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Pion-Proton Total Cross Sections from 0.45 to 1.9 Bevt
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Measurements of the pion-proton total cross section over a range of kinetic energies from 0.45 to 1.9 Bev
are described. Positive pions were distinguished from protons of the same momentum by a time-of-Qight
technique. A liquid hydrogen absorber was used for most of the measurements. Muons, the principal beam
contamination, were approximately 10% of the pions.

A pronounced maximum for 0 (s,p) near 0.9 Bev, which had been noted in our preliminary measurements,
is confirmed by data presented here. If this maximum is to be interpreted as a resonance in a single state of
angular momentum, the analysis shows that, after subtracting a term which can reasonably be attributed to
nonresonant states, the total angular momentum could be as low as 5/2 without serious disagreement with
experimental data. The possibility of explaining this maximum with a resonant piov. -pion interaction as
conjectured by Dyson and Takeda is discussed. The measurements of a (x.+,P) also give evidence for the
existence of a maximum of relatively smaller amplitude at 1.35 Bev.

The differential cross sections in the forward direction for elastic and charge-exchange scattering of pions
by protons have been obtained by making use of the dispersion relations.

I. INTRODUCTION tion was focused at energies of 1.0 Bev and lower. The
cross section near 1.0 Bev for negative pions as measured
by Shapiro et al.' and by us4 turned out to be larger than
at 0.45 Bev' and 1.5 Bev.' Positive pions did not exhibit
any such maximum in the total cross section.

In the process of accumulating data at relatively
small energy intervals in order to de6ne the energy de-
pendence of the cross sections, we observed that the
o (Ir+,P) and o (Ir,P) curves which cross at about 0.42
Bev, appeared to cross again at an energy of about 1.1
Bev. As a consequence, it was considered opportune to
extend a careful study to energies above 1.1 Bev. It was
also evident that the differences between the cross
sections at different energies, as well as between o (Ir+,p)
and o.(Ir,p), would be rather small, so that we should
measure directly the cross section of positive pions with
hydrogen, rather than use the approximate and indirect
method of measuring the difference between the nega-
tive pion cross section with deuterium and with hydro-
gen (see Secs. IIA and III for a discussion). Fortunately,
at this time we could avail ourselves of the possibility
overed by the deQection system developed to obtain an
external proton beam. ' It could be used to make the
proton beam strike a target close to the external wall of
the vacuum chamber; from that target both positive
and negative mesons could be obtained at a small

angle with respect to the direction of the primary pro-
ton beam.

The 6rst data taken by our group in collaboration
with Professor L. Madansky at 1.5 and 1.0 Bev have
already been published. ' ' Subsequently, measurements
at these energies have been repeated. Some new data

HE energy dependence of the total cross section
for pion-proton collisions below 400 Mev has

proved to be a powerful clue to the understanding of
meson physics. ' ' The pronounced maximum in the posi-
tive pion total cross section at 195 Mev reaches a value
of 200 mb, which for j=~ is very closely equal to
2Irk'(2 1+1), the maximum value of the cross section for
an elastic process occurring in a state of total angular
momentum j. This fact, by itself, strongly suggests a
resonance-like interaction in a state with total angular
momentum j=~. Moreover, at this energy the ratio of
the total cross section o (Ir+,P) to o.(Ir,P) is quite close

to 3 which is the ratio of the weight of the isotopic spin
state —', in the (Ir+,p) system to that of the state —,

' in the

(Ir,P) system. Thus a second inference naturally follows;
the strong interaction, which peaks at 195 Mev, is

characteristic of a state with total isotopic spin T=~.
All this constructive evidence obtained with "low-

energy" pions made it clear that measurements of the

total cross sections of pions with hydrogen should be

pursued to higher energies.
Of course, one did not necessarily expect as suggestive

information at very high energies as that obtained at low

energies, since so many states of angular momentum are

present that Ho one of them is likely to have a pre-

ponderant eGect on the probability of interaction. In
this sense, at the beginning of the experiment, an energy

of 1.5 Bev appeared to us to be high, and for this reason,

after a 6rst measurement was made at that energy to

observe the high-energy trend of the curve, our atten-
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have been reported at the Rochester Conference. ' In
this article we report all the data between 0.45 and 1.9
Bev and describe the experimental method in as much
detail as may be of use. A careful study made at this
laboratory in the energy range from 150 to 700 Mev has
already been published by I indenbaum and Yuan. '

II. DESCRIPTION OF EXPERIMENT
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A. Pion Beams
The total cross sections have been obtained from

"good geometry" attenuation measurements. The beam,
as defined by a scintillation counter telescope, impinges
on an absorber. Behind. the absorber is placed the final
counter, larger than those of the telescope, which
subtends a cone of semiaperture 0. Those particles which
are deviated in the absorber by an angle greater than 8
fail to cross the anal counter and are counted as having
interacted. Since the semiaperture of the cone is not the
same at each point of the absorber, owing to its finite
length, each geometry is characterized by the average of
fj' over the length of the absorber, which we call (tI').
This choice is suggested by considering that do/dQ for
the production of secondaries can be assumed to be
constant over the angles subtended by the final counter.
In this case, the error e in the total cross section, as a
result of secondaries which cross the final counter, is
approximately

m(d~/dD)(02).

In part, the pion-proton cross sections 0.(~+,P) were
obtained from the difference in the attenuation in CH&

and C, both absorbers containing an equal amount of C.
For the remainder, a liquid hydrogen target was used.
These measurements gave the same results as the
CH2 —C difference whenever both methods were used.

Until recently, positive pions were available only up
to about 1.0 Bev. This limitation results from the fact
that high-energy pions are produced predominantly at
forward angles and are deflected inward by the field of
the Cosmotron if they are positive. The consequence is
that there is no practical way to place the apparatus in

such a beam. On the other hand, negative pions, which

are deflected outward, can be readily collimated into a
usable beam up to the highest energies.

For high-energy pions whose wavelengths are short
compared to the average distance between nucleons in

the deuteron and whose elementary cross sections are
not too large, the cross section 0 (m+,d) should be close
to the sum &r(~+,p)+o. (~+,e). Hence, we would expect
the cross section 0.(n, d —p), which is obtained from the
attenuation difference of D&O and H&O, to be closely
equal to 0 (~,n). Moreover, by the well-accepted prin-
ciple of charge symmetry, 0 (vr, e) =0(m.+,p). For this
reason, when positive pions were not available, we have

g Cool, Piccioni, and Clark, Proceedings of the Fourth Annual
Rochester Conference (University of Rochester Press, Rochester,
1954), p. 101;Proceedings of the fifth Annual Conference on High-
Energy Physics (Interscience Press, Inc., New York, 1955), p. 38.

' S. Lindenbaum and L. Yuan, Phys. Rev. 100, 314 {1955).
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FIG. 1. Schematic arrangement of apparatus, 40' direct beam.

measured 0.(m, d —p) in order to obtain an approximate
value for o.(sr+,p).

