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Interactions of 85-Mev Positive Pions with Deuterons*f
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Collision processes of pions with deuterium have been observed in a diffusion cloud chamber. The use of
positive pions rendered visible all of the possible reactions at 85 Mev. Total cross sections and angular dis-
tributions for elastic and inelastic scattering, charge exchange scattering, and absorption have been deter-
mined from 272 collisions in the deuterium gas. The results are compared with the phenomenological
impulse-approximation theory.

I. INTRODUCTION

HE experimental approach to meson scattering
in deuterium has been stimulated by several

circumstances. There exists, in the impulse approxima-
tion, a promising theoretical attempt to treat three-
(and more-) body collisions on the basis of experi-
mentally known two-body interactions. A crucial and
fundamentally interesting assumption in this theory is
that the two-body scattering interaction is not modified
by the presence of another particle bound by nuclear
force to the struck nucleon. The extensive study of pion
scattering on protons has progressed to a point where
the phenomena are conveniently described by a set of
phase shifts known with varying precision up to about
200 Mev. Thus the general behavior of the two-body
reactions rr++p, rr +p, and (by charge symmetry)
rr++e is well known, with every expectation that new

experiments will soon result in much increased pre-
cision. A critical test of the assumptions and conditions
of validity of the theory is, in principle, the scattering
of pions in deuterium.

Pions may interact with deuterons in five possible
ways:

(1a) s.++d~s++d (elastic scattering),

(1b) rr++d~7r++rs+ p (inelastic scattering),

(2) s.++d~'+ p+ p (charge exchange scattering),

(3) s++d~y+ p+ p (radiative absorption),

(4) rr++d —+p+p (nonradiative absorption).

The corresponding negative-pion interactions can be
derived from the above set by interchanging p and N.

The principle of charge symmetry requires that the
interactions of positive and negative pions with deu-
terons be the same, except for Coulomb eGects which
constitute a small correction to the nuclear interactions
for fast pions. By using scintillation counter techniques,
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t A preliminary report of this research appears in the Proceed-
ings of the CERN Symposium, CERN, Geneva, 1955.

g Submitted by Kenneth C. Rogers in partial fulfillment of the
requirements for the degree of Doctor of Philosophy in the
Faculty of Pure Science, Columbia University.

$ Now at Laboratory of Nuclear Studies, Cornell University,
Ithaca, New York.

deuterium total cross section determinations have been
performed for both positive and negative pions at a
variety of energies. ' ' A measurement of elastic pion-
deuteron scattering at 140 Mev using heavy-water-
loaded emulsions but with low statistical precision has
been reported. ' However, with the exception of the
work of Xagle at 119 Mev, investigation of the cross
sections and angular distributions for the individual
processes giving rise to the total deuterium cross sec-
tion has not previously been carried out. The trans-
mission measurements have tended to indicate that the
deuterium total cross section is less than the sum of the
scattering cross sections for positive and negative pions
by protons, with a maximum difference between the
deuterium cross section and the free-nucleon sum occur-
ring at energies in the neighborhood of the first maxi-
mum in the free-nucleon cross sections, i.e., at 200-
Mev laboratory kinetic energy. The most critical test
of a theory of pion-deuteron scattering requires a de-
termination of the differential and total cross sections
for each of the possible pion-deuteron reactions. The
following paper describes the determination of the
partial and differential cross sections for the processes
1a, 1b, 2, 3, and 4 at a laboratory kinetic energy of 85
Mev, the highest positive-pion beam energy available
at this laboratory. A positive-pion beam was chosen in
order to permit separate identification of processes 2,
3, and 4.

II. EXPERIMENTAL METHOD

A major technical difhculty associated with the per-
formance of a diffusion cloud chamber experiment using
deuterium as a target gas is that of obtaining a sufhcient
quantity of essentially tritium-free deuterium. The P
activity of tritons present in the filling gas places a
constant ionization load on the chamber. One triton
decay per second per cubic centimeter of filling gas
would probably disrupt satisfactory operation of the

'H. A. Bethe and F. de Hoffmann, Mesons and Fields (Row,
Peterson and Company, Evanston, 1955), Vol. II. This reference
lists all work on ~—d total cross sections published prior to 1955.

~Ashkin, Blaser, Feiner, Gorman, and Stern, Phys. Rev. 96,
1104 (1954).' D. E. Nagle, Phys. Rev. 97, 480 (1955).

