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Photoproduction of Pi-Meson Pairs
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The cross section for photoproduction of pion pairs from hydrogen has been calculated from the cut-oB
static theory, assuming the energy is sufficiently low that one of the mesons is produced in an S state, the
other in a P state. It is shown that the cross section for this process can be expressed exactly in terms of
the P-wave scattering phase shifts, provided the S-wave meson-nucleon interactions and the meson-meson
interaction can be neglected. The theoretical predictions obtained here are in general agreement with
preliminary experimental results.

' 'T has recently been shown that a good understanding
~ - of the main experimental features of meson physics
can be obtained from a simple phenomenological
model. ' ' This model assumes that the only important
interaction is the absorption and emission of single
mesons by a nucleon, and that only low-energy inter-
mediate states are important for describing the behavior
of low-energy processes. This cutoff Vukawa theory has
been applied by Chew, with considerable success, to the
scattering of P-wave mesons and the photoproduction
of single mesons. The scattering of 5-wave mesons, for
which this model is inadequate, is relatively weak.

It is of course possible that the agreement with
experiment might be fortuitous, and since the linearity
of the interaction is the most arbitrary assumption in
the theory, the most direct further test can be obtained
by a study of states containing two mesons, in addition
to a nucleon. Thus similar tests of the cutoff Vukawa
theory can be obtained by a study of either inelastic
meson-nucleon scattering, or the simultaneous photo-
production of two x mesons from a single nucleon. The
photoproduction of a pair of mesons is especially useful
for this purpose, because, as will be shown, some de-
tailed predictions can be made without resorting to
approximate calculations, provided the meson-meson
interaction and the 5-wave meson-nucleon interactions
are negligible.

Since it is assumed that the only interaction is a
I'-wave interaction between a meson and a nucleon, the
cross section for producing two 5-wave mesons will

depend only on recoil effects, and therefore is expected
to be very small. The cross section for emitting both in
P states is difficult to estimate; we suppose that the
bombarding energy is low enough that the contribution
of this process to the cross section is much smaller than
the cross section for producing the 5-wave and one
I'-wave meson. We shall calculate the matrix element
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for production qf an 5-wave and a E'-wave meson,
neglecting recoil effects.

We use the methods of Wick, I.ow, and Chew, '4
which have been applied with great success to the
problems of scattering and photoproduction of a single
meson. We wish to calculate the matrix element

Mpq=~ +pq, —
~ j(x) AK(x)d'x+o ~,

I

where +0 is the wave function of the physical nucleon,
%p, is the wave function for a state in which two mesons,
with momenta y and tf (and ingoing scattered waves),
are present in addition to the nucleon, while j(x) and
AK (x) are the current and the electromagnetic potential
for a photon with momentum K. The isotopic spin
indices have been suppressed. The units are such that
h=c=1=tz (the meson mass). We may write

+pq=aq 4p —(H zoo cop+to) Vq@p,

where V~ is de6ned by

LH, aq*j = coeaq*+ Vq.

Then (1) becomes:

+] N» Vqn(It' —co,—zo„—ze) ' j Ader+a
[

j Adxa+o (. (3)

If we specialize to the case that one of the mesons, the
meson with momentum q, is in an S state, then V~= 0
and aq@o——0, so only the first term of (3) remains.
Since the final state is of course symmetric, we must
later symmetrize Mpq.

' G. C. Kick, Revs. Modern Phys. 27, 339 (1955).
4 F. Low, Phys. Rev. 97, 1392 (1955); G. F. Chew and F. Low,

Phys. Rev. 101, 1570, 1579 (1956).
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To evaluate the commutator of a, with the current,
we note that we get contributions from two types of
terms; first, there is the ordinary meson current,

Wick, Chew, and I ow' 4 have shown the remaining
matrix element in (11) to give the matrix element for
scattering of a P-wave meson with energy cu„,

t j„(x) s(2E) 'e'x *d'x, a,. We write
~op, p-= (q'op Vo-'pp). (13)

=2ieq s[8Eo&~(q—K)j les ~Lap ir, ~+aK, , ~*]. (4)
~ op. p-= (4~.~.) 'p'q (4p, q''. p-(p)&p), (14)

The isotopic spin index is here indicated explicitly, with
an implied sum over the repeated index. The matrix
element of (4) is reduced to a simple form by using the
identities,

(q'o ap —ir, vq'p)

= —Lop, +pi(q —K)j '(e„V, &, ,*q p), (5)

(q o, aK, ,*q p) = —L(u(q —K) —(u,]—'(q „VK, ,+o).

Secondly, we get a contribution from the interaction
current term which is required to provide continuity
of current:

)~j;„i(x) s(2E) le'x "d'x a =J s(4Eoio) l. (6)

We can express the matrix element of (6) in the same
form as (5) by noting that in the Yukawa (linear)
theory

where the Pp are bare-nucleon states; then

Mop, p
———i(8pooo'~) ees,F(q)

Xp,';(4 o,T';;p, (p,)A) (1.5)

Equation (15) is our final result —it has the form of
an explicit relation between the matrix element for
meson pair production and the P-wave scattering
phase shifts.

If we retain only the scattering phase shift 8», we
have, writing 633=6,

T;;,p, (p) = —12'(hp, ,'rpr, )—(h—;; ',o;o,)—-
Xp 'sinh(p)-e" &&'. (16)

We then find directly, for the cross section for produc-
tion of a (m.+,7r ) pair

do~ 1=2n(4') 'E 'k+k doi~dQ+dO

Therefore,
Jp~ = efep~v7'yIJ.