Either out of necessity in order to cover the range of
energies from 0.45 to 1.9 Bev, or in order to be com-
patible with other experiments being carried on simul-
taneously, several beams have been used while per-
forming this series of measurements. Targets can be
placed in the field-free "straight sections" of the
Cosmotron in such a position that pions, produced at
angles greater than 32' with respect to the direction of
the proton beam, pass out of the Cosmotron with negli-
gible magnetic deflection. We have used two different
such "direct beams, " one at 40', the other at 32'. The
40' beam was used between 0.45 and 0.80 Bev; the 32'
beam between 0.80 and 1.08 Bev. Above 1.08 Bev the
intensity of pions becomes too low for practical measure-
ments in these beams. For lower energies, these direct
beams have the advantage that both positive and
negative pions are available. By simply adjusting the
current in the external magnets and changing its direc-
tion, all momenta and both charges of pions could be
investigated without moving the apparatus. Figure 1
shows a typical arrangement of the apparatus,

Negative pions, produced near the forward direction,
are deflected outward by the magnetic Geld of the
Cosmotron and pass through collimators in the concrete
shield. The Cosmotron magnet thus provides a mo-
mentum analysis of the pions and for suitable target
positions there is a moderate focusing action in the
horizontal plane. Usually, an external magnet is also
required in order to sweep out of the beam secondary
particles produced in the collimator and in the wall of
the vacuum chamber. To optimize the intensity for a
given target position and machine energy, the apparatus
and collimator must be moved for each new momentum
selected. One can, however, make a small change in the
selected pion momentum by making a proportional
change in the 6nal primary proton beam momentum
(i.e., in the final magnetic field of the Cosmotron) with-



1084 COOL, PlCCIONI, AND CLARK

2"x2"x6" Be TARGET
350"RADIUS

I/II W

20 IA

AGNET
c)

I+23 4 =LIQUID SCINTILLATORS 3 DIAN

+&=LIQUID SCINTILL.ATORS 6"DIAN

P~, ~N ABSORBER
(SCHEMATIC)

FIG. 2. Schematic arrangement of apparatus for the negative pion deflected beams.

out changing the trajectory as defined by the collimator
and counters. This method is useful for only relatively
small momentum changes because lowering the primary
proton momentum also results in a decrease in pion
production; further, the fringing field is not strictly
proportional to the orbit field and will change somewhat
the direction of the trajectory for the selected mo-
mentum. Figure 2 shows schematically the trajectories
and apparatus used in the course of experiments in the
"deflected beams. "

During the last stage of the experiment, the develop-
ment of an ejection system for the proton beam allowed

us to place a target at such a position that pions pro-
duced at an angle of 5.5' to the forward direction could
leave the Cosmotron without having crossed any ap-
preciable magnetic 6eld. This arrangement is illustrated
in Fig. 3. This beam, although we have used it primarily
to obtain high-energy pions, can be used universally for
positive and negative pions of any desired energy.
Clearly, all of our measurements could have been made
in this beam.

The circulating proton beam which enters the ejection
magnet M1 (the ejection system is described in detail
elsewhere)' is deflected outward and strikes a Cu target

!
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MAQ NET

SP

Gg TARGET

FzG. 3. Schematic arrangement of apparatus in 5.5 direct beam using magnetic focusing.
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The 6nal counter, which detects the particles that
have not interacted, was of a large diameter, so that the
cross-sectional area of the beam, with no absorber, was
appreciably less than the area of the counter. This
arrangement results in a good de6nition of the geometry,
in the sense that the angle by which a particle must
scatter in the absorber to miss the final counter is not
much diferent for any particle in the beam. It is also of
great importance that the final counter have high eK-
ciency when small attenuations are to be measured. Ke
have used with good results a cylindrical vessel 24 inches

thick, with a diameter of either 9-', or 14 inches, filled

with a xylene and terphenyl mixture. The sensitive
volume is viewed by four RCA 6342 photomultipliers,
immersed in the liquid. With a mixer circuit using four
6AK5's and no differentiating cable ("shorting stub" )
in the circuit, the 9-', -in. counter proved to be more than
99% efFicient.

which is placed at the outer edge of the magnetic-field-
free "straight section. " The efficiency of the ejection
system is such that about one-half of the circulating
proton beam strikes the target. The circu1ating beam is
also somewhat reduced, perhaps by as much as a factor
of 2, by the presence of the magnet inside the evacuated
volume of the Cosmotron. Pions, which are produced in
a small cone near 5.5' to the forward direction of the
protons, pass through a magnetic shield which reduces
the fringing 6eld of the Cosmotron to a value less than
50 gauss, so that the deflection of the pions within the
magnetic shield is small. The large (12 in. ) quadrupole
strong-focusing lens (shown as II and J in Fig. 3)
focuses an image of the target outside the concrete
shield. The position of the image can be varied by
adjusting the currents in the magnets. The focusing
action of the magnetic lens increases the solid angle of
acceptance for the pions and, therefore, increases the
intensity of pions per unit momentum interval by
per aperhaps more than a factor of ten. The counting rate in
our telescope was about 140 positive pions of 1.0-Bev
kinetic energy per 10" circulating 3-Bev protons. For
1.67-Bev kinetic energy, there were 90 positive pions per
10"protons. The momentum spread, as computed, was

+2.0%%uq and the diameter of the counter telescope was

3 inches.
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The telescope that defines the beam of pions consisted
of plastic scintillators one-half inch thick. , either three
or three and one-half inches in diameter. Each scintil-

lator was viewed by two RCA 1P21 photomultipliers
with their plates simply connected together. A germa-
nium diode G7A was also shunt-connected to the plates
to limit the output pulse at approximately 1 volt.
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FIG. 5. Fast triple-coincidence circuit using grid clipping lines and
a Garwin-type diode.

P.opf J. '"
R00

R50II $ RGG 5/U 50K
l2 LONG 200

IK
' l5

.005I I
II

750 500 7 500 Soi tJ+ @05 'S00 50m +
~@~

Rsvp T.005 XQ5 .005 .005

IN-2 OUT-P. IN-5 OUT-5'



.1086 COOL, Pl CCIONI, AND CLARK

COUNTER AMPLIFIER
I I

COUNTER AM LIFIER
2 2.

COUNTER —AMPLIFIER—
3 3

COUNTER AMPLIFIER
4 4

SCALER AND
REGISTER

l23

1 FAST AMPLIFIER DISCRINIINAmR

I COINCIDENCE
I I23 I23,

,
l23

AMPLIFIER +
COINCIDENCE — — COINCIDENCE- REGISTER

AMPLIFIER;

FIG. 6. Typical block diagram of the electronics used in the 40' direct beam and negative pion deflected
beams using the circuit of Fig. 4.

C. Electronics
The repetition rate of the acceleration cycle of the

Cosmotron is relatively slow (12—20 pulses per minute),
and the time length of the burst which contains the
particles of interest is short. By a suitable adjustment of
the rate at which the rf accelerating voltage is turned
oB, this burst length can be varied from about two to
twenty milliseconds. The counting rate of the circuits
during a pulse is thus 100—1000 times greater than the
total number of counts registered in one pulse. The
counting rate for particles which cross the telescope has
sometimes been as high as 10' sec ', and the counting
rate in a single counter has been as high as a few times
10' sec—'. For this reason coincidence circuits and their
associated amplifiers and discriminators must have
short resolving times and a minimum of dead time while

maintaining a high eKciency.
Moreover, magnetically analyzed positive pion beams

include protons of the same momentum. The ratio of
protons to pions, which, of course, varies with the
momentum and geometrical arrangement of the appa-
ratus, is usually greater than one and has been as high as
twenty-Ave. Since pions and protons of the same mo-
mentum diGer in velocity, we can make use of the
resulting difference in Right time through the de6ning
telescope to separate the protons from the pions; that is,
the resolving time and length of the telescope are so
adjusted, for a given momentum, that the coincidence
circuit records only the pions of the beam.

During the early phases of the work with negative
pions, and positive pions below 1 Bev, coincidence
circuits of the type shown in Figs. 4 and 5 were em-

ployed; a typical arrangement is shown in the block
diagram of Fig. 6. The distributed constant amplifiers
which precede the fast coincidence circuits have a rise
time of 3 mpsec. The resolving time of the fast coinci-
dence circuits, defined as the half-width at half-
maximum, is approximately 4 mp sec. The amplifiers
which follow the fast coincidence have a rise time of
0.03 psec, the associated slow discriminators have a dead
time of roughly 0.2 p,sec. The fast scalers have a dead
time of about 0.1 @sec.

