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Nucleon Transfer and Virtual Coulomb Excitation*
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A semiquantitative explanation of the experiments of Reynolds and Zucker on transfer reactions arising
in the collision of N" with N" is arrived at, making use of the effect of Coulomb excitation to virtual levels.
These excitations are shown to be important even though a permanent separation of nuclei in Coulomb
excited states may be energetically impossible. The process is of su%cient generality to have application to
other similar reactions. An analysis of the experimental material shows that the process is probably im-
portant in the case of the N'4+N" reactions for all energies below that required for contact between nuclear
surfaces and that it is probably the only important process at bombarding energies below 15 Mev.

I. INTRODUCTION AND NOTATION

A N attempt' to explain the experimental results of
Reynolds and Zucker' on N"+N" transfer reac-

tions on the basis of tunneling of nuclear particles from
one nucleus to the other gave a too rapid variation of
the reaction cross section with energy, the disagreement
with experiment being by a factor of about 35. It also
gave angular distributions in qualitative disagreement
with experiment. In both cases the results are inde-
pendent of assumptions regarding the nuclear radius
as long as the radius is not so large as to give contact
of nuclear surfaces. Since it is very improbable that the
latter may take place, one has to suppose that some
other process is modifying the transfer process. The
modification resulting from static distortion of the
shape of the nucleus has been estimated and according
to reference 1 can at most reduce the factor 36 to 18.
It has been concluded' therefore that some other process
is taking place. The tunneling from the ground state
just referred to has made little use of specialized assump-
tions regarding the nature of nuclear forces. The essen-
tial assumption made is that they have a short range.
For this reason one expects a strong drop of yield at
low energies and an associated dominance of large
deQections. The assumptions made regarding the char-
acter of the ground configuration enter the calcula-
tions referred to mainly in the determination of numer-
ical energy-independent coefFicients. These assump-
tions have, to be sure, been too specialized, the exist-
ing evidence being in better agreement with an inter-
mediate rather than extreme j—j coupling model.
Nevertheless, the only essential change which wouM
acct the character of the energy or angular dependence
of the cross section is a large change in the nuclear
radius. The change has to be so large that at 10-Mev
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3 D. R. Inglis, Revs. Modern Phys. 25, 390 (1953);B.Jancovici

and I. Talmi, Phys. Rev. 95, 289 (1954).

10

bombarding energy there is an appreciable force on a
nucleon in one nucleus due to nucleons in the other.
Such a change would make it incorrect to use the bar-
rier penetration factor for leakage through regions of
negative kinetic energy of the transferred particle.
It appears unlikely that such phenomena can take
place as a result of specifically nuclear forces for energies
at which the N'4 nuclei are never closer than 1.37)& 10 "
cm to each other.

The electric 6eld of one nucleus at the other brings in,
however, a long-range interaction without making
radical changes in the assignment of nuclear radii. It
oGers a possibility for increasing the yield at low ener-
gies and for distant collisions provided it is capable of
exciting the nucleus on which it acts to a state in which
the wave function of the nucleon to be transferred de-
creases appreciably more slowly outside the nucleus
than in the ground state. The present paper is con-
cerned with this process.

In Sec. II the relative coordinates appropriate to the
problem are considered. The Hamiltonian is written
in forms showing the way in which the terms group
themselves so as to correspond to the introduction of
internal functions, the energy responsible for virtual
Coulomb excitation, and the perturbing part respon-
sible for the transfer. In Sec. III the separation of
variables is discussed and approximations simplifying
the treatment are introduced. In Eqs. (3.4) and
(3.5) there occurs an initial state wave function 0'o~,
the transfer from which takes place on account of the
perturbing e6ect of Vt according to Eq. (3.5) or, more
explicitly, Eq. (4). The +~~ contains parts correspond-
ing to the ordinary Coulomb wave describing the rela-
tive motion of two charged particles and other parts
corresponding to Coulomb excitation having taken
place in one of them. The calculation of the latter is
made in a special but reasonably typical case in the
remainder of this sect.ion beginning with Eq. (5).
The function 4'~~ is replaced by a somewhat simpler
quantity f which does not refer to the whole system
but applies to one of the heavy aggregates having been
replaced by a point charge. The internal coordinates of
the particle doing the Coulomb excitation are clearly
unessential to this part of the consideration. The result
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of this work is Eq. (7.5), which gives the Coulomb-
excited wave at arbitrary points in configuration space.

In Sec. IV the two special cases of excitations result-
ing in bare dissociation and in the formation of states
lying high in the continuum are considered. The sum
over partial waves occurring in Eq. (7.5) is carried out
making some approximations and results in Eq. (9.2) for
one case and Eq. (11.3) for the other. In Sec. V the
wave mechanical calculations are compared with corre-
sponding estimates by means of a semiclassical theory
(SCT) in which the motion of the heavy aggregates is
considered by means of classical mechanics while the
excitation process is treated quantum-mechanically. An
approximate agreement between the two ways is found.
Numerical estimates are then made employing the f sum
rule for dipole transition probabilities along the lines
of Levinger and Bethe. ' This procedure makes the
conclusions essentially independent of the specialization
to s-p transitions which was made in the preceding
section. It is then found that with a conservative esti-
mate of the chance of transfer due to virtual state forma-
tion one may expect a factor of about 5 in favor of
transfer by this process in a comparison with tunneling
from the ground state. This discussion is found in con-
nection with Eq. (15).A set of limitations and omissions
in the treatment is discussed in items (a) to (i) in the
text following Eq. (15). In view of the difficulty of tak-
ing into account all of these omissions properly, the
remainder of the paper is concerned with an attempt to
infer from the experimental material the relative im-

portance of the factors entering the interpretation
which have not been explicitly calculated. It is found
that reasonable agreement with experiment is obtain-
able by bringing in some of the eRects of different
degrees of adiabaticity of the collisions depending on
the collision time. This view is not in disagreement with
the approximate resonance caused by the nearly equal
binding energy of the last neutron in N'4 and N". The
part of the continuum mainly responsible for the excita-
tion matters in determining the energy dependence and
the angular distribution.

The phenomenon of virtual state formation by
Coulomb excitation is a special case of a more general
situation which was discussed by one of the writers' in
connection with Li reactions. According to this view,
proximity of the two colliding nuclei can cause transi-
tions to other configurations within one of the nuclei
which can inQuence the course of the reaction and in
particular can give eRects somewhat similar to an
eRective increase in nuclear radius, especially for im-

' J. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950).
G. Breit, Rev. Sci. instr. 9, 63 (1938).On hearing an account

of the pr'esent work and in reply to a question, Professor E. P.
Wigner -recalled an unpublished consideration of S. M. Dancoff
LU. S. Atomic Energy Commission Report AECD-2853, May,
1950j regarding spontaneous alpha emission in which an excita-
tion of the residual nucleus of a temporary type, ' and therefore
somewhat similar to -that considered here, has been studied.

probable reactions. Qualitatively the eRect of the
virtual-state formation worked out in the present paper
has resulted in the increase in the reaction cross section
which is large for large impact parameters, as though
the nuclear radius were increased.

From a formal viewpoint, the consideration of
virtual-state formation differs from the more familiar
type such as enters the theory of bremsstrahlung' in
that in the present case the starting point is very far
from being a plane wave. It is in fact a wave highly
distorted by the action of the Coulomb 6eld. On account
of the fact that the masses of the colliding nuclear ag-
gregates are large, one can picture the collision process
approximately by means of classical mechanics. In
doing so one arrives at an approximate and at 6rst sight
paradoxical situation in which the energy required for
virtual-state formation can be borrowed from a classical
kinetic energy in an amount larger than the kinetic
energy. This paradox is apparent rather than real
because the classical orbit picture is only a convenient
substitute for the more complete consideration of the
wave function.

The present paper is not intended as a quantitative
treatment. As has been mentioned many eRects have
been left out of the considerations. In addition to those
discussed below there are several others such as that of
higher multipoles which is likely to become more im-
portant at short distances and neglect of eRects of
particle identity. A complete treatment is probably
impossible without a thorough study of the photo-
disintegration cross section, and the analysis of the
experiments would be more certain with the addition
of measurements of angular distributions at lower ener-
gies. It appears probable nevertheless that virtual
Coulomb excitation plays perhaps the main role in the
transfer reactions for Ni4+Ni4 at energies below the
Coulomb barrier and probably also in transfer reactions
for other similar nuclei.

The following symbols are used in the paper:

r„=coordinate of proton with respect to nucleus
to which it is initially attached.

r=relative coordinate for motion of nuclei.
Zie, Z~e= charges of colliding nuclei in initial state.

m=reduced mass for the colliding particles in
initial state.

M= reduced mass for the relative motion of the
proton with respect to the nucleus to which it
is initially attached.

0'~~ =wave function for the system neglecting
possibility of transfer.

+(')=first order correction to 4' resulting from
transfer.

p= wave function describing proton and relative
Inotion of nuclei.
Coulomb wave function for motion of nuclei.

6 H. Bethe and W. Heitler, Proc. Roy. Soc. (London) A146, 83
(1934).
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v;, m„= wave functions describing initial and ex-
cited states of proton.

E„=energy of states m„measured with respect
to ~;.

~, e„=relative velocities of nuclei in initial and 6nal
states, respectively.

g =Z1Z2e2/l32.

Ak, Ak„= relative momenta of nuclei in initial and final
states, respectively.

e,= [I (I.+1+3~)/r (L,+1—3~)]1.
P~„=spherical harmonic of order /.

bL,&=coefhcient used in the addition of angular
momenta, de6ned by Eq. (5.9).

