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Scattering of 22-Mev Positive Pions by Protons*
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(Received December 20, 1955)

The differential cross section for the reaction ~++p —+ x++P was measured in the angular interval 45' to
135' in the center-of-mass system at a pion energy of 21.5+3.5 Mev in the laboratory system. The pion
beam was formed by a magnetic-focusing selection of pions produced from polyethylene at an angle of 0'
in the reaction p+p ~ 2r++d. The production target was placed in the strong-focused 340-Mev proton
beam electrostatically deQected from the Berkeley synchrocyclotron. The pion beam entered liquid hydrogen
contained in a Styrofoam scattering target at 25.0 Mev, with an energy spread of &0.6 Mev, and left at
18.0 Mev. Scattered pions were detected in an emulsion stack placed 1 inch from the beam edge and q inch
from the liquid hydrogen. The data, consisting of 41 acceptable events, were analyzed by a maximum-
likelihood method to obtain the following best values for the pion-proton scattering phase shifts at a relative
momentum, g= 0.49: o.8= —0.048+0.007, 0.33 +0.013+0.013, a3g ——0.000~0.016.

I. INTRODUCTION

~ 'HE study of pion-proton scattering has already
provided considerable information concerning

the interaction in the lowest two angular momentum
states, usually expressed in terms of the S- and I'-wave
phase shifts. The behavior of the I'g phase shift for the
state of total isotopic spin T=3/2, which largely deter-
mines the scattering cross section at pion energies be-
tween about 30 and 300 Mev by its "resonant" behavior
in the neighborhood of 180 Mev, has been rather well

determined by experiments in this energy region, and
quite well explained by a phenomenological meson
theory. '—'

The behavior of the S-wave phase shifts, which have
an appreciable effect on the cross sections only at low

energies, is less well known experimentally, and has
been a subject of debate among theorists. At the time
this experiment was begun, the available experimental
data' (from the Panofsky effect at zero energy and the
pion-proton scattering at energies higher than about
33 Mev) indicated quite strongly that the T=3/2,
5-wave phase shift, although negative at the higher

energies, changed sign at about 20 Mev and approached
zero energy with a positive slope. Several experiments

to determine the S-wave phase shift for positive pion-

proton scattering at about 20 Mev have been attempted.
The preliminary results of the scattering-in-emulsion

experiment of Orear' indicate that the S-wave phase
shift is sufBciently negative at 20 Mev to preclude any
cross over in this energy region. Meanwhile, the zero-

energy data have been improved, with valuable in-
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formation obtained from the study of mesonic atoms,
so that the original requirement that the S-wave phase
shift approach zero energy with a positive slope was
invalidated '

The specification of the over-all sign of the phase
shifts was also, until recently, uncertain. ' At the time,
the only method used to determine this over-all sign
was to note the effect on the angular distribution of the
interference between the nuclear scattering amplitudes
and the amplitudes for the Coulomb scattering, the
signs of the latter being known for interacting particles
of known charge. At low energies the effect of the Cou-
lomb interaction extends to scattering angles large
enough to be experimentally accessible. Measurements
of the angular distribution of the scattering in the
region from 40 to 65 Mev, 6 however, could not estab-
lish the behavior of the interference because of a
chance near-canceling of the nuclear part of the scatter-
ing amplitude in the angular region where the inter-
ference predominates. Experiments near j.20 Mev~
(where the scattering cross sections are large), per-
formed using the scattering-in-emulsion method —in
which the cross sections could be determined down to
fairly small angles —permitted a rather definite deter-
mination of the interference, with which the present
experiment is in agreement. More recently, it has been
shown that application of causality requirements to the
general scattering theory requires a positive sign for the
T=3/2, Pf phase shift, ' in view of the resonance be-
havior of this phase shift.

The experimental study of pion-proton scattering in
the lower energy region is rendered increasingly more
diKcult by the smaller scattering cross sections involved,
the lower Qux of the available pion beams, and the
shorter range and greater multiple Coulomb scattering

z See, for example, H. A. Bethe, Phys. Rev. 90, 994 (1953).
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z J. Orear, Phys. Rev. 96, 1417 (1954); G. Puppi, reference 2,
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The counter telescope consisted of a 1-inch-thick
polystyrene-terphenyl plastic scintillator, 1.5 inches in
diameter, placed 1.25 inches behind an anthracene
crystal ~ by 4 by 8 inch both viewed by DuMont 6292
photomultiplier tubes.