In order to extend the range of positive pion measure-
ments above 1 Bev using the 5.5' focused direct beam
(Fig. 3), a more elaborate electronics arrangement was

required. As the pion energy is increased, the time
difference between the time of Qight of a pion and a
proton rapidly decreases. For example, with a counter
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FIG. 7. Triple coincidence —anticoincidence circuit.

separation of 35 ft as shown in Fig. 3, it decreases from
10.7 mpsec at 1 Bev to 3.8 mpsec at 1.80 Bev. At the
same time, the ratio of protons to pions increases from
about 5 to 25. Although the time difference could be
increased by lengthening the telescope, two factors
strongly favor keeping this length as short as possible.
The first is the increase in muon contamination and the
second is the decrease in total intensity which would
result from lengthening the telescope. One wishes,
therefore, to use the minimum length consistent with a
clean separation of protons and pions.

The minimum difference of Qight time necessary to
distinguish pions from protons depends upon the time
AI, in which the resolution curve of the coincidence
circuit falls from an ef6ciency near unity to a sufBciently
small value. In our beam, where the ratio of protons to
positive pions E is about 10, the factor of decrease in
eS.ciency, which we call the rejection ratio e, must be
~10' in order that the fraction of protons recorded,
Ejr, be 10 ~. The resolution curve of a single pair of
counters in a circuit of the type shown in Fig. 4 or 5 has
a rejection ratio of only ~10 in a time At=4 mp, sec. In
order to obtain the larger rejection ratio which we re-

quire in the same time, Dt= 4 mpsec, we make use of the
following fact. The time required for a particle to cross a
pair of counters is well de6ned by the momentum

selection. We put into the beam (Pig. 3) three pairs of
counters with each pair individually connected in coinci-

dence using the circuit of Fig. 5. The outputs of the
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FIG. 8. Typical block diagram of the electronics for the 5.5' direct beam using the circuits of Figs. 5 and 7.

three separate pair coincidence circuits are then again
placed in coincidence using the circuit of Fig. 7. Since
each of the pairs of counters is independent, the rejec-
tion ratio of the combined system is the product of the
rejection ratios of the separate pairs. We thus obtain a
combined ratio of 10' in At=4 mpsec. A block diagram
of the circuit arrangement is shown in Fig. 8. Typical
resolution curves of the system, made by simultaneously
delaying one counter of each pair, are illustrated in
Fig. 9 for a beam momentum of 1.80 Bev/c. One curve
is for a beam of pure pions, made by magnetically
selecting negative pions; the other for a pure proton
beam. The pure proton beam is obtained by lowering
the energy of the primary protons which strike the target
to 1.80 Bev. At this energy, the production of pions of
momentum 1.80 Bev/c is not energetically possible;
however, protons of this momentum are still present in
the beam, If we arrange the cables to count pions at the
point on the abscissa marked zero, the measured rejec-
tion ratio for protons is 0.34/1.5)& 10 '= 2.3&(10'.

For all our measurements, the recorded protons
represent less than 1% of the pions. The magnitude of
the correction for this contamination eKect is too small
to be important and it has therefore been neglected.

Since, in the 5.5' focused beam, the total intensity of
pions plus protons is roughly 3)&10' sec ', the circuits
have been designed to minimize dead time; this is
especially important in the channel which receives the
pulses from the final counter. At these counting rates

appreciable dead time would make the eKciency of the
6nal counter rate dependent. Beam intensity Ructua-
tions can then introduce a spurious eGect. We have,
therefore, avoided differentiation of the pulses in this
channel. Tests at diGerent beam intensities have shown
that this eAect with our arrangement is negligible.

D. Muon Contamination

Measurements of the muon contamination have been
made for some of the beams used during the experiment.
The origin of the muon is, for the most part at least, the
pion decay, and this process is su%ciently well known
that it is not necessary to repeat the measurement for
each energy and position of the counter telescope. 'For
one of the beams, we have also made detailed numerical
computations using the UNIVAC computing machine of
New York University. As examples of the measurements
of the muon contamination, we describe the procedure
followed for 0.55-Bev negative pions, 40' direct beam
(Fig. 1) and for 1.5-Bev negative pions, deflected beam
(Fig. 2).

We consider Grst the measurement at 0.55 Bev in the
40 direct beam. For purposes of discussion, it is con-
venient to divide the muons into two categories, (1)
those which arise from pions decaying between the tar-
get and magnet M2, and (2) those which decay between
M2 and the absorber. Muons in class (1) are subject to
the same magnetic selection as the pions and have,
therefore, the same momentum distribution as the
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FIG. 9. Coincidence resolution curve for 1.80-Bev pions and
protons in the 5.5' direct beam using the circuits of Pigs. 5 and 7
and arrangement of Pig. 8.

selected pions. For muons in class (2), the parent pions
have only a small momentum spread (&4%) around the
selected momentum ps, but the muons which result
from their decay are spread uniformly in momentum
between 0.57ps and ps. An experimental measure of the
muons in category (1) and a fraction of those in

category (2) can be made as follows.
The pions are strongly absorbed by nuclei, whereas

muons are not. Therefore, if in the telescope which
detects particles of one given momentum, an absorber
almost as thick as the muon range is inserted, most of
the pions, but none of the muons, will be removed from
the beam by virtue of the strong pion-nucleon inter-
action. The ionization range of the muons is also larger
than the range of the pions, but this is not of great help,
because the telescope selects particles having a mo-

mentum spread of &4%. The corresponding spread of
ranges for each of the two particles then leads to a large
overlap. The momentum spread is necessary to attain
reasonable intensities. Therefore, one must be careful to
choose the maximum absorber thickness that does not
stop the muons. We determined an absorption-range
curve in iron for the pion-muon mixture, and plotted the
coefficient of absorption dEjXdR (E=c—oincidence

rate; A=absorber thickness). The curve in Fig. 10
shows an almost constant coeScient of absorption, due

to the pion interaction, but at the absorber thickness

equal to the minimum ionization range of the pions, the
absorption coeKcient shows a sharp rise. Once this

point R is determined (Fig. 10), we can confidently

decide at which thickness E„the muons will begin to be

stopped by ionization. For this, we read from the known

momentum-range curves the digerersce between the

range of the pions and the range of the muons. If the

absorption curve had been obtained with higher accu-

racy, it could actually have been "unfolded" and a more

precise measurement of the muon contamination derived
from it. For the present measurement, we take the rate
of J'„as an upper limit. The result for the curve of
Fig. 10 is that the muons represent 6.5% of the beam.
This measured number also contains a fraction of the
muons which originated after the magnet (category 2).
By using the known (rectangular) decay spectrum of the
muon from pion-decay, this fraction can be computed.
The total number of muons in category 2 (which
originate after the magnet and cross our last counter) is
then approximately computed, and the fraction of them
which had already been counted is subtracted. The sum
of the two categories gives the muon contamination,
which is 12%. Because the computation tends to give
too high a value, the assumed fraction is 10+5%.That
the break in Fig. 10 occurs at the correct range, within
the estimated experimental error, can be checked from
the momentum of the beam and from the available
range-momentum curves. The momentum of the par-
ticles detected by the telescope was determined by the
Qoating-wire method and by a range curve for the
protons at the same magnet setting.

When the pion energy is high, for example, 1.5 Bev,
the pion range is suSciently large that almost all of
them can be 6ltered out in an absorber before they reach
the end of their range. That is to say, those particles
which emerge from a suitably chosen absorber are, for
the most part, only muons. The geometrical arrange-
ment of absorber and final counter must be chosen in
such a way as to minimize the number of muons
scattered out of the final counter by multiple Coulomb
scattering, so that the correction for this loss is not
large. For the absorption curve of Fig. 11, taken with
particles of momentum 1.63 Bev/c, the range of the
least energetic muons from the decay of pions of that
momentum is greater than 25 inches of iron. So, after 25
inches, all muons originally in the beam are still counted.
The rate at 25 inches is 5.9% of the beam with no
absorber. A correction for multiple Coulomb scattering
raises this residue to 7.2%. A rough estimate of the
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FIG. 10. The absorption coeiiicient dE/XdR as a fun—ction of
range in iron for positive pions of kinetic energy 0.55 Bev (40'
direct beam).
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FIG. 11.The intensity of negative pions of kinetic energy 1.5 Bev
as a function of range in iron (de8ected beam).

residual pions can be made, though it has little im-
portance (2%). The muon contamination is then 6xed
at 5W3%.

