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Structure of a Shock Front in Argon*
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Steady one-dimensional shocks of such strength that one degree of ionization is of importance are con-
sidered. The equation of state of argon is computed, equilibrium conditions behind the shock front are
evaluated, and a recombination coefhcient derived from detailed balancing. It is shown that for a given
shock velocity the shock front is Qat and nonluminous at first but soon becomes luminous with corre-
sponding change in hydrodynamic variables and degree of ionization, and that the fiat portion decreases
in width with increasing shock velocity.

INTRODUCTION takes place until complete thermal equilibrium is
reached. The region in which this transfer of energy
takes place is one of nonequilibrium. The shock front
is then defined to be all the region between the undis-
turbed atmosphere in front of the shock and the point
behind the front of the shock at which thermal equi-
librium is first essentially achieved.

A SHOCK wave traveling through an atmosphere
of argon gas may conveniently be described in

the following way. In front of the shock wave is the
undisturbed atmosphere in equilibrium. Upon being
struck by the shock, a violent disturbance occurs, which
soon however settles down to a new condition of sta-
tistical equilibrium behind the shock. Connection be-
tween the two regions of equilibrium is uniquely
determined by the Rankine-Hugoniot or shock rela-
tions. '

Disturbance of the statistical equilibrium takes place
in the following way. As a shock wave passes through
the gas the translational degrees of freedom of the
atoms are excited. The distance required to achieve
translational equilibrium has been investigated theo-
retically' and in the limit of strong shocks is of the order
of two collision lengths. This seems to have received
satisfactory experimental verification. '4 If the temper-
ature of the translational degrees of freedom is sufBci-

ently high, transfer of energy to other degrees of freedom

* Most of this work was performed under the auspices of the
U. S. Atomic Energy Commission at the Los Alamos Scientific
Laboratory, University of California, Los Alamos, New Mexico.

t This report is based on a thesis submitted by the author to
the University of New Mexico, 1954 (issued as Los Alamos
Report LA-1693), in partial fulfillment of the requirements for
the degree of Doctor of Philosophy.
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I. EQUILIBRIUM BEHIND THE SHOCK FRONT

1. Introduction

The general hydrodynamic features of a shock are
determined by the properties of the equilibrium regions
in front of and behind the shock front. The conditions
in front of the shock are completely known, of course.
However, the region behind the shock front in argon
is a plasma consisting of argon atoms in various states
of excitation, argon ions, and electrons. Despite the
fact that such a plasma has received considerable
attention, particularly at low pressures and tempera-
tures, s knowledge of this state is far from being satis-
factory. This is especially true at the high pressures and
temperatures behind a shock front.

In Part I, the equilibrium equation of state and the
thermodynamic functions of the argon plasma are
calculated. There are available several methods for
determining the equation of state of gas. Here, the
Saha equation has been used and the partition functions
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(Koppers Company, Inc. , Pittsburgh, 1950).

1683



1684 JOHN W. BOND, JR.

evaluated by a method suggested by Bethe. The
reason for using Bethe's method is that it is simple and
well adapted for high-speed computing machines. In
this calculation, as indeed throughout this report, it
will be assumed that the number of doubly ionized
argons is negligible.

R
p=gp

M
(2)

where R is the gas constant per mole and M is the
original molecular weight.

Following Bethe, the quantities c and P are defined

by the relations

p R pE+. = Te=p-
p M p

(3)

where E is the internal energy per gram.
From (2) and (3),

or

R (e q R
E=(e—g)—T=( —1 (g

—T,
M Eg ) M

p= e/g

The quantities P and e have been defined for compu-
tational purposes. A pa. rameter analogous to P may be
separately defined for atoms, ions, and electrons. This
parameter P(q;) will include the energy of translation
and electronic excitation; hence for each species

P(q, ) —1=E(q;)/kT, (5)

where E(q,) is the internal energy per particle and q,

6 H. A. Bethe, 0%ce of Scientific Research and Development
Report OSRD 369, 1942 (unpublished).

2. Equilibrium Conditions

Consider a plasma state behind the shock front in
complete thermal equilibrium. Let the concentration
[A] be defined as the ratio of the number of neutral
argon atoms to the original number before ionization
takes place. Similarly [A+] is the ratio of' the number of
singly charged argon ions to the original number of
argon atoms and [Sl] is the corresponding concentra-
tion for electrons, where, at all times

L&~]= LA'7

If g is the average number of particles into which an
argon atom splits at temperature 1, then

g = [A]+2[A+],
where the factor of 2 is due to the presence of one
electron for each ion. Although the density behind a
shock front is high, the temperature is also high; hence
it seems valid to neglect intermolecular forces and
assume the perfect gas equation of state to hold:

I(A) is the ionization energy for argon and P(A) means

P for neutral argon and includes the energy of trans-
lation and excitation. P(A+) is similarly defined for
singly ionized argon. Since for a free particle the energy
is -', kT, P(8l) =2.5.

The equilibrium constant for the argon interaction is

K= [A+][hl]/[A] =x'/(1 —x),

where x= [A+].

3. Partition Functions

Once the equilibrium conditions have been defined,
then, for an ionizing reaction the Saha equation may
be used to write the equilibrium constant in terms of
the partition functions. The Saha equation for the
argon equilibrium reaction may be written.

