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be discussed further in the forthcoming article" already
referred to, where the conclusions drawn here are
examined in the light of evidence from other related
experiments.

Because of the smallness of the parameter (Xt/yAs) =n
our present data give only circumstantial evidence that
Q has indeed the functional dependence expressed by
Kq. (8). The experimental points (Fig. 2) could be
connected by a straight line for either material. Meas-
urements in considerably higher fields are needed to
overcome this shortcoming, and we plan to carry these

out in the near future. We also hope to perform quench-
ing experiments in the presence of an rf field to measure

y more directly.
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Distribution in the Upper Atmosphere of Sodium Atoms Excited by Sunlight*
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Calculation is made of the distribution of atoms excited to the 'I'g state by solar radiation, direct and
reQected from the earth for a model sodium layer between 70 and 100 km. Account is taken of the attenuation
by resonance absorption of sunlight in the layer before the solar photons reach a given point in the layer.
This absorption grossly modi6es the scattered intensity at twilight, causing minima to appear at about 5'
solar depression and reducing greatly the difference in scattering for thicknesses between 2X10' cm ' and
2X10u atoms/cms in late twilight. The effect of imprisonment, not included, is expected to modify only
the late twilight results.

1. INTRODUCTION
' 'T is possible to explain the apparently great height
~ - of the sodium D line emission in the night air glow
by taking account of the absorption of resonance
radiation within the layer itself. Because of this ab-
sorption a layer below 100 km yields a zenith angle
variation of intensity indistinguishable from that for a
much higher layer without absorption. For this, how-
ever, it is required that the vertical thickness of sodium
be not less than 1.5&&10"atoms/cm'. Such a value for
the thickness is so much in the extreme upper range of
the numbers obtained from twilight scattering that
careful attention to this method of obtaining the
thickness is indicated. The method is simple. ' 4 The
scattered intensity is taken to be

rg

Ie= Jo& &dh,

where Jo is the incident solar Aux at the bottom of the
Fraunhofer line at the wavelength or on the wavelength
range used. 0- is the effective scattering cross section
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there. Ã is the density of sodium atoms as a function
of the altitude h, and r» and r2 are the limiting heights
for the layer. Experimentally, I, is obtained only after
elaborate measures are taken to subtract the scattered
intensity from the rest of the atmosphere.

Examination of the cases in which this method has
been applied reveal that Jo is taken to be the Aux

outside the atmosphere rather than at the scattering
region. But to reach the scattering region at twilight
the solar radiation must pass through a thickness of
sodium which may be very large even when the vertical
thickness is only 2&&10' atoms/cm'. The effect of the
consequent attenuation on the scattering at the center
of the Dg component has been set forth in an earlier
paper. ' In brief, it was to reduce the scattered intensity
for 2)&10" atoms/cm' over most of the post-sunset
period to less than that for 2X10' atoms/cms and to
produce a decided minimum in the scattered intensity
at about 3.5' solar depression. It became apparent that
no simple interpretation of the scattering such as that
offered on the basis of (1) was possible and that a
careful study of the absorption and scattering taking
into account the line shape and imprisonment of reso-
nance radiation ought to be attempted. This papea
presents the results of a calculation of the density of
sodium atoms in the 'P~ state excited directly by
sunlight or by sunlight once reflected from the surface

~ T. M. Donahue and R, pecan&ck, Phys. Rev. 98, 1622 (1955).
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of the earth for sodium layers of several thicknesses theory of imprisonment of resonance radiation may
between 2X10' atoms/cms and 2X10" atoms/cm' be applied, then the integral over the frequency spec-
located between 70 and 100 km above the earth. trum in (4) is very closely related to

2. PATH OF INCIDENT SUNLIGHT

The sodium atoms are taken to be distributed
according to

N(r) =Np exp[ —rr(r —rp)) (2)

between r~ and r2. The thickness, I., of sodium traversed
as in Fig. 1 by a solar photon which reaches a point
(r,8p) in the layer has already been calculated for values
of the impact parameter, p, larger than the earth radius. '
These calculations were extended to smaller p and the
thicknesses extrapolated to p =0 for three layers. These
layers are described by