FI,, Gl, ——respectively, the regular and irregular solu-
tions of the differential equation for rgradial
function in a Coulomb field.

C. = (23rg„/[ —1+exp(27rrl„) j}*'.
a~= l3'/(Z1Z2me') is the Bohr length for the

collision.
1E= (ra„/2) '.

P2= (2m/fP) (E„—E).
ro ——separation of nuclei at the perihelion of the

classical orbit.
2a'= distance of closest approach of the nuclei.

e, a=parameters of classical orbit.
$=E„g/2E.
b= nuclear radius.
p= impact parameter of the collision.

r31 r8 ri R13 R31 (mirl+m3r3)/(ml+m8),
R= (mirl+m2r2+m8r8)/(ml+m2+m8), (1)

as well as momenta

p31 p13 @13[(p8/m3) (pl/ml) j
—(mlP3 m3P1)/(ml+m3)

p2, 13 [m2(ml+m3)/(ml+m2+m8) j
X [(P2/m2) (Pl+ P8)/(ml+m3) j

= [(ml+m3) p2 m2(pi+ p3) j/(mi+m2+m8), (1.1)

with

83 18 m im 3/ (mi+ m 3) (1.2)

standing for the reduced mass of 1 and 3. The alterna-
tive expressions for the momenta are given so as to
show the entrance of velocities as well as the direct
meaning in terms of momenta. The kinetic energy of

II. RELATIVE COORDINATES

On account of the change in the grouping of the
particles which results as a consequence of the transfer,
it is necessary to present in detail the grouping of terms
in the Hamiltonian made in treating the relative coordi-
nates. A particle of mass m3 is supposed to be attached
initially to a mass m2 and to be transferred, as a result
of the collision, to mass m~. The masses m~ and m2

are those of nuclear aggregates such as N" and N".
One introduces for the 6nal state the coordinates

the system, discarding the term depending on the total
momentum, is

p81 /(21318)+p2, 18 /(2P2, 18)y

where

p2, 13 m2(ml+m3)/(ml+m2+m8)

is the reduced mass for the relative motion of 2 with
respect to the center of mass of m~ and m3. The Hamil-
tonian may be written as

H= p18 /(2p»)+p2 13 /(2P2 18)

+V23(r2, 13+mlr18/(ml+m3))+ V18(r13)

+V»(m8r18/(mi+m8) —r2, 13)+Hii+B22 (1.3)

with r2» standing for the displacement vector from the
center of mass of 1 and 3 to 2. The last two terms in
(1.3) represent respectively the parts of the Hamil-
tonian pertaining respectively to the internal coordi-
nates of particles 1 and 2.

Since in the applications the ratios m8/mi, m8/m2 are
reasonably small, terms of order m3/mi, m3/m2 will be
neglected and the Hamiltonian will be written in the
approximate forms

&f—=p '/(2~»)+ p2. »'/(2~2, »)+ V23(l r2, »+r131)
+V18(r13)+V12(~ r2, 18~)+&11+&22 (1 4)

for the 6nal state and

& =p23'/(2/28)+ p1, 28'/(2p1, 28)+ V28(r28)

+V (~ri, +r 3~)+Vi ((ri, ~)+& +& (1.5)

for the initial. The unessential specialization consisting
in the replacement of displacement vectors by their
absolute value is now being made. For simplicity the
dependence on the vector directions has been sup-
pressed. It may be introduced without inherent com-
plication but at the expense of a more complicated
notation.

In each of Eqs. (1.4) and (1.5) there enters a different
set of relative coordinates. In Eq. (1.4) particle 3 is
considered as attached to no~ and the mass ns2 is con-
sidered as moving with respect to the center of mass of
mi+m2. In these respects the situation is as in the
exact Eq. (1.3) but an approximation is made in (1.4)
regarding the potential energies V23 and V~2. The eGect
of the approximation is that the problem contains
only the coordinates r» and r2» in addition to the
internal coordinates of aggregates m~ and m2. The co-
ordinates r», r2» enter V23 in a combination such as
would enter a problem in which a particle p is displaced
from nz2 by a vector r„and from m& by r~—r which
corresponds to setting r» ——r—r„, r2» ———r. With
these identifications the potential energy terms U»+ V»
+V» occur in Eq. (1.4) as though one were dealing
with the particle p in the fields of mi and m2 and as
though the effective mass for r were p2» and that for
r—r„were p, ~3. For the initial motion the approximation
of Eq. (1.5) corresponds to r» ——r~, r1, 23—r 11,23+128
=r—I'„; the effective mass for r23 is p, 23, that for r is
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pi, ». Equations (1.4), (1..5) could have been set down
on an intuitive basis but the approximations made
would then not be as readily accessible to inspection.
Since at the larger distances between 3 and the other
two particles the surviving interaction is the Cou-
lombic one, the important terms in the present problem
are V», V». For these the important interaction energy
depends on distance only and the simplified notation is
therefore justifiable.

The charges of the colliding nuclei are taken to be
Z&e, Z2e, respectively. For the sake of concreteness par-
ticle 3 will be taken to be a proton and will be referred
to by the subscript p. The proton is attached initially
to m2. In the r, r~ notation,

V23(r23) = (Z2 —1)e'/r~+ V2(r~),

Vi3(yi3) =Zip / l
r —rl +Vi( l

r —r
l ), (2)

Vii(ri2) =Z, (Z,—1)e'/r,
where

r= fy —r2.

Here V~, V2 are potentials of non-Coulombic origin.
For the initial state, in terms of the identifications dis-
cussed right after Eq. (1.5), one may arrange the con-
tributions to V as follows

ZyZ2e 1 1y+zi"
l

4 lr —r„l r)
(Z2 —1)e' )

+l V2(r,)+
r„

+vi(lr —r. l)+V»+V22 (2 1)

The first term represents the Coulomb energy of two
point charges Z~e, Z2e at a distance r from each other.
It may be used in the definition of the Coulomb func-
tions for the initial stage and may be removed from the
wave equation by employing wave functions containing
the Coulomb functions as factors. The second term,
containing Z&e2, brings in a potential energy such as
occurs in the theory of Coulomb excitation and will be
referred to as the Coulomb excitation potential. It
gives rise to Coulomb excitation of proton p by Zie while

p is attached to m2. The third term contributes to the
potential energy of p in the field of m2 and has to be
taken into account in the definition of the eigenfunc-
tions describing the condition of p before transfer. The
term Vi (l r r~

l )bri—ngs about the possibility of transfer.
For the final grouping of particles the following ar-

rangement of terms in the potential energy is natural.

The Coulomb functions describing the relative mo-
tion of the heavy particles contain now the product
(Zi+1) (Z2 —1) instead of ZiZ2 for the initial state. In
the final state there exists also the possibility of Cou-
lomb excitation of the final nucleus under the influence
of the charge (Z2 —1)e which is left on that nucleus
which has lost the proton, and the remaining terms have
a meaning similar to that described for corresponding
terms in relation to (2.1). It is seen that in the arrange-
ment of contributions to V there occur the combinations

and

Z e2

Vi"'= Vi(l r —re I)+
fr —r„l

V2"'——V2 (r„)+ (Z2—1)e'/r „.

(2.3)

(2.4)

V eff (2.3')

and is therefore considerably more attractive than the
effective potential needed for the description of the
proton after capture.

III. SEPARATION OF VARIABLES

In accordance with (2.1), it is convenient to intro-
duce +~~ by means of

The first of these represents the effective potential for
the proton after transfer when it is attached to m~,
the second gives similarly the effective potential of the
proton before transfer while it is still attached to m2.
The Coulomb potential energies which enter these ex-
pressions are to be modified for small

l
r—r~l and r„

on account of the space distribution of nuclear charge.
Since no explicit use of these parts of the potential
energies will be made in the present paper, this modifi-
cation is not consistently indicated but it is nevertheless
useful to remember that these contributions to V~"f
and V2ef are not literally correct. The main object in
exhibiting the forms of V~'" and V2'" is, however, to
show how these quantities are related to the parts of the
Hamiltonian which are not absorbed in the definitions
of the Coulomb functions for heavy particles, the
Coulomb excitation potential, and the potentials used
in the definitions of internal functions. In the initial
grouping shown in (2.1) the r„ is contained only in

Vi(lr —r~l) after the other potentials are absorbed
in the introduction of the three kinds of functions just
mentioned. This perturbation potential is, however,
not V~'" but

Zqe2

V=
(Zi+ 1) (Zg —1)e' (1 iq

+(Z2—1)~l ——
I

r &r„r)
Zie'

+ I v, (l r-.,l)+
lr r„l 2—

+V2(r„)+Vii+ V22. (2.2)

(~cK g)@cN p

with II~~ containing all but the V~ part of the poten-
tial energy so that

IIc~= II v, (l r r—,I)— (3.1)

By means of the identification r„=r», r=r&» which
has been discussed in connection with (1.4), the kinetic
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5$= py, g3) M= po3) (3.2)

so that m is the reduced mass for the colliding particles
in the initial state while M is the reduced mass for the
relative motion of the proton with respect to the nucleus
to which it is initially attached. This notation does not
give a convenient distinction between initial and 6nal
reduced masses. Since in the applications contemplated
here the mass of the transferred particle is relatively
small, one has, however,

p]3—3f p2 ]3—m) (3.3)

and a distinction between these reduced masses and
those for the initial state would not be altogether con-
sistent with the approximations made in obtaining
Eqs, (1.4), (1.5) from the more accurate initial equa-
tions such as (1.3).