(2vrkzz& ' 1 T~ Z(A+) Z(Sl) e r'ir

h"- ) zzi q Z(A)
(7)

where p is the reduced mass, i.e. ,

zz=m+m, /m, m=m++m„

and Pzy=number of argon atoms in one cm' of the
undisturbed gas in front of the shock, p =density ratio
= p4/pi, pi ——density of the undisturbed gas in front of
the shock, p4= density in the equilibrium region behind
the shock, I=first ionization potential of argon, Z(A+)
=internal partition function for the argon ion, Z(A)
= internal partition function for the neutral argon atom,
and Z(Sl) = internal partition function for the electron.

The density ratio q is used in (7) in place of the
corresponding pressure ratio $ because zl varies between
1 and about 10 across the shock front whereas $ may
become very large and, in fact, is set equal to ~ in the
strong-shock approximation.

The internal partition functions are defined by

Z P g e Ea/kT—
with sz corresponding to a state of the system with
energy E„and statistical weight g„(the energy of the
ground state is arbitrarily set equal to zero). The
internal partition function of the electrons reduces
simply to the degeneracy 2 ~ Hence, if

(2zrkzz) & 1 Tl
f= f(T,~) =

I

E h' ) zzizz

Z(A+)e Ilkr-
K=2f

Z(A)
(10)

stands for a particle which may be an argon atom, A,
an argon ion, A+, or an electron, hl. The quantity e is
then given by

I(A)
=P(A)[A]+P(A') [A'7+ [A']+P(b~) [hU

kT
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At high temperatures the higher excited states of the
atom become numerous and may contribute appreciably
to the partition function. The summing over these
higher states could become quite laborious but even
worse would be the overlapping of the higher quantum
states of neighboring atoms. Therefore, a cutofF must
be made. This cuto6 successively eliminates the high
quantum states of the atom as the density is increased.
The corresponding process is termed pressure ionization.

The radius of a hydrogen-like electron orbit is
a„=aoe',where ao is the first Bohr radius and e is the
principal quantum number. It is now assumed that all
electron orbits are suppressed whose radius a„exceeds
half the average distance between neighboring atoms.
Let this half-distance be ro, then, if I. is the number of
atoms per cm' in front of the shock,

t'

(4~I~)

Hence, the limiting value of e is

1(3
m =Drl 'I' D= const= —

(

as& (4s-l.)

As e„is nonintegral, g is reduced proportionately. For
tr&~ss„+s the state will be completely cut off, and for
n ~& n, ——,

' the state will be fully counted in the partition
function. Hence, the internal partition function of the
atom depends not only on the temperature but to a
small extent on the density, i.e., Z=Z(T, ri).

In the above approximation the partition function of
the free electrons is underestimated since their potential
energy is neglected. Also, the integration over phase
space is not carried out properly. While it is difFicult to
estimate the size of the error, it cannot be large since
theory and experiment are in good agreement (see
Fig. 8 and paper of Shreffler and Christian' ). In
addition, the above theory agrees with more precise
calculations made at Los Alamos.

The contribution to the partition function from the
low states is easy to obtain because of their small

number. However, the contributions from the higher
states which have one electron excited to as~&4 is a
difFerent matter both because of the great number
available and because of the cutofF that must be made.
Hence, the partition function for the neutral atom may
be written as

Zlow+Zhishq

relatively high energy, vis. , 113000 cm ' or 162500
degrees. The level has a multiplicity 60. Levels with
two excited electrons have such high energies as to be
unimportant in the partition function.

The quantity Zh;„hmay be evaluated by the following
approximation: Consider a highly excited atom as an
ion with an electron moving around the ion in a large
orbit. The spectrum will be alkali-like and the energy
E„I,, of a state of principal quantum number rs and
orbital quantum number /, will be

E„i=I+E;, Er', — (12)

where E;,„=excitation energy of the ion (~&0), and
E„~'=binding energy of the electron.

If (12) is substituted in (8), Zi, ;,i, becomes

—II I'G TZhigh Zion& ~high. (13)

4. Energy Content

If the partition function is known, it is possible to
obtain the various other thermodynamic functions.
The energy content is of particular interest because of
its importance in determining the shock conditions
(Sec. 5).

The average energy per particle in units of kT is

(15)

The ~ represents translational energy, E„the internal

energy per particle for the remaining degrees of freedom,
and Z is the corresponding partition function.

Let

Z;, „
is determined similarly to Z&,„although the low

states are more numerous for A II than for A r. The
quantity si, ;„i,is the partition function for the (one-
electron) high excited states of the neutral argon atom,
when one neglects the multiplicity of the core configu-
ration (which is included of course in Z;„).It is given

by
(~)e+E~ t'I k T

where g„r(q) is the adjusted multiplicity. As shown by
(12), E„&' corresponds to a positive binding energy
which is subtracted from the energy of the ion, i.e.,
E„&'=I—E„with E„the excitation energy. The high
excited states of the ion have not been included because
their contribution to the partition function is negligible
in the temperature range concerned.

where Zi„,is summed over the low states (m=3) as
in (8).

The ground state of argon is a (3p)' 'Ss level with a

multiplicity of one and an energy by convention equal
to zero. There is also a level from the configuration

(3p)' (3d), observed spectroscopically, which has a

then
W=P g„(E„/kT)es-'"r;—

P = (5/2)+ (W/Z).

tV may be evaluated in the same way as Z, i.e.,
W= Wi.„+Wh;sb,

(16)

with Wi,„given by (16) but summed over just the low
r R. G. ShretHer and R, H, Christian, . Appl. Phys, 25, 324

(t954), stat~s.
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pv= m= const, (17)

where p is the density and v the velocity with respect
to the shock front, i.e.,

v=u —U, (18)

I being the material velocity and U the shock velocity.
Conservation of momentum:

P+mv=mVp, Vp= const.

