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Critical Magnetic Scattering of Neutrons by Iron
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The experimental results of Wilkinson and Shull for the small-angle magnetic scattering of 0.9 A neutrons
from iron at temperatures close to the Curie point are analyzed in terms of the instantaneous correlation
between pairs of spins of the iron atoms. Fourier inversion of the angular distribution of the scattering gives
the spatial dependence of the spin-spin correlations, while their temperature dependence follows from the
temperature variation of the angular distributions. The correlation functions so obtained are compared with
the asymptotic form predicted by statistical mechanics and show consistency with the measured values of
the paramagnetic susceptibility for iron above the Curie temperature.

I. INTRODUCTION tion of clusters, while for the ferromagnet, there are the
exchange interactions between neighboring atoms that
give rise to a coupling energy which depends on the
spins of neighboring atoms and which allows formation
of clusters of aligned spins.

Knowledge of the intermolecular forces between gas
particles determines (at least in principle) the prob-
ability distribution for 6nding a particle at any distance
from a given one. Similarly, the spin-dependent energy
of the ferromagnet determines the probability for 6nd-
ing the spins surrounding a given one aligned with it.
These probability distributions determine the collective
scattering properties of the system.

When the minimum potential energy between a pair
of elements of the system is small compared to their
thermal energy, then these probability distributions are
quite closely determined by considering only the direct
interaction of the pair. However, as the temperature is
lowered toward a critical point, the distance and tem-
perature dependence of the probability distributions
take on a special behavior which reQects the essential
cooperative nature of the eGects, and which is ac-
companied by anomalous behavior in the thermo-
dynamic variables of the system. This state of aGairs
exists in a rather small temperature region surrounding
the critical temperature, and in this region, gives rise
to very special scattering properties.

In Sec. II, the connection between magnetic moment
Quctuations and spin-spin correlations is discussed; a
formal treatment is given in Appendix I. The deter-
mination of the correlations by Fourier inversion of the
experimental small-angle magnetic scattering is treated
in Sec. III. These results are compared with the
asymptotic form for the correlations predicted by sta-
tistical mechanics and with the observed paramagnetic
susceptibility for iron in Sec. IV.

HE experimental results presented in the previous
paper for the small-angle magnetic scattering of

about 1 A neutrons from iron in the vicinity of the Curie
temperature appear to be a manifestation of Quctuation
phenomenon peculiar to macroscopic systems in the
vicinity of critical points. The general features of these
Quctuations were recognized a long time ago in experi-
mental and theoretical studies' of the abnormally large
scattering of light from dense gases in the vicinity of
their critical points (the so-called critical opalescence).
Since that time much work has been done on the small-
angle x-ray scattering from dense gases. '

The interpretation of the small-angle magnetic neu-
tron scattering in terms of Quctuations in magnetic
moment density and range of correlations between spins
is closely analogous to the interpretation of the small-
angle x-ray scattering in terms of Quctuations in par-
ticle density and range of the molecular pair distribution
function. This connection, established in detail by Van
Hove, ' is another example of the close analogy between
the two systems, others being the similarity with regard
to thermodynamic variables as well as to specific sta-
tistical models. 4 Some qualitative aspects which bear on
the scattering properties of both systems near critical
points will now be mentioned.

In these studies, the essential point is that one has
to deal with cooperative systems, in which the elements
of the system cooperate to form units, and in which the
ability to form such units depends markedly on the
extent to which the elements have already cooperated.
For the gas, the cooperation is insured by the attractive
part of the intermolecular forces which cause the forma-

*Now at Massachusetts Institute of Technology, Cambridge,
Massachusetts, assigned to Brookhaven National Laboratory,
Upton, New York.' For a list of these, see M. J. Klein and L. Tisza, Phys. Rev. II. FLUCTUATIONS AND CORRELATIONS
76, 1861 (1949).

Q For a general discussion, see A. Guinier and G. Fournet, The qualitative behavior of the correlations which
Smell Angle Scattering of X-Rays (John Wiley and Sons, Inc. , determine the magnetic scattering properties can be
New York, 1955), Chap. 2.' L. Van Hove, Phys. Rev. 95, 1374 (1954). inferred from a general result of statistical mechanics

~ ~

' T. D. Lee and C. N. Yang, Phys. Rev. 87, 410 (1952). which connects Quctuations in magnetic moment with
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Fio. 1. Qualitative behavior of the magnetic moment fluctua-
tions and spin-spin correlations for a ferromagnet at different
temperatures. (a) Probability distribution P(!Mn! ) for magnetic
moment! Mn! of the subregion 0 at different temperatures. (b) Dis-
tance dependence of yg', the deviation of the spin-spin correlation
(Sp Sa) from its asymptotic value Sr' at temperatures correspond-
ing to those in Fig. 1(a).

magnetic susceptibility. Analogous relations for gases
relating particle density Quctuations to compressibility
are well known. '

Consider the magnetic moment Mo of a subregion 0
of the ferromagnet, small compared to the total volume,
yet containing a tremendous number of spins X&. This
moment is the vector sum of all the atomic magnetic
moments in the subregion, and Quctuates about its
average value, (Mn), so that an instantaneous picture
of the region would, in general, show a magnetic
moment diferent from the average. The extent of the
excursions of the magnetic moment from the average
value is measured by the mean square deviation from
the average, ([Mn —(Mn) [')= ([Mn [')—[ (Mn) ['. Since
the probability for observing a magnetic moment
Mn—= [Mn [ will be a Gaussian centered about the aver-
age value, the quantity f (Mo') —