The function 4~~ is the solution of the problem if one
neglects the possibility of transfer. The superscripts on
this symbol are intended to indicate the Coulomb wave
solution by means of C and the entrance of heavy
nuclei in the solution by Ã. The Coulomb repulsion of
the heavy colliding particles and the possibility of
Coulomb excitation of the proton from the ground state
of the composite system 2, 3 are taken into account in
0'~N. The plan of the calculation is to employ +~~ in a
perturbation procedure in which Vi(~ r—r~~) is con-
sidered as the perturbing part of the Hamiltonian.
Representing the first order correction to 4'~~ by 4'")
one has

@—+ON+@ o)

and since 4'e~ satisfies (3) one has

(H E)+ "=—V +o"—.

(3.4)

(3.5)

In solving for 0'&" one can use on the left side of this
equation either the arrangement of V such as in (2.1)
or else the one corresponding to the 6nal state and
shown in (2.2). The second of these has the advantage
of showing more directly the relation to the final state.
Employing it, one has to solve

energy part of (1.5) becomes

( Ii /2IJ23)~(rP) (Ii /2Pi &3)~(r)t

where the quantity in parentheses after the 6 indicates
the variables with respect to which diGerentiations are
made in the A. The expression. for the kinetic energy will
be written by introducing symbols

Here the diGerence in the meaning of the coordinates
and masses for the final state from that for the initial
is indicated by primes. This distinction will be dropped,
however, in view of the smallness of this diGerence
which results from the fact that m3(&my, m3&(m2.
In treating Eq. (4), the following approximations will

be made. In the first place, V~(r~) will be dropped.
This approximation is partially justifiable because the
main eGect of 0 "' is to cause the appearance of the
proton at mi and in this region V2(r~) is small. The
approximation is not completely justifiable, however,
because 4(') originates at m2 as a result of Coulomb
excitation by Z&e and is thus not necessarily negligible
in the region of appreciable V2. A second approximation
will be made in neglecting the term (Z2 —1)e'(1/r ~

—1/r),
corresponding to disregarding the effect of Coulomb
excitations after transfer. This procedure is also not
completely justifiable because 0'~" has appreciable
values in the region of small r„. In fact, looking at the
reaction in the reverse direction of time, Coulomb ex-
citation of the final states may be expected to be im-
portant if it matters for the initial states. The approxi-
mations made amount, therefore, to an unsymmetric
treatment of initial and final states resulting in the
omission of terms arising in the time reverse reaction in
a manner similar to those kept.

With these approximations and conventions, one
may expand

(4.1)
where

{—(Ii'/2M)d, (r„)+Vi"'(r, —r)+Hii+H22 —E,)
y e;(r„—r) =0. (4.2)

Here the u; are eigenfunctions for the final nucleus
obtained by transferring the proton to m&. The entrance
of internal coordinates of mj and m2 is understood but
not shown in I;.The index j distinguishes not only the
states of the proton but also those of the aggregate
systems m&, m&. The right side of Eq. (4) may be
expanded as

—Vi(~r —r, ~)+' =Z;N, (r.—r)x (r), (43)

where the p; are functions of r only which are otherwise
defined by the above expansion. Combining Eqs. (4),
(4.1), (4.2), and (4.3), there results the approximate
equation

g(r )+V en

2M
~(")

2m'

Ii' (Zi+1) (Z2 —1)
S(r)+ e' —(E E;)—

2m r

~ (r) =x (r) (4 4)

+V2 (ry) +Hll+H22

= —Vi( I
r—rn I)+o~

The requirement will be made that the p, (r) be asymp-
totic to constant multiples of exp(i~,r) for E—E,)0
and to constant multiples of exp( —n,r) for E—E, (0
with ~;)0, o.;&0.These requirements together with the
equations just mentioned determine p;(r).
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The amplitudes of the q;(r) at r= ee determine the
probabilities of the transfer reaction taking place.
According to (4.4) these depend on the magnitudes of
the x, (r), and according to (4.3) the xt(r) owe their
existence to 4'~~. The latter consists partly of a term
representing the incident wave with the initial grouping
of particles in their ground states. For this term, the
factor Vi(~ r—r„~) on the left side of (4.3) exercises a
strong selection because of the limited range of V~.
The left side of (4.3) vanishes unless +o~ has appreci-
able values for suKciently small ~r —r„~, and 0'c~
cannot have such values unless r is suKciently small.
Otherwise the leakage of p out of the aggregate ms+ms
is not sufhcient to make it lie close enough to m~.

The situation is radically different, however, for the
parts of +~~ for which the aggregate ms+ms has been
raised to an excited state, for now the leakage of m3

is more pronounced and p can find itself in the region
of small

~

r—r„~ even if r is large. It becomes necessary
to compare therefore the relative sizes of contributions
to 4'~~ arising from the ground state and from excited
states of the colliding nuclei. In particular, if 4'~N

contains a part for which p is in an excited state relative
to m~ while the remainder of m2 is in its ground state,
then the I; can also contain the ground state of m2 and
the q; is energetically possible at large r whenever this
is the case for the part of 4'"& in which all of ms+ms is
in its ground state. The main requirement on the calcu-
lation to be performed therefore is to compare the
values of the contributions to %c~ arising from p being
in its ground state or in an excited state with respect
to no~, while the internal condition of ns2 is unexcited.

The problem is thus essentially reduced to the con-
sideration of the relative magnitudes of parts of %~~

just described, .For large r, these values are much smaller
for the highly excited states of p. Thus, for example, for
r = ~ these parts of 0 ~~ vanish whenever the excitation
energy is higher than the initially available kinetic

energy of the colliding nuclei. For states in which the
process is energetically possible but the excitation
energy is high, the probability of Coulomb excitation is

low because of the nearly adiabatic character of the
collision. Neither of these considerations excludes,
however, the existence of an appreciable probability
of an excited state of p at smaller r.

The calculation of 4~~ will be made employing the
form (2.1) for the potential energy. The perturbing part
of the Hamiltonian responsible for Coulomb excitation is

where (r~,8„,y„) and (r,8,q) stand respectively for the
polar coordinates of r„and r, with 8 denoting the colati-
tude and q the azimuth. The Coulomb wave without
Coulomb excitation will be denoted by P' and the
nucleus with mass m~ will be considered for the present
as a single particle with charge Z~e. The latter simplifica-
tion is unessential since in the present part of the prob-
lem it amounts to the omission of the factor in the wave
function which contains the internal coordinates of m~.
The subscript p, covers the values —1, 0, 1 and the
I'~„are spherical harmonics of order / used with the
normalization

the integration being over all solid angles. The phases
are in the standard convention' giving simple forms for
angular momenta. A complete treatment of the problem
should involve the consideration of the complete wave
function of the aggregate ms+ms. For simplicity, how-

ever, the effect of changing the central-Geld states of
particle p alone will be discussed for the present. The
spin of p will be left out of the consideration and p will

be taken to be in an s state. The initial state of p will

be denoted by e;(r„), the three final substantes to which
it may be excited for a given energy level by rt„(r„).
Considering these three sub states only, the wave
function is

H'„,= w„*(r„)H'rt, (r„)dr„. (5.4)

On account of the presence of (r,8, )lian H' the II'„, is a
function of these quantities. On expanding P' in partial
waves, one encounters on the right side of (5.3) the
combinations P'F'r, „, the Fi „coming from the last
factor in (5.1). Employing for f' a Coulomb modified

plane wave of unit density

Substitution of P into the wave equation gives then the
approximate equation

(H"'+E —E)P&" = —H' g' (5 3)

where the Hamiltonian for the system consisting of m~

and the aggregate ms+ms is H&s'+H' and where the
energy of the degenerate level with eigenfunctions m„
is E„when measured with respect to the ground state
of ms+ms while

!t 1 1)
H'=Z, e']

&)r-r„/ r)

P'=Pr, i~(2L+1)Pr(cos8)erFr(Itr)/(kr), (5.5)

(5) with symbols as in the list of notation, one finds

iL

In order to deal with a simple case, the dipole type of
excitation only will be considered so that the relevant

part of H' will be contained in the approximation

H'= (4tr j3)Zie' Q„,„(r„t'r')7*i„(8,q „)F',„(8,q), (5.1)

—(2L+3)'a~if r+i"P~i) Vr.,„(56)
~ B. L. van der Waerden, Grgppentheoretische Methode in der

Qttarttemmechartitt (Verlag Julius Springer, Berlint, 1932).
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where being dealt with here. The equations are of the type

e,=[I (L+1+&„)/r(L+1 i&)j&,

(3/4 )'*

[(2L—1)(2L+1)]&

f [L(L+1)] [L (L+1)3'lXI, , L, , I, (57)
2-:

' '
2'

d' 2 d L(L+1))
! k„'+e(r)+ !X

dr2 r dr )
=Fi(kr)/(kr') (7)

with
k '= (2m/k')(E —E )

(3/4m. )i

[(2L+1)(2L+3)]' X=[1/(kk r)j )~ gz, (r,r')Fi(kr') (1/r")dr', (7.1)
0LL(L+1)l-:~

(5.8) with
2-:

[L(L+1))'
X!—,L+1, —

2:
gI (r,r') =Hr, (k„r))Fi,(k„«), Hr, Gr+i=Fr. , (7.2)

and 'tl(r) standing for the term introduced by the
Coulomb energy. The solution of (7) is

with

where

H'„;=KYi„*(8,q )/r',

K= [(4n) l/3]Zie'(r„), (6.1)

for p= (1, 0, —1), respectively. The coefficients b enter
through

.+P .(L;)Y. ..,
Pi(L—1~)=b~-i" P i(L+»—u)=b~i" (59)