For the 32' beam, we have made a numerical compu-
tation of the relative number of muons counted by the
telescope. The digital UNIVAC computer of New Vork
University was used, under the guidance of Dr. E.
Courant who, together with H. Goertzel, coded the
problem. The mean life and decay scheme of the pion
are well known, as are the geometrical configuration of
target, collimators, counters, and magnet. The pion
production spectrum can be measured and, as the re-
sults show, need not be accurately known. Although the
angular distribution of production is at present not
known, one need only assume that it is isotropic over
angles which diBer by less than &0.04 radian, an as-
sumption which appears entirely reasonable. The prob-
lem was computed by using a Monte Carlo technique.
In brief, the computation proceeds as follows: to each
pion leaving the target 6ve random numbers are as-
signed; four to the coordinates and initial angles at the
target, and one, Z, which determines the point of decay,
suitably weighted for the pion mean life. Each pion
leaving the target is then followed either until it reaches
the last counter as a pion or muon, or until it fails to
stay within the required geometrical limitations at one
of the constrictions representing collimators and
counters.

Since the over-all probability that a pion decays is
much smaller than one, the digital computer has to
follow the trajectories of many pions in order to find one
muon. A method is thus desirable to accelerate the
decay. This objective cannot be reached by decreasing
the pion mean life in the computation, since this method
would change the distribution of decays along the path
of the pions. The purpose is, however, achieved by
taking, at the beginning, a random number as the value
of the expression Z= exp( —x/nt), where x is the path
length of the pion before decay, f the pion mean life in
the laboratory system, and v the pion velocity. If Z is
then required to fall within a smaller interval than from

zero to one, the pion is "forced" to decay in a corre-
sponding interval of x, without altering the natural
distribution of decay points. For a given selection of

magnet current (i.e., pion beam mean momentum), the
initial energy of the pions leaving the target is varied
stepwise to cover the entire range in which it is possible
for a pion or muon to be accepted by the apparatus. In
this way, we obtain curves of the probability of ac-
cepting a pion or a muon as a function of the initial
energy of the pion. The muons are separated into two
classes; those which arise from decays in front of the
magnet, and those which decay after. The results of the
Monte Carlo method are subject to a purely statistical
error which depends on the total number of muons
"detected. " These errors are probably greater than
those introduced by the assumptions and approxima-
tions involved. The contaminations so computed lie in
the range 6—8% of the pion beams.

For the 5.5' beam (Fig. 3) the muon contamination
was computed approximately. The UNIVAC computa-
tion which had been made for three geometry-energy
combinations served as a guide.

E. Electron Contamination

Electrons of the same momentum as the selected
pions can constitute a contamination of the beam. The
predominant origin of the electrons is the decay of
neutral pions; they should thus be in equal numbers
positive and negative and proportional to the intensity
of the proton beam striking the target. Since the produc-
tion ratio of positive to negative pions is greater than
one, the percent of electrons in a negative beam is
greater than that of positrons in a positive beam of the
same energy. Hence, it is convenient to measure the
contamination in the negative beams.

It was unnecessary to measure the electron contami-
nation for all different beams that w'e used, especially
since the measurements always showed that the con-
tamination was of little importance. We thus made the
measurement in the deflected beams of 1.0- and 1.5-Bev
negative pions and in the 0.80-, 0.55-, and 0.45-Bev
direct beams of positive and negative pions. It should be
noticed that the 1.0- and 1.5-8ev beams are produced at
0' with respect to the primary protons, whereas the
0.80-, 0.55-, and 0.45-Sev beams are produced at 40'.
The latter beams are thus expected to be contaminated
most by electrons as well as muons.

The measurement was made in the following fashion:
a lead radiator was inserted in the beam, and behind it
two counters were placed, approximately side by side, to
detect the electron showers produced in the lead. The
efficiency of this shower detector can be approximately
computed from the energy of the electrons and the
thickness of the lead plate. For example, 0.94-8ev
electrons, which are present in the beam of 0.80-3ev
pions, produce in the radiator, on the average, eight
electrons of energy larger than 8 Mev. Taking into ac-
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TABLE I. Electron contaminations per unit negative pion beam
as measured with an electron shower technique (Sec.IIE). Column
3 indicates the coincidence rate with lead radiator minus the rate
with no radiator. Column 4, X, is the average number of electrons
at shower maximum having an energy greater than 7.8 Mev.
Column 5 is the calculated efficiency of the shower detector. The
measurements indicated by an asterisk in Column 1 were obtained
by the method described in Sec. IIE.

Pion
kinetic
energy
{Bev)

1.50
1.00
0.80
0.55

*0.45m
*0.45m.+

Electron
kinetic
energy Coincidence rate
{Bev) per unit beam

1.63 0.0008&0.0003
1.13 0.0010~0.0005
0.93 0.0015&0.0022
0.68 0.0027~0.0010
0.57
0.57

Electrons per
Efficiency unit beam

12 0.23 ~&0.0035~0.0013
8 0.15 & 0.007 ~0.004
8 0.27 &~ 0.0055~0.008
7.5 0.24 ~& 0.011 ~0.004

0.034 ~0.012
0.020 ~0.007

count the angular distribution, this leads to an efficiency
of 27%%u~ for the shower detector. The computation of the
eS.ciency is certainly not accurate, but the electron
contamination turned out to be less than 1%, so that a
more accurate determination was not needed. Table I
gives the results of all the measurements.

At 0.45 Bev, the lowest energy for which we have
cross-section measurements, the efficiency of the shower
detector becomes rather low. For this reason, we have
adopted a diRerent technique. As we have already re-
marked, a direct beam such as the 40' beam must
contain both positive and negative electrons in equal
number. On the other hand, at 0.45 Bev the number of
positive pions is 1.70 times the ~umber of negative
pions. The muons can be taken as proportional to the
pions to an approximation good enough for the present
purpose. If we then measure the ratio r of the number of
positive to negative particles in the beam, including
electrons and muons (not protons) and if, at the same
time, we measure the ratio p of positive to negative
pions, we can compute the relative number of electrons
in the beam. p can be obtained by measuring the ratio of
the rate of absorption of the positive beam (excluding
protons) to that of the negative in a thin layer of carbon.
In 40 g cm ' carbon, only pions will be absorbed, while
the electrons and muons are not much attenuated.
Furthermore, charge symmetry requires that the ab-
sorption cross section in carbon for positive and negative
pions be equal. The Coulomb field and inhomogeneity in
the neutron-proton distribution cannot make important
diQ'erences. The electron contamination n can then be
obtained from p and r as follows. We have

p= w+/w =(~++—~+)/(w +f ),
«= (w++ p,++e+)/(w

—+y—+—e-).
We define

n+—=e+/(sr++@+), n =—e /(s —+y—).
Since t,+=a, it follows that

«= (p+~ )/(1+~ )
aild

/

~ = (p —«)/(« —1), ~'= (1/p) [(p—«)/(» —1)1.

The result at 0.45 Sev is

n+=0.020&0.007, n =0.034&0.012.