Situated in the pion beam behind the scattering
target, the counter telescope provided a continuous
monitor of the pion beam Qux. The counters were thus
indispensable during the initial forming of the beam.
The pion-to-proton Qux ratio was found to remain con-
stant, within the limitations of the instruments,
throughout the experiment. By placing various thick-
nesses of copper absorber between the two crystals,
integral range curves were obtained, from which the
pion beam energy was determined.

It should be pointed out that the cross sections
measured in this experiment do not depend on the
counting system. Measurements of the pion beam
energy were obtained independently from pion ranges
in several emulsion stacks.

Liquid Hydrogen Scattering Target

Details of the target structure are shown in Figs. 2

and 3. The recently developed material, expanded
polystyrene, (CH) (better known by the trade name,
Styrofoam), provided an efficient insulating jacket
which interfered little with the scattering process and
permitted the close approach of the emulsion detector
to the target protons.

The actual target volume was de6ned by the pion
beam cross-sectional area and by the length of the
hydrogen container. This length represents a compro-
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FIG. 2. Scattering target and detector, plan view.

collimator pipe was sealed against the Styrofoam jacket
of the scattering target to close the system. A small bag
of the same polyethylene material was connected to
the system outside the shielding, where it was always
accessible for visual and tactual monitoring of the
helium pressure.
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Fro. 3. Scattering target and detector, vertical section.

mise between a large number of scattering centers and
a small energy loss in the target. The necessary use of a
beam of large cross-sectional area, and the desire not
to include scattering events from the directions of the
carbon-rich ends of the target, argued for the length
chosen: 3.5 inches.

Several attempts to use the Styrofoam jacket as the
actual container of the liquid hydrogen proved un-
successful. After some trial, it was found that poly-
ethylene sheet could be fabricated into a leakproof
container for liquid hydrogen. The welding of satis-
factory joints was accomplished with commercially
available hot-air guns. Shrinkage of the expected
amount was observed when the container was filled
with liquid nitrogen, and the warping was not serious.
The container, of 0.040-inch polyethylene, was cut
away in the area of the beam entrance and exit and
along the entire side facing the emulsion stack detector.
This area was covered with 0.004-inch polyethylene
foil, stretched tight and welded to the heavier container.

The Styrofoam jacket was everywhere at least 2
inches thick, except for the —', -inch thin wall facing the
emulsion stack, and a small 1-inch-thick beam entrance
window. The jacket was made in two pieces which fit
together by a tongue-and-groove joint, sealed with
silicone grease, and pulled together by rods reaching
from the plywood top and bottom plates. The target
was designed to force the evaporating hydrogen vapor
to Qow down and around the sides of the polyethylene
container before passing through the jacket to the
exhaust hose. Despite this design, the measured evapora-
tion rate was about 7 liters/hour, requiring a refill

every 20 to 25 minutes.
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The level of the liquid was indicated by a long straw
glued to a Styrofoam Boat. For insurance and con-
venience, the target was also 6tted with a sensing
element (donated by Dr. Clyde Wiegand) which con-
sisted of a cylindrical nickel capacitor connected to the
tuning circuit of a simple ratio transmitter. The relation
between the liquid height in the capacitor and the fre-
quency of the radio signal was easily found by calibra-
tion against the Goat.

The emulsion stack detector was held in a drawerlike
Lucite hoMer, which slid into a hole in the Styrofoam
jacket at the side of the target and permitted an ac-
curate determination of the detector position and
orientation. The holder was designed so that warmed
helium gas couM be passed across the face of the
emulsion stack, in an attempt to keep the emulsion
temperature well above the temperature of the liquid
hydrogen. At liquid hydrogen temperature the sensi-

tivity of the emulsion is reported to be zero."During
each of the two days the stack was exposed, the tem-
perature at the stack face was monitored with an
iron-constantan thermocouple. This temperature was

typically from —10 to —20'C, except for brief periods
the 6rst day when overfilling of the liquid hydrogen
container dropped the reading to the neighborhood of
—. 80'C. Even at these lowest temperatures, the emul-

sion sensitivity is reported" to be decreased by only a
factor of two, so that all tracks of scattered pions should
still have been visible.