4 Ignatenko, Moukin, Ozero, and Pontecorvo, Doklady Akad.
Nauk S.S.S.R. 103, 209 (1955).

s Arse, Goldhsber, and Goldhsber, Phys. Rev. 90, 160 (1953).
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and traversed the chamber with an average radius of
curvature of 70 cm in the 9000-gauss pulsed magnetic
field. A photographic repetition rate of once every ten
seconds was employed. A total of 27 000 stereo photo-
graphs was taken. Operation of the chamber has been
described in detail previously. " "

FIG. 1. Flow sheet for D2O~D2 system.

chamber. Under normal conditions the chamber should
operate with deuterium at on optimum pressure of 18
atmospheres. ' The 12-year triton mean life together
with the above requirements then establishes a lower
limit of approximately 10"for the permissible deuteron-
to-triton ratio present in the filling gas. Naturally
occurring deuteron-to-triton ratios in water range from
10" to 10""Thus, under favorable circumstances it
should be possible to obtain a sample of deuterium
satisfying this requirement. Commercially available
deuterium proved to contain far too much tritium for
diffusion cloud chamber use. Fortunately a sufficient
quantity of heavy water of low tritium content was
obtained from the U. S. Atomic Energy Commission.
The conversion of the deuterium oxide to deuterium
gas was effected by means of the reaction: Dio+Mg~
Mgo+ D s. The method has been described by Knowlton
and Rossini. ' The heavy water was converted to steam
and passed over hot magnesium turnings" at 500'C
in an evacuated stainless steel reaction column. The
column consisted of four tubes in parallel each of which
contained enough magnesium to react with all of the
heavy water. The deuterium product was collected and
stored at a pressure of 68 atmospheres in a standard
steel cylinder. A Bow sheet. for the conversion process
is given in Fig. i. The accumulator served to transfer
the gas from the collection tanks at a pressure of 3
atmos to the cylinder at 68-atmos pressure. Satisfactory
operation of the chamber was achieved with this deu-
terium. The only evidence for the presence of tritium
was a slight decrease in the depth of the sensitive
volume from that obtained with ordinary hydrogen.

The experimental arrangement is shown in Fig. 2.
The 85-Mev positive pion beam of the Nevis cyclotron
was deflected by a double-focussing steering magnet
into a, deuterium-filled (density=0. 003 g/cm') 17-in.
diameter diGusion cloud chamber. Shielding of the
chamber against neutron and gamma background radia-
tion was provided by a 3 ft)&4 ft&(6 ft concrete block
pierced by a 10 in. &2.5 in. &4 ft collimating slit. The
beam entered through a 0.040-in. stainless steel window

~ R. P. Shutt, Rev. Sci. Instr. 22, 730 (1951).
~ 7I. Kirshenbaum, Physica/ Properties arid ArIalysis of ESeany
8'ater edited by G. M. Murphy and H. C. Urey (McGraw-Hill
Book Company, Inc. , New York, 1951),National Nuclear Energy
Series, Vol. 4A, Div. 3.

8 E.L. Fireman and D. Schwarzer, Phys. Rev. 94, 385 (1954).' J. W. Knowlton and F. D. Rossini, J. Research Natl. Bur.
Standards 19, 605 (1937).' Reade Manufacturing Company, Inc. , Metal Powder Divi-
sion, Jersey City, New Jersey.
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PIG. 2. Experimental arrangement for ~+-d exposure.

"Sargent, Cornelius, Rinehart, Lederman, and Rogers, Phys.
Rev. 98, 1349 (1955).

"Sargent, Rinehart, Rogers, and Lederman, Phys. Rev. 99,
885 (1955)."Rinehart, Rogers, and Lederman, Phys. Rev. 100, 883 (1955).

III. ANALYSIS OF DATA

(A) Flux

One of the primary objectives of this experiment was
the measurement of absolute reaction probabilities. To
insure accurate and impartial evaluation of the data a
strict scanning and Aux counting procedure was
adopted. Each picture was examined an a Aux count
performed by at least two independent observers. All

pictures of poor quality or containing more than twenty
beam t.racks were rejected. To be counted as Aux a
track was required (1) to fall within the acceptable
momentum interval, (2) to extrapolate to the entrance
window of the chamber, (3) to make less than a 10'
angle with the mea, n beam direction and (4) to cross
fiducial marks scribed on a black glass plate resting on
the chamber Roor. The purpose of the last requirement
was to provide a more rigid definition of a "Aux track. "
The momentum acceptance interval was established
from a measurement of the beam momentum spectrum.
The lower limit was set to exclude a small low-energy
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tail in the beam. Only the lower limit was utilized in
scanning. A calibrated map measurer was used to
convert the Qux count to the total beam path length
on 2500 pictures composed of 50 picture samples from
each of the 50 film loads. Checks of the resulting track-
to-path-length conversion by two independent ob-
servers agreed to within 2 jq. On the average the flux
track counts of different sca,nners agreed to within 5'%%uc.

To provide an additional check of the Aux-counting
procedure, x-p, decays in flight through projected angles
greater than 3' were recorded.

(B) Interaction Energy

The measured momentum spectrum of a random
sampling of beam tracks was used to determine the
mean beam energy and the beam energy spread. The
incident-beam momentum distribution was assumed to
be a Gaussian parametrized by a mean momentum p,

and a standard deviation s. This analysis led to beam
momentum of 175&10 51ev/c. The determination was
checked on tracks observed to undergo deuterium inter-
actions. In order to do this, the momentum dependence
of the deuterium total cross section at 85 3Iev was
estimated from a linear fit to the data of Anderson
et a/. " in the neighborhood of 85 Afev, yielding (1/0)
X (da/dp) =9.7X10 ' (&Iev/c) '. The observed quan-
tities (p)=180 Mev/c and s,h, ' ——282 (Afev/cp then
yield the mean pion beam momentum @=177~10.6
Mev/c and the corresponding mean pion beam energy
E=85.5&8.3 Mev.