[ (Mn) [')& will measure
the half-width of this distribution. The qualitative
temperature dependence of these probability distribu-
tions, as inferred from the following discussion, is shown
in Fig. 1(a). Consider 6rst temperatures above the
Curie temperature T, and vanishing external magnetic

~ See, for example, R. C. Tolman, The Princip/es of Statistical
Mechanics (Oxford University Press, Oxford, 1950), Chap. XIV.

field H. We neglect anisotropic interactions, so that the
properties of the spin lattice are invariant to simul-
taneous rotation of all spins. Then from the statistical
mechanical definition of the average value of a dy-
namical variable there follows the relation

(Ma') =3kTNn)(, (1)
where g=No ' limrr p(8(Mn)/BH) is the magnetic
susceptibility per spin. At temperatures above and
removed from T„y is well-behaved, and the half-width
is proportional to the square root of the number of
moments Eg in the subregion. From this we conclude
that the chance of observing a Quctuation in magnetic
moment proportional to the total number Eg is essen-
tially zero. However, as T approaches T„ the suscepti-
bility in vanishing external magnetic field approaches
po (or rather x becomes of order Nn which is the same
thing in the limit Nn —+po), and Ructuations in Mn be-
come tremendous. In particular, the probability of
finding a Quctuation for which the magnetic moment
has a value proportional to Eg is no longer negligible
arid will occur for appreciable fractions of the time of
observation. This situation will exist only in the narrow
temperature interval above T,. For temperatures below

T„ the same qualitative behavior of the Quctuations
is expected as T is increased toward T„although Eq.
(1) does not hold in this region. The temperature region
T(T, is characterized by the presence of spontaneous
magnetization or long-range ferromagnetic order, so
that as H is reduced to zero, (Mn) tends to a finite
value which increases rapidly as T decreases from T,.
For this temperature region we may choose the s axis
of our coordinate system along the direction of H.
Then, with our assumption of isotropic spin-spin inter-
actions, (Mn) will lie along this direction. A calculation
similar to that involved in Eq. (1) shows that the
Quctuations in the s-component of magnetic moment are
given by the formula

(Mn. s)—(Mo, )'= kTNnx, (2)

where as in Eq. (1), z is the susceptibility per spin in
vanishing magnetic field. Since y must increase as T
increases toward T„with x—&~ as T—+T., we again
expect the Quctuations to become very large as T, is
approached from lower temperatures.

The qualitative behavior of the correlations between
pairs of spins, which is important with regard to the
small-angle magnetic scattering of neutrons, is now easy
to see. We first recall the definition and significance of
the correlation function. Calling Sp the spin at the
(arbitrarily chosen) origin, and Sii the spin at a lattice
point a distance R away, the scalar correlation between
the two spins is defined as the average of their product,
(Sp' Sii). This quantity is a measure of the inRuence of
one spin on the other, and reduces to the product of
the averages (Sp) (Sii)= [(Sp) ['=Sr' when R becomes
very large. With ferromagnetic interactions, the two
spins Sp and Sa tend to be aligned, and (Sp' Sg) will be
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FiG. 2. Small-angle magnetic scattering of 0.9 A neutrons
produced by iron at different temperatures.

a positive decreasing function of E, tending to the limit-
ing value Sr'. Since Sr= ~(Sp)~ is proportional to the
average magnetic moment per spin at temperature T,
in the absence of an external magnetic field we will have
S& equal to zero in the paramagnetic region above the
Curie point. As the temperature is lowered below the
Curie temperature, Sz rises rapidly, giving rise to
elastic magnetic scattering localized in the di6rac-
tion peaks.

Scattering through small angles depends strongly on
the correlation at large distances, so let us consider
(Sp. Sg ) where R' is a distance of the order of the linear
dimensions of the volume 0 previously chosen. For the
ferromagnet at temperatures above and removed from
T, (Sp' S~ ) is essentially zero. This follows from our
previous conclusion that in this temperature range
Quctuations with magnetic moment proportional to Eg
almost never occur, which implies that these two spins
are almost never aligned. In these small Quctuations,
then, we expect to And regions over which one spin
exerts an appreciable inQuence on its neighbors, but
only over distances of the order of some few atomic
spacings. If we call these regions spin clusters, we may
say that the spin clusters are of atomic size when the
Quctuations are normal. However, as T, is approached
from above, the existence of magnetic moments Afar

proportional to the total number of spins Eo implies
that these two spins, although separated by very many
atomic distances, are aligned for appreciable fractions
of the time. Therefore as the Curie temperature is
approached, (Sp Sg ) increases and reaches a maxi-
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FIG. 3. Temperature variation of the magnetic scattering of
0.9A neutrons produced by iron at several fixed scattering
angles.

mum at this temperature, where the Quctuations are
the largest, The correlated regions, or spin clusters,
now have a spatial extent much larger than atomic
dimensions.

The above argument repeated for temperatures below
T, shows that (Sp S~ ) must differ from its asymptotic
value Sz' as T, is approached from below, with the
deviation becoming a maximum at 1',. A more formal
development of these ideas is contained in Appendix I.