Emulsion Stack Detector

To be able to observe with ease and assurance the
tracks of the scattered pions entering the emulsion de-
tector with energies up to 25 Mev (with ionization down
to about twice minimum), it was considered advisable
to use the highly sensitive Ilford G. 5 emulsion. This
choice was also insurance against any decrease in
emulsion sensitivity at the temperatures to which it
would be subjected at a distance of one inch from the
liquid hydrogen in the target.

The emulsion stack detector consisted of a stack of
60 Ilford G. 5 pellicles 6 by 1.7 inches by 600 microns,
bolted tightly together between two sheets of 0.25-inch
black Bakelite by stainless steel screws. "The screws
passed through holes, punched in the individual emul-

sions with a simple jig, in positions beyond the range
of the scattered pions. Once the screws were tightened
the stack could be exposed to daylight. All edges of
the stack were then milled smooth and to the desired
dimensions. X-ray marks were placed in the stack to
facilitate the later realignment of the individual
processed layers. The milled front surface permitted a

"J.J. Lord, Phys. Rev. 81, 901 (1951).
"See A. Beiser, Revs. Modern Phys. 24, 273 (1952).
'~ Birge, Kerth, Richman, Stork, and Whetstone, University of

California Radiation Laboratory Report UCRL-2690, September,
1954 (unpublished).

more accurate measure of the ranges of the scattered
pion s.

After the exposure, the stack was unbolted and the
layers were stripped apart and mounted on glass slides.
The chemical processing procedure followed closely
that developed by the Bristol Group for thick 6.5
emulsion. "

To simplify the relative alignment of the emulsion
layers, brass tabs were glued across the two back
corners of the glass mounts. With the stage stops of the
scanning microscope for reference the tabs were then
systematically sanded down until the x-ray lines came
into approximate coincidence in the field of view.
Alignment to &50 microns was very easily attained;
follow-through track shift near the plate edge caused
by misalignment was smaller than that resulting from
emulsion distortion.

Scanning Procedure

The range of a 25-Mev pion in G.S emulsion is
approximately 11.5 mm. The scattered pions were
therefore con6ned to the volume within at most 12.5
mm from the front edge of each of the 60 plates. One
method of locating all the scattered pion tracks would
be simply to scan "by area" this entire volume plate by
plate, looking for the positive pion endings. Another
method, suggested by the relatively low number of
background tracks and the possibility of following
through tracks from one plate to the next, was to scan
just one swath along the front edge of each plate,
following every track that showed a likelihood of being
a pion, until the likelihood was decisively reduced in
some way —excessive range, non-follow-through (pre-
stacking background amounted to some 20%), proton
endings, star events, etc.—or until the likelihood was
rendered a certainty by the recognition of the char-
acteristic pion ending.

The second method was used; although, to make it
certain that every pion track would be seen, it was
found necessary to take the swath a distance of 3 mm
from the emulsion edge. (The quality of our processed
emulsion deteriorated rapidly as the edge was ap-
proached. ) The swaths at 3.0 mm thus determined the
solid angle of the detector, the endings in the region
nearer the plate edge were picked up by area scanning.

All of the scanning was done with 10)& wide-field
oculars and 22)& oil-immersion objectives. The field
diameter of nearly 1.0 mm expedited the area scanning
and provided a track selection swath suf6ciently broad
to allow for any misalignment due to emulsion dis-
tortion. The use of an oil-immersion objective for the
follow through was found to be advisable to obtain the
visibility required for picking up all the tracks. With
practice it became possible to follow through under oil,

"Dainton, Gattiker, and Lock, Phil. Mag. 42, 396 (1951).
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FIG. 4. Pion beam, integral-range measurements in copper.
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with the Leitz normal-working-distance 22)& objective,
very nearly as rapidly as with an air objective.

Rough checks of the follow-through scanning eS-
ciency were made by rescanning several centimeters of
swath and comparing the track-following records.
Since the area scanning overlapped the follow-through
swath by several millimeters, it was possible to check
the area scanning eKciency against the eighty-odd pion
endings in the area-scanned region found mostly at
random in the course of the follow-through scanning.