Conservation of energy:

(19)

pp/p+-, 'p'=-', C', C=const. (20)

If (17) and (2) are substituted into (19) and (20),
then, after dividing through by p&2, the functions F&

and F2 are obtained:

and
F,= gq'(R/M) T UVpq+ U', — (21)

Fs Pg(R/M)rPT ',——C t1'+s U' —-(22)
where F~ and F2 must go to zero together.

The constants Vo and C are determined from the
conditions in front of the shock; hence, for a given
value of U, and if P(r1,T) and g(r1, T) are known, the
quantities g, T, $, and u may be uniquely determined
in the shock front and behind the shock front.

In the above equation radiation has been neglected
but a brief consideration shows that this is probably a
good approximation for the range of shock strengths'
under consideration. For example, if /=500, ted= 7, and
y= 4/3 which is about right for T= 20 000 degrees and
U=6X 10' cm/sec, then the energy density for internal
degrees of freedom is 10" ergs per gram. However, if
black-body radiation is assumed, the radiation density
is only about 10' ergs per gram.

Assuming about 0.1 of the argon atoms are either
excited or ionized and an average wavelength for emitted
radiation of 2&(10 ' cm, a rate of radiation of about
10" ergs per gram per second is obtained. If this is

' Shock strength is defined here as the pressure ratio (=p4/p1,
where p4 is the equilibrium pressure and p1 is the fore-pressure.

5. Shock Front without Heat Conduction
or Viscosity

In Secs. 2 to 4 it has been shown how component
concentrations and energy content may be calculated
in a gas which is in a state of complete thermal equi-
librium. If this equilibrium state is specified to be that
which exists behind a shock front, then the density
and temperature are determined by the conservation
equations, the equation of state, the shock velocity,
and the initial conditions. It is assumed that heat
conductivity and viscosity can be neglected which is
perfectly valid if the conditions are those of equilibrium
and there are no dissipative losses.

Consider a one-diInensional shock for which the shock
equations may be written as follows:

Conservation of mass:

compared with the internal energy, vis. , 10" ergs per
gram it is seen that the relaxation time, F/F, for radi-
ation loss is of the order of 100 psec which is much
longer than the time for complete relaxation of the
shock front. (As will be shown in Part II, this time is
of the order of 10 ' sec, which is also about the lifetime
of a radiative transition. )

Computations for Parts I and II of this report have
been given in both tabular and graphical form. ' The
equation of state for argon has been tabulated in
terms of the partition functions and the equilibrium
constant for temperatures between 7500'K and 26 000'K
and density ratios between 1 and 20. The equilibrium
region behind the shock front has been computed for
shock velocities between 3 and 9 times 10' cm/sec and
for two fore-pressures, p~ ——59.3 cm Hg and pt=1.0
cm Hg (see Figs. 8 and 9).

II. NONEQUILIBRIUM REGION

l. Introduction

In Part I it has been shown how the conditions in
the region behind the shock where thermal equilibrium
is assumed to be established may be completely deter-
mined. The nonequilibrium portion of the shock, i.e.,
the part between the undisturbed gas in front of the
shock and the equilibrated region behind the shock,
will now be examined.

Although a true thermodynamic temperature does
not exist in this region, the velocity distribution of the
neutral atoms, the ions, and the electrons is at each
point close to Maxwellian. A local "temperature" which
is characteristic of this distribution may therefore be
introduced. The use of such a temperature is probably
valid, since the high density and pressure involved
cause a Maxwellian distribution to be very quickly
established.

The Qow region involving the shock front may be
conveniently divided into four parts (see Fig. 1). The
undisturbed gas in front of the shock is region 1.
Region 2 represents that part of the shock front in

A
I

i~
I

I

I

I
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2 I
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I

FIG. 2. Temperature TJs distance in a steady shock front, showing
the equilibrium and nonequilibrium regions.

' J. W. Bond, Jr. , Los Alamos Report LA-1693, 1954 (unpub-
lished).
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which translational equilibrium takes place which, for
strong shocks, has a width of about two mean free
paths. In region 3 equilibrium of the various internal
degrees of freedom of the gas atoms takes place, and
in region 4 it is assumed that complete thermodynamic
equilibrium again exists. In Fig. 1 equilibration between
translational degrees of freedom is first reached at
point A and complete equilibration between all degrees
of freedom is first reached at point B.

To obtain the conditions at point A, the shock
equations may be used, with the assumption, however,
that the internal degrees of freedom are not excited.
Hence, a constant y, viz. , y=5/3 for argon, is used.
The pressure at point A is given by

pA 2pl

P' P'4+1)
and the density from

1
U' ——

$00

pa
$A

ps

am&+1
7 $00

/~+g„'r—1

The temperature ratio is given by

Tg/T, = Pg/g. .

2. Production of Electrons in the Shock Front

If the cross sections for all the various atomic inter-
actions that take place in a shock front were known,
it wouM be possible to compute the rate of transfer of
energy from the translational degrees of freedom to the
other degrees of freedom, i.e., the rate at which true
thermal equilibrium is established. For argon a rela-
tively simple model of the shock front will be adopted
which involves only cross sections that either have been
determined experimentally or may be computed.

There are numerous processes by which electrons are
produced in forming a plasma; however, a brief con-
sideration shows that to a fair approximation all but
two may be neglected, ~is. ,

A+A~A+A++e,
and

e+A—&2e+A+. (24)

Reactions involving the production of multiply-ionized
atoms may be neglected because of the higher ionization
potentials. The reaction A+A+~2A++e is neglected
because, while its cross section is about the same as for

(23), the concentration of A+ is relatively small. The
absorption reaction,

hv+A —+e+A+,

is neglected because of the long lifetime involved, the
low radiation density (see Part I, Sec. 5), and because
the photons escape from the system.