As remarked, with ferromagnetic interactions, we
expect the correlation function to be a monotonically
decreasing function of the separation distance E., so
that its qualitative dependence on distance and tem-
perature can be inferred from our considerations above.
Figure 1, which summarizes this discussion, shows this
dependence in the three diGerent temperature regions.
%e may note that it is the behavior of the deviation of
the spin-spin correlation function (Sp Sg) at large
distances from its asymptotic value Sz' which should be
symmetric above and below T,.

III. FOURIER INVERSION OF THE
SCATTERING DATA

The angular dependence of the small-angle neutron
magnetic scattering data for several temperatures is
shown on an absolute scale in Fig. 2. Signi6cant features
of these curves are the greatly increased neutron scatter-
ing at the small angles over the paramagnetic value,
and the sharp rise in the smallest angle scattering as the
temperature is lowered toward the Curie point. Figure 3
shows the temperature variation of the magnetic scat-
tering for several 6xed scattering angles. According to
our previous discussion, the behavior illustrated by
these two figures implies a corresponding increase in

both the magnetic moment Quctuations and the range
of the correlation between a pair of spins. This spin-spin



GERSCH, SHULL, AND WILKINSON

correlation function (Sp' Sip) will now be obtained from
Fourier inversion of the scattering data.

The diGerential cross section for inelastic magnetic
scattering per unit solid angle and unit interval of
outgoing neutron energy e for a polycrystal of E
spins is'

d'o (pe' ) ' 1V k
— —If() I'2

dndp Emc'i 3~5 kp

XexpI i(x R—ppt) j»'(t), (3)

where kp and k=kp —ip are initial and final wave
vectors of the neutron and io=h(kp' —k')/m, rrt being
the neutron mass, and y is the neutron magnetic
moment. Here pip'(t) is the time-dependent deviation
of the correlation function from its asymptotic value,
pa (t)= (Sp(0) Sz(t) )—S&'. The time dependence of
»'(t) accounts for the neutron-spin lattice energy ex-
changes, and permits qualitative discussion of the degree
of inelasticity in terms of the spin-spin relaxation time
and the time spent by a neutron in traveling over a
correlation range. These energy exchanges, by no means
negligible at general temperatures, become very small
as the Curie point is approached. This is pointed out in
Van Hove's work, where he shows that the relaxation
time for the magnetic moment fluctuations becomes
very large as T—+T,. Under these conditions, the time
the neutron spends in a correlation range is much less
than the relaxation time, which is precisely the require-
ment for negligible energy exchange. The same behavior
is implied in the picture of the large magnetic moment
fluctuations which correspond to modes of excitation
for the spin system with very long wavelength and hence
very small energy. Semiquantitative calculations indi-
cating negligible energy exchange for the experimental
conditions we have here are given in Appendix II.

Under these conditions the momentum transfer Af~

is essentially independent of energy transfer Ace, so that
integrating Eq. (3) over all outgoing neutron energies
gives the static approximation

1 do &ye' q
'

I xplf(. ) I P»'(0)
X dQ (mc')

T)T„y ip'(0) would be zero except for R=O, when
yp'(0)=S(S+1), and Eq. (4) would yield the para-
magnetic scattering,

1 do„2 |'pe )~.(~) =— =-I
I If(~) I's(s+1).

1V dQ 3 Emc']

It will be convenient to deal with the ratio of the
scattering over the paramagnetic value,

o-(1~,T)»'(0)
o, (~,T) =- exp(ix R).

o.„(~) & S(S+1)
(6)

Q ya'(0) exp(ir. R)

y(r) exp(ipse r)8(R —r)dr, (7)
z 0

where for simplicity p(r) has been written for y„'(0).
For the 8 function, we use the representation

b(R —r)=(2n.) ' expIit (R—r)]dt.

The result of summing over lattice points is

3

Q exp(it R) = (2s)'g 6(b;—2prl;),

It is clear that the experimental small-angle scattering
data shown in Fig. 2 will furnish mainly information
on the behavior of »'(0) for large distances R. If we
limit ourselves to: (a) the distance and temperature
region in which the fractional change in»'(0) over a
lattice spacing is small, and (b) the angular region for
which ~ is sufficiently small so that many terms in Eq.
(6) make an appreciable contribution; then this sum
may be replaced by an integral and ya'(0) treated as a
continuous variable. However, in order to have some
means of estimating the reliability of pip (0) obtained
in this approximation, we will proceed formally. Writing
the sum in Eq. (6) as an integral using the Dirac
8 function, we have

Xexp(ir. .R), (4)

where»'(0) is the instantaneous correlation whose
qualitative behavior was discussed in the previous
section. Equation (4) is now quite closely analogous to
the differential cross section for scattering of x-rays by
Quids, the major diBerence being that the definite
spatial location of the spins requires the sum over
lattice points in Eq. (4), whereas the fluids are charac-
terized by a continuous pair distribution function. For
scattering through the small angles involved here, this
di8erence is expected to be a minor one.