(C) Scattering Events

A total of 267 interactions arising from acceptable
beam tracks were recorded. Furthermore, events taking
place within one centimeter of the exit wall of the
chamber were not counted. The double scanning result
of 98~&& over-all eKciency for observing events was
regarded as satisfactory. As an additional check on
scanning e%ciencies some film was scanned a third
time. In general, ionization, range, curva ture, and
kinematics permitted the identification of each event at
sight as either a pion interaction with a deuteron or
with a heavy nucleus impurity in the filling gas. In
addition, deuterium events could be placed in three
categories: (a) elastic and inelastic scattering (proc-
esses la, 1b), (b) charge exchange scatter! ng and radia-
tive absorption (processes 2 and 3), or (c) absorption
(process 4). Elastic and inelastic scatterings were char-
acterized by a scattered charged meson and a visible
recoil of at least 1.5-mm range. Charge exchange and
radiative absorption events were identified by two un-

correlated, heavily ionizing secondary protons, neither
one having more than 20-Mev kinetic energy. Ab-
sorption events were characterized by two fast ( 100-
Mev) protons, with a minimum correlation angle of

'4 Anderson, Fermi, Nagle, and Yodh, Phys. Rev. 86, 413
(1952).

Observed number of interactions'

Corrections:

Scanning e%ciency
Hydrogen contamination

Corrected number of interactions
Uncorrected flux

Corrections to flux:

Magnification
Gas density
Beam contamination
Edge effects
Filling gas contamination

Corrected flux

Errors:
Number of interactions (statistical error)
Flux
Corrections to flux
Resultant rms error

225

+4—7

222
17 236

—4%—(2,4%0.5)%—(11+4)%
—(6~0.5)

—(26.4~4.5)%
12 680 g/cm'

66

4.5%
10.5%

& The total number of events observed was 267. However, owing to the
rejection of photographs for which the Rux count was not reliable, only 22S
events were used in the total cross section.

158'. Detailed momenta and angle measurements were
required to further identify a particular interaction.
The 1.5-mm recoil range requirement established a
17' cut-oR' angle for the scattering of pions without
exchange of charge in the acceptable momentum in-

terval. The recoil range was determined by the require-
ment that a recoil track have the appearance of a prong
rather than that of a spherical blob. This was necessary
in order to avoid confusion between scatterings and
m-p, decays with associated delta rays or stray blobs
near the decay point. At the lower limit of the acceptable
pion momentum interval the maximum m.-p, laboratory
decay angle is 15', so that there is little chance that
any m-p decays with associated blobs would have been
mistaken for scat terings.

Whenever possible, the vector momenta of the
charged particles involved in an interaction were
measured and unless the event was obviously not co-
planar the function

ps' (p&X p3)/pip p3:co-'~

was evaluated. The quantity 8 is a convenient measure
of coplanarity which vanishes when p&, p&, and p3 are
coplanar and is invariant to rotations of the coordinate
system. )lean precision in coplanarity was 5=0.015
radians. The technique of performing the momenta and
angle measurements has been described in a previous
paper

IV. RESULTS

(A) Total Cross Section

The total cross section is given by the relation

(r =X/(I. ,n),

where .V is the number of interactions observed for a

TABLE I. Experimental results.
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pion path length L in a target material of e scattering
centers per unit volume. The corrections applied to the
path length measured in reprojection and to the ob-
served number of interactions are given in detail in
Table I. The magnification correction arises because
the beam path length measured in reprojection is that
for unity magnification in the fiducial plane (the floor
of the cloud chamber) and is therefore slightly greater
than the true path length in space. The density cor-
rection to the perfect gas law was calculated from the
b term in the Van der Waals equation of state. "The
mu-meson and electron contamination of the beam was
obtained from range curves taken by various counter
groups in this laboratory using the same beam. A calcu-
lated correction was made for the diR'erence in geometry.
This amounted to 2&1%.Scatterings which took place
outside of a prescribed fiducial area were not counted
and a corresponding reduction in the measured Aux was

applied. Approximately 18% of the film was rejected
from the Aux count due to poor Rux counting conditions,
i.e., too many tracks or poor sensitive layer.

A mass spectrographic analysis of the filling gas
revealed a 4% hydrogen and 2% nitrogen contamina-
tion. These introduced corrections to both the density
and the number of events, since pion-proton scatterings
could not in general be distinguished from inelastic
pion-deuteron interactions. The errors associated with
the observed number of events, with the Aux count
and with the corrections are also tabulated. An inde-
pendent check of the ffux corrections is obtained from

"Handbook of Chemistry and Physics (Chemical Rubber
Publishing Company, Cleveland, 1955).

LAB

FIG. 3. Elastic plus inelastic differential scattering cross sec-
tion, do-@+I/dO. The experimental points represent 167 events.
Errors are standard deviations. The solid line is from Rockmore,
using phase shifts of Table II.

