know that w(x) equals ag|x|<! for small values of
x>0 and we know that w(x) is small like aq|x | near
x=1, but we have not proved that aq|x|<? is a good
approximation for w(x) near x=1.

To prove (IV, 27) properly, we use here the same
ideas which led us in Sec. II to the relation M (w?)
= S w[z]dz+const. We define ¢, by x,=tan(3yn)
and make the relation between y,.1 and ¥, (Yni1
=T o{¥n} or ¥ny1=Ts{¥,}) unique by postulating that
To{0}=0; 2r <Ts{3m} <2m+3m. Now M (w?)+const is
equal to the probability that y¥,4+1 and ¢, include a
multiple of 27. For ¢,+1=T.{¢,} this is impossible.
For ¢, 1=Tgs{¢,} it occurs whenever x, lies outside
the interval 0<x,<7Ts'(0)=1/(B+1). Since the
probability of finding x, outside this interval is

-

and since furthermore the relation y¥,11=Ts{¥»} occurs
with the probability g, the relationship (IV, 27) follows.
The final result can now be stated explicitly:

B+1)71
aq|x| < ldx=~1—aIn)\"?,

q
AM(wZ):l——W for w?<a? (IV, 28)
1—|cl2e
=1—¢ for w?>a?
=3l
with
m
= q = q s =—<1,
In\"2 2 In| (2—9) /8] M
c=B—1
(0(1 0/2))( -—&:2) . 1 )
wuz__
(1—9)? M\$(1—9/2)

Comparing the result (IV, 28) with Eq. (IV, 14), we
note:

1. Both equations were derived under the conditions
¢<1 and w=a.
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2. Under these conditions the Eq. (IV,14) was a
rough approximation; Eq. (IV, 28), however, can be
assumed to give very good results.

3. The density function u[c¢] of (IV,14) and the
corresponding m[ ¢ |= (1/q) (d/dc)M (w?) of (IV, 28) are
both very sharply increasing functions near ¢=0 with
weak long wings in the region of large |¢| values.

4. If ¢ is very small, then the fraction of eigenvalues
of the impurity band which lie in these wings [where
(IV, 14) and (IV, 28) do not hold] is also very small.

5. Equation (IV, 14) differs essentially from (IV, 28).
Note in particular that near ¢=0 u[c] is proportional
to |¢|% ! while m[c] is there proportional to |c¢|2.

In cases where ¢ is not quite so small that (IV, 28)
can be applied, a better solution w(x) of (IV,22)
might be useful. Such a solution could furthermore be
improved by the iteration method (IV, 20).

The generalization of our results to electronic im-
purity bands presents no difficulties. Let us consider
the model of Sec. ITI(b). Assume that the crystal
consists of two types of atoms 4 and B, occurring with
the probabilities p and ¢ (¢<1), and let the potentials
of these atoms be determined by V? and V2. If now
Va> V', then below the lowest energy state of the pure
A crystal there are energy states due to the B atoms.
As shown in (ITI, b) the number of eigenvalues k, with
k, <k is

0
NM (k)= Nf w[ 2 ]dz+const,

where [ z] satisfies Eq. (IV, 15) with
a=—cosh(kl)+ (V?/2k) sinh(kl),

(IV, 29)
B=—cosh (k)4 (V/2k) sinh(kl).
Starting from Eq. (IV,15), we can now proceed as
before with (IV, 29) and obtain the result analogous
to (IV, 28):

q
————— for

1= 3lel
M (k) =const+
1—|c|?

B<1

—q for B>1,

Fblelry
where now with «, 8 from (IV, 29),

B=(?—1){/(8—a),
N =a— (a?2—1)%

c=B—1,
e=q/In\""?,

In the special case V?=0, we obtain

where k=1V7is the % value at the resonance.
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In conclusion I would like to thank Professor Lutt-
inger, who suggested this problem to me, for many
valuable discussions and help in completing the manu-
script. Furthermore I am indebted to the American
Academy of Science and to the Foreign Operations
Administration for making my temporary stay in the
United States possible.