If there were no interaction between spins, then for

where t= P b;~, , with the ~; basis vectors of the
i=1

reciprocal lattice, and where the t; (i=1, 2, 3) are
integers. Equation (7) then becomes

Q ya'(0) exp(ix R)

1
expLi(x —2pr~) r]y(r)dr, (10)

where vo is the volume of the crystal cell and c is a
vector in reciprocal lattice space. Averaging over all
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directions for the polycrystal, we have

@A-

S(S+1)~o, (~,T) =— ry (r) sinxrdr
&o ~o

0.60

0.55

0.50

2 Z~ f

+—P — y(r) sin~r sin(2m'. r) dr, (11)
po .go r ~o

where Z, is the number of reciprocal lattice points at
the distance r. The lattice structure of the crystal is
reRected in the sum over reciprocal lattice distances in
Eq. (11).When p(r) has the long-range characteristic
of conditions near the Curie point, o, (a, T) will increase
not only for K close to zero but also close to the Sragg
scattering angles defined by K= 2m.r. These latter
maxima are, however, considerably weakened for the
polycrystal by the averaging over crystal orientations.

The experimental scattering data shown in Fig. 2 go
out to a maximum angle of 6.3', corresponding to an
upper limit for K of 0.765 A—', which is considerably less
than K=3.10 A—' which corresponds to the first Bragg
peak. Therefore, for the distance and temperature
range previously mentioned, 7(r) should be closely
determined by using only the first term in Eq. (11),
giving

KO'g (K)T) = ry (r) sin~rdr.
~OS(S+1) "0
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FIG. 4. Dependence of the spin-spin correlation p(r) on
distance r at di6erent temperatures.

while from Eqs. (AI.4) and (1) we have for T)T„
the relation

Fourier inversion of Eq. (12) yields

ry(r) =voS(S+1)
t

K™

ao, (~,T) sin~rd~. .
2'll '

Q

(13)

lim 0, (~,T) = r'y(r) dr,a~ ~Q(S+1) g
(14)

This last result would be exact if the upper limit K

were infinite. Due to the finite upper limit, we may
expect some broadening out of variations in y(r) with
distance r, but this should be a small effect since y(r)
is expected to be monotonic and slowly varying.

The reliability of y(r) obtained from Eq. (13) may
then be determined by using Eq. (11) to see how well
the observed scattering is reproduced.

The correlations determined from Eq. (13) are shown
in Fig. 4. The integrals were evaluated using a planim-
eter, with K intervals chosen suKciently small so that
there were at least six values of the integrand for every
half cycle of the sine function. Values of p(r) were
determined at about 1 A intervals out to 10 A, and at
2 A intervals out to 20 A. In these calculations, the
scattering cross sections were extrapolated to zero K

value from the smallest experimentally observed
K =K =0.114 A ', corresponding to scattering angle
0;„of0.9'.We are not unaware that such extrapolation
could be performed using the observed susceptibility,
for from Eq. (12) there follows the formula

r'y (r)dr =
~OS(S+1) ~0

=x/xi, (13)
4P'cVaS(S+ 1)

where p is the observed susceptibility at the given
temperature and x& is the paramagnetic susceptibility
xi——(2P)'S(S+1)/3kT at the same temperature. Since
our principal aim is to see how well the experimental
data confirm the increasing range of the correlations as
the Curie temperature is approached, we have not
utilized this procedure. Instead, the indeterminacy in

y(r) caused by the possible extrapolations to zero ~

value consistent with the experimental data have been
calculated and these are indicated by vertical bars in
Fig. 4. As expected, the uncertainty in y(r) caused by
this extrapolation is more important for the larger
distances r&SA, and negligible at the smallest dis-
tances. However, the close-in correlations themselves
are not precisely determined by the small-angle scatter-
ing data. This wouM require utilizing the data out to
larger angles as well as modifying the present approxi-
mation. The range of y(r) values for r(&S A which
satisfactorily reproduce, within experimental errors, the
observed scattering in the reliability test described be-
low are indicated in Fig. 4, and are the major source of
indeterminacy in 7(r) at small r values. Evident from
the figure is the increased range of the correlations with
approach to the Curie temperature T, (suggested to be
about 760'C from the peak in the scattering cross sec-
tion as a function of temperature at fixed scattering
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TABLE l. Comparison of experimental and calculated o,{~,T).

K

(A-1)
Oc (K)

r& 20A

754oC
Oc (K)r) 20A oc(K) ac(K)exp

790 C

oc(K) o-c(K)exp

836'C

trc(K) ac(«) exp

854'C

rrc (K) rrc (K)exp

0.1104
0.1564
0.1913
0.2207
0.2704
0.3121
0.3827
0.4413
0.4937
0.5842

85.84
55.45
34.98
20.90
5.33
0.82
2.24
3.94
3.44—0.09

—15.16—20.17—11.88—4.34
3.87
5.18
0.94—2.06—1.93
0.89

70.68 71.2
35.28 35.9
23.10 22.8
16.56 15.9
9.20 9.51
6.00 6.06
3.18 3.20
1.88 1.99
1.51 1.34
0.80 0.89

24.25 24.66
19.01 19.33
15.11 15.33
12.25 12.24
8.45 8.23
5.80 5.93
3.42 3.49
2.30 2.31
1.74 1.61
1.46 1.21

12.53 12.44
11.15 11.14
9.87 9.83
8.69 8.77
6.70 6.75
5.23 5.25
3.10 3.18
1.95 1.93
1.29 1.17
0.69 0.65

10.83 10.63
9.85 9.66
8.77 8.74
7.78 7.94
6.39 6.49
5.10 . 5.27
3.29 3.53
2.25 2.38
1.54 1.58
0.84 0.87

angle, as shown in Fig. 3). Also evident is the expected
deficiency of the small angle scattering data in deter-
mining y(0), which should be y(0) =2.34 for S= 1.11.