V, =ifir p(2pp, ) l7 s(p—')=p;(2pp~) '*U;„, (7)
X (k+sZ+sF '(-,'sin'8++is)

+pk sZ 'F+'(-', sin'8 +i)
isk~kM+W—+F cos(h+ —h )

J, = —iesp, U„
U~*= —U .

(9)

Equations (9) are valid in any theory in which only the
gradient of the meson field variable, (V'P), enters the
interaction Hamiltonian (provided the source size is
small compared with the wavelength); however, the
interaction may involve an arbitrary function f(V'g,e,~).

Combining Eqs. (4) to (9), we find

Mypq =—iee... -
2q F.(E, q,)—

4+
(4Eoi,) l Eo~,—K q

X (P,p, U;A'o). (10)

F(q) =1—pop 1 coo+q 2
log = 1— (oo,—1). (12)

2E 4Eq co,—q 3E

It is evident that the meson current term gives a small
part of the total effect. Finally, we remember, that

In order to obtain a consistent neglect of higher partial
wave effects, we may separate out the part in which one
meson is an S state; this gives

M, p, , = icos.,(4Eoi,)—~F (q)e, (%',p, U;,q p) (11).
where

XL(5/3) cosP —cos8~ cos8 j), (17)

where we have written k+, instead of p, q. Here
F~=F(k~), and Z+ ——(k~) ' sinh~, ' also, 8+ and 8 are
the angles of the x+ and x with respect to the photon,
and P is the angle between the two mesons. Similarly,
we find for the cross section for production of a
(pr+p') pair

Snk+k pro+
do'~ = dQpd&+ko'&o'F~'(-', sin'8p+-', ). (18)

3(4~)'E

Equations (17) and (18) would be particularly useful
when the P-wave meson has an energy close to the
resonance energy for meson-nucleon scattering in the
J=-'„T=-', state. Note that the familiar ratios, 9:2:1,
which occur in meson scattering, appear here as the
ratios of the partial cross sections for producing a m+ in
a P state and a~ in an S state, am'in a P state and a
x+ in an S state, and a x in a P state and a x+ in an
S state. We therefore find o~=5o+p. In the (7r+p. )
differential cross section, there is a pronounced prefer-
ence for emission of the positive meson at right angles
to the photon beam, and with most of the available
energy. This differs markedly from the result of Lawson'

' R, D, I,swoon, Phys. Rev. 92, 1272 (1953),
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Fro. 1. Theoretical curves of do/dca versus ca for various
photon energies E, in the center-of-mass system.

where f', the meson-nucleon coupling constant, is
roughly 0.08. Using (19), we calculate

do~= 12u(4gr) sE 'k~k drogdQ+dQ

X{k+ Fs'[Z+'(s' sin'H~+ st)

+Z~P+ cosH~(s —-', sin'H+)+ (P+'/12) &

+sk sF+s[Z '(-,' sin'H +ts)

+Z $ COSH ((7/3) —(11/2) sin'H )

+$ '(5 sin'H +(49/12))$

+tsk+k F+F [Z+Z cos(8+—8 )

X (COSH+ cosH —(5/3) costP)

+Z+$ COSH~((19/6) cosg —(11/2) COSH~ cosH )

+Z $y COSH (s COSH+ COSH —s Coscttt)

+P P (—' cosH+ cosH —(4/3) costt))}, (20)

where $~ 4f/3ro~ T——he pertu. rbation theory result is
obtained from (20) by replacing Z~ by $~, and ttt+

by zero.
Some of the recoil corrections may be taken into

account in the following way. First we may replace the

who made a lowest order perturbation calculation using
the relativistic theory.

Near threshold the P-wave scattering in other states
may not be completely negligible compared with the
scattering in the (s, , ss) state. The smaller phase shifts
are not given very accurately by the experimental data,
so in this region we approximate them by the Born
approximation to the cut-oR Yukawa theory, which
gives

Tij, ap(p) =4grf rop [rriog'&ag p ojoi&p&a]

12gr(b, r tsrr;—o,)(8 p
—,'r-gp)—-

X[p—' sins(p) p" &» 4f'/3~ $—, (19)

scattering matrix in the center-of-mass system of all
three outgoing particles by the scattering matrix in the
c.m. system of the nucleon and just one meson. We
multiply Z~ by [1+(ot+M)], and to correct the sta-
tistical factors in the expression for do, we replace
E 'by v '[1+(v/M)] ', where v is the frequency of the
photon in the c.m. system, and we replace Cko~ by

dot+dot /d[ot++(o + (Q+k )'/2M j.
In addition, there are recoil corrections to the meson
theory, which we do not discuss here.

In Fig. 1 is shown do~/ifot, plotted against io and
E. These cross sections were calculated assuming only
H»40, that is, from Eq. (17). Recoil corrections are
not included. The phase shift 833 was taken from a fit
to the experimental meson-nucleon scattering by Feld. '

The present experimental results~ show the peaking
of do~/dot at low io . No angular distributions are as
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Fro. 2. Experimental measurements of the quantity J'(dK/ft. )
&&(da./dca do ) as a function of ca for a laboratory angle 8 =60',
at laboratory photon energies of 575 and 595 Mev, in units of
icb/sterad Mev.

yet available. The best quantitative information is
shown in Fig. 2 together with the theoretical predic-
tions. The measured quantity is

I

&~x de'- do+—

E l, dCO dQ e =60

There appears to be a general qualitative agreement
with the theoretical predictions.
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