APPENDIX I

We add some remarks concerning the solution w[z]
of Egs. (IT, 16). We write these equations as

wlz]=2pz [Tz ]],
w[z]>0,
(A1)

0

f w[z]dz=1,

00
with

T [z]=2ai—2z7, 22'=2—Mi?. (4,]1a)

It is sometimes more convenient to consider w(¢), de-
fined by

w(p)do=w[3z]dz, 4,2)
with

z——-tan(%w)- (A, 3)

Then we define the operators 757! acting on ¢ as

Ti(p)=2 arc tan{ 2a’—

U (A 4a
tan(<p/2)" (4, 4a)

and make the continuous relationship ¢ =T;"(¢)
unique by requiring
T:7(0)=m. (A, 4b)
Now (A, 1) can be written in terms of w(¢) as
w(e) = Ephe(T57(e)) T (o) /de,

w(g) >0,

o (A, 5)
[ wtore=1,
0
w(e+2m)=w(p).
For W ()= So*w(¢')d ¢, this gives
(a) W(e)=2Zip'WLTi (o) ]=W(—m),
(b) W(¢) is monotonically non-
decreasing in ¢, (A, 6)

(©) W(et2m=W(e)+1,
() W (0)=0.
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We show first that, provided a solution W () of (A, 6)
exists, this solution is continuous (&) and unique (B).

(a) Assume that W () has a jump of height d at
¢= ¢ and that no higher jump does occur. Then W ()
has a jump d also at all points ¢o+27k. From (A, 6a) it
follows that W(¢) must also have a jump d at all
points T ( @)+ 27k (note that 3" pi=1). In the same
way it is seen that W(p) must have a jump d at all
points @o+27h, T (eo)+2wh, T (T (po0))+2xh,
---. Provided that we have at least two different o’-
values, there can be found an infinite number of such
points in the interval 0 < ¢ <27 at which W () should
jump by the amount d. This is impossible since W ()
is monotonic and W (27)— W (0)=1. Hence W (¢) must
be continuous.

(8) Assume that there are two different functions
satisfying (A, 6). Then the difference U(¢) satisfies:

U(o) =2 U(Ti ()= U(=m),
U(et+2m)=U(9),
U)=0; |U(e)]<1,

U(y) is continuous.

Let U(¢) assume its maximum at ¢; and its minimum
at ¢.. Then, from (4, 7),

—U(=m)=U(e)—2 p'U(Ti " (¢1)) 20,
=U(=m)=U(p2) =2 p'U(T; () <0,
hence U(—m)=0. It follows further that U(¢) must
reach its maximum on a whole set S; of points:
Siv={e1t2nh, T (1) +27h,
T (T (o)) +2nh, ),

(A7

and its minimum value at a set S;:

So={ ¢at+2rh, T (p2)+2nh,
T (T (@2))+27h, - - -}

We can assume that |o!| <1 and o' f0o? (the case where
|ai|>1 for all j has no physical interest). Then it is
easily seen that for the sets .Sy and S, the point p=mwisa
common point of accumulation. [If there exists an
integer # that Ty~"[z] is the unit transformation, then
T D=T,. From (A,1la) we see that T3 'Tq[z]
=2+2(c?—a'). Therefore repeated application of the
operator T T~ 1 transforms any z to infinity or
any ¢ to w as near as we want. Therefore p== is a
common point of accumulation of Sy and Se. If T1"[2]
is not the unit transformation for any integer #, then
the points T "[ ¢ ]+ 27k lie dense everywhere (for any
©0) and the points of S; and S, lie dense everywhere. ]
Since U (o) is continuous, it follows that

U(m)=U(e1)=U(p2), U(p)=U(0)=0.

Now we can construct the solution W(p) of Eq.
(A, 6). Let Wo(¢) be any function which satisfies

ie.,
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Wo(e+2m)=W,(e)+1,
Wo(0)=0,
Wo(e)

Then define, with Wo(¢) from (A, 8), the functions
Wa(e), W(¢) by

(A,8)

is monotonically nondecreasing in ¢.

War1(@)=2ip W (T (¢))=Wa(—m), (A,9)
W(e)=[Wole)+Wi(e)+ - - +W.(e)])/
(n+1). (A, 10)

The functions W,(¢) and Wn(¢) also satisfy (4, 8).
Furthermore, we see from (A, 9) and (A, 10) that

(W ()= pW (T ()T (=) |

’””'nﬂ(#’)—nr()(so)l 1
= <

i n+1 ‘\_n—i—l.