The reliability of these correlations may be checked
by the extent to which they reproduce the observed
scattering when inserted in Eq. (11). The results are
given in Table I, where the experimental o, ( xT) is
compared with that obtained from Eq. (12). For 754'C,
y(r) decreases so slowly that the contribution to o, (ir, T)
from r& 20 A is not negligible. These contributions were
calculated by 'using, for r) 20 A, the asymptotic
expression

y(r) = (C/r) exp( x,r) (16)
with C=2.09 A, Kl ——2.87X10' cm '. This asymptotic
expression is obtained in the next section. In Table I,
&r, (g, 754'C, r~&20A) and o.,(x, 754'C, r&~20 A) are
given, and their sum compared with the experimental
value. For the other temperatures, the contribution to
o, (x,T) from r)20A is negligible. The rather close
agreement shown in the table may be taken as indicat-
ing that, within the limits mentioned above, the ap-
proximate y(r) values must be quite close to the actual
correlations.

The comparison just made has neglected the terms
in the sum in Eq. (11) with rWO. From the orders of
magnitude involved, it is clear that these terms can
make only a very small contribution to o,(a,T). The
smallest 7 value is 0.4935 A ' corresponding to the
(110) Bragg reflection, so that the period of the factor
sin (2xrr) for this r is closely 2 A, compared with a
period of about 10 A for the term sinKr at the largest K

value. This coupled with the fact, evident from Fig. 4,
that 7(r) does not change much over a 2 A interval,
implies a very small contribution from the terms in
Eq. (11) with r/0.

These correlations have also been checked by com-
paring their space integral with observed values of the
susceptibility 7f according to Eq. (15). Details and re-
sults of the comparison are given in the following section.

IV. CORRELATION FUNCTION AT
LARGE DISTANCES

In this section, we will compare the behavior of y(r)
for r considerably larger than interatomic spacings with
that predicted by statistical mechanics.

For distances large compared with interatomic spac-
ings, and for temperatures close to the Curie point,
the instantaneous correlation function y(r) may be de-
termined by the method introduced by Ornstein and
Zernike' in their treatment of the asymptotic behavior
of the molecular pair distribution function for gases near
critical points. The result is, in Van Hove s notation,

y(r) = (4rrrPr) 'esS(S+1) exp( —Krr). (17)

From Eq. (15), the two lengths r& and x&
' are related

by the expression

esS(S+1)
I

4' ~ r'y(r)dr
~

= (xrrr)'=7fr/x, (18)

where, as before, » is the paramagnetic susceptibility
for noninteracting spins and x is the observed suscepti-
bility. The length rl is expected to vary slowly with
temperature compared with Kl, and must be of micro-
scopic size. This last follows since for T/T, considerably
greater than one, 7f&/7t approaches unity, and a&

' ap-
proaches rl. Since the range of the correlations must be
of microscopic size at these high temperatures, rl must
be of the order of interatomic spacings. (The fact that
Eqs. (17) and (18) are not expected to hold quantita-
tively for temperatures far removed from T, should not
e8ect this order of magnitude argument. ) In contrast
to the expected behavior of r] Kl must approach zero
as T~T, and x—+.

Numerical estimates for the temperature region of
validity of Eq. (17) are easily obtained. Derivation of
Eqs. (17) and (18) supposes that the fractional change
in y (r) over a lattice spacing is small, so that the discrete
correlation function may be treated as continuous, and
the true y(r) replaced by its asymptotic value. If as is
the nearest neighbor separation (as=2.48 A for n-iron)
this evidently requires that

Klao(&1,
or

KlCO~ go ~

This restriction on the range Kl
—' of the correlations may

be expressed as an upper limit on the temperature region
8 I.. S. Ornstein and F. Zernike, Proc. Acad. Sci. Amsterdam 17,

793 (1914);Physik. Z. 19, 134 (1918).
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of validity. From Eq. (18) using the experimentally'
observed x and putting r~=co we have the estimate

T—T,&25'. (20)

where

I=err t rsvp(r)dr

TAm.E II. Values of ~~ ' and rI obtained from the straight-line
fit to the curves of logry(r) Mrsls r.

T(C) r1 (A)

754
790
836
854

34.8~6.5
6.8W0.7
4.3~0.3
3.2a0.1

1.05+0.05
1.05&0.04
0.91&0.04
0.74&0.03

7 The data used are those of I.N6e1, Ann Physik 18, 5 {1932)
and H. H. Potter, Proc. Roy. Soc. (London) A146, 362 (1934}.

This rather small temperature interval would be sig-
ni6cantly increased by a somewhat larger upper bound
for z~. For example, if we use ~~ao&-,', then the tempera-
ture interval is about four times larger than that given
by Eq. (20). Since the temperature region is only
roughly estimated by this procedure, we will see to
what extent the y(r) determined by Fourier inversion
exhibit the asymptotic behavior expressed by Eq. (17),
even though the temperature interval spanned by the
experimental data is larger than given by Eq. (20).