Pion kinetic
energy T7r

in Bev {lab)

0.45
0.55
0.55
0.675
0.79
1.00
1.00
1.00
1;50
1.50

gcm ~

hydrogen

3.9
3.9
3.9
3.9
3.9
3.9

12.17
12.17
8.27

12.16

Anticoincidence
angle Hrms in

degrees

6.3
6.3
3.2
3.2
3.2
2.5
3.2
2.2
2.5
1.8

Coulomb
scattering
correction

in mb

3—0.3—2.4
107—1.2—0.3—1.0—2.0—2.0—2.9

'OB. Rossi, IIigh-Energy Particles I,'Prentice-Hall, Inc. , ¹w
York, 1952), p. 65,"It is, of course, to be expected that, for angles large compared
to the rms angle of scattering, the distribution for Pb and H will
differ due to the diRerent size of the nuclei. See S. Olbert, Phys.
Rev. 87, 319 (1932).An approximate calculation for the difference
indicates that it is always less than 0.7 mb. The hydrogen scatters
more.

F. Coulomb Scattering in Hydrogen

The probability for the pions to be scattered out of
the last counter by the hydrogen absorber is small for
the measurements made with liquid hydrogen. Indeed,
we derive" that one in a thousand mesons of 1.0-Ilev/c
momentum are scattered by more than 1' in the
2-g/cm ' liquid hydrogen absorber. On the other hand,
the rms angle for multiple scattering in the hydrogen is,
for the same momentum, 0.17'. Our measurements were
taken with a geometry (see Sec. IIA and IIB, also
Fig. 3) such as to be unaffected by a scattering less than
3'. Hence we have applied no correction for Coulomb
scattering in the cross sections determined with liquid
hydrogen.

The measurements taken by C—CH2 difference were,
however, more affected by the Coulomb scattering for
two reasons: first, the amount of hydrogen in the ab-
sorber sometimes reached 12 g cm ~, and second, the
multiple scattering in the carbon caused the beam to be
less well defined at the last counter, In order to evaluate
empirically an approximate Coulomb scattering correc-
tion, we insert small thicknesses of Pb scatterer inter-
spersed with the C absorber, which is located in the
same position as for the attenuation measurement. The
Coulomb scattering eGect introduced by the Pb should
be very nearly the same as that of an equivalent number
of radiation lengths of hydrogen. "Besides the Coulomb
scattering eGect, the Pb will introduce an attenuation
due to nuclear interaction. For these small Pb thick-
nesses, the nuclear attenuation is considerably smaller
than the attenuation due to Coulomb scattering and a
corresponding correction can be applied. From the curve

TABLE II. Corrections to the cross sections for multiple Coulomb
scattering in hydrogen which have been applied to the CH2 —C
difference measurements. For the liquid hydrogen measurements,
the correction for this effect is negligible.
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TABLE III. Summary of the total cross-section data.

Reaction

o(~ f)

o.(m, d —P)

o(m.+, d —P)

Kinetic
energy

T~
Bev
(lab)

0.45
0.50
0.55
0.61
0.67
0.79
0.86
0.90
0.97
1.00
1.08
1.25
1.35
1.38
1.47
1.50
1.67
1.90

0.45
0.55
0.67
0.79
1.00
1.07
1.15
1.25
1.38
1.50
1.67
1.77

0.79
1.00
1.25
1.38
1.50
1.90

0.55
0.79

Kinetic
energy

Tx
Bev

{c.m.)

0.264
0.287
0.309
0.336
0.362
0.408
0.435
0.449
0.474
0.484
0.510
0.566
0.597
0.605
0.632
0.641
0.687
0.748

0.264
0.309
0.362
0.408
0.484
0.495
0.534
0.566
0.605
0.641
0.687
0.715

Available
energy

T~+T,+p c&

Bev
(c.m.)

0.48
0.51
0.54
0.58
0.62
0.69
0.73
0.75
0.78
0.80
0.85
0.93
0.98
0.99
1.04
1.05
1.13
1.24

0.48
0.54
0.62
0.69
0.80
0.84
0.88
0.93
0.99
1.05
1.13
1.18

2~X2
mb

(c.m.)

17.0
15.0
13.4
11.8
10.5
8.70
7.87
7.47
6.83
6.60
6.03
5.10
4.67
4.55
4.25
4.14
3.66
3.17

17.0
13.4
10.5
8.70
6.60
6.10
5.62
5.10
4.55
4.14
3.66
3.44

Energy
reso-

lution
+~T /T

X&0'

4.3
4.2
4.2

10.0
4.1
4.0
5.0
3.0
5.0
2.0
5.0
2.0
5.0
2.0
3.0
2.0
2.0
2.0

4.3
4.2
4.1
4.0
2.0
2.0
2.0
2.0
2.0
2.0
2.0
2.0

4.0
2.0
2.0
2.0
2.0
2.0

4.2
4.0

Antico-
incidence

angle
8rms

degrees

6.3
6.3
3.2
4.0
3.2
3.2
4.0
3.9
4.0
3.0
4;0
3.0
4.0
3.0
3.9
3.0
3.0
3.0

6.3
3.2
3.2
3.2
3.0
3.0
3.0
3.0
3.0
3.0
3.0
3.0

3.2
2.7
3.0
3.0
3.0
3.0

3.2
3.2

Muon
contami-

nation
percent

10~4
10~4
9~4

8.2~3
8.5~4
8.0+4
7.5~3
8.0a3
7.5%3

11.7~1.2
7.5~3
5.0%4
7.5+3

10.5~3
8.0a3
5.0~3
9.5a3
6.0~3

10&4
9a4

8.5%4
8.0~4
12&3
10~3
11~3

10.5a3
10.5~3

10+3
9.5~3
9.0&3

8.0a4
11.7+1.2

5~4
5+3
5~3
6~3

9a4
8+4

Total
cross

section

mb

28.8
31.3
37.4
37.0
39.5
46.1
47.7
44.4
45.1
46.0
363
29.2
30.1
30.8
31.4
30.0
31.4
31.3

24.8
16.1
14.5
19.5
23.5

' 27.3
31.3
38.8
41.4
35.3
32.6
31.7

16.1
21.2
33.3
29.5
27.0
24.3

32.5
41.4

Error
(std. de-
viation)

+dr
mb

2.7
4.8
3.0
2.1
3.0
3.4
2.7
23
2.7
3.0
2.6
3.7
2.8
2.8
1.8
2.0
3.9
1.6

2.4
2.5
2.0
2.0
1.4
3.7
1.7
2.5
3.0
2.5
1.8
2.4

3.0
3.0
4.0
3.0
4.0
2.5

5.9
3.5

of attenuation due to Coulomb scattering against
thickness in radiation lengths, the effect of the number
of radiation. lengths of H introduced can be obtained
directly. Such curves have been made for several perti-
nent energies and geometries. The resulting corrections
are shown in Table II. Clearly, no such correction need
be made to the measurements of the D20 —H20
difference.

III. RESULTS AND DISCUSSION

Table III summarizes our results for the cross section
at each energy. Table IV is a compilation of the results
of other authors in this energy range. At three energies
[125 Bev, 1.38 Bev, and 1.67 Bev) a deviation in the
(m,p) cross section appreciably more than the rms
statistical error is present among the separate runs.
While it is still possible that these deviations are due
just to statistical Quctuations, considering the large
number of individual measurements; nevertheless, for
these cases the error we quote in Table III is the
standard deviation computed from the deviations of the

individual measurements. Figure 12 is a graphical plot
of our data. Figure 13 shows the curves o(m+, p) and
o(~,p) as deduced from all of the available data.
Assuming conservation of isotopic spin, the independent
charge states of the pion-proton system are the two
states having a total isotopic spin 7=2 and 7=2. The
state (T=~3) coincides with the state (~+,p) so that
o;=o (m+, p). The cross section in the state (T= 2) is

TABLE IV. Values of the total cross section above 0.45 Bev
obtained by other authors.