The notation in terms of the bl, ~I", bl,+~I' would be con-
fusing, being incomplete, if it were not for the fact that
in the present paper bz, ii' always refers to a Pi and
br+i" to a P i

From (5.1) and (5.4), it follows that

the functions FI„GL, being here Coulomb functions for
the state having energy E—E„and

(7.3)

The notation is here abbreviated by omitting explicit
indication of the argument of the Coulomb functions
which is independent of r. No confusion will arise,
however, if it is remembered that whenever k„r rather
than kr enters the Coulomb function the second argu-
ment corresponds to an energy E—E„rather than E.
If E E„(0, the defin—ition of Hz, given in Eq. (7.2)
has to be changed so as to make HL, exponentially
decaying at large r but preserving the validity of

HrdFr/dr FrdHz/dr= k, — (7.4)(r„)=
~

R„(r~)R;(r„)r~'dr„,
0

(6.2)

,2m
P"' „=(—) +'(47r)*' K Pz,

52pQO

R„'(r„)r„'dr~= R 2(r„)r„'dr„=1. (6.3)
dp

which is needed for the correctness of (7.1). Iiy means

and the radial functions R;, R for the initial and final of &7.1~, &5.6&, and ~6.4&, one obtains

states of p are normalized according to

For states in the continuum, the normalization integral
is understood to extend through the radius of a quan-
tizing sphere. Introducing (6) in (5.3) and remembering
that

(2L—1)'er, ibI. i" gr, (r,r')

dr'
XFr.—i (kr')—(2L+3) 'er+ib~i&

/2

one has
Yi.*=(—)"Yi. df )

X ~ g (rr, r') Fi+(irk') —!. (7.5)

(H "+E E)0 " =( )"+'(K/ )Y A" — (6 4)

The right side of this equation is a sum of products of
radial functions multiplied by the I"'L,„as is seen from
(5.6). Equation (6.4) may be solved therefore by
identifying parts containing the same F» on both
sides and solving the resultant radial equations subject
to the appropriate boundary conditions. The latter
have to represent the requirement that the f&"„con-
tain outgoing waves only, since the incident state is

According to (7.2), the gi, contains in one of its terms
the product Gr. (k„r&)Fz(k„r&), When r r', the sm—all-
ness of Ill. within the Coulomb and centrifugal barriers
is largely compensated for by the largeness of GL,. The
large barrier-penetration efI'ects do not enter therefore
for values of r for which the factor multiplying g (r,zr')

in the integrand has an appreciable value. It is thus
immediately obvious that the value of E—E„does not
enter nearly as critically as it does for larger values of r.
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For these the Gz, (k„r) enters only with the larger argu-
ment, and since for large r GL, is asymptotic to a sine
function of unit amplitude the compensation of the
smallness of F~ cannot take place.

IV. SPECIAL CASES

The case E—+E„will be considered first. The param-
eter g„which enters the Coulomb functions is

The large sects of barrier penetration are contained in
the factor Cp„e in Fl. and the reciprocal of this factor
in Gz, . These factors cancel out completely in (8.5),
and in (8.4) for moderate x—x' there is only a weak
effect left. Since (8.4) enters for r')r only, the effect
of the factor exp(x —x') is to decrease gz(r, r') and to
give it a cusp-like behavior as r is varied while r is
fixed. The integrals in (7.5) can be evaluated approxi-
mately by making use of this circumstance. One has

where
g„=ZiZ2e'/kv„,

[x—x'[=(r' —r(/d, d= (ra/2)', (8 6)

v„=[2(E—E„)/m$&

is the classical velocity of relative motion corresponding
to the residual energy E—E„when p has been excited
to the energy E„. In the limi. t E—&E„, the classical
velocity vanishes and g —+~. One has accordingly'

Fz, (k„r)—2—ig„—'([1+L'/q 'j
X[1+(I- 1)'/g '7 —[1+1/g 'j) '

(/~ )~I + (*) (8)

G.(k-r)-=- (2'/Go-) (r/~-):
X(['+L'/~-'j['+ (L—')'/~-'j

' ' 'L1+1/n~'j) '&»+i(x))

where I„(x), K„(x) are Bessel functions of imaginary
argument in the notation of Whittaker and Watson, '

as follows by differentiation. For 10-Mev bombarding
energy in the case of N"+N" at the distance of closest
approach, r=14.0(7)X10 "cm, while a=8.4(7)X10 "
cm for these two nuclei and d=0.77)&10—"cm. On the
other hand, for the incident state and the above r, one
has kr = 18.2. A quarter-wave change corresponds
roughly to a change of v-/2 in kr which corresponds to a
change of 1.2&(10 " cm 'in r. Thus d is only slightly
smaller than a quarter wavelength and the cusp may
not be considered as infinitely sharp. On the other hand,
d is relatively small compared with r so that one may
treat all factors multiplying exp( —~x—x'~) in the
integrands of (7.5) except Fz, as constants. Proceeding
in this manner one finds

gz (r,r') [Fz (kr')/r"]dr'
x= (8r/a„) &= (8k„rzl„)l,

Co„——[2v-g„/( —
1+ exp (2v-g„))l, (8.1)

—(1/(2'„))[Fz,(kr)+k2d'Fz, "(kr)j. (8.7)

while

a„=k'/(ZiZ2me') (8.2)

is the Bohr length for the collision. The values (8) give

Fz (k„r)Gz.(k„r')——2k„(rr') ~I2z+i(x) E'2z+i(x'), (8.3)

where x' is the value of x corresponding to r'. For the
distance of closest approach in the collision of N"
and N" at 10-Mev bombarding energy the argument
of I and X is about 36, so that asymptotic expressions
for large values of the argument apply. Employing,
therefore,

I2~i (x) e /(2v x)~, E2~i (x) —(7r/2x) ~e

one has

In obtaining this formula, the integrations over r—r'
have been taken from —~ to +~ rather than over the
actual range. The error caused by this approximation
is doubtless not as important as some of the other
inaccuracies on account of the smallness of d/r. The
second term in brackets on the right side of (8.7) gives
a rough correction to the first term. Since (8.7) contains
the infinite quantity p„ in the denominator, the right-
hand side vanishes. On the other hand, (7.5) contains
in the denominator the vanishing k„and the right side
of (7.5) is finite and does not vanish. Disregarding the
second term in brackets in (7.5) and another circum-
stance to be discussed presently, it is possible to perform
the summation over L in (7.5) as follows:

Fz, (k„r)Gz, (k r')—2 &k„a„&(rr')&exp(x —x'). (8.4)

The coefBcient of the exponential may also be written as

k„(rr') ~/(xx')'*.

For r=r', one has

Fz, (k„r)Gz (k„r)—2 &k„(a„r)&. (8.5)
' Yost, Wheeler, and Breit, Phys. Rev. 49, 174 (1936);G. Breit

and M. H. Hull, Jr., Phys. Rev. 80, 392, 561 (1950).' K. T. Whittaker and G. N. Watson, 3fodern Analysis (Cam-
bridge University Press, London, 1920), third edition, Chap. XVU.

(2I —1)&ez ibz i"
"o

X[Fz i(kr')/r")dr' (2L+3)&ez+ibz~i"—

X zoz (r,r') [Fz~i (kr')/r' )dr'
~Jp

—[(2L—1) ez, ,bz, il'Fz i(kr)

—(2I+3)&e~ib~i&Fz+i(kr) j/(2' ), (9)
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and substituting into (7.5) one needs the sum

i~'I'
[(2L—1)'*er &be i"Fz i(kr)

kr

tions. The radial equation for FI, becomes

) d' 2 I.(L+1)i
!
—P —— !F.=O,

&dr' ar r' )
—(2L+3)'e~ib~i&"Fz+i(kr)] with

P2) 0 (10.1)

=2 —(2L+1)'[pi(L,u) Yz+i..
L kr

+p i(L,p)Yz, i, „]erFz(kr)

One can introduce for this equation two solutions some-
what analogous to the case of positive kinetic energy and
referred to by the same letters:

= [Pz i (2L+1)&ez Yz, OFz(kr)/kr] Yi, „
= (4x) '*Yi „P'. (9.1)

r(L+1+ (1/aP))
p~(&) = m. , (2pr),

21' (2L+2)

H. =IY. (2Pr), =-1/(aP),
(10.2)

Employing this value in (7.5), one obtains, on making
use of rl„k„=1/a, where M„(s), W, , (s) are solutions of the confluent

hypergeometric equation in Whit taker's notation.
For large r,

Fz(&&~ (2ipr)itaeeer H o&~(2pr) &lace 0&— (1—0 3)
(4m.)1

= (—)~+' (r,)Y,, „Q . (9.2) so that
3Z2r Hz, "&dFr, i"/dr Fz&"dHr—,&"/dr=P. (10.4)

This value of Pi" „ is approximate only, several ap-
proximations having been made as is clear from (8.7)
and the related discussion. According to (9.2) the
Coulomb excited wave is decidedly smaller than P', but
the factor involved is essentially the moderately small

(r„)/(Z2r) rather than the very strong barrier-penetra-
tion factor.

The last of the two expressions for Pi" given in Eq.
(9.2) does not contain Zi except for its appearance in
f'. On the other hand, the first expression shows that
if r/a is kept constant, P"'„/P' is proportional to IC and
hence to Zi. The occurrence of E for fixed r/a is not
surprising since the radial functions in the partial
wave analysis of &&t "i„have a shape dependent on r/a
only. The disappearance of Zi from P"&„/P' in the
second of the two forms in (9.2) requires explanation,
however, because the eGect of Z~ is present in a con-
cealed form. It enters in the applicability of the asymp-
totic expansions for I~i+i(x), E'~r+i(x) used in obtaining
(8.4) which requires that x be large enough. Since, for
6xed r, this x is proportional to Z~'*, the last form in

Eq. (9.2) is only apparently independent of Zi. It
gives the quantity in the limit of suKciently large Z&.