If the y(r) obtained in the previous section have the
behavior expressed by Eq. (17), then a plot of logfry (r)]
against r should be a straight line with slope —~~ and
intercept at r=0 of esS(S+1)/(4srrts). Figure 5 shows
that the correlations at larger distances do indeed ex-
hibit this behavior. From the straight lines drawn in
the figure, the values of r~ and I(~

—' listed in Table II are
obtained. Also given are estimates of the precision of
the results so obtained. From the table one sees that
the quantity, ~& ', which measures the range of the
correlations, decreases rapidly with increasing tempera-
tures close to the Curie point, followed by a more
gradual decrease as the temperature is further increased.
The length r~ decreases rather slowly with increasing
temperature, a behavior to be expected from detailed
considerations involved in the derivation of the
asymptotic form.

In Table III, the asymptotic p(r) are compared with
the values obtained from Fourier inversion. For dis-
tances larger than about 6 A, the agreement between
the two is quite good. At shorter distances, the asymp-
totic expression gives y(r) values considerably higher
than those obtained from Fourier inversion. This result
is, of course, a consequence of the functional form of
the asymptotic expression.

These results for y(r) will now be compared with the
observed susceptibility according to Eq. (18),

7544C

g1 W

790't:

836'c i r~

~ X

8544 t

48 20 Rg

. 05

0.2

0.3

0.05

0.02

O.OI
O 2 4 6 8 i0 l2 t4 l6

rib)

Fro. 5. Dependence of ry(r) on distance r at
different temperatures.

In calculating the space integral of the correlations,
the contributions from r greater than 20A, which is
the maximum distance covered by the Fourier inversion,
are by no means negligible. For these distances the
asymptotic forms for &(r) have been used. In Table TV
we list separately the contributions to the integral I
from the two distance ranges. Their sum is then used to
determine the ratio (xr/y). „, as obtained from the
small-angle neutron scattering. The same value should
result from the quantity (~&rt)' so long as replacing y(r)
everywhere by its asymptotic form is a good ap-
proximation, i.e., when the range of the correlations
is sufficiently great. A comparison of (x&/x),„, with

(xr/x)„r nt in Table IV shows that this condition if
fuelled at the two lowest temperatures. For the highest
two temperatures, however, the asymptotic form for
y(r) gives too large a value for the space integral and
hence too small a value for the ratio (xr/x)~robot.

In the last column of the table we give the values for
the ratio (xt/x) „with x obtained from magnetic
measurements. It appears that for temperatures in the
neighborhood of the Curie pojnt, these values are not
precisely known. Neel7 has made detailed measurements
of y in the range of temperatures from the Curie point
at 770'C up to 800'C. His results show that the value
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TAzrz III. Comparison of y(r) obtained from Fourier inversion with asymptotic expression p(r),.rm„q.

(A)

2

6
8

10
12
14
16
18
20

0.495
0.368
0.276
0.200
0.161
0.129
0.101
0.081
0.070
0.056

754oC
'y (&)asympt

0.986
0.466
0.293
0.208
0.157
0.123
0.100
0.082
0.069
0.059

0.371
0.255
0.146
0.0795
0.0481
0.0315
0.0188
0.0117
0.0073
0.0056

790 C
P (&)asympt

0.779
0.290
0.144
0.0810
0.0481
0.0298
0.0191
0.0124
0.0082
0.0055

0.274
0.187
0.105
0.0510
0.0256
0.0124
0.00218

836'C
P (&)asympt

0.830
0.260
0.108
0.0512
0.0255
0.0133
0.0073
0.0039
0.0022
0.0012

0.280
0.190
0.0984
0.0398
0.0168
0.0077
0.0024

854 C
P (&)asympt

1.070
0.286
0.102
0.0408
0.0175
0.0078
0.0036
0.0016
0.0008
0.0004

I I
T r& 20A r) 20A

('C) 7A') tA')

754 279 2245
790 71 20
836 39 3
854 31

(XI/X)-p
(xso-4)

9~ 2
242~30
530~70
700~90

(XI/X) asympt
(X&o 4)

9
238
454
536

(xI/X) .I
(X10-4)

8.5& 2
150 &30
390 &40
480 a30

s W. Sucksmith and R. R. Pearce, Proc. Roy. Soc. (London)
A167, 189 (1988).

for x at a particular temperature is changed by about
25% by cooling the iron sample and reheating. The
measurements of Potterv which extend from the Curie
point up to 840'C give 1/g values larger than Neel's
average values by about 30%. The data of Sucksmith
and Pearce' which go down to 824'C yield 1/x values
about 30% smaller than Potter's in the overlap region.
The values (xr/x) „given in Table IV are averages of
the experimental results with errors estimated from
diGerences between independent results. In obtaining
these values, the temperature scale has been readjusted
to shift the Curie point to 760'C, the temperature at
which the observed neutron scattering at Axed small
angle is a maximum (Fig. 3). Considering the uncer-
tainty in the experimental susceptibilities as well as the
uncertainty in the adjustment of the temperature scales,
the comparison of the quantity xr/x obtained from the
two methods appears to be quite satisfactory.