T(~~)=g Z(v) expC —o(v)Lldv,

P(v) = ak(v), (6)

where 0-0 is the absorption cross section at the center
of the line. This function of roL has been discussed by
Holstein in connection with imprisonment of resonance
radiation. ' ' lt is just the probability that a resonance
photon will be emitted at a point in a gas and travel
through a thickness I of absorbers without being
absorbed. If it is assumed that

N(r) =0, r &6.47
=Np expL —127(r—6.40)7, 6 47(r. (6 50 .(3)
=0 ry6.50,

then

T(apL) =a k(v) expL —o (v)L]dv, (7)

where distances are measured in thousands of km.
Three values of Eo, 2.17X10' cm ', 2.17)&10' cm ',
2.17&&10' cm ' lead to layers of vertical thickness
2.31&(10' cm ' 2.31X10"cm ', and 2.31X10"cm '
respectively. The actual path through the layer may
traverse as many as 73 times the vertical number of
atoms per cm' when p is 6.47X10' km and even as many
as 12.2 times the vertical thickness when p is 6.40X10'
km.

3. EXCITATION BY DIRECT SUNLIGHT

If the intensity per unit frequency incident on the
earth's upper atmosphere at the bottom of the D2
I'raunhofer line is taken to be Jo, independent of
frequency, then the number of atoms excited to the
'P~ state per second in a volume element dV=drdA at
(r,8p) will be

and u is determined by the condition

~)ip'y (gpss t'Nq
~(v)dv=a k(v)dv=al —

11
—

11
—

I

(gpr) Egri 4 p-)

where A. o is the wavelength at the center of the line

gs/gr the relative degeneracy of excited and ground
state, 7- the mean life of the excited state and X the
density of absorbers at the point where the absorption
is occurring. Thus

I k(v) expL —o.(v)L)dv

f, q p1q=
I
—

1I
—

1 I

— INT&~oL). (9)
&g~y (Z, J l,.)

ppp'd V= Jpdd expL —o (v)I )k(v)dvdr. (4)

If the assumption is made now that the line is such
that the absorption coefficient, k(v), is everywhere
proportional to the emission probability, P(v), and the
layer sufficiently homogeneous in line shape that the
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s.fa
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FIG. 2. Transmission function for resonance radiation arriving
at angles of solar depression 80 for four altitudes in the layer.
r is measured in thousands' of km. Layer thickness: 2.31XIO'
atoms/cmm.

'T. M. Donahue and A. Foderaro, J. Geophys. Research 60,
Fzo. 1. Geometry of the direct transmission and absorPtion 75 (1955).

problem. The sun is to the left, r T. Holstein, Phys. Rev. 72, 1212 (194'7); 85, 1159 (1951).
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FIG. 3.Transmission function for layer 231X10"atoms/cm thick.
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For a Doppler line shape, the cross section at the center
of the line is
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where np (2ET/M)f. T——herefore, the relationship be-
tween (5) and the integral over the frequency spectrum
in (4) is

FIG. 4. Transmission function for layer 2.31X10"atoms/cm' thick.

It might be mentioned also, concerning the spectrum
of the radiation absorbed at a point in the twilight zone,

k(v) expt o(v)L)d—v= (orft(p(rp/Xp) T(apL)1V. ('11)
Jp exp[ —o pL jk (v)d v cm ' sec ', (13)

The rate of excitation (oo' at (r,8p) thus becomes

(oo'dl =5(s)'t(o(ro/l(o/JoT(ooI. )1V(rp, 8o)dV. (12)