A pion track recognition efficiency of 95~5% is
believed. The loss uncertainty here adds little to the
over-all statistical uncertainty of the experimental
results.

III. EXPERIMENTAL DATA

Pion Beam

1. Energy MeuslrerlerIts

The energy of the pion beam was measured peri-
odically during the exposure, with and without liquid

hydrogen in the beam, by two independent methods:
integral range measurements in copper with the
counters, and projected range measurements in emul-

sion stacks.
(a) Integrat range rleasurernents Apair of.—integral

range curves are shown in Fig. 4. The points, as plotted,
include an addition of 0.072 g/cm', the equivalent

copper range required in the back counter for a pulse

greater than the discrimination level. The ranges at
half-height (a good measure of the mean ranges in this

case, since the incident beam was nearly monoenergetic)
are 3.80&0.22 g/cm' and 1.55&0.22 g/cm' for target
out and for 6lled target in, respectively. The uncer-
tainties represent a rough estimate of the range spread
at half-maximum of the di6erential range curves. The
mean ranges at the front of the copper absorbers, cor-
rected for scattering, are 3.95 and 1.60 g/cm', corre-

sponding to 23.9 and 14.2 Mev according to the range-

energy curves of Aron. "The energy of the pion beam
is found to be 25.5&0.7 Mev into the liquid hydrogen
and 18.4%0.5 Mev out. This corresponds to passage
through a thickness of 8.61 cm of liquid hydrogen, a

'~ W. A. Aron, thesis, University of California Radiation
Laboratory Report UCRL-1325, April, 1951 (unpublished).
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FIG. S. Pion beam, projected range measurements in emulsion.
(Arrow from solid circle points to the measured mean projected
range; arrow from open circle indicates the mean range corrected
for scattering. )

ss Fay, Gottstein, and Hain, Nuovo cimento 11, 234 (1954).

thickness just 3.3% less than the designed length of the
target. This would indicate that neither the shrinkage
nor the bubbling was serious.

The mean ranges determined from three other in-
tegral range curves agree to within about 1.5% with
the corresponding mean ranges obtained above, al-
though these curves were not quite as complete as the
two analyzed above. This indicates that the energy of
the pion beam varied less than 1% over the two days
of the scattering exposure.

(b) Projected range nMaserentents. Samples —of the
pion beam were taken with emulsion stacks during the
two days of the scattering exposure. Typical projected
range distributions in emulsion are given in Fig. 5. The
analysis of these distributions to determine the mean
energy and rms spread of the pion beam into and out
of the liquid hydrogen may be summarized as follows:
The measured projected ranges (mean and rms devia-
tion) are 11.15&0.75 and 5.29&0.75 mm, for target
out and hydrogen in, respectively. The mean ranges
corresponding to the above, obtained by correcting
for the scatter-shortening, are 11.80 and 5.61 mm. These
mean ranges correspond to mean energies into the
emulsion of 25.4 and 16.55 Mev,"or to calculated mean

energies into and out of the liquid hydrogen, of 24.9
and 17.9 Mev, respectively. An eGective target length
4.8% shorter than designed is indicated. The calculated
rms energy spreads into and out of the liquid hydrogen,
corrected for the small (3%) energy straggling in the
emulsion, are %0.8 and %1.2 Mev, respectively. The
true energy spreads of the beam are smaller than these,
because of the contribution of the scatter-straggling
to the measured spread.

An analysis of a projected range distribution, ob-

tained during the other day of the exposure, gives

17.6 Mev for the mean energy out of the liquid hydrogen
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—in good agreement with the value 17.9 Mev found
above.

It is believed that more weight should be given to the
emulsion measurements of the beam energies than to
the measurements made with the counters and copper
absorbers. We thus believe the pion beam energy to
have been (25.0 0 2+") Mev, with rms spread ~0.6
Mev, into the liquid hydrogen, and 18.0 Mev out. This
corresponds to a mean energy of 21.5 Mev.