V. CONCLUSIONS

Fourier analysis of the small-angle magnetic scatter-
ing of 0.9 A neutrons by iron in the vicinity of the Curie
point yields the behavior of the instantaneous correla-
tion between pairs of spins of the iron atoms. These
correlations are found to be monotonic decreasing func-
tions of the distance between atoms, with a range which
rapidly increases as the temperature approaches the
Curie point. For temperatures up to about 90'C above
the Curie temperature, the pair correlations appear to
have the asymptotic behavior predicted by statistical
mechanics. The volume integral of the pair correlation
function yields values for the susceptibility of iron
which are consistent with the measured values.

TAnzz IV. Comparison between values for (x&/x) predicted
from magnetic neutron scattering with (x|/x) „obtained from
susceptibility measurements.

APPENDIX I. RELATION BETWEEN MAGNETIC
MOMENT FLUCTUATIONS AND CORRELA-

TIONS BETWEEN PAIRS OF SPINS

The magnetic moment of the region 0 containing Eo,
spins is

NO

Mn ———2pp S,, (AI.1)

where p is the Bohr magneton.
The mean square deviation of the fluctuations in Mo

from the average will be given by

(~")—1(Mn) I'=4p'(2 S' 2 S )—4p'I (Z S') I'

=4p'iV u(S') 4p'No'Sr'—

+4Ps P P (S; S,), (A1.2)

where (Ss) and Srs are single-spin averages, (5')
=S(S+1), with S the atom spin quantum number and
Sr=En '(Q, S;) is the average spin vector per atom.

Now separate out the asymptotic value of (S,"S,)
by writing

(S; S;)=Srs+{(S;S;)—Sr')
=Srs+y '

Then Eq. (AI.2) may be written in the form

(Mu') —
I (Mo) I

'

=4P'~uI~(~+I)-&"3+4Ps 2 2 v„'. (»4)

Our discussion in Sec. II has shown that at tempera-
tures removed from the Curie point, Ructuations are
normal, and the quantity (3fns) —I(Mo)Is is propor-
tional to Xu. From Eq. (AI.4), we see that this requires
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do Ir ye' q
' 21VAS(s+1)

(AI.S)
—=I, I

— If( ) I'
3xmko

p;, which depends on the distance between the ith to z/0 may be neglected for the small-angle magnetic
and jth spins, to decay to zero over distances small scattering with which we are concerned. Integrating
compared with 0"so that the double sum may be written over 6nal neutron energy, we have
in the form

where the sum on the right side gives a value independent
of Eg. As T approaches T„since Ructuations become
tremendous, (Mo') —

I (Mo) I

' must become proportional
to a higher power of Ã&, and this fact requires p;, ' to
decay very slowly so that it is still appreciable for
separation distances of order 0'.

APPENDIX II. ESTIMATE OF THE DEGREE OF
INELASTICITY IN THE MAGNETIC

NEUTRON SCATTERING

In this Appendix, we give some estimates to show the
validity of the approximation of negligible neutron
energy exchange with the spin lattice in the range of the
experimental conditions. These estimates are based on
the treatment of the time dependent correlations given
by Van Hove. ' The asymptotic form for the pair corre-
lation function for times considerably greater than
microscopic relaxation times as given by Eq. (38) of
reference 3 is

y '(t) = (4m r 2) 'sos(s+1) (4s A
I
t

I ) l

X (1+n)'dn
ne+0'(1+a) +tp

h[n'+8'(1+n)]
X (AII.S)

g2[~2+tt2 (1+~)]2+~2(1+1~)2

If we had used instead the static approximation yg'(0),
we would have obtained

k'dkX,(AII.4)
r 2 (IP+K ~ j A 2K4+(d~

where the form factor f2 has been removed from the
integral since we will be considering only small ~ values.
Making the substitutions n= (k —ko)/kp, 6=mky/A,
P= ~~/ko, and putting sinai=8, this equation becomes

do 21V (7e')' If(~) I'
I S(S+1)

dQ 3 & wc') wry'ko'

XJ exp
—

I
R—R'I' dR'

(AII.1)R"

«2& /7e')' If(~) I'
I s(s+1) . (AII.6)

dn 3 Emc') r 2k 2 02+$2

where r~ and ~~ ' are the lengths characterizing the
instantaneous correlation

yg'(0) = (4rrPR) 'oos(s+1) exp( —~~R), (AII.2)

and where h.&
——X/x, y being the observed susceptibility

and A. a phenomenological constant. The signi6cance of
A. & is that it measures the time decay of a plane wave
fluctuation of the magnetic moment, the time decay
being given by exp (—A&k't), where k is the wave vector.
When T—+T„A~—+0, since then x~~ and X is expected
to vary only slowly with T. Our aim is to show that for
our experimental conditions A& is sufFiciently small to
justify the static approximation.