Finally, the argon atom may be excited by processes
similar to the ones listed above. Once excited it can

drop into a metastable state from which ionization can

take place either by collisions or by a photoprocess. In
both cases radiative transitions are involved and, as
pointed out above, the lifetimes of radiative transitions
are of such lengths as to warrant neglect of excitation.
It is possible, however, that excitation processes com-

pete with some of the one-step processes, but the cross
sections are not known very well. "

Since, at the peak of the shock (point A, Fig. 1),
only the translational degrees of freedom are excited
and there are no electrons present, the reactions be-
tween argon atoms will be considered first. The pro-
duction term may be written

r
gi ——

,

f(vi) f(v2)o, (v„)v„-dvgdv2, (25)

m

2 E2~kT)

where e is the number density of argon atoms at an
arbitrary point in the shock front. If the production
coe%cient is

m l ' "
~ ( m»'q ( m»'q

»(T)=zl l i i «pl — lexpl—
E2vrkT) & 4 ( 2kT) ( 2kT)

Xo (v) vdvgdvg,

"H. Maier-Leibnitz, Z. Physik 95, 499 (1935).
"H. K. Sen, Phys. Rev. 92, 861 (1953).
'~ A. Rostagni, Nuovo cimento 13, 389 (1936).
"H. Wayland, Phys. Rev. 52, 31 (1937).

where f(v, ), f(v2) are the normalized Maxwellian distri-
butions for the two rea, ctants (in this case, neutral argon
atoms), 0.,(v„)is the ionization cross section, v„is the
relative velocity, and d v&, d v& are the elements of
volume in velocity space. The use of Maxwellian
distributions here is particularly good because of the
high shock velocities to be considered" and because the
masses of the reactants are equal.

The ionization cross section for reaction (23) was

measured by Rostagni" for various low values of the
relative energy. In the very low energy range, say
below 100 ev, the measurement of the cross section is

particularly dificult because the chance of energy
transfer is so minute that it is not easy to reduce
background eA'ects to an unimportant magnitude.
Wayland found a low-energy tail with a threshold
value of 48 ev which has been fitted to the Rostagni
results.

When one inserts the expressions for the distribution
functions into (25), the following relation for q' is

obtained:

( mvP' ( mvP)
~ «pl —

I
expl—

2kT) ( 2kT)

Xo (v) vdv, dvz. (26)

A is the normalizing factor which is given by
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then the production of electrons by reaction (23) is
given by q~

——P&n'.

Once electrons have been produced by the A+A
reaction, then reactions between electrons and atoms
take place. It has been assumed that ionizing reaction
(24) is the only one of importance; the corresponding
production term is qq=P3nn„where P3 is similar
in form to P& except that the masses and temperatures
of the two colliding particles diRer. The cross section
0& is the cross section for the reaction (24). The values
used were those measured by Bleakney" to which were
fitted the low-energy tail measured by Stevenson and
Hippie. "

Implicit in the use of P3 in the above form is the
assumption that the electrons are in a 3,Iaxwellian
velocity distribution. This assumption is probably valid
if electron-electron collisions are predominant, and such
is the case if the degree of ionization x is greater than
about 10 '. Hence, if x)10 ' it is assumed that the
electrons are at a temperature T, and the plasma at a
temperature T. In this range, and before equilibrium
is reached, the electron temperature is somewhat lower
than the plasma temperature because each time reaction
(24) occurs an amount of kinetic energy equal to the
ionization energy of argon is lost to the electrons. The
rate of decrease of electron energy due to ionization
collisions is oRset by the rate of increase in electron
energy due to Coulomb collisions. A formulation for
the latter rate is given by Landau. "

3. Recombination Processes

After electrons have been produced in quantity,
recombination between the electrons and argon ions
becomes important. There appear to be no experimental
measurements of the recombination coefficient in the
temperature and density range for the shocks under
consideration. Therefore, the recombination processes
that could occur will be discussed separately.

Dielectronic recombination involves the formation of
a doubly excited atom, i.e., A++e—&A", which then
either reverts to its initial state, ejecting one electron
and leaving the other excited electron in a bound state,
or undergoes a radiative transition going over to a
stable, singly excited state. A computation by Massey
and Bates' shows that this process may be neglected
here.

An argon atom and an argon ion may unite in a
triple impact to form a molecular ion, A~+. Because of
the short duration of the time of formation, the dissoci-
ative recombination process,

A2++ e—+A'+A',

could be of considerable importance. However, molec-

"W. Bleakney, Phys. Rev. 36, 1303 (1930)."D. P. Stevenson and J. A. Hippie, Phys. Rev. 62, 237 (1942)."L.Landau, Physik. Z. Sowjetunion 10, 154 (1936).
"H. S. W. Massey and D. R, Bates, Repts. Progr. Phys. 11,

62 (1942).

ular binding energies of this type are much lower than
the mean temperatures which are in the range from 2

to 3 electron volts; hence, it is probably safe to assume
that the concentration of A&+ is negligibly small.

Radiative capture of an electron by an argon ion is

a two-body process and may be represented by the
reaction

A++e—+A'+hv.