3. &otal &Nngher of Pions throggh the Target

Kith the ratio of pions through the target to protons
through the ionization chamber constant, the total
number of pions was determined from the total inte-
grated proton beam current, the average number of
pions found per unit area per unit integrated proton
beam current in the full-intensity regions of the beam-
sampling monitor stacks, and the total equivalent full-

intensity area of the beam in the scattering target.
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2. Spatia/ Beam Distribution

Pion beam intensity distributions, measured in
emulsion stacks across the approximate beam center in

both the horizontal and vertical planes, are presented
in Fig. 6. The vertical distribution was obtained at the
exit of the collimator the first day of the scattering
exposure. The symmetric trapezoid (dashed lines) repre-
sents the distribution expected at the collimator exit,
assuming a uniform diGuse source of pions across the
collimator entrance aperture, and using the average of
the central points for the value of the "full beam"
intensity.

The horizontal distribution, although no t so likely
to be affected by the focusing, was also checked,

Before averaging, pion Quxes measured at diferent
distances from the pion source (taken to be the colli-
mator entrance aperture) were normalized to the center
of the scattering target (an inverse-square dependence
was assumed).

Four samples of the pion beam, taken over the two
days of the exposure, were analyzed and found mutually
consistent with respect to the number of pions per unit
area per unit integrated proton beam current. The total
"two-day" exposure yielded 1.12&(10' pions per square
mm, a total number of pions through the target,
1V=1.73~0.08&& 10'. (The pion flux averaged about 9
per square inch per second. )

B. Scattered Pions

Tracks of scattered pions entering the face of an
emulsion stack detector possess information essential
for the reconstruction of the kinematics of the indi-
vidual scattering events.

1. Megsgremeets

A measurement of the projected and dip angles 0, 6

specifies the direction of the scattered pion. Since the
direction of the incident pion beam is known, this
permits a direct calculation of the polar and azimuthal
scattering angles 8, P. A measurement of the point of
entrance into the stack then specifies the actual line of
scatter. Since the position of the stack with respect to
the liquid hydrogen target is known, this permits the
rejection of scatters not passing through the target, as
well as those coming from the direction of the front and
back. ends of the target. A measurement of the residual
range of the pion at the stack face Ro specifies the en-
trance energy Eo there. From the foregoing information
it is possible to reconstruct the scattering event by mak-
ing the assumption that the scatter occurred at either
the near or the far edge of the eGective target. At the
near edge, defined by the thin polyethylene window, the
scatter could possibly have been from a carbon atom.

For each of the three assumptions —i.e., elastic
carbon or hydrogen event at the near side or hydrogen
event at the far side of the target —it is possible to
calculate the expected energy of the pion incident on
the liquid hydrogen. The three estimated incident
energies may be compared with the known pion beam
energy into the liquid hydrogen. The two estimations
for hydrogen scattering represent the lower and upper
bounds for the estimated energy, assuming the event
to have taken place in the target volume. For true
hydrogen events, these bounds should bracket the beam
energy, to within the limits of experimental error and
the beam energy spread. For true carbon events, the
estimated energy should coincide, to within similar
limits, with the beam energy. The result of this analysis
of all of the otherwise acceptable scattering events,
found in the center-of-mass angular interval 35'( x
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&135', is presented in Fig. 7. Two certain and three
possible carbon events are indicated.

All measurements were made using 6)& oculars and
a 53& oil objective. The most important measurement,
that of the projected scattering angle n, was made
with an eyepiece goniometer. The dip angle b was deter-
mined by measuring the coordinates of two points on
the track, one as near the stack-face edge as the dis-
tortion and blackening would permit, the other 400 to
800 microns removed. The vertical coordinates, meas-
ured with the calibrated fine-focus adjustment, were
all corrected for the emulsion shrinkage by determining
the fractional depth in the emulsion and assuming the
original thickness to have been 595 microns. (This
thickness is equal to the measured net thickness of the
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FIG. 7'. The kinematic analysis of all otherwise acceptable
scattering events found in the interval 35'&x&135'. (The dots
(y) correspond to the assumption of elastic scattering from carbon,
the limits (I) to the assumed scattering from hydrogen at the
near and far side of the target. )

emulsion in the clamped stack divided by the total
number of pellicles. This value of the thickness, com-

bined with accurate measurements of the length and

width of the milled stack and of the net weight of the

emulsion, yielded the value 3.80 g/cm', in very good

agreement with the value 3.81 g/cm', commonly

obtained. ".