(B) Elastic and Inelastic Scattering

The energy and momentum conservation laws for
elastic scattering correlate the recoil and scattered-
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FIG. 4. Elastic diA'erentiaI scattering cross section, do.zjdQ.
The solid line represents the impulse approximation calculation
using phase shifts of Table II.

the ~p decay count. The number of x-LM decays ob-
served was corrected for (1) scanning efriciency (ob-
tained by comparing the results of the two and three
independent observations) and (2) cut-oR angle (ob-
tained from the known kinematics). This yields, for 20
selected film loads, a pion path length of 8159&500
g/cm' based upon over 2000 events. The error arises
primarily from scanning efficiency uncertainties. The
direct determination of the path length in these photo-
graphs gives 9694 g/cm'. The diRerence (15.6+5%)
represents the magnification, Aux contamination, and
edge effect corrections to the flux. In Table I, these
eRects are seen to contribute (18&4%).The agreement
is considered satisfactory.

No corrections were necessary for events taking place
near the top or the bottom of the sensitive volume be-
cause the vertical dimension ( 4.5 cm) of the incoming
beam was somewhat less than the depth ( 5.5 cm) of
the sensitive layer with the mean beam height well
centered. An examination of the azimuthal distribution
of scatterings with the beam direction taken as azimuth
revealed a symmetrical distribution, again indicating
no losses through the top or bottom of the sensitive
layer or reduction in e%ciency for finding scatterings
going directly upwards or downwards. Our reported
total cross section refers to scatterings without exchange
of charge through laboratory angles greater than 17'
with no angular restrictions on the remainder of the
processes. The resulting total cross section for 85&8
Mev positive pions on deuterons is:

0-= 58.0&6.0 mb.
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Fro. 5. Inelastic difFerential scattering cross section, do. l/dQ.

particle momenta as well as the recoil and scattering
angles for a given incident pion momentum. The
identification of a particular event was based on a
consideration of how well all of the kinematical require-
ments (coplanarity, angular correlation, and momen-
tum correlation) were satisfied in view of the assigned
measuring errors. The finite depth of the sensitive
volume rendered precision measurement of all scatter-
ings impossible. However, the number of events for
which a positive identification as elastic or inelastic
could be made was su%ciently large to establish within
limits the fraction of the scatterings which were elastic,
as well as the respective angular distributions. Of the
167 events correctly classified at sight as belonging to
category 1a, only 13% could not be further identified.
The unresolved events have led to an analysis for
possible geometrical bias in either of the two angular
distributions. The conclusion is that any possible bias
would have negligible effect upon the results. The re-

sulting cross sections are, for laboratory scattering
angles greater than 17':

~E+r =37-7~4.2 mb,

OE ——16.9&7.8 mb,

&,= 20.8W3.1 mb.

The error assigned to the combined elastic and inelastic
cross sections includes the statistical error, L(''V+ 1)ijV]
&&100%, and the error arising from an uncertainty in
the beam Aux discussed earlier. The large errors as-
signed to the individual elastic and inelastic cross
sections reQect uncertainties in identification and are
maximum errors. The observed angular distributions
are plotted in Figs. 3, 4, and 5. A search was made to
detect distortion of the separate elastic and inelastic
angular distributions by those events about which there
was some ambiguity. The angular distributions with

and without such events were essentially the same. A
correction was applied to the inelastic distribution for
the 4% hydrogen contamination. An example of an
elastic scattering in which the recoil deuteron stopped
in the sensitive volume is shown in Fig. 6.

":---,,!Ii. , ~,g~
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FIG. 6. DifFusion cloud chamber photograph of elastic scatter-
ing in deuterium. The incoming beam track is indicated by an
arrow. The recoil deuteron comes to rest in the gas.

(C) Charge Exchange and Radiative Absorption

Charge exchange and radiative absorption events
were identified by the disappearance in fiight of the
incident pion accompanied by the appearance of two
low-energy protons The kinematics of charge exchange
scattering and radiative absorption allows the direct
determination of the direction, momentum, and energy
of the outgoing ~' or photon if both recoil protons have
measurable momentum. In the laboratory reference
frame let P~ be the momentum of the incident ~+ and
Po, P~, and P3 be the rnomenta of the resulting neutral
particle and of the accompanying protons, respectively
(see Fig. 7). Then, for either charge exchange scattering
or for radiative absorption,

P = (P '+P '+P '—2PiPp cospii
—2PiP p cosOip+ 2PpPp cos02p) &

cosip= LPi —Pp cosOip —Pp coOsji/pPp,

where 0~0 is the angle between the incident pion and
the emerging neutral particle. Conservation of energy
then requires that Ei=Ti+T&+2M Md Ep, w—here—
E and T denote total and kinetic energies, respectively.



252 K. C. ROGERS AND L. M. LEDERMAN

M and M~ are the proton and deuteron rest energies.
Both P& and P& may not always be directly measurable.
However, in general one vector momentum and one
vector direction can be measured. In this case the
unknown proton momentum can be calculated if a
mass is assumed for the neutral particle. Conservation
of energy, using this calculated momentum, then pro-

vides a consistency check on the validity of the assump-
tion. The conservation laws yield a simple expression
for the desired momentum if the protons are treated
nonrelativistically and if terms of order (P/M)' are
neglected, where P is the desired proton momentum
and M is the proton mass. The result in terms of the
known momenta PI and P2 is

P cosh+ {Pcos'6+ L1+ (mo+M)/M) (A'+2moA —P') ) I
P3=

Ll+ (nso+A)/Mg

where

P cos8=—P~ cos0~$3 P2 cos023)

P':PP+ P—' 2P~Po c—os0~2,

A =m+ T—, To m—o+M—d. 2M, —
mo=—mass of neutral particle (pion or p ray).