Here again experimental cross sections are not available,
and hence theoretical values must be used. A classical
theory for radiative recombination due to Kramers'"-

will be considered first.
Behind the front of the shock a plasma is formed

which consists of free electrons and neutral and singly-
ionized argon atoms in various states of excitation with
respective concentrations sz„~z,and ~z+, where ~z+= n,

„

and the velocity distributions are Ilaxwellian. The
radiative capture cross section for an electron by an
argon ion may then be estimated in the following way.
When an electron passes through an electric field in
which the charge distribution is uniform, it loses energy
at a rate dependent upon the square of the acceleration.
If the accelerating force is exerted by a positive charge,
the path of the electron will be hyperbolic and such
that the greatest acceleration, and consequently the
greatest energy loss, will be at the point of closest
approach to the positive charge. Let us assume each
argon nucleus to be surrounded by a uniform charge
distribution, which may be obtained by taking the
self-consistent field calculations of Hartree" for a
neutral argon atom and reducing the outer orbital
charge by unity with appropriate adjustment of the
radius and charge density. When the electron pene-
trates this charge distribution it radiates energy; and
if the assumption is made that when the energy loss is
greater than the initial kinetic energy of the electron,
capture takes place, then the cross section is

e (v) = 1.4885 X 10'Z."'/ V"",

in agreement with a formula given by Biondi. '" In this
formula the dependence of the eRective charge Z, on.

the velocity v is not included. However, even if this is
done it is found that o (v) is far too large.

If instead of using the above classical theory, quan-
tum theory is used, more satisfactory results are ob-
tained. Usually the cross section o-» for the inverse
process, that is, photoelectric absorption, is calculated.
This causes but little difficulty, for the radiative capture
cross section 0-„can be obtained from it by detailed
balancing.

It is possible to use a rather simple approximation
for the photoelectric cross section since the processes
involved are those in which the kinetic energy of the

"H. A. KraIners, Phil. Mag. 46, 836 (1923).
"D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London)

A166, 450 (1938).
~'M. A. Biondi and S, C, Brown, Phys. Rev. 76, 1697 (1949).
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or

(2~'(»' ~" (»'i
exl

I

—
I (~)"d~,

Ear) EkT) JU E 2kT)

electron in the ionized state is small compared to the
ionization energy. For this case it is valid to expand the
continuum wave function occurring in the matrix
elements of the transition probability about the function
for zero energy. If a similar expansion (which is a priori
much less justified, but which nevertheless gives good
numerical results) is used for the bound-state wave
functions, and the resulting cross section averaged
over all values of the orbital angular momentum of the
bound state, the cross section derived by XIenzel and
Pekeris" and discussed by Mayer" is obtained.

With appropriate modifications for argon and assum-
ing hydrogenic wave functions for the higher excited
states and an effective charge of 5 for the 3p orbital,
the total capture cross section is given by

0.,=3.018X10 "/E cm'

with E in electron volts. This formula agrees well with
values for argon obtained by adjusting Bates' results
on hydrogen and oxygen. "

1he radiative recombination coefficient is given by

assumed that the only significant reactions occurring
in the plasma, which consists of argon atoms A, argon
ions A+, and electrons e, are the following:

A+A~A+ A++ e, (28)

3
A+e~~A++2e, (29)

9

A+ lav~~A++ e.
0!3

(30)

where all the coefIicients are functions of temperature
only, and where n4'=n4/aa and aa' ——na/aa, . The atom
density is n, electron density n„photon density n„,and
electron and ion densities are equal. The recombination
coefficient may then be written

The electron production rates are given by the P's
and the recombination rates by the u's. From these
reactions a source term may be written as

g = daa, /dt =pgaa'+ paaaaa, +pgaaaa.

—n4'naa, ' —na'aa, a —uaaa. a, (31)

na=2. 174X10 "/T'. (27) Q (14 '++cia aae+cla (32)

Finally, consider three-body recombination. If Thom-
son' s-'4 theory is used, one may compute the chance
that an electron, after colliding with a neutral argon
atom, is captured into an orbit about a neighboring ion
which must be at a distance less than ra ——2ea/3kT.
The resulting cross section is approximately

Sxrp3m, nO-d

where nz, is the mass of an electron, m the mass of an
argon atom, and o.~ the diffusion cross section for
electrons in argon.

Since o-„and o-&h are of the same order of magnitude,
it would be necessary to take both the radiative and
three-body recombination processes into account. How-
ever, in the temperature range 1 to 3 ev the Thomson
theory is only applicable for atom densities 1022&n
&10"per cm3 whereas the atom densities achieved in
the shocks being treated lie in the range 10" to 10-'

per cm'.
In view of the inapplicability of the Thomson theory,

another method aimed at finding the recombination
coeKcient n must be used. To obtain such a method
consider the derivation of the source term. It has been

In the equilibrium state daa, /dt=0 or, from (31), if one
uses the asterisk to denote equilibrium values,

al ( aa, aa„
~*=~4'aa*+~a'aa. *+~a=

I p~+ pa +pa ~*)
From Part I,

aa*/n. *= (1—x)/x;
hence

a*=na'aa*+na'I, *+na

p1 —x
~

a (1—x~ aa, * ~1—x~ a

I +p. l I+p. I I (33)Ex) &x n&x
By the principle of microscopic reversibility, not

only must the over-all production of electrons be zero
in the equilibrium state, but each individual reaction
(28) to (30) must be balanced. Hence

1 p1 —x~a
~4'= pil-

n* (xi'
1 (i—xy

pal &x)
"D. H. Menzel and C. L. Perkeris, Monthly Notices Roy.

Astron. Soc. 96, 77 (1935).
~2 H. Mayer, Los Alamos Report LA-647 (unpublished).
"Bates, Buckingham, Massey, and Unwin, Proc. Roy. Soc.