The emulsion-to-glass bond is strong, " the original

position of the much distorted edge is preserved there.

The point of entry and the length of track through the

edge region, could therefore be calculated.

+ A. Oliver, Rev. Sci. Instr. 25, 326 (1953); O. Heinz, Phys.
Rev. 94, 1728 (1954).

ss R. W. Birge (private communication).
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F&G. 8. Emulsion-distortion correction curve, from
measurements of five steep tracks.

3. Uncertainties in the Determination of the
Scattering Aegles

The factors introducing uncertainties in the measured
values of the individual scattering angles, 8, and the
magnitudes of their respective effects may be sum-
marized as follows: (a) beam divergence,

~
68I &2.5';

(b) stack line-up with respect to beam, I68I &1',
(c) instrumental limits, tions (goniometer and micro-
scope readings), [hnI, ~68) (1'(cos8=cosn cosh); (d)
emulsion distortion, [An) =1—2', [LM[ &1—2', with
use of distortion correction curve; (e) multiple scatter-
ing in the liquid hydrogen target and in the entrance
edge region of the emulsion. The multiple scattering
along the unobservable portion of the trajectories in
the emulsion contributes an rms projected angular
spread of from 6 at forward and central scattering
angles to 8.5' at the extreme backward angles accepted.
The contribution to the angular spread due to the
multiple scattering in the target aggregate (both before

2. Correction for Emstlsion Distortion

The distortion of the emulsion near the plate edges
was investigated by measurements made on very steep,
light tracks that could be followed through many suc-
cessive layers. Effects of plate misalignment were re-
moved to good approximation by measuring the emul-
sion edges at the glass. The distortion, as was expected,
affected appreciably only the coordinate y, perpendicu-
lar to the edge. The y-coordinate distortion shift be-
tween the bottom (6xed) surface of one emulsion and the
top (displaced) surface of the next was measured aiong
the same steep track through many plates. The results
are plotted in Fig. 8. The magnitude of the shift is seen
to be quite systematic, decreasing linearly from a value
near 160 microns at a distance of 1.0 mm from the edge
to 0 at about 11.5 mm. For a first-order correction, the
shift of the y.-'coordinate of a track grain may be con-
sidered equal to the total shift appropriate for its dis-
tance from the emulsion edge, times its height in the
emulsion, divided by the total emulsion thickness. This
correction to all y-coordinates was made in all
measurements.
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where do (8)/dQ is the differential scattering cross sec-
tion per unit solid angle, 8 and P are the laboratory polar
and azimuthal scattering angles, X is the total number
of pions passed through the scattering volume, and e is
the total number of target protons per cm' in the target
length, l.. (hatt )A, is the interval of the angle p subtended
by the emulsion layer at a point in the target, averaged
over the entire target volume.
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FIG. 9. The weight factor, F(x).

and after scattering) was, for the worst case (Ep=10
Mev), about 4'.

The over-all uncertainty in the determination of the
individual center-of-mass scattering angles, x, in the
range considered, was thus of the order of 7' to 10'.

IV. CALCULATION OF THE DIFFERENTIAL
CROSS SECTION

For the purpose of simplifying the calculation of the
scattering cross section, the actual pion beam Aux dis-
tribution through the liquid hydrogen was replaced to
su%ciently good approximation by a distribution uni-
form throughout a suitably chosen rectangular area, A.
The expression for the expected number of scatters (in
d8 at 8, from all volume elements of the target) that

4. Summary of the Arialysis of the Pion Endings

A total of 329 positive-pion endings were located,
acceptable in the 12-plate solid angle. Six of these tracks
too short to measure, and 211 at the extreme forward
angles, 8(30', were rejected forthwith. Measurements
of the remaining tracks found 20 rejected by a mini-
mum range criterion (Ep+10 Mev), 26 not from the
direction of the target volume, and 18 from the direc-
tion of the front and back ends of the target.

The remaining 48 events found in the center-of-mass
angular interval 35'&x&135' are plotted in Fig. 7.
The rejection of the two certain carbon events (labeled
C in the figure) results in 41 probable hydrogen events
in the interval 45'&y&135', and 29 in 60'&y&120'.
The exclusion of the three possible elastic carbon events
(labeled C? in the figure) leaves 38 certain hydrogen
events in 45'&y& 135', and 28 in 60'&x&120'.

where V' represents the boundaries of the idealized
target of length I and area normal to the beam, A.