(D) Absorption

As discussed in Part II, interactions arising from the
absorption process (or++a—+p+p) can be identified at
sight. However, all such events were further examined
for coplanarity and for angular correlation of the two
protons. The space angle between the lines of Qight of

Of the 60 observed events giving rise to two slow pro-
tons, 51 were found to satisfy charge exchange kine-
matics, 4 to satisfy radiative absorption kinematics,
and 5 to satisfy neither. These 5 were assumed to be
2-prong stars from the 2% nitrogen contamination in
the filling gas. Thirty two pion stars in flight were
observed, corresponding to a nitrogen interaction cross
section of 320&53 mb at this energy. This is consistent
with what is known about star formation, since the
geometric cross section is 355 mb.

The resulting cross sections for charge exchange
scattering and for radiative absorption are

pro
——12.2+2.2 mb,

0-~= 1.1+0.6 mb.

2 ~ 2
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I 4~ T

4' 1.2

E 1.0
X
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Q 12.2 —2.2 mb
CX

i
/

/I

.r~

//

In Fig. 8 the observed laboratory angular distribution
of charge-exchange scattered mesons is plotted. An
example of charge-exchange scattering is shown in
Fig. 9. Both recoil protons came to rest in the sensitive
volume. An example of a charge-exchange scattering
followed by the inner pair mode of +' decay is shown
in Fig. 10.

~ Q

~ 2

0
L J J.
30 60 90 120 150 180

o" Las

FIG. 8. Charge-exchange difFerential cross section. The solid
line is the impulse approximation result. The dotted curve is the
free-nucleon scattering given by the phase shifts in Table II.

Pq

P,

BEAM
DIRECTION

P

FIG. 7. Charge-exchange vector diagram for ~++d~ +p+p
or n-++d~y+ p+ p. P~ and P~ are momenta of the recoil protons;
Pq is the momentum of outgoing m- meson.

the protons and the space angle between the line of
flight of each proton and that of the incident pion were
required to agree with the kinematically predicted
angles. In general the agreement was excellent. The
measured total absorption cross section corresponding
to 31 events is 0-~=7.0&1.4 mb.

V. DISCUSSION

(A) Elastic and Inelastic Scattering
Several authors'~" have discussed pion-deuteron

scattering in terms of the phenomenological impulse
"Fernbach, Green, and Watson, Phys. Rev. 82, 980 (1951).' Fernbach, Green, and Watson, Phys. Rev. 84, 1084 (1951).
"Thomas A. Green, Phys. Rev. 90, 161 (1953).' J. S. Blair, Phys. Rev. 83, 1246 (1951).

B. Segall, Phys. Rev. 83, 1247 (1951).
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Fn. 9. Diffusion chamber photograph of a charge-exchange
scattering in deuterium: ~++d~H+p+p.

FIG. 10. Diffusion chamber photograph of a charge
exchange followed by x'—+&+e++e .

approximation of Chew" " in which the deuteron
scattering amplitude is taken to be a linear superposi-
tion of the free-nucleon scattering amplitudes. Binding
sects on the scattering matrices are neglected as well
as o6-the-energy-shell dependence of the scattering
matrices. The nucleons are considered to scatter as
free particles having a momentum distribution char-
acteristic of the deuteron. The scattering is then com-
pletely described in terms of the experimentally meas-
ured phase shifts for pion-nucleon scattering and the
deuteron nucleon momentum distribution. The ratio
of elastic to inelastic scattering as well as the angular
distributions and energy spectrum of the scattered
mesons can all be calculated. The results for combined
elastic plus inelastic scattering can be grouped into
contributions from individual scatterers plus an inter-
ference term which is modulated by the deuterium form
factor. The eGect of the binding force between nucleons
during the scattering, the attenuation of the amplitude
of the incident wave in crossing the deuterons, and
multiple-scattering eGects"-4 "all introduce corrections
to the impulse approximation. The loose binding of the
deuteron and the fact that it consists of only two nu-

cleons suggest that the multiple scattering corrections

"G. F. Chew, Phys. Rev. 80, 196 (1950).
"G.F. Chew and G. C. Wick, Phys. Rev. 85, 636 (1952).
"G.F. Chew and M. L. Goldberger, Phys. Rev. 87, 778 (1952),
'4 K. Brueckner, Phys. Rev. 89, 834 (1953).
'~ K. Brueckner, Phys Rev. 90, 725 (1953)."S.D. Drell and L. Verlet, Phys. Rev. 99, 849 (1955).