(London) A170, 322 (1939).
2' H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic

Impact Phenomena (The Clarendon Press, Oxford, 1952).

Thus the nonequilibrium recombination rate n of (32)
may be obtained from knowledge of the equilibrium
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concentrations and Pi and P3 (giving n4' and n5') and
from the quantum formula for radiative recombination
(giving n~), i.e.,

u ~1—xy' n, , ~1—x~
l + t33l l+-n3.Ex& (34)

4. Structure of the Shock Front

The equation for the rate of electron production,
i.e., the source term, is given by Eq. (31). In order to
apply this equation to the nonequilibrium part of the
shock front, a term that expresses the change in
macroscopic density must be incorporated. This may
be done by writing the continuity equation in terms
of electron density as

Be,/Bt+ B (u~s, )/BX= S,

where I, is material velocity and X is the Eulerian
distance coordinate.

In a Lagrangian system where x' is the distance
coordinate, this becomes

primarily on the electron temperature T,. As equilibrium
is approached, the various recombination processes as
well as the photoelectric process become important;
but in the region close to equilibrium the electron
temperature is not much different from the plasma
temperature and n4, nz, n3, and Pg may all be assumed
to depend on the plasma temperature T.

If the electron temperature has a significant effect on
the structure of the shock front, it becomes important
to determine its value. In order to do this, an additional
relation involving T, is needed. Such a relation may
be found from an energy balance between processes in
which electrons lose energy and those in which electrons
gain energy. In the region of the shock front in which
T, plays an important part, it has already been noted
that the electrons lose energy by the ionizing process
(29) and gain energy by Coulomb collisions. The

TEMP ('obs)
I 0 X 35.r

dm, Bn,

dt Bt

and substituting

p BQ
=S—m-e

py Bx

30

25t

piBV/Bt= Bu/Bx', V= 1/p,

the following equation is obtained:

d log (n.U)/dt = ,S/u, (35)

20--
U=6.0 X lQ cm/sec

5.5
5.0

The density of the plasma is given by p= m(n+n, );
and since the degree of ionization x is

l5 I

.02 ~ X(cm)
.Ql

+e 0 'PZe
q

it follows that n, V=x/m. Thus (35) becomes, when
one uses (31),

FIG. 2. Temperature vs {Eulerian) distance in the shock front for
various shock velocities {p1——59.3 cm Hg).

resulting energy balance is given by

dx Pi x x' ( n4 )+ (P~—2»)+
l

Pi P3 n3- —
dt mV mV mV~ mV)

where it is assumed that the photon density n„ is
negligible.

The various production and recombination coeffi-
cients are all temperature-dependent and, in general,
may depend on both the plasma and electron tempera-
tures. In the initial phase of the shock front the most
significant reaction is that going to the right in (28),
and the corresponding production coe%cient P& depends
only on the plasma temperature. AVhen a sufficient
number of electrons are produced by reaction (28),
the reaction going to the right in (29) becomes im-
portant and the production coefFicient P3 depends

= gks~

where I is the ionization potential. Inserting the
Landau'6 relation for dT,/dt and the proper reaction
rate for dn, /dt, we have for id,

nP e' t'gm. m, q
' f T ) (kT,)'

mA KkT ) ( Ti'

f 2 ) * (nenA~ * I' ( n.nA

l ~ e~pl — "ln(~)"d') &

In this relation

n, =m, /T, , nA=mA/TA, n=n&+nA.

In computing the electron temperature from co, the
varying plasma properties in the shock front must be
considered. Thus co is a source term similar to S and
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the equation used is
IO~ X6

U~6.0 X IOS cm/sec

8-

7
U= 6,0 X IO cm/sec

5.5

4 5.0

3
.O'I—X (cd)

FIG. 3. Compression vs (Eulerian) distance in the shock front for
various shock velocities (p1=59.3 cm Hg).

to obtain the various hydrodynamic quantities. In
order to shorten the computations, the following

relation for e was used:

where E, is the electron energy per unit volume and p,
is the electron pressure. This equation must be coupled
with the three conservation equations, the equation of
state, and the equation of continuity for electrons.
The state variables then are p, T, e„T,and the
coordinate variables are X and t.

The equations were integrated across an argon shock
front for three different shock velocities, &is. , U=6.0,
5.5, and 5.0&&10' cm/sec, and for a fore-pressure of
59.3 cm Hg and temperature of 285'K (corresponding
to atmospheric conditions at Los Alamos). It was
assumed that Maxwellian distributions prevailed at all

times; hence the equations given in Part I were used

5.5

5.0

.OI
---- X (cm)

FrG. 4. Pressure ratio vs (Eulerian) distance in the shock front for
various shock velocities (p1= 59.3 cm Hg).

translational degrees of freedom of the gas are first
excited and translational equilibrium is achieved within
about two collisions. This point is referred to here as
the peak of the shock. The time required for trans-
lational equilibrium is small compared to that for the
remaining processes involved in the shock front and
hence is not included in the computations. The local
temperature at the peak of the shock is high enough
so that a significant amount of energy may be trans-
ferred from the translational degrees of freedom to
those of electronic excitation and ionization. This is
clearly indicated in Fig. 2 where it is seen that the
equilibrium temperature T* is considerably lower than
Tz at the peak of the shock. This is particularly true
for increasing shock velocity as shown in Table I:

The only reactions available at first are collisions
between argon atoms for which the corresponding
ionization cross section is quite small. This means that
the transfer of energy takes place rather slowly until
onset of iouisatiou is reached (see Fig. 6). Thus the
values at the peak of the shock remain approximately

a=2.5+x(5.5+183 000/T).