T(opL) has been com. puted and tabulated as a func-
tion explicitly of o-pf previously for the Doppler line
shape assumed in this problem. ' Since for every point
(r,8p) in the layer, the thickness L of sodium traversed
by the light is known from Sec. 2, and since the cross
section 0-p for the sodium D2 line with a Doppler shape
at 240' is 10 "cm', it is possible to plot T as a function
of Op at various levels in the layer. This is done for three
vertical thicknesses in Figs. 2, 3, and 4. Only values
after sunset, Op= 0, are shown although the computation
was carried out for all angles of solar depression back
to noon (8o———pr/2). The pronounced minima in the
transmission function occur for points on the line with
impact parameter p=6.47)&10' km. These curves are
to a certain extent comparable with those for exp( —o pL)
which have been published previously. ' However, the
function T(ooL) not only takes into account the atten-
uation for all frequencies in the line, it contains the
effect of the variation of absorption cross section as
well. The result is a much weaker variation with Op in
this case. However, as will presently be apparent, the
reduction is not sufhcient to modify seriously the
previously published conclusions based on attenuation
at the center of the line. '

that it is apt to be severely "self-reversed" when
o-pI.)&1. This is not of any experimental consequence,
however, since the radiation which is re-emitted and
subsequently observed has simply the Doppler shape
impressed by conditions at the point of emission.

If the transmission functions represented in Figs. 2,
3, and 4 are multiplied by the density of sodium atoms
iV(r), they become proportional then to the rate at
which sodium atoms are excited at (r,8p) by photons
directly from the. sun. To this rate must be added the
effect of photons which traverse the layer, reflect from
the earth's surface, and arrive at the point (r,8,) without
previous absorption.

4. REFLECTION FROM THE EARTH

The geometry for the refiection problem is repre-
sented in Fig. 5. A typical photon path from the sun
to the point (r,8p) in the layer is represented. In the
system of coordinates used the point of reaction on
the surface of the earth is identified by polar coordi-
nates, rp, rf, (8. The point in the layer receiving the
radiation is on the polar axis of this coordinate system
a distance r from the center of the earth. The plane
perpendicular to the solar rays then makes an angle
8p with the / =0 plane.

Let an element of surface area on the earth be
represented by dA =rp' sinrfdridp. Then the number of
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value of T(Lr+Ls) sects and the result called R(ap, r).
In terms of this function,

ppp"d V= Jp(sps io'p/Xp)RXd V.

E has the same physical significance for the reQection
problem as does the transmission function T of the
direct excitation case. It is merely weighted with the
requisite Lambert's law projection and reQection
factors. Kith g, the reQection probability, taken as 0.5,
R was obtained for all angles Op from —pr/2 to the end
of twilight for the three thicknesses treated in this
paper. In Figs. 6, 7, and 8 it is plotted at the top and
bottom of the layer along with T, the counterpart of
it in the direct excitation problem. In every case the
decrease in effective surface area renders the reQected
contribution negligible after sunset. During most of
the day it is important, however, for all thicknesses,
but particularly for the thinner layers where the chance

FIG. 9. Rate of exci-
tation of sodium atoms
to the 'Pg state as a
function of altitude at
various angles of solar
depression (radians).
Layer thickness: 2.31
X10" atoms/cms. The
unit on the vertical scale
is 1 cm ' sec in terms of
atoms excited per unit
volume per unit photon
intensity per unit fre-
quency.
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FIG. 8. Transmission and reflection functions for
2.31&( 10"cm ' layer.

Because there is no certain knowledge of Jo, a tabu-
lation has been made of ep/Jpr and this is plotted as a
function of r for selected 00 in the 2.31 )& 10"cm ' and
in the 2.31&( 10" cm ' layers in Figs. 9 and 10. The
factor m'sptrp/Xp is 1.72X10 ' cm'/sec, independent of
7, and the unit of the vertical scale in these 6gures
consequently is 1 sec cm ', representing a rate of
excitation per unit volume per unit photon intensity
per unit frequency interval. One very striking feature
of these curves in the neighborhood of sunset is the
fact that the attenuation of the light arriving in the
lower reaches of the layer is so severe that it overpowers
the exponential variation of sodium atoms. The conse-
quence is that the primary excited atom popula tion

may actually rise with increasing altitude. In fact for
the 2.31)& 10" cm ' layer the peak in the excited atom
curve is near the top of the layer.

that a photon should survive the initial traversal of the
layer is better. Reflection is more important for the
base of the layer because of the attenuation caused by
longer passages of the layer except after sunset when
the controlling factor is the area of the earth 's surface
visible.