TABLE II. Phase shifts at 85 Mev.

ag =+9.1' a3 = —6.8'
a3g =age = —2.5'

aeg = 15.5'

~~ R. Rockmore, Phys. Rev. 104, 256 (1956), following paper.
2 J. Drear, Phys. Rev. 100) 288 (1955).

will be the most important ones for pion kinetic energies
greater than 50 Mev. A reformulation of the pion-
deuteron scattering problem in a fashion to include
Coulomb eBects and to permit estimation of multiple
scattering and binding corrections has been carried out
by Rockmore. 27 His results for a pure scattering (no
absorption) model in adiabatic approximation for the
treatment of the nuclear motion are equivalent to those
of Fernbach et a/. ' "with an additional Coulomb cor-
rection. In addition, Rockmore Ands signi6cant con-
tributions from absorptive scattering and potential
corrections which act to decrease the total cross section.

An experimentally determined phase shift solution at
85 Mev for pion-nucleon scattering was not available
at the time of this writing. However, the set of phase
shifts used in evaluation of the theoretical expressions
of Rockmore is given in Table II.

The values of n& and n3 are those obtained by a linear
extrapolation from the low-energy slopes given by
Orear, " i.e., tano. ~

=0.16', tan+3 = —0.1ig, where
=P c)m c'. The value for n33 is that given by Bethe
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TABLE III. Experimental and theoretical cross sections, in milli-
barns; the latter are based upon the phase shifts of Table II.

Reaction

Number
of

events
Experimental
results (mb)

Theory:
impulse
approxi-
mation

(mb)

Free
nucleon

(mb)

Flastic scat tering
Inelastic scattering
Ambiguous
Sum
Charge-exchange

scat tering
Sum
Sum with corrections

to impulse approxi-
mation

Absorption
Radiative absorption
Total cross section

59
86
22

167
51

a E =16.9 &7.8
rrl =20.8 &3.1

aE+I =37.7 &4.2
a'c =12.2 &2.2

19.2 a =38.6

43.1 41.1
12.0 a p =14,6

218 cr E+I+ae =49.9 &4.7 55.1 55.7

31 a~ =7.0~1.4
4 a Eg = 1.1 ~0.6

a =58.0+6.0

49.9

~ H. A. Bethe and F. de Hoffmann, Mesons and Fie1ds (Row,
Peterson and Company, Evanston, 1955).

~ de Hoffmann, Metropolis, Alei, and Bethe, Phys. Rev. 95,
1586 (1954).

"Metropolis, Alei, and Fermi, Phys. Rev. 95, 1581 (1954).
'2 Bodansky, Sachs, and Steinberger, Phys. Rev. 93, 1367

(1954).
~ Friedman, Lee, and Christian, Phys. Rev. 100, 1494 (1955).

and de HoGmann. ""The values for +~1 and +1~ were
taken to be equal and are essentially those values
found by Metropolis et al.31 from the data of Stein-
berger at 65 Mev."The phase shift a11 is believed to
be small" and was arbitrarily set equal to zero. The
cross sections calculated from this set of phase shifts as
well as the free nucleon cross sections are compared
with the observed quantities in Table III. The corre-
sponding diRerential cross sections are plotted in Figs. 3
and 4. It is to be noted that considerable latitude is
allowed by present vr-nucleon data in the choice of
phase shifts. This is due to the fact that precise experi-
ments are available only at 65 3»Iev, 120 Mev, and
higher. The existence of the "small phase shifts" makes
the interpolation even more difficult, since small varia™
tions of o.31 and o.13 have a large eRect upon the resulting
best-fit n». Omission of these phase shifts would require
sign%. cant changes in n33, n3, and ni to restore a 6t to
our data, as well as to the 65-Mev m-nucleon data. "No
attempt has been made here to optimize the fit, the
comparison with theory being regarded as provisory,
awaiting good x-nucleon data at this energy.

Other experiments' at somewhat higher energies have
indicated that the simple addition of the free-nucleon
cross sections is a fair approximation to the deuterium
scattering. This is true of the data of this experiment;
see Table III. However, the sum of the free-nucleon
cross sections and the results of Rockmore are not very
diRerent. The calculated sum, in pure impulse approxi-
mation, of elastic and inelastic scattering is somewhat
larger than the sum of the free-nucleon cross sections
and somewhat larger than the observed sum. The net
constructive interference arises from the form factor
Hd(2K) and the phase space factor pd/pp which favors
the constructive forward interference over the de-

structive backward interference. "This is brought into
better agreement with experiment by the absorptive
and potential corrections. The corresponding diReren-
tial cross section agrees qualitatively with the simple
impulse calculation. More interesting is the satisfactory
agreement of the observed and calculated total and dif-
ferential cross sections for elastic scattering. The large
uncertainties in the measured elastic cross section
prevent a critical test of the theory; however, it is clear
that the essential features of the elastic scattering are
correctly described by the impulse approximation at
this energy.

The inelastic scattering was not calculated separately.
The observed inelastic differential cross section indicates
that most of the inelastic scattering arises from large
momentum transfers to the deuteron corresponding to
pion scatterings through angles greater than 90'. The
reluctance of the deuteron to disintegrate under small
momentum transfers has also been observed in n-d
scattering.