This involves the assumptions that P(A+) = 2.5 and that

u (cm/sec )

I 0 X 5.5-

U=6.0 X IO cm/sec

U—

5 0-

both of which are good approximations for the range of
shock velocities considered. The results of the inte-

gration are shown in Figs. 2 to 7.
It has been noted previously that the electron

temperature is lower than the plasma temperature.
This has the effect of delaying the time at which

reactions (28) and (29) produce electrons at equal rates.
The point where these rates are equal is called the
onset point and can be determined by equating the first

two terms on the right of Eq. (36).
The shock front may now be described in the follow-

ing way. When a shock front passes a point X the

5.5

5

4.0-
5.0

3.5
.OI

X (cm)

FIG. 5. Xlaterial velocity vs (Eulerian) distance in the shock front
for various shock velocities (p1=59.3 cm Hg).
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[ A+]

10

-I
IO

5
U=6.0 X IO cm/sec

10

0-4

IO
.01

X (cm)

Fxo. 6. Ionization vs (Eulerian) distance in the shock front for
various shock velocities (P1=59.3 cm Hg),

tronic excitation and ionization proceeds quite rapidly.
This results in a more rapid change in the shock
parameters, especia, lly the temperature (Fig. 2) and
the degree of ionization (Fig. 6). Again it is seen that
the effect is more violent for higher shock velocities;
e.g. , if the distance in which this sudden change takes
place is Dx, then for U= 6&(10' cm per sec, DX='0.01
cm, while for U=S)&10' cin per sec, AX=0.04 cm. At
first the electron production term involving P& is most
important, but soon the recombination terms take over
and equilibrium is quickly achieved. The shape (or
profile) of this region is rather sensitive to the va, lue of
n, but because the region is relatively narrow 0, does
not have much effect on determining the total relaxation
width of the shock front.

It is interesting to note that there is a range of shock
velocities in which the width of the shock front may be
significant, i.e., in which the conditions in the shock
front are considerably different from the equilibrium

TABLE I. Temperature in an argon shock front; P1=59.3 cm Hg.

M,
(shock Mach numbers)

17.4
19.1
20.8

U
(cm per sec)

5.0X 10'
5.5 X 10'
6.0X 105

1.46
1.60
1.78

unchanged for some distance, resulting in a rather Rat
region in the shock front. This is true for all shock
parameters as Figs. 2 to 7 show. This distance is
referred to as the onset zvidth. If the relaxation point is
that point at which 63% of the equilibrium ionization
is achieved, it may be seen that the onset width offers
the most important contribution to the total relaxation
width. By considering the leading term in Eq. (36), it
is seen that the onset width scales inversely with initial
density p& (or pressure p&) at constant initial temper-
ature TJ.

In determining the onset width, P& is the most
significant quantity because the degree of ionization is
small in this region. If P& is correctly evaluated, the
onset width will depend on the electron temperature.
Landau's theory" shows that the velocity at which the
electron temperature approaches the ion temperature
is approximately proportional to the ion density and
inversely proportional to the electron temperature.
Hence, for a low degree of ionization, the velocity of
equilibration is low, which means that the onset width
may be somewhat greater than if the electron and
plasma temperatures were equal. As the ionization
increases, the velocity of equilibration increases in such
a way that for an ion density greater than 10"per cm'
and for an electron temperature of 2 ev it is probable
that the electron and ion temperatures are about the
same.

Once the onset of ionization is reached, transfer of

energy from translational degrees of freedom to elec-

8

7-
V=6.0 X IO cm/sec

~ w

/
I

/

/
t
I
I

t

5.5

/

1.0 X IO a.o X 10-8

t (sec)

Fro. 7. Compression in the shock front vs time (Pl ——59.3 cm Hg).

conditions behind the shock front. At low shock
velocities, i.e., below about 3X10' cm/sec, there is not
much ionization behind the shock front, hence
remains constant and the conditions at the peak of the
shock remain unchanged. As the shock velocity U
increases above 3X10' cm/sec, y decrea, ses and a long
and relatively low temperature bump appears behind
the head of the shock. (This is an indentation in terms
of pressure and density. ) As U becomes greater the
bump becomes progressively higher but shorter until
at 10' cm/sec it extrapolates to a thickness of approxi-
mately 10 cm with a peak temperature of about
90000'K, and an equilibrium temperature of about
26000'K. (However, for U 10' cm/sec, the number
of doubly ionized atoms can no longer be neglected. )
This picture of the shock front is qualitatively the same
if the fore-pressure is 1.0 cm Hg.

In the above calculations, second order e6ects have
been neglected. For example, if the transport properties
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of the gas are considered, it is found that there is a
small resultant diffusion of the electrons toward the
front of the shock (see under Etectric sects, Sec. 6
below), although the magnitude of the process is such
that the macroscopic properties of the gas remain
unaRected. Also, the eRect of radiation streaming
ahead of the shock is probably unimportant since the
energy loss by radiation is relatively small as is the
density of radiant energy (Part I, Sec. 5).

u (crn/Sec)
9-

5. Effect of Impurities

Impurities such as oxygen or other molecules in the
argon would have a strong influence on two parts of
the computation. In the case of the equilibrium calcu-
lation the additional degrees of freedom, i.e., rotation,
vibration, dissociation, and molecular excitation, be-
cause of their lower energy levels, will soak up a
considerable amount of energy which is then not
available for exciting (or ionizing) the argon atom.
Calculations show that a small percentage (between
about 1 and 10'&) of oxygen in the argon may keep the
argon from ionizing.