%hen the time-dependent correlation given by Eq.
(AII.2) is inserted in our Eq. (3), one gets for the
diGerential cross section for inelastic magnetic scatter-
ing the expression

d'o (pe' ) '2&V k
I

—s(s+1)—If(.) I

~

dQde (mc') 3~5 ko

(AII.3)
«~(l~ &I +"~) A~ I&—&I +"

Here the sum is over the vectors ~ of the reciprocal
lattice. As before, the terms in the sum corresponding

Comparing the last two equations, we see that the
static approximation will be a good one whenever the
spread in the length of the final momentum caused by
energy exchanges and represented by the half-width of
the term in curly brackets in Eq. (AII.S) is much less
than the momentum transfers represented by the half-
width of the term in square brackets. Solving for these
half-widths, we have

—[1+(2PP)']'——&—'(P+P')-: (AII.7)
26 28

as the requirement for negligible energy exchange. This
condition is equivalent to a restriction on two charac-
teristic times. Recalling that 8—+0 as T—+T„we may
suppose that 28'8'«1, so that Eq. (AII.7) becomes

or
~~'5 i'o (0'+t3') '

AyK ~& ~ o5 (K +KP) '&

(AII.8)

where v is the neutron velocity, and ~'=ho'O'. Since a
plane wave fluctuation in the magnetic moment decays
like exp( —A&k't), the quantity A&~' on the left above is
the reciprocal of 30, the decay time of the plane wave
fluctuation with which the neutron interacts when the
momentum transfer is A~. On the right side, neglecting
the factor ~', we have ~~a, the reciprocal of the time t'
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that the neutron spends in the correlation range I(.~-'.
Hence Eq. (AII.8) may be written as

tp& 10t'. (AII.9)

This relation shows that for negligible energy exchange,
the relaxation time for the magnetic moment Ructua-
tions should be much greater than the time spent by
the neutron in traveling over a correlation range. The
temperature dependence of the time t' is easily obtained
from the relation (xtr~)'= xt/x, giving

t =( /)(x/x)'. (AII.10)

The time to (h.&x')——=x/(Xx') may be estimated from
the fact that at high temperatures to becomes a micro-
scopic relaxation time which has been calculated3 to be
about 20k/J, where f is the interaction energy between
a pair of spins. For T/T, ))1, x—+gt, the paramagnetic
susceptibility for noninteracting spins. Also, the im-

portant momentum transfers must be of order A/rr,
since ri then represents the range of the correlations.
This determines the phenomenological constant X and,
assuming it to be temperature-independent, gives for the
relaxation time $0 the estimate

to= (20k/Jr Px') (x/x, ). (AII.11)

(The fact that we have here extrapolated results valid
near T, and for long times to much higher temperatures
and microscopic times should not affect the order of
magnitude of the results. ) Our requirement for negligible
energy exchange now reads

(20k/Jr 'tc') (y/xt) & 10(r /s) (x/xt) &. (AII.12)

Inserting the pertinent values, one sees that this condi-
tion is certainly fulfilled over the temperature range we
have used and over the values for ~= kgb corresponding
to the small angles involved.
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Relaxation Time of Surface States on Gerisianium*

R. H. KIRGsTQN AND A. L. McWHoRTER
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Two types of state exist at the surface of single crystal germanium; the first type, which is assumed to be
at the semiconductor-oxide interface, is chiefly responsible for the carrier recombination process, while the
second type, associated with the oxide structure and adsorbed ions, is believed to control the position of
the Fermi level at the surface with respect to the electron band energy. The latter type of state has been
studied by means of the "field-effect, "or change in conductance with an applied field perpendicular to the
surface. The results indicate that the relaxation or capture time of these states is much longer than that of
the interface states, and is also extremely sensitive to surface treatment and ambient gas. In addition, some
surface treatments lead to a distribution of time constants on the same surface over a range as large as six
decades. Possible physical models for this behavior are discussed as well as its connection with excess or 1/f
noise.

INTRODUCTION

~' ARLY in the study of high-purity germanium as a
~ semiconductor, it became apparent that the

surface of the material had additional energy states for
electrons beyond those normally expected in the bulk
material. In particular, it was necessary to postulate
electron levels in the gap both to explain metal-semi-
conductor recti6cation' and later to explain surface
recombination velocity. ' Direct evidence for the ex-
istence of such states was found by Shockley and
Pearson, ' who attempted to modulate the conductivity
of a thin evaporated 61m of germanium by applying an

~ The research reported in this document was supported jointly
by the Army, Navy, and Air Force under contract with the Massa-
chusetts Institute of Technology.' J. Bardeen, Phys. Rev. 71, 717 (1947).

~ W. H. Brattain and J. Bardeen, Bell System Tech. J. 32, 1
(1953).' W. Shoclrley and G. L. Pearson, Phys. Rev. 74, 232 (1948).

external electric field normal to the surface. Since the
change in conductivity was only about 10%%uq of what
had been expected from the magnitude of the induced
charge and the free carrier mobility, it was necessary
to assume that there were localized levels at the surface
which would absorb and thereby immobilize the
majority of the induced charge. Recently, this experi-
ment, the "Geld eGect, "has been studied in more detail
on single crystal germanium slabs4 —9; and, in con-
junction with measurements of surface conductance on

4 J. Bardeen and S. R. Morrison, Physica 20, 873 (1954).
s G. G. E. Low, Proc. Phys. Soc. (London) B68, 10 (1955);

B68, 1154 (1955).
'R. H. Kingston and A. L. McWhorter, Phys. Rev. 98, 1191

(1955).
~ W. L. Brown, Phys. Rev. 98, 1565 (1955); 100, 590 (1955).

H. C. Montgomery and W. L. Brown, Phys. Rev. 98, 1565
(1955).

'S. G. Kalashnikov and A. K. Yunovich, J. Tech. Phys.
(U.S.S.R.) 25, 952 (1955).