It should be mentioned that in the derivation of (9.2)
the asymptotic forms used for I21,+&, E21,+j become in-

applicable for sufFiciently large J. For this reason, as
well as the approximations related to neglecting the
second term in square brackets in (8.7), one has to
regard Eq. (9.2) as a crude approximation. On the other
hand, the large I. are not important for close collisions
which are of main interest for the nucleon transfer
cross section.

The effect will next be considered for very high excita, —

Instead of Eq. (7), one deals in this case with

d' 2 d L(I.+1)q F&(kr)
! +P'+~(r)+ !X=, (1O.5)

dr' r dr )

which has the solution

with

g "'(r r') [Fi(kr')/r"]dr', (10.6)
p

gr, ('& (r,r') =Hzo& (r&)FL, i'& (r(). (10.7)

On account of the difference in these quantities, the
right side of (9.2) needs multiplication by

2/(Pk ra).

Employing the approximations (10.3), which are justi-
fied by the assumption of largeness of P, one has

gJ, "(r,r')= exip( —p!r' r!). —

Here it was assumed that the lack of symmetry in this
cusp-like function is negligible, again in conformity
with the assumption of high excitation. This value of
gr, ii& takes the place of (8.4) in the case of bare ioniza-
tion, i.e., zero relative kinetic energy of heavy particles.
One should compare therefore

~+00 1
-', exp[—p(r' —r)]dr=-

with
~+00

2 &k„(ar)& exp( —!r' r!/d)dr= ', k„ra. —-



In addition it is necessary to consider the reason for the
occurrence of the k„ in the denominator of (7.5), which
is readily seen to be the presence of k„on the right
side of (7.4). Since in the analogous Eq. (10.4) of the
new case, k is replaced by P, there occurs a 1/P in
(10.6) instead of the 1/k„ in the corresponding (7.1).
The application of (10.6) to obtain an equation taking
place of (7.5) for the new case gives therefore a similar
right hand side with 1/k„replaced by 1/P and gL,
replaced by gr, ol. In addition to the factor (11.1),
there is therefore the factor k„/p to be introduced. The
net factor is

2/(P'ra),

and the approximation corresponding to (9.2) is

(11.2)

As in the previous case the barrier penetration eGects
have disappeared. These are still present in (10.3) but
the relative smallness of the Fl.&" at small r is not the
determining factor since it enters with HL, ('& to give the
g~i'l in which there is exact compensation of the
penetrability effects when r=r'. The eBect of the ex-
citation energy is contained in (10.3) in the factor 1/p'
only. This type of dependence can be expected from
the general form of the first-order perturbation in a
wave function which is obtainable by the Rayleigh-
Schrodinger perturbation method and contains as a
factor the reciprocal of the excitation energy. The cal-
culation could have been performed in fact by employ-
ing a quantizing sphere and reducing the problem to the
calculation of the wave function of a stationary state.

.Such a calculation would involve, however, a sum over
all possible p rather than just those corresponding to
conservation of energy and would be more complicated
than the one presented here. The first of the two forms
for

gati"

„shows proportionality to Zt which is con-
tained in E.

V. COMPARISON WITH THE SCT AND
NUMERICAL ESTIMATES

It is of interest to compare the results obtained so
far with the approximation of considering the relative
motion of the two heavy aggregates by means of classi-
cal mechanics. High excitation energies give then small
probabilities of ordinary Coulomb excitation. As has
been mentioned, however, an important inhuence in
this smallness of the eGect is the increasingly adiabatic
character of the collision as the excitation energy is
increased. For this reason smallness of Coulomb excita-
tion after the particles have separated does not impIy
its smallness for small distances of approach. The
general situation is in fact that appreciable probabilities
of Coulomb excitation at small distances are followed

2'
4"'-.=—(—)"" Ft, A"

ls'p'r'
2(4 )'(.)=(—)"" I' A' (113)
3ZsP'ar'

where r&,, 0&, p~ are the values of r, 0, q at time t. The
amplitude of the excited state m„ is

H'„;&t) exp(sE„;t/k) dt,
k~ „

(12.1)

where E„;is the energy of the state m„minus the energy
of e;. Qn account of the degeneracy with respect to p,
one may take

(12.2)

It is convenient to parametrize the hyperbolic mo-
tion by"

x= a'(e+coshw), y= a'(e' —1)-* sinhw,
(12.3)r=a'(1+e coshw), t= (a'/v)(w+e sinhw),

where x is the coordinate measure along the major axis
of the hyperbola, y in a direction perpendicular to x
and e is the eccentricity. For the closest collisions, c= 1
and if one may set co=0, one has for the perihelion, on
making use of

dw

~ p 1+coshw
(12.4)

k{r,)
As ——

, At ——A t——0, (e=1, to=0, w=O). (12.5)
&3Zs

"K.A. Ter-Martirosyan, J. Exptl. Theoret. Phys. (U.S.S.R.)
22, 284 (1952).

by a de-excitation in which the energy of excitation is
gradually returned to the kinetic energy of the colliding
particles.

In approximating a quantum problem by a classical
one, the question of correlation of initial and final
states frequently arises and in the sense of Bohr's
correspondence principle one usually takes some kind
of mean of initial and final states in the classical calcu-
lations in order to obtain agreement with quantum
quantities. In the present case the initial state in the
above sense is the whole f of (5.2) by means of which
one can obtain 4"' of (3.4), which gives rise to the
final state in which the neutron has been transferred
from one nucleus to the other. The results under im-
mediate discussion are concerned with

gati"„,

which is
part of f, and the usual averaging procedure between
initial and final states does not apply therefore to the
consideration of the initial and final velocity of the
heavy aggregates in the determination of f"'„.For this
reason it is simplest to calculate the probability: of
virtual state formation employing the initial relative
velocity. On the other hand, this simplified procedure is
an approximate one only because it would not give
correctly the probability of real Coulomb excitation for
which the lt i"„at large r have to be considered as the
final states,

On the SCT there enters a matrix element of the
time-dependent perturbing Hamiltonian

II„,'(t) =EI't „*(8(,q g)/rP, (12)



1040 G. BREIT AND M. E. EBEL

The eGect of the excitation energy is to change the
integral in (12.4) to

Combining this result with (12.5),

Ap—0.145k(r~)/(Zzp), (13.5)
t" exp[i&(w+sinhw) j

dw, (12.6)
J p 1+coshw j p 1+coshw

with

&
=&uu'/p =E„rt/(2E), (12.7)

where the value of p is that for the initial velocity,
with some uncertainty inherent in the application of
classical mechanics to the present problem. The exact
treatment of (12.6) is tedious. A crude but apparently
fair approximation for high excitations can be obtained
as follows. Introducing

while the other two classical amplitudes are zero as in
(12.5). The calculations so far have been made for the
special case &=1, i.e., for orbits corresponding to head
on collisions and the limits of integration for m corre-
spond to the perihelion. %ithout these specializations
one can observe that for close approach and high excita-
tions

+oo e't(d tdcgy

1+p coshw

is much smaller than

one has

zz= w+sinhw, (13)
e'"'dm

1+coshw4 p

By numerical trial it is seen that

(dw/dzt)' —0.25/[1+ (zz/2. 75)'j

t

"exp[it(w+sinhw) j t
" t'dw~ '

dw= e'&-I —
I

d~. (
&p Edl)

and that therefore

e' dw f e dw

j „1+p coshw & „, 1+p coshw

On the other hand, if one sets I=w+ p sinhw, the in-
tegral in the last equation is

e'~
t dw)

(13.6)
i$ ( dzz& $(1+p coshw)'

the approximation being reasonably good between
=0 d =6.5. I thi gio (d /d )'d f

0.25 to 0.032, and the principal part of the effective J (dzz$ J (dztJ ( zp )
range of values of this factor is covered therefore by
(13.2). Employing this approximation, one obtains
from (12.6) and (13.1)

00 121 7r

e
—2.75$

1+coshw 64 I 5.5

z
e'"& Ei(—2.75&)

5.5

e-z»& Ei(2.75~)
5.5

5.5
e
—2.75(

i 1 2l

where

+ +.. (133)
2.75 .2.75$ (2.75$)'

—Ei(—x) = (e
—'/t)dt, Ei(x) =P (e'/t)dt,

e'"' 0.25i
Ao-

L~ p 1+coshw
(13.4)

and I' stands for "principal value of." For suKciently
large P, Eq. (13.3) reduces to

According to (12.3), the excitation amplitude is ex-
pected therefore to be proportional to 1/r'. This de-
pendence on r is similar to that of po) „ in Eq. (11.3).
The factor P' in that equation also contains r, but since
the classical estimate is made in terms of the ratio of
the probability of excitation to the probability of
6nding the particles in a certain relative position, the
comparable quantum estimate must be made by taking
the factor multiplying f' in (11.3). The entrance of r
in P' should not be counted therefore in the com-
parison with (13.6), and the comparison indicates ap-
proximately the same variation of the probability of
excitation with distance in the two cases.