The second place in which impurities play an im-
portant part is in the determination of the onset of
ionization. If the ionization cross-section between argon
and O~ or 0 is large, then even though the amount of
oxygen is small, enough electrons may be furnished for
the A+e reaction to take over, resulting in an effective
decrease in the onset width.

6. Comparison with Experiment

In general, experimental work is quite meager al-
though this field is now being explored, particularly
by A. R. Kantrowitz and his co-workers, by O. Laporte,
and by various people at Los Alamos. As mentioned
previously, the shock velocity is the one well-determined
quantity for a shock wave; and, of course, it may be
assumed that the conditions in front of the shock are
known.

3faferi al velocity. —ShreAier, Christian, and others
have measured the material velocity in a shock wave
immediately behind the shock front. 7 Their measure-
ments correspond to the velocity in the equilibrium
region and are plotted in Fig. 8 along with the theo-
retical values. It is seen that experiment and theory
are in good agreement in this region.

Electric sects.—Unpublished measurements at Los
Alamos have shown that inside the shock front there
exists a positive potential, the magnitude of which
increases with increasing shock strength. Also, for a
given shock velocity the potential is much smaller if
the gas is diatomic. This latter eRect, as explained in
Sec. 5, is due to the presence of the additional degrees
of freedom in the diatomic gas which absorb energy
that otherwise would have gone into exciting or ionizing
the atom.

4-

6
U (c m/sec)

FIQ. 8. Material velocity vs shock velocity in the equilibrium
region behind the shock front.

Cowling-'' has shown that diRusion can be more
important than viscosity or thermal conductivity in its
effect on shock propagation, particularly if the gas is
composed of two constituents having a large mass
diRerence and if the pressure gradient is large, the
direction being such that the heavier particles tend to
move toward the regions of greater pressure. In the
present case such a situation exists immediately in front
of the equilibrium region (see Figs. 4 and 6). Hence, a
separation of ions and electrons should take place
which probably accounts for the measured potential
gradient in the shock front.

Shock width. —Measurements on the structure of the
shock front in argon have been made at Cornell at a
fore-pressure of 1 cm Hg. The point at which the onset
of ionization occurs is determined by a conductivity
measurement and the equilibrium region is specified by
the luminosity. The Cornell measurements are in fair
agreement with the computations here. " Additional
measurements made by Laporte and his group at the
University of Michigan on xenon, again at 1 cm Hg,
also are in agreement with the present results in that
there is a delay between the front of the shock and the
region of luminosity and this delay decreases with
increasing shock velocity.

Spectral distribution. —Observations on spectra in
shock waves show that at low shock velocities distinct
lines exist whereas at high shock velocities a continuous
spectrum is seen. This is because of the following rea-
sons. First, at low shock velocities, transitions from the

~~ T. G. Cowling, Phil. Mag. 33, 61 (1942).
26 Private communication from S. C. Lin to R. E. Duff.
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FIG. 9. Ionization vs shock velocity in the equilibrium region
behind the shock front.

continuum to bound states do not occur because there
are no free electrons, or at most, very few. There will,
however, be many excited states of the atoms, thus
one would expect a discrete spectrum to be observed.

For a high shock velocity and, consequently, a high
degree of ionization, there are many electrons in free
states. Since for the range of energies considered in
this report these free states are in approximate Alax-
wellian distributions with energies centered between
one and three electron volts, one would expect the
radiated energy to be continuously distributed. This is
the ordinary recombination spectrum which is observed
in strong shocks.

In addition to the continuous recombination spec-
trum, one might expect to observe line spectra because
of the presence of excited atoms. However, the pressure
and temperature behind the shock front are high enough
so that Stark, collision, and Doppler line broadening
are significant. Undoubtedly most of the broadening of
the spectral lines is due to the Stark effect which enters
both because of the presence of ions and because of the
high electric field in the shock front. This latter, which

has been mentioned previously (see end of Sec. 4 and
under Electric sects of the present section), depends
directly upon the electron density. These effects tend
to smear the spectral lines out to such an extent that
they are masked by the continuous recombination
spectrum. Also, even when the degree of ionization is
high, the occupation number for a particular excited
state is relatively low and hence the line it emits is
weak and more easily merges with the continuous
background. Finally, there are many closely spaced
lines in the argon spectrum and because of the broaden-
ing of the lines they may be expected to overlap. As
the initial pressure is lowered, however, the spectral
lines do begin to stand out against the continuous
background. This is evident since for constant initial
temperature the pressure behind the shock front de-
creases proportionately with decreasing fore-pressure.
Consequently, the degree of ionization is higher and
the temperature behind the shock front lower (see
Fig. 9) and, although the higher degree of ionization
will produce a relative increase in the amount of
continuous radiation, the lower temperature and par-
ticularly the lower density will decrease the amount of
line broadening. This is discussed more fully elsewhere. '

Lunzi~zosity. —As discussed previously, because of the
smaller number of degrees of freedom available in a
monatomic gas compared to a diatomic gas, much of
the energy can go directly into ionization. Thus a
relatively high degree of ionization can be obtained
behind a shock front in an inert gas. Consequently, an
argon shock of sufficiently high strength may be
brilliantly luminous, and because of the continuous
distribution of energy in the spectrum, it is used in
experiments where such an energy distribution is
desirable, e.g. , in Gash photography. "

1Vote added im proof The theory .—and computations
presented in this report are in general agreement with
the work of Petschek" in which the effect of a lower
electron temperature is discussed in some detail.

2' Hamilton, Jensen, and Koski, Los Alamos Report 621
(unpublished).' H. Petschek, thesis, Cornell University, 1955 (unpublished).