Mean pion
energy

Bev

0.45
0.47
0.51
0.60
0.70
0.84
4.4

Total ~+
cross section

in mb

27.5~6

17 ~3

Total ~
cross section

in mb

25~3
27~5
20~7
23~11
42~10
47a5
30~5

Author a

LY
SLC
LY
LY
LY
SLC
BBMWW

a LY—S.Lindenbaum and L. Yuan&; SLC—Shapiro, Leavitt, and Chena;
BBMWW—Bandtel et al.»
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FIG. 12. Our results for
the cross sections o(s,p),
rr(rr+, p), and p (s=, d —p)+4
mb. The addition of 4 mb
to cr(7f, d —p) is a correc-
tion for the "shadow effect"
in the deuteron. (See dis-
cussion at the end of Sec.

04 0.6 OB I.2 I 4 I.6
K I NETIC ENERGY (LAB) IN Bev

I.B

given' by o; =-,'[3a(vr, p) —o (s.+,p)]. The curve of a~ as
a function of laboratory energy is also plotted in
Fig. 13.

The minimum in the curve fT; at 1.38 Bev is, of course,
a consequence of having drawn the curve a(s. ,p) as a
line of constant cross section above 1.2 Hev. A curve
o (s,p) having a small maximum at 1.38 Bev could also
have been drawn through the experimental points,
within their error, is such a way that 0-; curve would
indicate a substantially constant cross section for this
state above 1.2 Sev.

Figure 14 shows the same curves plotted as a function
of the total available energy (p cs included) in the
center-of-mass system of the pion and proton. The
curves of Fig. 14 can be used to derive other interesting
quantities.

Recent theories which apply the causality principle to
the scattering of particles with 6nite mass" have re-
sulted in dispersion relations which make it possible to
compute the forward scattering amplitude if the total
cross section is known at all energies. For practical
purposes, it appears sufhcient to know the total cross
section at energies only somewhat larger than the value
at which the forward scattering amplitude is to be
computed. Figure 15 reproduces the values of the real
part (D) and Fig. 16 the imaginary part (I) of the
forward amplitude in the laboratory frame of reference.
D was computed by Sternheimer, " using the current
values for the total cross sections, "including the result

~M. L. Goldberger, Phys. Rev. 99, 979 (1955); Goldberger,
Miyazawa, and Oehme, Phys. Rev. 99, 986 (1955);R. Karplus and
M. A. Ruderman, Phys. Rev. 98, 771 (1955).

'3 R. M. Sternheimer, Phys. Rev. 101, 384 (1956).' We are grateful to Dr. R. M. Sternheimer for making these
computations available to us. The curves published in reference 13
were based on our earlier data before m+ measurements were made

80
j~rr(s', p)

70

E
~ 60

g 50

~ 40

~ ao

P 20

~0 I/2
r

I0

0 0.2 0.4 Q6 O8 I.O I2 I.4 I.6 I,B 2.0
KINETIC ENERGY (LAB) IN Bev

FIG. 13. The total cross sections cr(x+,p) and 0.(~,p) as a func-
tion of laboratory kinetic energy deduced from all experimental
data. O.

y is obtained on the assumption of charge independence.

above 1.0 Bev. Compare Anderson, Davidson, and Kruse, Phys.
Rev. 100, 339 (1955).

'~ Bandtel, Bostick, Moyer, Wallace, and Wikner, Phys. Rev.
99, 673 (1955).

obtained at the Berkeley Bevatron, " o(s. ,p) =30+3
mb at 4.4 Bev. The imaginary part I(0') of the forward
scattering amplitude can be readily obtained from the
relation I(0')=rr/47rX, all three quantities o, X, and
I(0') are, of course, to be computed or measured at the
same energy. As expected, the forward amplitudes re-
Qect the oscillatory behavior of the total cross-section
curves.

The curves for the real and imaginary parts of the
forward amplitude allow us to compute, in principle
with exactness, the differential cross section in the

I 00
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Fzo. 14. The total cross sections ~(s+,p), 0(s,p), and oi as a
function of the total energy available in the center-of-mass system
(less the rest energy of the nucleon). O.

y is obtained on the assump-
tion of charge independence.

mental value is 13 mb/sterad. The difference between
these two numbers is no larger than the error.

In the same way, the data of Walker" at 1.0 Bev,
which gives do. (0')/dQ= 14&2 mb/sterad c.m. , is to be
compared to the computed value of 13 mb/sterad. A
phase shift analysis of the recent data of Margulies"
allows the real part of the forward amplitude D" to be
obtained directly from the experiment. His values for
Dlgb+ are (—1.05&0.22) X 10 " cm at 0.258 Bev,
(—1.32~0.22))&10 " cm at 0.294 Bev, and (—1.41
&0.37))&10 "cm at 0.395 Bev. These values are all in
excellent agreement with the computed values of Fig.
15.

The charge exchange scattering of Fig. 19 is of
particular interest. For this type of scattering, the real

'~ Eisberg, Fowler, Lea, Shephard, Shutt, Thorndike, and
Whittemore, Phys. Rev. 97, 797 (1955).

'7 W. D. Walker {private communication).
' R. Margulies (private communication).

forward direction for elastic scattering and for charge
exchange for all combinations of charge signs of the
nucleon and the pions. Figures 17, 18, and 19 show these
differential cross sections. In the 6gures, the contribu-
tion of the real part of the respective amplitudes to the
cross section is separately indicated; the contribution of
the imaginary part can obviously be obtained by diGer-
ence. One sees that the forward scattering is pre-
ponderently due to the imaginary part at energies above
0.8 Bev for do+(0')/dO and above 0.4 Bev for do. (0')/dQ.
At 1.37 Bev we can compare the forward differential
scattering do (0')/dO given by the curve of Fig. 18
with the experimental value obtained by the Brookhaven
Cloud Chamber Group. "A conversion to the center-of-
mass system is most easily accomplished by noting that
the quantity Vdo/dQ is invariant. Curve 18 gives do/dQ
=35 mb/sterad in the laboratory system, therefore
do./dO=9 mb/sterad in the c.m. system. The experi-

I.2
p+

(
0.4

/
- l.6

I

0 0.2 0.4 0.6 0.8 I.O 1.2 1.4 I.6 I.8 2.0 2.2 2.4
KINETIC ENERGY(LAB) IN Bev

Fto. 15. The real part of the forward amplitude for elastic
scattering of positive and negative pions as a function of labora-
tory kinetic energy.

part plays an important role up to high kinetic energies.
An experimental check on the amount of the "elastic"
charge exchange scattering at 1.0 and at 1.4 Bev would
constitute an important check on the dispersion rela-
tions and on the validity of the charge independence
principle at this energy. It is indeed quite obvious that
if the (~+,p) system were independent of the (s. ,p)
system, contrary to the implication of charge inde-
pendence, then our prediction for the amount of charge
exchange scattering wouM be entirely groundless. It
should be noticed that, unfortunately, the predicted
differential cross section for charge exchange is quite
small, probably smaller than the differential cross
section for the production of neutral pions in the
inelastic collisions. An experimental check would, there-
fore, require some determination of the spectrum of the
secondary gamma rays.

Returning to the curves of Figs. 13 and 14, one sees
that, in addition to the well-known 6rst maximum at
190 Mev for 0.g, a second maximum is unquestionably
shown. The maximum occurs for 0.~ at an energy in the
vicinity of 0.9 Bev. The curve is asymmetrical with re-
spect to the 0.9-Bev abscissa in the plot of a versus

kinetic energy in the laboratory system; this behavior is
quite different from that of the first maximum. At an

3.0

E

~ i 2.5

~ Q.