The relative probabilities of excitation will now be
compared at the perihelion, i.e., r=2g'. According to
(11.3), the factor multiplying P' is in this case, dis-
regarding signs,

EI I",,„I

I HEI (2a')'
(13.7)

which is to be compared with Ap of (13.5). Employing
the value of E from (6.1), the ratio of the quantum-
mechanical amplitude to Ap reduces to unity if one
sets

I
V& „I in (13.7) equal to (3/4zr) &. This number is

just the value of
I

I'q, „I which was used in obtaining
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A puant/A p=DE/E. (13.8)

In the application to N"+N'4, one is interested es-
pecially in a bombarding energy of 20 Mev, correspond-

ing to E=5 Mev, and the excitation energy is the tight-
ness of binding of a nucleon, which is about 10 Mev.
The right-hand side of (13.8) is thus of the general
order of unity in this case. The quantum estimate gives

(12.5) on the SCT, the reason for using it having been
that in the plane of the orbit only F&, 0 is distinct from
zero. The correspondence between the SCT calculation
and the one by the quantum treatment of the relative
motion is seen to be rather close for the case of high
excitations.

The quantum calculation may be expected to be rela-
tively better for high excitations than for those barely
resulting in ionization, because for high excitations the
treatment of the Green's function as having a very
sharp cusp is more nearly justified. The approximation
of Eq. (13.4) for the SCT also involves the assumption
of large $ and is therefore more questionable when
applied to excitation resulting in bare ionization than
to high excitations. The comparison of the quantum
and SCT calculations by means of the approximations
worked out in the present paper is not as signi6cant
therefore as the comparison for high excitations. Making
the comparison for r=2u' by employing Eq. (9.2) for
the quantum case and Eq. (13.5) for the SCT and
setting F&, p= (3/4s.)' in the quantum calculation, the
ratio

a slower decrease of the excitation amplitude with dis-.

tance than the classical one. There is also some penetra-. .

tion into the region of negative kinetic energy for the
heavy aggregates implied in f' which is absent in the
SCT. These e8ects are in the direction of making the
quantum effect relatively the more important one. It
should be observed however that the term O'O'Fr, "(kr)
in (8.7) has been omitted in the estimates and that
through the oscillatory region FI„"has a sign opposite
to that of Fz,. This correction is in the direction of
decreasing the quantum quantity but the effect of this
correction is least important in the vicinity of the
classical turning point. It is seen therefore that the SCT
gives a fair approximation to the quantum result.

Returning to the consideration of Eq. (4), one sees
that on its right side there is present in +~~ a contribu-
tion caused by the presence of Coulomb excited waves
having their origin in P„w„P&'&„ofEq. (5.2). This part
of +o~ gives rise to contributions to %'&'& of Eqs. (3.4)
and (4). Since the w„are more highly excited than the
ground state function v;, the tunnelling factor in the
nucleon transfer calculations'" varies for them less
critically and transfer from these states may be ex-
pected to take place more readily once they are present.
No attempt will be made here to take their effect into
account exactly, the main object being to consider the
qualitative implications of the virtual state Coulomb
excitation sects. The ratio of the high excitation form
of P"'„ to the form derived for bare removal of a nu-
cleon gives, by comparison of (11.3) with (9.2),

ZrZpe'/r amplitude for high excitation

E„—E amplitude for excitation to bottom of continuum
(13.9)

For closest approach, the numerator in the above
formula is the kinetic energy in the center-of-mass
system. For N"+N'4 at a bombarding energy of 10 Mev
and for E„E=20Mev, the ab—ove ratio is 1/4. The
comparison indicates therefore that the excitations to
the lower part of the continuum are the more important
ones.

In order to make numerical estimates, it is necessary
to remove the specialization in the calculations which
was made in considering s-p excitations only. These
will not actually be important for the valence shell of
N", since this is a p-shell. The (r„)of Eq. (6.1) thus has
to be interpreted in terms of the dipole transition matrix
element by setting

(e(y ))s=p/[ f @f.&~&
j
p+

/
01Z/ &»

/

p+
/

gyZf &'&
[
p] (14)

where 5K is the electric dipole operator and the sum is
extended over the sublevels of the upper state. The
dipole operator is that of the whole nucleus and includes
the effect of the electric field on all nuclear protons. The
correctness of the above identification can be verified
by observing that for the s-p transition

Z p„——3-'(r„),

and employing spectroscopic stability. The replacement
of (r„)by its generalization by means of (14) takes care
of a decrease in the eGect caused by the near equality
of charge-to-mass ratio of the proton and the remainder
of the nucleus as well as the increase caused by the
presence of seven protons instead of one in the N'4

nucleus. An estimate of the right side of Eq. (14) can
be made by means of the Thomas, Reiche, Kuhn sum
rule which is usually stated in terms of f values.
According to I.evinger and Bethe, 4 this sum rule as-
sumes the form

EZ
=0.060 Mev-barn, (14.1)

where in the subscript i and f stand for the initial and
final states, respectively, and the sum is taken over final
states including sublevels. The last quantity listed in

"Breit, Hull, and Gluckstern, Phys. Rev. S?, 74 (1952); G.
Breit, Phys. Rev. 102, 549 (1956); G. Breit and M. E. Ebel,
reference 1; M. E. Ebel, Phys. Rev. 103, 958 (1956).
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the above equation does not include exchange-eGect
modifications4" of the sum rule. The first quantity is
the energy integral of the photodisintegration cross
section, approximate values of which are available
from experiment. The quantity of the middle entry in
(14.1) contains numbers of equivalent harmonic oscil-
lators of dispersion theory, f;f, for the nucleus as a
whole, with e, 3f standing respectively for the proton
charge and mass. The harmonic oscillators are also
supposed to have charge and mass values e and M.
In the treatment of the present paper, the eGect of the
whole nucleus was represented for simplicity by that
of a single proton. One obtains the correspondence be-
tween the ISA; I

' and the f;y therefore by employing the
relation between these quantities for charge e and mass
M. This relation is"

Lumping the whole eGect in the vicinity of one energy
E„and letting AE=Er; and making use of (14) one
has approximately from the above equation

kr' e' EZ—B,E(r„)'—0.060
3kc A

Mev-barn, (14.4)

which gives

(r„)'=0.63 barn,
AdE

(14.5)

provided AE is measured in Mev. For AE= 10 Mev, one
obtains

(r~)=4.7X10—"cm (2E=10Mev) (14.6)

as the equivalent value of (r„).
A crude comparison with the tunnel penetration

eGect can now be made by writing

0'vl 0 tun ——~X~2) (15)

where gi is the probability of virtual state (vs) formation
at the perihelion, and a2 the ratio of tunnel penetration
probability from the virtual state to that from the
ground state.

For excitation to an excitation energy of 10.55 Mev
as measured from ground, the neutron is just ready to be
detached. The value of ( is 9.6 and the SCT factor cor-
recting the amplitude for finite excitation is 1.89/[9.6
&& (2.75)'j=0.026 otherwise obtainable from (13.4) as

'sE. Feenberg, Phys. Rev. 49, 328 (1936); A. J. F. Siegert,
Phys. Rev. 52, 787 (1937)."S.A. Korff and G. Breit, Revs. Modern Phys. 4, 471 (1932).

Insertion in (14.1) gives

4n SZ
Pf Er; Q,s. IS)1'r;t' I'=0.060 Mev-barn. (14.3)

3Ac A

0.25/9. 6. The value of ai on the SCT without the correc-
tion factor for excitation is, according to (12.5),
Lk(r„)/(3~Z&) O'. For a bombarding energy of 10 Mev,
one has k=10i4/(7. 72 cm) and the above-mentioned
parameter is 0.251. The resultant value of c~ is therefore
(0.026)'&&0.251=1.7&&10 4. As a first approximation,
one may use for a2 the barrier penetration, tunneling
from the ground state, factor which is given" by
Eq. (28.1) of reference 1. For 10-Mev bombarding
energy 0.=7.13)&10" cm ' 2a' —2b=7.31&10 " cm,
and 2n(2a' —2b) =10.42. Assuming for the present that
the virtual state is equally effective in its transfer except
for absence of the barrier penetration, it is e"-"=3.36
&&104 times more effective. The gain over tunneling
from the ground state is therefore 3.36X10'&(1.7&10 '
=5.7. This estimate indicates .that the virtual state
formation process is the more important of the two
considered here. The estimate as made is defective
regarding the following matters.

(a) As has been considered in connection with Eq.
(3.4) the virtual state formation process should enter
in the consideration of the final %~~ as well as in that
of the initial. The initial wave without Coulomb excita-
tion is coupled by this process to the Coulomb excited
virtual states of N"+N". This coupling gives rise to
an additional term for the final amplitude which is of
the same order as that estimated. The phase relation
of this contribution to the one estimated has not been
ascertained. Assuming the phase relation to be random
as in quadrature, one expects a factor of about 2 in
addition to the factor 5.7.

At erst sight it would appear that a similar circum-
stance neglected in the estimates is that both nuclei,
rather than one, are excited in the initial state. Since
each excitation leads to a transfer in a definite direction
this omission, apart from interference eBects caused by
particle identity, cannot be distinguished from the
consideration of counting recoils. Since the tunneling
from the ground state estimate as used here does not
include these either, this eGect can be omitted.

(b) The application of the correction factor for ex-
citation by means of the SCT estimate and the em-
ployment of the SCT estimate for the condition close
to bare removal of a nucleon are not quantitatively
reliable. The agreement of the quantum result (9.2)
with SCT was obtained for example by replacing I'&, „
in (9.2) by (3/4')'* and counting only one p instead of
taking angular integrals. Secondly, there is a factor
1/r in (9.2) which decreases the probability of virtual
state formation at large r. For the latter reason one
might expect the virtual state process to be over-
estimated, if it were not for the fact that the collision
for the virtual state part of 0 is less adiabatic since the
probability of the presence of the virtual state varies

' A factor 2 should be inserted in the exponential on the right
side of Eq. (28.1) of reference 1. Furthermore, the nuclear radius,
denoted in reference 1 by u, is indicated in the present work by
b, a being reserved for the Bohr length of the collision.
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with r. For the latter reason the transfer via the virtual
state should be more eGective.