(A, 11)

Since the functions W*(¢) are monotonic and bounded
in 0< o< 2r, there exists a convergent subsequence
Wei(e), Wer(p), - -+ converging to a function W (o).
From (A, 11), we see that W (¢) satisfies (A, 6). Since
furthermore no other solution of (A, 6) can exist, the
series W(¢), W?*(¢), - - - must also converge to W (o).
Having proved that W[z] exists and is a continuous
function, we shall now demonstrate as an example that
[ 2] can be highly singular.

Assume that |o'| <1; |a?|>1. Then z=Ty"[z] has
two real solutions 2/, 2/ with |3’| <1, |2""|>1. Assume
now further that p®|z’|=2>1 and finally that T, is
not the unit transformation for any integer #. Now
w[z] provided that it exists, satisfies

w[Z:|=P(I)Z_Zw[Trl[z]]—l-p(2)2_2w[T2‘1[z]]+ <

w[z]>0, fw'w[z]dz= 1. (4, 12)

—0

Since all terms in (A, 12) are non-negative, this equa-
tion with z=2'=T5"12"] and p®|z’'|~2>1 implies that

@[z ]=0 or w[z]=wx. (A, 13)

If »w[z]=0, then from (A, 12) it follows that w=0 at
T1 2] for all integers #>0. These points lie dense
everywhere. Hence w[z] vanishes on some points of
every interval. But w[z] cannot vanish throughout
any interval (this would imply w[z]=0 but S w[z]dz
=1). Therefore w[z] cannot be continuous in any
interval. The same result is obtained if w[ 2’ ]= o« . Here
it is seen that w[z] cannot be finite throughout any
interval.

APPENDIX II

So far we have assumed that the atoms in our one-
dimensional crystal are distributed at random. Now we
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consider the case where a correlation between neigh-
boring atoms exists.

Suppose we have a two-component crystal containing
A and B atoms occurring with the probabilities p and
g. Comparing now many one-dimensional crystals, we
call those crystals which happen to have an 4 atom
at the nth place 4 crystals (r=any fixed number) and
the crystals with a B atom at the nth place B crystals.
If there is a correlation between neighboring atoms,
then among the A crystals the probabilities of finding
an A or B atom on the (z—1)th place may be different
from p and g. We call these probabilities P44 and P 4p.
In the same way we define among the B crystals the
probabilities of finding on the (#—1)th place an 4 or
B atom as P4 and Pgg. It is seen easily that

Pyat+Pap=1,
PBA""PBB:l, (A, 14)
qPpa=pP 4.

We want to determine the electronic energy levels
for the general crystal model discussed in (111, ¢). [ This
general formalism applies also to the vibrations of a
linear chain of atoms]. The numbers ¢, [see (III, ¢)]
for the different crystals depend only on the nature of
the atoms preceding the nth atom [i.e., on the (2 —1)th,
(n—2)th, - - -1st atom].

Since now there is an interaction between the nth
atom and the (z—1)th atom, the distribution functions
for ¢, may be different among the A crystals and among
the B crystals. Let wa(¢.) [wp(¢.)] be the distribu-
tion functions for ¢, in the A [ B] crystals, where the
nth place is occupied by an 4 [ B] atom. Instead of one
distribution function w(¢)=w4(¢)=wgp(¢), we have
now two such functions. We can easily find a set of
difference equations for w4(¢) and wp(¢): Let us con-
sider the A crystals first. Here the distribution of ¢, is
given by w4(¢,). The distribution of ¢, ;is w4(¢) or
wp(¢p) according to whether the (n—1)th place is
occupied by an 4 or B atom. These two possibilities
occur with the probability P44 and P 5. Therefore, as
in (11, 15), we obtain

wa(@)do="Prawa(o—A%(¢))d(o—A%(¢))
+Paswp(e—AP(9))d(o— AP (¢)),

or with
14 4
Wa(g)= f wa(@)de'; Walg)= f wa(¢)de,
0 0

Wale)=PaaWale—A%(e))
+PABIVB(¢—AB(¢))+CA(]3>-
Considering the B crystals we obtain in the same way

Wa(¢)=PpaW 4(o—A4(p))
+ PpgWp(o—AB(¢))+Cr (k).