I.5

IO

0.5

0 0.2 0.4 Ok 0.8 I.O I.2 I.4 I.6 I.8 KO
KINETIC ENERGY (LAB) IN Bev

FrG. 16. The imaginary part of the forward amplitude for elastic
scattering of positive and negative pions as a function of laboratory
kinetic energy.
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FIG, 17. The differential cross section for elastic scattering at
zero degrees of positive pions (m++p —+m++p) as a function of
laboratory kinetic energy. The curve marked (D+)' is the contribu-
tion to the differential cross section from the real part of the
forward amplitude alone.

even larger energy, namely at 1.38 Bev, a third maxi-
mum seems to occur for 0-„and this time the curve again
shows a good measure of symmetry. Since the com-
munication of our preliminary results, some attempts
have been reported by Mitra, "Dyson, "Takeda, "and
Feld" to fit the curves of Fig. 13, and especially the
second maximum, into the current ideas about the
interaction between pions and nucleons. The problem
still remains substantially unsolved. The curves them-
selves do not furnish such convenient clues for the
explanation of the second maximum, as they do for the
maximum in 0-; at 190 Mev. There, as we have already
mentioned, the cross section reaches almost exactly the
value expected d'or a resonance in a state of total angular
momentum j=~. Such a fortunate situation does not
exist at 0.9 Bev, and, of course, it is u priori improbable
at that energy to have an extreme preponderance of the
interaction in one single state of angular momentum.
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FIG. 18. The differential cross section for elastic scattering of
negative pions at zero degrees (m +p—&m +p) as a function of
laboratory kinetic energy. The curve marked (D )' is the contribu-
tion to this process from the real part of the forward amplitude
alone.

' A. N. Mitra, Phys. Rev. 99, 957 (1955).' F. J. Dyson, Phys. Rev. 99, 1037 (1955).
"G.Takeda, Phys. Rev. 100, 440 (1955l.
~ B.T. Feld, Bull. Am. Phys. Soc. Ser. II, 1, 72 (1956).

One can only obtain a minimum value for j such that a
resonance in that state alone, plus a nonresonant inter-
action in other states, could together add up to the
experimental value. An appreciable amount of esti-
mating is necessary even for this limited aim. First of
all, at this energy one is inclined to assume the validity
of the principle of the conservation of isotopic spin.
Strong evidence for this principle exists at energies
around 200 Mev, but none at 1 Bev. A consequence of
the assumption that the principle is valid is that a
maximum value of about 60 mb, instead of 40 mb, must
be explained. This follows immediately from inspection
of Figs. 13 and 14. Another rather arbitrary decision
must be made in order to subtract the contribution of
the nonresonant states from the total cross section near
0.9 Bev. One might take the contribution to be equal
either to the value of 0-~ beyond the maximum at 1.2
Bev, or to o', at 1 Bev. Lacking good theoretical criteria,
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FIG. 19. The differential cross section for charge exchange scat-
tering of negative pions at zero degrees (~ +p~n+vr ) as a func-
tion of laboratory kinetic energy. The curve marked ~~(D+—D )2

is the contribution to this process from the real part of the forward
amplitude alone.

we tend to favor the following argument. The curves
seem to show oscillations superimposed on a nonreso-
nant cross-section term which is very low at about 0.4
Bev and which reaches a constant value equal to 30 mb
at energies higher than 1.2 Bev. Figure 20 shows the
result of subtracting such a term (curve marked A in

Fig. 20) from o.; and o.1. The curve o.
1 then appears less

asymmetric, and the second maximum is slightly dis-

placed to a lower energy, about 0.77 Bev. On the basis
of Fig. 20, we must attribute to the resonant state a
cross section of about 42 mb. lt would not make much

diGerence if we had taken the value at an energy higher
than 1.2 Bev.

Now, the maximum cross section o ~(j) for a state of
orbital angular momentum l and total angular mo-

mentum j=l&-', can easily be determined, given the

energy at which the maximum occurs, if the reaction
responsible for the resonance is pure elastic scattering.
For an inelastic reaction, the maximum cross section
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cannot be tt priori determined. Yang, " however, has
pointed out an inequality which allows us to determine
o ~(j) if the ratio between the cross section for elastic
scattering 0, and the total cross section 0.

& is known for
the same state of angular momentum j:

o st(j) =2srK'(2 j+1)o,/o&.
'

No determination of o,/o, is available at 0.77 Bev. The
closest energy at which such a ratio has been measured
is 1.0 Bev, in the hydrogen diffusion cloud chamber of
the Brookhaven group. Walker" has analyzed the
photographs and found o.,/o ~=0.5. This value refers to
aIl events occurring at 1.0 Bev, and not just to the one
angular momentum state responsible for the second
maximum.

If we use the ratio o,/o t= 0.5, keeping in view that it
has not been obtained at the correct energy and that it
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FIG. 20. The cross sections cr; and op as a function of laboratory
kinetic energy after the subtraction of a contribution from
nonresonant angular momentum states which has been assumed
to take the form of the curve marked A.

is not for a single j value, one determines j from the
relation: 42 mb(2sr+s(2 j+1)(0.5). Since 2or 6=9 mb at
0.8 Bev, one obtains j&~8.3/2. A change in the ratio

/ oforotm 0.5 to 0.78 would, however, change this
inequality into j&~5/2. Considering that the relative
contribution of the various states at 1.0 Bev may not be
the same as at 0.77 Bev, we conclude that the assign-
ment j=5/2 is quite compatible with the experimental
data. An attractive suggestion which would not require
that a single state produce the second maximum has
been advanced by Feld."He considers the possibility
that more than one angular momentum state passes
through a maximum so that an overlapping of these
resonances could account for the observed e6ect. All of
the states would have T=-', but different j values (e.g. ,
three states with j=—', , 2, —,', respectively), each

"C.N. Yang, FroceeChlgs of the Fifth Assrtnut Rochester Confer
ence oe High Energy Physics (Interscience Press, Inc.', New York,
1955), P. 37.

leading to a final state consisting of a nucleon isobar
(j=T= aa, total energy Mc'+ttc +150 Mev) plus a p-
wave pion. In this way it seems possible to explain a
curve having the asymmetrical shape indicated by the
experiment, while the need for a high-j state would
disappear entirely.

Another approach to the problem of the second
maximum has been reported by Dyson" and Takeda "
We had, independently, also started to think along the
same line, but had been discouraged by a difhculty
which will be mentioned in what follows.

The approach consists in imagining that the inter-
action between a pion and a proton occurs mainly via an
interaction of the bombarding pion, m ~, with a virtual
pion, x„,emitted by the proton. The idea stems from the
analogy with the collision of high-energy protons with
nuclei. In that case, we know that it is quite fruitful to
think of the reaction as a collision between the bom-
barding proton and one of the nucleons contained in the
nucleus. Clearly enough, the model loses its de6nition
when extended to the pion-proton collision. Whether the
model can be of any use depends entirely on the range,
strength, and nature of the interactions involved. How-
ever, if one accepts the model, an advantageous point is
that the maximum cross section for a state of angular
momentum j in the center-of-mass system of m & and m,
is much larger than for a state of angular momentum j
in the center-of-mass system of the pion and the proton.
In order to obtain an effect. in the state T=-', for the
pion-proton system, and no eGect for T= —,', Dyson
chooses to assume that the pion-pion interaction occurs,
at least preponderantly, in the T=0 state for the pion-
pion system. Because the pion is a boson, only even
values for l are then allowed. The maximum cross
section for the pion-pion interaction in a state T=0 and
even / is given by (8sr/3) V(2l+1)a,./or. The quantity
o,/o r can be put equal to one, since most of the inelastic
pion-proton collisions resulting in two secondary pions
could be interpreted as x„being knocked out of the
nucleon structure. For a bombarding energy of 0.77 Bev
in the center-of-mass system of the two pions (sr„
considered at rest), the whole system has a total energy
of about 4pc', each meson has a kinetic energy of 0.130
Bev, a momentum of 0.23 Bev/c, and X=0.86X10 "
cm. The quantity (8~/3)X'(2l+1) equals 62 mb for
l=0, and 310 mb for /=2. As already stated, the large
values for the cross section which are possible for a pion-
pion collision constitute the main attractive feature of
the model. An unattractive side of it is that the virtual
meson has a finite momentum of its own. If m„has a
momentum q, and a corresponding total energy co, the
impinging meson m q with a momentum p (pc=total
energy for a pion of energy 1 Bev) is seen by sr. as
having any energy with equal probability in the interval