(c) The comparison of virtual state transfer with
ground state transfer is crude because the f"&„w„pene-
trate to the other nucleus very eGectively, and the
appli. cation of perturbation theory such as has been
used for the ground tunneling can give only a rough
approximation for the P&'&„w„part of f. The w„ factor
can be expected to be strongly perturbed by the second
nucleus, making the estimates as carried out here have
a qualitative significance only. This is especially true
on account of the approximate equality of binding
energies of the last neutron in X'4 and N".

(d) The effect of virtual-state formation may have
been overestimated because the virtual state function
consists partly of components in which the wrong
kind of nucleon is excited. Also the virtual state func-
tion may have parts in which the residual nucleus is
excited, making it necessary for a rearrangement of
particles to take place in it before the nucleon transfer
is completed.

(e) On the other hand, the excitation of the residual
nucleus can be expected to lead to an enlargement in its
radius and a consequent possibility of participation of a
second nucleon in the transfer.

(f) The possibility of interference from different parts
of the continuum or from the discrete part of the ex-
citation spectrum has been neglected in the lumping
procedure which gave rise to (14.4). For the effect
under study it is the sum of the 5Rf; that matters while
the f sum rule is concerned mainly with the sum of the
~ORy, ~'. If one distributes the contribution to the f sum
into two parts, each one half of the original, there are
two contributions to the QORr;, each 1/V2 of the orig-
inal. If these are in phase, as they are expected to be
according to (11.3) and (9.2), for the same p, the value
of QBRy, is 2/v2=v2 times the original and the prob-
ability of transfer is increased by a factor 2. There
exists therefore a possibility of an increase in the effect
for this reason.

(g) The effect of correction for the exchange character
of nuclear forces has not been included. This eGect has
been included by Levinger and Bethe' in their esti-
mates of the theoretically expected photodisintegration
and it increases the eGect. In the comparison with
experiment carried out by Levinger and Bethe there is
evidence for the existence of the eGect, at least to the
extent of providing an empirical correction to their
estimates of the integrated photodisintegration cross
section made by means of the f sum rule.

(h) The comparison has been made for the perihelion
of the collision leading to largest deAection. This is the
most favorable condition for ground state tunneling.
The virtual state process is for this reason underesti-
mated, since for it proximity of the heavy aggregates
does not enter as critically.

(i) Dipole effects only have been considered so far,

The presence of these eGects makes it clear that the
estimates presented have no claim to quantitative
validity. On the other hand, they show that virtual
state formation by Coulomb excitation is more im-
portant at low bombarding energies than leakage
through the region of negative kinetic energy for
nucleons in their ground state.

An exact calculation of the energy dependence and
of the angular distribution will not be attempted in the
present paper. A few qualitative considerations will,
nevertheless, be carried through. Their object is to see
whether virtual state formation can conceivably fit the
observations of Reynolds and Zucker. ' The problem of
capture of the nucleon from a virtual state by the
nucleus carrying charge Z& has some analogies to that
of the capture of an electron by an ion traveling through
a gas. The principal viewpoints regarding this problem
have been treated by Thomas "Bohr "and Brinkman
and Kramers. '7 The important part of the process can
be pictured by regarding the electron as released by the
parent atom as soon as the forces exerted on it by the
atom and ion are equal and counting it as attached to
the ion whenever its energy in the system of the ion is
negative at the instant of release. Applying this picture
to the transfer of the nucleon from the virtual state to
(Zq, ra~), conditions for the application of the criterion
are simple for virtual states in the continuum. The
condition for release is satisfied whenever the nucleon
is inside the capturing nucleus or even considerably
outside it. A wide range of energies in the continuum
satisfies the condition for the energy being negative at
the capturing nucleus. As the two nuclei approach, the
virtual state wave function increases in amplitude and
some virtual state nucleons thus move through the
capturing nucleus. As an approximation, it will be sup-
posed that the fraction (nb')/(4rr02) of all virtual state
nucleons is intercepted and captured. Here ro is the
distance of closest approach for a given orbit. This
criterion leaves out of account many relevant features
of the process, in particular the infiuence of the adiabatic
character of the collision on the lack of eGectiveness of
the transfer. The anisotropy of the virtual state also
was neglected. Such factors can be included in a later
improvement, however. The probability of transfer for
an orbit will thus be taken provisionally as

&,p,2/4«2).

In terms of the impact parameter p, the cross section
corresponding to the annular region between p and
p+dp is 27rpdp. Close to nuclear dissociation the prob-
ability of the virtual state is obtainable from (11.3).
Taking P„~P&'& [ one obtains

~
(r„)/(Z2r) ('~P~'

which indicates that
~
(r~)/(Z2«)

~
is the probability

~ L. H. Thomas, Proc. Roy. Soc. (London) A114, 661 (1927).
"N. Bohr, Kgl. Danske Videnskab. Selskab, Mat. -fys. Medd.

18, No. 8 (1948).
'7 H. C. Brinkman and H. A. Kramers„Proc, At:ad, Sqi. Amger-

Qam 33„973 (1930),
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Fro. 1. Relative values of differential transfer cross section O.g
for low virtual state excitation plotted against angle 8 in degrees.
Dashed curve neglects recoils, solid curve includes recoils but
neglects interference.

a"d (27r cos8)
2' pdp=

4 sin4(8/2) 4 sin4(8/2)
(15.3)

where dQ is the solid angle for the deQected particles
corresponding to the annular region (p, p+dp). Com-
bining the value of the area with (15.1) and (15.2),
the chance of transfer per unit solid angle of scattered
direction is

One has
17600[1+ sin (8/2) J4

t [1+sin(8/2) 7
—4d 0= (2n./3),

(15.4)

(15.5)

and employing b = 1.5&& 10—"2& cm, b'/17600= 7.4
&(10 "cm' so that J'O.adQ= 15.6)& 10 "cm' This value
is larger than the experimental 0- for either neutrons or
protons at this bombarding energy, both of which are
between 10 " and 10 " cm'. Since there are several
factors which can make the cross section larger, there
appears to be no objection to supposing that the partly
adiabatic nature of the collision has some effect and
also allowing some of the virtual states to be in the
region of high excitation energies, for which, it will be
remembered, the virtual state formation is less probable
according to (13.9).

The estimate of the total cross section is not in the
way of assuming that at 10-Mev bombarding energy the
transfer is mainly caused by virtual state formation.
The energy dependence expected for the mechanism
used in obtaining (15.4) will now be estimated. There
is a factor 1/E' present in a" of (15.3). Similarly there is
a factor 1/E in every ro which entered in the factors
(15.1) and (15.2). In (15.1) there is thus a factor E'.
In (15.2) there was at an earlier stage a factor 1/r'

of there being a virtual state at the perihelion. At
Ebo~b 10 Mev, employing Eq. (14.6), the chance of a
virtual state is then, on substituting numbers,

(1/440) (2a'/ro)' (15.2)

By means of (12.3), one finds

sin'(8/2)/[1+ sin (8/2) ]' (15.6)

and taking into account recoils but neglecting inter-
ference between the two amplitudes one expects 0- to be
proportional to

sin'(8/2) cos'(8/2)

[1+sin(8/2)] [1+cos(8/2) j'
(15.7)

Plots of these quantities are shown in Fig. 2. They are
seen to be reasonably similar to the experimental 0-. The
data plotted are for the case of neutron transfer; how-
ever, it may be expected that neutron transfer and
proton transfer should be approximately equal in this

giving rise to 8'. There is a net factor E' which gives a
factor 2.2 between 10 and 15 Mev. This factor is smaller
than the experimental 9.0&(10 "/5.0)&10 "=18.One
can try to explain the discrepancy by assuming that at
15 Mev the virtual state process is subordinate to
nucleon tunneling which could be supposed to have
increased by a larger factor than the experimental r in
this energy range. It has been found' in fact that the
nucleon tunneling should increase much more rapidly
with energy than the observed 0..

Such an explanation cannot be reconciled with the
angular dependence of 0- at 16.3 Mev. The latter shows
a depression at small angles. On the other hand, the
above model gives a pronounced peak at small angles
which is the residue of the large small-angle Rutherford
scattering. In Fig. 1 are shown two plots. One of them
is the factor 1/[1+sin(8/2)$' of (15.5), which cor-
responds to the angular variation of o.g t,„„, for-
getting about recoil particles. The second, represents
1/[1+sin(8/2)$4+1/[1+cos(8/2)j4 and includes the
eGect of recoils. The experience in reference 1 shows
that the effect of interference between the two effects
is not major and it will be neglected therefore. Even
a factor 4 at 0=90', which is a maximum possible esti-
mate for the interference eGect and is larger than the
factor 2/3 calculated in reference 1 can only succeed
in Qattening the curve to an approximately horizontal
line but does not reproduce the observed rise at inter-
mediate angles. A dominance of the nuclear tunneling
e8ect at 19.2 and 21.1 Mev would also give peaks of c-

both at 0=0' and 0= 180' which is in disagreement with
experiment. This part of the argument is not as strong
as the 6rst because there could conceivably be inter-
ference between direct tunneling and virtual state
transfer. Also the higher energies are not clearly cases of
transfer at a distance. The lower energy observations
appear to be sufhcient, however, to exclude the model.