(A, 15a)

(A, 15b)
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Equations (A, 15), together with the relations
Walet2m)=Wa(e)+1,
W 4(0)=0,

W 4(¢) =monotonically nondecreasing in ¢,

(A, 16)

and the same relations for Wp, determine again the
functions W4 and Wp. These functions, as well as the
constants C,4(k) and Cp(k), can be calculated from
(A, 15) by iteration. Finally, for M (k)+const= (1/2m)
X {@nt1— @a)a, Which gives us the relative number of
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eigenstates below %, we obtain

(1/20) (pnsim oa)n=p f (Onri= o) a0 (0)don

+(1f(§0n+1— ©n) 0B (Pn)d@n.

A short calculation using (A, 15) gives the result
M (k)+const=pC4(k)+qCg (k).
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The electronic self-energy due to interaction with acoustic phonons is evaluated as a function of the
electron propagation vector k, and a relation is established connecting the Sommerfeld-Bethe interaction
constant with the energy band separation and effective masses. For nondegenerate prolate ellipsoidal energy
surfaces of revolution, the self-energy depends linearly on the temperature 7' at high temperatures and
quadratically on T at low temperatures, this behavior being substantiated by the experimental results of
Macfarlane and Roberts. The temperature dependence of the principal effective masses m:(7) at high
temperatures is given by (z=17 or ¢)

mi(0)/mi(T) =1+ (1287 /9p)3sO p)m:*(0)a; (EXCHAT
thus indicating a decrease in effective mass with rising temperatures. The result does not explain the deviation
from the 7% law for the lattice mobility as observed by Morin and Maita. The percentage decrease at room

temperature for each of the electron effective masses amounts to less than 19,. These results do not account
fully for the possible change determined by Lax and Mavroides.

1. INTRODUCTION

HE temperature variation of the electronic energy
in crystals is usually attributed to radiation
damping,! thermal expansion,? electron self-energy,* and

absorption edge. In addition, the percentage change in
the principal effective masses from liquid helium tem-
peratures to room temperature is computed and found
to be much less than the possible change deduced by

mutual electrostatic interactions of charge carriers.4

In the present paper a study is made of the electron
self-energy in homopolar semiconductors with specific
reference to n-type Ge and Si. From the self-energy the
temperature dependence of the principal effective masses
is then deduced. At low temperatures the self-energy
exhibits a quadratic behavior with temperature, thus
substantiating the observations of Macfarlane and
Roberts® on the temperature variation of the infrared

1 A. Radkowsky, Phys. Rev. 73, 749 (1948) ; Moglich, Riehl, and
Rompe, Z. tech. Phys. 21, 6, 128 (1940).

2 R. Seiwert, Ann Physik 6, 241 (1949); F. Moglich and R.
Rompe, Z. tech. Phys. 119, 472 (1942); J. Bardeen and W.
Shockley, Phys. Rev. 80, 72 (1950); W. Shockley and J. Bardeen,
Phys. Rev. 77, 407 (1950).

3V.A. Johnson and H. Fan, Phys. Rev. 79, 899 (1950) ; T. Muto
and S. Oyama, Progr. Theoret. Phys. Japan 5, 833 (1950); 6, 61
(1951) ; H. Fan, Phys. Rev. 78, 808 (1950); 82, 900 (1951).

4F. J. Morin and J. P. Maita, Phys. Rev. 94, 1525 (1954); 96,
28 (1954).

5 G. G. Macfarlane and V. Roberts, Phys. Rev. 97, 1714 (1955);
98, 1865 (1955).

Lax and Mavroides.®

2. HAMILTONIAN AND THE LATTICE FIELD

The total Hamiltonian of the system, electron plus
lattice, may be written as

H=H,+V(R,)+Hz, (2.1)

where H, is the Hamiltonian of a nonlocalized electron,
V(R,r) the electron lattice interaction and Hpg the
vibrational energy of the lattice. The latter two quanti-
ties are given by the relations

1
V(Rp)= —m ; £(0) vV (r)

Y
7

2%
X{at(a)ei""-l-az*(a)e‘i“"}( : )) (2.2)

6 B. Lax and J. Mavroides, Phys. Rev. 100, 1650 (1955).