S. PRIMARY DISTRIBUTION OF EXCITED ATOMS

The product of (T+8) with the density of sodium
atoms at every point as given by (3) yields finally a
function proportional to the rate of creation of sodium
atoms in the 'Pg state by direct and once reQected solar
radiation. Since this rate is just ep/Jpr, where mp is the
corresponding density of excited atoms and r the mean
life of the state, the final expression for the excitation
distribution is

(sp/r)dV= Jp(pr'spo'p/Xp) (T+E)XdV. (20)

FIG. 10. Rate of exci-
tation of sodium atoms
to the 'Pg state as a
function of altitude for
2.31 )& 10" cm ~ layer.
The vertical unit is 1
cm ' sec.
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Fn. 11.Rate of excitation to the 'Pg state per cm' column for
three vertical thicknesses as functions of the angle of solar de-
pression. The vertical unit is 10' sec in terms of transitions per
cm2 column per unit incoming intensity per unit frequency. The
dashed lines give the scattered intensity predicted without
attenuation.

6. SCATTERED INTENSITY

Integration of these curves along r gives the erst
approximation to the scattered intensity which should
be observed for zenith observation. Curves for the three
layers are plotted in Fig. 11 giving rate of radiation
per cm' per unit photon intensity per unit frequency
interval as functions of the angle of solar depression.
These may be compared with the intensity variation
which would be predicted if attenuation were neglected.
It is notable that over this wide range of variation in
layer thickness there results so little difference in the
curves during the time when the lower border of sunlight
is sweeping up through the layer. It is also interesting
that the curves cluster about the unattenuated 2.31
)&10'-cm ' curve. The fundamental process which con-
trols the phenomena contemplated here is of course the
competition between the increasing scattering and the
increasing attenuation as the layer grows thicker. The
consequence is that during late twilight, just before
intensity begins its decline, there is an optimum layer
thickness in the neighborhood of 2.31)&10"atoms/cm'.
There is much less light to be observed from a 2.31
)&10"cm layer. The pronounced minimum near 0.05
radian solar depression is also notable. It is a conse-
quence of the fact that at these angles the lower portion
of the sodium layer is illuminated by radiation which
has passed through a great thickness of sodium.

tang sinp= tan80, (21)

where 0, is the angle between this plane and the P=O
plane as measured for P = s/2. The problem, from (18),
is to evaluate

where

t.e Lcosng cos(g+a)
cosp~dp singdg, (22)

Pl ~eo X2

cosp~ ——sing sinp cosHO —cosg sin80 (23)

determines the projection of the element of area in the
direction of the sun. The term [cosn] is not properly a

'V. COMMENTS

These results will need to be modified by the contri-
bution of imprisoned photons, those which are emitted
by these excited atoms and produce in turn further
excitation. However, this correction is expected to be
important only for the very end of twilight, where only
the top of the layer is accessible to primary photons
and only for the thinner layers where great expanses of
the sodium layer can make important contributions of
secondary photons. It is possible, however, that the
effect will be great enough near the end and jest after
twilight that the sodium layer may not have the
geometry which the time of the end of the Qash would
seem to imply. An attempt is being made to determine
whether the observations are actually compatible with
a layer considerably below 100 km.

It should also be pointed out that when comparison
is made between the light observed in the D lines and
that detected in a nearby part of the spectrum for the
purpose of subtracting the e8ect of lower-atmosphere
scattering the scattering at the reference wavelength
is not a fair index of the scattering at D-line wave-
lengths by the lower atmosphere. The sunlight scat-
tered by the lower atmosphere must also traverse the
sodium layer. A discussion of the e8ect of this phe-
nomenon is being published elsewhere.