The results reported here indicate that at 85 Mev the
gross features of pion-deuteron scattering are correctly
given by a straightforward application of the impulse
approximation. The work of Brueckner and of Drell
and Verlet has indicated that multiple-scattering eRects
should in general play an important role in pion-
deuteron scattering. Multiple scattering is expected to
become important when the magnitudes of the free-
particle scattering amplitudes are comparable to the
mean spacing between the bound nucleons. For large-
angle elastic scattering, the two nucleons must be
within a distance R 1/k of each other to accept a
momentum transfer of order k. As a basis for a simplified
discussion following Drell, one can consider only S-
wave scattering for which the scattering amplitude has
the form

f(k, k') = single*'/k,
(
k'~ =

(
k ~,

where 6 is the S-wave phase shift. For multiple scatter-
ing to be negligible, f(k, k')«1/k or single"«1. In
general, the requirement that the scattering amplitude
be small compared to 1/k means that all the phase
shifts must be small. At 85 Mev this is not true (833
=0.26 rad) and multiple-scattering effects should be-
come apparent. Rockmore" finds a +10%%u~ correction
using the Brueckner model but notes that propagation
of the meson wave from one nucleon to another need
not conserve energy. This kind of multiple scattering
has been studied by Drell and Verlet" who find cor-
rections of the order of —10% at these energies, and
which are sensitive to the model of oR-the-energy shell
behavior of the scattering amplitudes.

In view of experimental uncertainties and the lack of
precise phase shifts, we can only conclude that, at 85
Mev, the net eRect of all of the corrections to the pure
impulse approximation amount to & 10%.
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(C) Absorption

Both the absorption process e++d—+p+p and its
inverse, the pion production reaction p+~e.++d,
have been studied experimentally at many energies. A
bibliography of both the theoretical and experimental
work performed before 1954 may be found in papers by
Rosenfeld'" and Stadler. "The angular distributions for
pion center-of-mass energies up to 94 Mev have been
fitted by an expression in the notation of Rosenfeld"
of the form

or

dg (X+cos'0 i
4~ =~ton+Pton'I

da & X+-', )

do/dQ ~ LA+cos'ej,

where 8 is the center-of-mass angle between the pion
and proton directions. Several authors"" have sug-
gested that at low energies,

ti «1, (g =P c/m c'),

A should be proportional to q '. Studies of the absorp-
tion process at energies up to 64 Mev have yielded
agreement with such an energy dependence. However,
experiments" at 70 Mev and 94 Mev (center-of-mass
system) have indicated that for pion kinetic energies
greater than 70 Mev the angular distribution becomes
more rather than less isotropic and that the total ab-

'4R. E. Marshak, Proceedings of the I'irst Annual Rochester
Conference on High-Energy Physics, 1950 (unpublished).

'5 W. B. Cheston, Phys. Rev. 83, 1118 (1951).
"Isaacs, Sachs, and Steinberger, Phys. Rev. SS, 803 (1952).
'7 A. H. Rosenfeld, Phys. Rev. 96, 139 (1954).
'8 Henry L Stadler, Phys. Rev. 96, 426 (1954).
~ K. M. Watson, Phys. Rev. 88, 1163 (1952).

(B) Charge-Exchange Scattering

Previous authors" " have pointed out that deu-
terium charge-exchange scattering must be less than
the free-nucleon charge-exchange scattering despite the
fact that charge exchange can take place on only a
single nucleon in the deuteron. The diminution in the
charge-exchange scattering arises from the require-
ments of the exclusion principle and parity conservation
together with the deuteron momentum distribution.
The free-nucleon cross section and the calculated deu-
terium diGerential cross section are given in Table III.
The charge-exchange destructive interference in deu-
terium is most readily observed in backward scattering
where both the diGerential cross section and the re-
duction in the diGerential cross section over the free
nucleon cross section are large. The agreement of the
observed and calculated charge exchange scattering
near 150' scattering angle indicates that the important
features of the destructive interference are properly
described on the basis of the impulse approximation.
The over-all agreem(;nt between the phenomenological
theory and experiment is satisfactory.

MAXIMUM LIKELIHOOD FUNCTION

Q
(Ak co~28 L)

3I

(A+ lrp)

4

Q

0.2 0.4 0.6 0.8 1.0 I.2 I,4 l.6

FIG. 11.Plot of the likelihood function Q(Al.

where k and k„are the pion and proton barycentric
momenta. Pion production studies" via the process
p+~w++d corresponding to pion center-of-mass
kinetic energies from 90 Mev to 150 Mev have indicated
that the production total cross section possesses a
resonance-type behavior, going through a maximum at

130 Mev, while the angular distribution varies
negligibly over the energy range in disagreement with
the absorption work at 76 Mev and 94 Mev.

The 31 observed absorption events of this experiment
were fitted to a normalized angular distribution of the
form

4~ (do.i A+cos'8
f(A,cos'8)—

o EdQ) A+-',

by the method of maximum likelihood. 4' If f(A, cos'8) is
an adequate theoretical description of the process, the
probability that a given set of points 8; should have
occurred is proportional to Q, where

31

Q=—g f(A,cos'8;).