with end points at (co&pc)P/ttc. This interval is 2qp/ts

wide, and if q/ttc~1 and Pc 1 Bev, the spread measures

2 Bev. When the momentum P is varied, the aver-
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Pgy. 21. The effective energy spectrum in a pion-pion collision
for a bombarding pion of total energy U(lab) and a virtual pion
spectrum which is constant from k=0 to k=0.5 pc. The energy is
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aging over such a large interval wouM have the e6ect of
smoothing out any resonance that the pion-pion system
might have. Therefore, the success of the model depends
on the spectrum S(q) that should be attributed to the
virtual pions. For example, Fig. 21 shows the energy
spectrum of the bombarding pions of total energy U as
seen by the virtual pions, when S(q) is equal to a con-
stant from q/pc=0 to q/pc=0. 5. For such a spectrum, it
would be possible for the o (m, P) curve to show marked
eGects due to pion-pion resonances.

If the pion-pion interaction has an appreciable im-

portance in pion-proton collisions, one could perhaps
detect its eGect in the distribution among the possible
6nal states of an interaction when two or more mesons
are produced. Consider the case m +~p+7ro+n=. If
the tmo-pion system has a resonance when the total
energy 8' in their center-of-mass system equals a certain
value 8 „, then the states for which iV=8', should be
relatively preponderant. One can see that the vector
momentum of the outgoing proton alone determines 5'
if the bombarding pion momentum is known. This
latter need not, in principle, have any particular value.
e have, therefore, tried to see whether any evidence
for the pion-pion model could be-found in the cloud
chamber results of Eisberg et al."These authors plot the
momentum distribution (c.m. ) of the protons and of the
neutrons, produced respectively in the reactions

m=+~p+7r'+g —,

~ +p e+~++~,
obtained with pions of kinetic energy =1.37 Bev. The
neutron spectrum has a maximum at p=0.55 Bev/c
while the proton spectrum probably does not. The
neutron momentum at the maximum would give
W„=0.6 Bev, while interpreting our o.(vr, P) with the
pion-pion model, we would obtain S'„=0.56 Bev. The
possible absence of the maximum for the protons mould
agree with Dyson's choice that the pion-pion system
interacts strongly for the above value of t/V, and total
isotopic spin =0. This little encouragement is reduced if

one computes the expected distribution for the neutron
momentum in these events on the simple basis of state
density in phase space as a function of neutron mo-
mentum. The spectrum computed in this may also has
a maximum at a lnomentum not much higher than
observed experimentally. '4 Of course, the actual spec-
trum does not need to follow the phase space distribu-
tion, and the comparison m'ith the momentum spectrum
for the outgoing protons (in the reactions that produce
ir"s) could be illuminating if the statistical uncertainty
were reduced. Thus the available cloud-chamber data
are not conclusive, but perhaps more systematic re-
search on this line might be justified. The curves of
Figs. 12, 13, 14, and 20 show the presence of a third
maximum, which seems to be present for the T= -,' wave
only. The ratio of the amplitude of the oscillation to the
statistical and systematic error is here less favorable
than at the second maximum. However, if me take into
account that, for the purpose of comparing adjacent
points, the errors should be somewhat reduced, we must
conclude that the third maximum very likely exists.

The shape of the curve at the third maximum is
reminiscent of the 6rst, except for the amplitude of the
oscillation. The value of 0(ir+,p) at the maximum is
41 mb m'hich is small enough that even a j=—', wave
could account for it, if we again subtract the contribu-
tion of the nonresonant states as in Fig. 20.

The data for o. (m. , d —p), obtained from the difference
in the attenuation of mater and heavy water, mere taken
for the purpose of measuring approximately the cross
section 0 (ir+,p) at a time when a positive pion beam was
not available at high energies (see discussion in Sec.
IIA). In the last stage of this work, positive-pion beams
were obtained, and therefore, we can now use the
deuterium data to determine the magnitude of the
"shadow eGect, " which is the term commonly applied
to the fact that the total cross section of deuterons is
less than the sum of the total cross sections of free
neutrons and protons. The analogy mith geometrical
optics, which obviously suggests that name, is of course
rather crude. In fact, if we compute the light intercepted
by two spheres of radii ~~ and r&, separated by a distance
R, larger than ri and r2, then we find 0'=0'i+0.,

010 2/2'il R Wllel'e 0'i =s'rl 0'2 —'irr2 .
Instead, Glauber, "using wave mechanics, 6nds that

0=a.i+o2—0.io.2/4vr2P when the spheres have no re-
fractive properties, which indicates a shadow eGect one-
half as large as that suggested by the classical computa-
tion. The difference can be seen to originate from the
coherent diGraction scattering of the two spheres, and
it is independent of the ratios 01 elastic/0'i absorption and
~2,i»&;,/02», «~„,„which are determined by the trans-
parencies of the particles 1 and 2, if both are nonre-
fractive. Furthermore, as Glauber points out, if 0.~, 0~,

~ We thank Dr. C. J. Goebel for his kind help in connection with
this computation."R.J. Glauber, Phys. Rev. Ioo, 242 (1955).
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and 0. are absorption cross sections only, w'ith neg-
lect of elastic events, then the classical expression
is correct. Including the refractive properties of the
neutrons and proton, Glauber obtains o =o „+o„
+krV Ret f (8)f„(8)J(r ')q in the limiting case when
the two nucleons are at large distances apart. X. is the
wavelength of the meson in the laboratory system, f (8)
and f„(0) are the forward scattering amplitudes, and o.„
and 0-„are the total cross sections of the neutron and
proton for (~,e) and (m, p) collisions. r is the distance
between the two nucleons, and the symbol ( )z indicates
the operation of averaging according to the deuteron
wave function. Glauber has checked that the above
expression gives a 80-=0-&—o-„—0-„which divers by only
20% from a more exact relation that is valid at small
separations. From the simple expression above, and
from Figs. 15 and 16, we can see that for the energies of
interest to us the forward amplitudes can be replaced
by their imaginary parts. We can then use the computa-
tion of Glauber, who has computed the shadow eGect,
using three diGerent choices for the wave function of the
deuteron. We thus 6nd that the wave function corre-
sponding to a square well potential gives 80 =4.2 mb, the
Hulthen function gives 5.3 mb, and a potential which
includes a hard core of radius r,=0.531)(10 "cm gives
3.3 mb. All three values are substantially unchanged for
energies above 0.8 Bev. Our best value for this effect is
for 0.79 Bev, where all the necessary measurements
were taken under the same conditions so that the error
due to the contaminations is reduced. We obtained the
difference o (m. ,p) —o(m+, d —p) which by charge sym-

metry is equal to bo- for negative pions. Inverting the

charge of the pions, we also obtained bo. for positive
pions. The result was bo(~+) =3.4 mb; bo (m ) =4.7 mb.
Their average is 4+2 mb. Moreover, the smallness of
the difference, bo(~ ) oo—(~+) =1.3&3.5 mb, consti-
tutes a check on the principle of charge symmetry. The
deuteron cross sections obtained by the addition o (m ~,p)
+o(m+, d —p) turned out to be o(~+,d) =60 mb and
o(x. ,d) =62 mb for a pion kinetic energy equal to
0.79 Bev.

If we use all the independent measurements (see
Table IV) from which we can derive a value for Bo, and
we average them all irrespective of their energies, which
are distributed between 0.79 and 1.5 Bev, we obtain
|Ia=6&2 mb. Substantially all three theoretical values
can be considered in agreement with both of the experi-
mental sects we have quoted.
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