Finally, it seems that great care must be exercised in
concluding anything about the density and distribution
of atmospheric sodium from measurements on the
twilight Gash. Only detailed comparison of intensity
variation which can be attributed unambiguously to
the sodium layer with a theoretical calculation which
accounts for resonance absorption and imprisonment
together with all other such complicating factors as
refraction and ozone attenuation can hope to yield
reliable values for these quantities. It is by no means
clear yet that from twilight data alone a layer as thick
as 2&(10" sodium atoms per cm' column can be ex-
cluded.

8. APPENDIX

The coordinate system for this problem is shown in
Fig. 5. In this system the circle on which the plane
perpendicular to the sun's rays cuts the earth's surface
is given by
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sinai = tan8p/tang. (24)

C. —
—2,2r (8p(—O~ (0. In the daytime —hack to

noon—
p( ———2r/2.

part of the integrand of (18), but only when it was
included could the integration be carried through under
certain conditions for 8p. In such cases (22) must be
multiplied by {T(L2+L2)seen)».

The lower limit, P~, of the azimuthal angle is set by
the point at which the parallel of latitude defined by p
intersects the great circle (21). There are three cases
defined by the nature of Pi.

A. 0&8p& O. This is the twilight case.
B. —O&8p&0. This is just before sunset.
In cases A and B, from (21),

where

and, of course,
b=cosO

r=rp/b.

(29)

(3o)

All of these integrals are easily evaluated by the
standard methods except for the second last which can
be neglected on the grounds that its maximum value
for typical values of r and 8p is about 0.05'Pq of the
value of the other five terms for case A and is about
5% of this for case B.

In case C the integral (22) without [cosnj becomes

t 8 cos(n+g)
co&idP singdg,

x
(31)

which can be evaluated exactly. For, use of the result
that

Here the integral (22) can be evaluated without the
extra term [cosn].

In evaluating the integral (22), the integration' over
P is easily performed to give

m'/2

(sing sing cos8p —cosg sin8p)dP
Jp, = (' I2')~+—cI2(8 22r!2) (25)
where

(sing sinP cos8p —cosg sin8p)dP = —2r sin8p cosY/ (32)
~II /2

and (27), allows (31) to be written

2rc
I

I2 dI2 t' IidI2

{33)
r' "i (1+b2—2bI2)I "i (1102 2bI2)&—l

which is easily seen to be

a=cos8o, c=sin80, and p, =cosy.

The following relations can be seen from Fig. 5:
rp'= x'+r' 2xr cosn, —
r'= x'+r p2+2xr p cos(n+g),
x'= r +2r p22rrp cosg.

(26)

gro'
8{8p,r) = {T(L2+L2)seen)»A',

2%
(35)

The value of R(8p, r) is found as follows. For cases A
(27) and B,

When (27) and (25) are appropriately substituted into
(22), the result contains six terms, as follows: where A' is given by the appropriate value of (28).

For case C,
1 p~ c f' cx r'

{c I2 )*dI2+ I2PtdI2 Iid12
4~r'~. 4fr ~. 8fr ~.

gro'
R(8p,r) = {T(L,+L2))„„A,

2' (36)

(1 $2)2 (2 (c2 ~2) $@

4$r2 J [(1+(52) —2' j2

(1—b2)2C I' I2P)dI2

4br2 ~ .a[(1+b2)—2bI2$2

where A is given in (34). Fortunately, the averaging
processes for T scca. could be carried out without much
difIiculty in most cases since these functions and the
integrand of (22) varied slowly over the region of
integration. Confidence in our averaging procedure was
afforded by the fact that the curves drawn from (37)
joined smoothly with those for the more exact expres-

{28) sion (38). The results are shown graphically in Figs. 6,
8br' ",[(1+52)—2bI212 7, and 8.