The situation changes completely if one uses the
dependence on r to be expected from the high-excitation
conditions. The extra power of 1/r in the amplitude for
virtual state formation present in (11.3) gives an extra
factor 1/r~ in the differential cross section which be-
comes proportional to
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model. Since nearly the same type of distribution is
observed at 16.3, 19.2, and 21.1 Mev, it appears prob-
able that the virtual-state formation process is domi-
nant through most of the energy range. At the higher
energies the direct tunneling process does not dier
from the experimental curve in as pronounced a way
as at low energies. One cannot exclude some direct
tunneling at 19.2 Mev, but at 16.3 Mev the proportion
of cases taking place by direct tunneling must be small.
In comparing total yields at 10 and 15 Mev, it is im-
possible to assume therefore that at 15 Mev direct
tunneling is dominant.

The dependence on energy corresponding to (15.6)
and (15.7) differs from that for the first model through
the inclusion of an extra factor 1/r in (11.3) as com-
pared with (9.2). There is therefore an extra (1/ro)'
in the expression for the transfer probability. Since ro
contains u' and a' is inversely proportional to E, there
appears an extra factor E' corresponding to an E4
rather than E' dependence of 0- on E. The expected
factor between 10 and 15 Mev is (1.5)'=5.1 as com-
pared with the observed ratio of 18. There remains a
discrepancy of a factor 3.5. This may be partly account-
able for by the participation of direct tunneling at the
higher energy. Such participation cannot be excluded
because the direct and virtual state processes give rise
to the same final states, so that interference terms be-
tween the two types of angular distributions cannot be
excluded. It is improbable that one could account for
the whole factor 3.5 on this basis, since this would
require dominance of direct tunneling at 15 Mev which
is hard to reconcile with the angular distribution. The
factor to be accounted for is appreciably smaller, how-
ever, than for the first model. It is seen therefore that
high rather than low excitation is favored by experiment.

The outstanding discrepancy is the factor 3.5 in the
total yield for the high excitation model. This factor
cannot be considered as an objection to the explanation
in terms of virtual state formation on account of the
following omissions in the considerations. In the erst
place, the virtual states must be appreciably distorted
by the presence of the capturing nucleus. The distor-
tion is more pronounced at the higher energies. At 10
Mev the distance between closest points of nuclear
surface 2u' —2b=7.3&10 " cm while 2a'=14.1&&10—"
cm. At 15 Mev, 2a'=9.4)(10 " cm and the distance
between closest points is only 2.6)&10 " cm. It would
not be surprising if both the direct tunneling and virtual
state formation estimates were seriously affected. In
particular the virtual state could conceivably form a
more intimate combination with the capturing nucleus
than has been considered, leading to a relatively higher
yield. Secondly the inQuence of the adiabatic nature of
the collision on the probability of transfer from the
virtual state has not been taken into account. In this
connection there enters the collision time of the process.
Approximating the radial motion at the perihelion by a
uniformly accelerated one and de6ning the collision

CO
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FIG. 2. Relative values of differential transfer cross section O.g
for high virtual state excitation plotted against angle 8 in degrees.
Dashed curve neglects recoils, solid curve includes recoils but
neglects interference. The histogram shows experimental distribu-
tion' at 16.3 Mev.

time as the time necessary to move from ro to 2ro, the
collision time is

At = {2ro/Lv2 —(ZiZqe'/pro) g) '*.

For close collisions, LU=2ro/v. For distant collisions,
Dt—2l(ro/v)L1+a'/(2p)). Approximately, therefore, Dt
is proportional to ro. For close collisions at 10 Mev, one
has At=181 e'/mc'=169&(10 " sec. The time needed
for a nucleon with 20-Mev kinetic energy to traverse
the nuclear radius b= 3.62)&10 "cm is 5.75)&10 "sec.
The collision time is long compared to this time. It is
also long compared with the time 5/AE where hE is the
excitation energy. If we take for the latter hE a nominal
5 Mev, the time is t't/(10mc') = 13.7e'/mc'= 12.6)&10 "
sec, which is again short compared with ht. The latter
fact means that Coulomb excitation is small compared
with virtual state formation at the perihelion. The
former indicates that a potential well will behave
adiabatically during the collision time. It would appear
at first sight that no capture is to be expected. In the
consideration of capture, however, there enters the time
of passage between the nuclei and return which is
2)&14.1&(10 " cm/3. 62)&10 " em= 7.8 times longer
than the time to traverse b. The value of d, t is further-
more too large because the amplitude of the virtual state
decreases by a factor 1/4 during that time and in addi-
tion there is a decrease at the capturing nucleus by a
factor 1/2 caused by the variation of the amplitude of
the function in space. The relevant times are therefore
comparable, leading to the expectation of an appreciable
transfer probability but with a dependence on the
collision time. This dependence produces effects similar
to those caused by going from the low-excitation to the
high-excitation model. It subdues the effectiveness of
small-angle collisions and produces therefore the same
kind of difference as that between Fig. 2 and Fig. 1.
Besides it subdues the effectiveness of low energies on
account of the more nearly adiabatic character of the
collisions in this energy range. This is the desired type
of effect for the high-excitation model which left a
factor of about 3.5 in the energy dependence to be
explained.
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In the above considerations, free use was made of
classical mechanics in making estimates regarding the
nature of the collisions. Among them there was the
estimate of the period of the whole system with 6xed
positions of the heavy aggregates which enters a com-
parison with the collision time. In a quantum calcula-
tion there enters in place of this the time corresponding
to the transition frequency between the initial and Anal
states. In the case of N'4+N'4 —+N"+N", this time is
especially long because of the approximate resonance
in neutron energies, i.e., the near equality of binding of
the last neutron in N'4 and N's. In mass units N"+N'4
—(N"+N")=0.00028= 0.261 Mev. The value of
is/0. 261 Mev is 240)&10 "sec which is longer than the

collision time of 169&10—"sec but of the same order.
The qualitative situation is not changed by the quan-
tum estimate. It suggests, however, that characteristic
differences may be found in reactions with different
energy evolutions.

It appears from the above discussion that the meas-
urements of the di6erential cross sections suggest the
way in which virtual state formation enters the collision
process. The suggested picture is either excitation to the
lower part of the continuum strongly inAuenced by the
degree to which a given orbit performs an adiabatic
rather than shock-type collision; or else excitation to
higher energies with a smaller inhuence of the degree of
adiabaticity appears at present to be equally acceptable.
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Energy Distribution of Mass-97 Fission Fragments from
Thersrral-Neutron Fission of Uranium-235
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The energy distribution of mass-97 fragments from thermal neutron induced fission of U"' was measured
with a high-resolution magnetic spectrograph. The fragments originate in a thin plating of U2'~ near the
center of the Oak Ridge National Laboratory graphite reactor and travel 16 feet to a wedge magnet which
analyzes and focuses them at the focal plane 6 feet beyond. There they are caught in an aluminum foil
which, after the irradiation, is cut into strips each of which is radiochemically analyzed for Zr' . The Hp
distribution is complicated by the large energy width which leads to overlapping of momentum distributions
from successive charges. An analysis of the shapes of the IIp distributions obtained with different relative
charge populations determines that the width of the energy distributions is (11.4+0.8)% corrected for
broadening due to prompt neutron emission. This result is in agreement with measurements of the distri-
butions of the number of neutrons per fission but is in sharp disagreement with the predictions of Pong's
theory of the Gssion process. The most probable energy is 174.7+2 Mev for the mass-97 fission mode, and
about 164.5&3 Mev for the mass-91 mode.

INTRODUCTION

HE energy spectrum of 6ssion fragments of a
given mass has been investigated by several

groups' using ionization chamber techniques; they have
obtained roughly Gaussian distributions with the most
probable total kinetic energy release, E, about 155 Mev,
and full width at half-maximum, AE/E, about 15%.
Recent investigations of ionization defects for hssion
fragments' have indicated that the former result is
much too small, and experiments using both time-of-
Qight' and calorimeter4 techniques have measured E to

' D. C. Brunton and G. C. Hanna, Can. J. Research 28A, 190
(1950); W. Jentschke, Z. Physik 120, 165 (1943); A. Flammers-
feld, Jensen, and Gentner, Z. Physi 120, 450 (1943);M. Deutsch
and M. Ramsey, U. S. Atomic Energy Commission Report
MDDC-945, 1945 (unpublished).' H. W. Schmitt and R. B.Leachman (private communication).' R. B.Leachman, Phys. Rev. 87, 444 (1952); R. B.Leachman
and R. W. Schmitt, Phys. Rev. 96, 1.366 (1954); W. E. Stein
(private communication).' R. B. Leachman and W. D. Schafer, Can. J. Phys. 33, 357
(1955).

be about 167 Mev. The situation regarding the width
of the distributions is considerably less certain. By
comparing the results of time of flight and ionization
chamber experiments, Leachman' concluded that the
experimental dispersion in the latter experiments was
about 9%, which would reduce hE/E to about 12%.
However, Fong, ' analyzing the same data, found hE/E
to be only 8%. From measurements of range distribu-
tions in various gases, Good and Wollans found AE/E

6%,' however, their corrections for foil thickness were
quite large and appear to be inconsistent with other
data. The general consensus has been that, due to the
large dispersion and many other inaccuracies inherent
in ionization chamber and absorption techniques, these
experiments do not establish a lower limit to the widths
of the energy distributions. It was decided, therefore,
to measure these widths by magnetic analysis. In the
process, new measurements of E were obtained.

' P. Fong, Phys. Rev. 102, 434 (1956).
, Good and E. O. Wollan, Phys. Rev. 101, 249 (1956),