The maximum likelihood method consists in choosing
as an estimate of the parameter A that value which

'0 M. G. Meshcheryakov and B. S. Neganov, Doklady Akad.
Nauk S.S.S.R. 100, 677 (1955).

4'Harold Cramer, The Elements of Probability Theory and Some
of Its A pplications (John Wiley and Sons, Inc. , New York, 1955).

sorption cross section increases steadily. The absorption
and production cross sections can be related by detail
balancing if initially unpolarized particles are assumed.

|'do.
~ (do ~ ~3 k.'y

EdQ J p„g t dQI .b, (4 k„'p
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maximizes Q. In Fig. 11 lnQ is plotted as a function of
A. The value of 2 which maximizes lnl. is seen to be
A =0.50 0.»+", corresponding to a barycentric kinetic
energy of 71 Mev. This result tends to confirm the
trend of the angular distribution towards isotropy with

increasing energy.
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The pure-scattering model of Fernbach, Green, and Watson is
used to obtain impulse approximation expressions for the elastic,
elastic plus inelastic (closure approximation), and charge-exchange
(closure approximation) 7t--d differential cross sections. The net
interference where p-v ave scattering is dominant is found to be
constructive; the interference due to charge exchange scattering
is ahvays negative. The Coulomb effect gives rise to strong de-
structive interference in the ~+-d elastic component at 85 Mev
(laboratory energy of incident pion) for angles &45'. The multiple-
scattering correction as calculated on Brueckner's model is
approximately 10% of the free particle cross section and positive.

However, a perturbation field-theoretic treatment of the (3/2, 3/2l
double scattering indicates that Brueckner's model is unreliable
at low energies. The binding correction to the impulse approxi-
mation is calculated using a p-state interaction Hamiltonian
(PV coupling) and found to be —3.2 mb at 85 Mev. The forward
peak in the elastic differential cross section is found appreciably
reduced by destructive interference arising from elastic "absorp-
tive" scattering. It is concluded that, at energies &100 Mev,
absorption corrections are significant, with the multiple-scattering
correction becoming important at higher energies.

1. INTRODUCTION

NEW experiment on the scattering of positive
pions by deuterons at 85 Mev, described in detail

in the accompanying paper, ' has motivated the fol-

lowing study of pion-deuteron scattering. In view of
the present improved status of the phase shift analysis
of pion-nucleon scattering, it is of interest to carry
through the method of approach adopted by Fernbach
et al.'. the problem is formulated in terms of the impulse
approximation4 with a phenomenological analysis being
made of the leading terms' in the expansion of the
transition operator for the complex system. In the fol-

lowing, the appellation "usual" impulse approximation
is given to these leading terms which form a linear super-
position of the two-particle operators referring to the
scattering of mesons by single free nucleons. As the
work of FGW is essentially independent of any detailed

* This research is supported in part by the joint program of the
OfIice of Naval Research and the U. S. Atomic Energy Com-
mission.

t Submitted in partial fulfillment of the requirements for the
degree of Doctor of Philosophy in the Faculty of Pure Science,
Columbia University.

f National Science Foundation predoctoral Fellow 1955—1956.
i K. Rogers and L. M. Lederman, preceding paper LPhys. Rev.

105, 247 (1957)j, hereafter referred to as Paper I.' J. arear, Phys. Rev. 100, 288 (1955).
'Fernbach, Green, and Watson, Phys. Rev. 84, 1084 (1951),

hereafter referred to as FGW.
4 G. Chew and G. Wick, Phys. Rev. 85, 636 (1952); G. Chew

and M. L. Goldberger, Phys. Rev. 87, 778 (1952).
5 Chew and Wick, reference 4, Eq. (10); Chew and Goldberger,

reference 4, Eqs. (13) and (21).

assumptions about the individual scattered amplitudes,
their conclusions regarding the use of further simpli-
fying approximations constitute a valid basis for our
treatment.

In Sec. 2, the pure-scattering model of FGW is used
to derive expressions for the elastic, elastic plus inelastic,
and charge exchange (ir++d—in'+2p) differential cross
sections. As the elastic contribution was observed down
to 20' in the laboratory, the Coulomb eR'ect is included
in the formalism. A general discussion of the properties
of these cross sections is given.

The higher order terms' in the expansion of the
transition operator give rise to the well-known multiple-
scattering corrections and the binding or "potential"
correction. In Sec. 3 we discuss the first of these, the
multiple scattering, from the standpoint of two adia-
batic models. We find, using Brueckner's model for
multiple scattering, ' that the total cross section is
approximately 10% larger than the total free particle
cross section at 85 Mev. Calculations are also presented
which indicate large reductions in the total m--d cross
section, as well as the elastic differential. cross section,
at energies in the neighborhood of the pion-nucleon
resonance. A qualitative study is also made of the
(t=3/2, j=3/2) multiple scattering at 85 Mev in the
double-scattering approximation via a p-state inter-
action Hamiltonian with pseudovector coupling.

In Sec. 4 the potential correction to the (3/2, 3/2)
' Chew and Goldberger, reference 4, Eq. (21) and discussion.
7 K.. A. Brueckner, Phys. Rev. 89, 834 (1953); 90, 715 (1953).