Three considerations complicate the evaluation of
the quantity (DP)A, for the actual situation: (a) the
finite length of the emulsion layer, (b) the requirement
that no scatters come from the direction of a target
end, (c) the requirement that only pions entering the
stack with energies greater than a specified amount be
counted. (The minimum energy limit of 10 Mev at
the stack entrance point requires that pions scattering
at large angles from the back portions of the target
must be excluded. )

The main effect of these conditions is to modify the
boundary of the volume integration, V', so that (6$)A,
becomes a function of e. If (App) p„ is the mean azimuthal
angular interval subtended by a single emulsion layer
averaged over the unmodified, total volume (V=AL),
the quantity F(8)= (6$)A /(6&p)A„ is a weight factor for
the measured angular distribution of the scattering.
F(8) was determined by means of a semianalytic calcu-
lation. The results, after transformation to the center-
of-mass system, are shown in Fig. 9. The weight factor
is seen to be close to unity near 90', corresponding to
the nearly total utilization of the target. At the extreme
backward angle studied, y=135', F(x) introduces a
correction factor as large as three. The difference be-
tween the solid and broken curves of Fig. 9 represents
the correction required to take into account the scat-
tered pions unable to reach the emulsion with energies
greater than 10 Mev.

V. PHASE-SHIFT ANALYSIS

Theoretical calculations of scattering cross sections
are usually compared with the experimental data via
the set of parameters —the phase shifts —that char-
acterize the scattering in the partial-wave treatment of
the quantum-mechanical scattering system.

The present data have been analyzed under the
assumption that only the lowest two orbital angular
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momentum states (S- and E-waves) contribute sig-
nificantly to the scattering cross section, and, therefore,
that only the S- and P-wave scattering phase shifts
are of appreciable magnitude. "This assumption should
be a very good one in view of the low energy of our
incident pions and the failure to find appreciable D-
wave phase shifts in the experiments at energies up to
217 Mev.

At energies as low at 22 Mev the Coulomb scattering
and the effects of its interference with the nuclear
scattering amplitudes are of importance to scattering
angles as large as 90'. Several recent treatments of this
problem are available, all of which take advantage of
the probable very strong short-range nature of the
nuclear force to effect a mathematical separation from
the long-range Coulomb force. A convenient relativistic
generalization of the Van Hove'4 and Ashkin" formula-
tion has been given by Solmitz. '6

The three scattering phase shifts, n3, +3~, o.33, corre-
sponding to the three angular momentum states Sy, Py,
and Pg, were determined from the experimental data
by means of a maximum-likelihood method. 27 This
method of adjusting the parameters of a theoretical
curve to "best fit" ungrouped data not only permits
the maximum utilization of the available information
but also is conveniently applied to relatively small
amounts of data. The application of this method to
these data to obtain the "best values" of the phase
shifts may be summarized brieRy:

The likelihood function, L(x), xs, , x~; ns, nst, nss),
expressing the relative "joint probability" of obtaining
the set of scattering events at X~, X2, , X, and no
events elsewhere, is maximized by varying the indi-
vidual phase shifts.

The likelihood function is

where

4sX(J(640)Av —1.019X10"cm',

(where q is the number of emulsions scanned), and

do
(x ''')=P(x) x (x ''')i = 'I — (fx

dQ dQ ~ dQ

The differential scattering cross section is

dg' 4—(xn ")= ZA.s,
dQ 4k' '-&

~Anderson, Fermi, Martin, and Nagle, Phys. Rev. 91, 155
(1953).

~ L. Van Hove, Phys. Rev. 88, 1358 (1952).
25I. Ashkin and L. Smith, Technical Report No. 1, Carnegie

Institute of Technology, 1953 (unpublished).I F. T. Solmitz, Phys. Rev. 94, 1799 (1954).
s' F. T. Soimitz (unpublished notes); C. Wright and J. Orear

(private communications); see also Orear, Lord, and Weaver,
reference 6; J. Orear, reference 7.

TABLE I. Maximum-likelihood phase shift analysis, I:45'&p
&135', 38 certain +3 probable hydrogen events. II: 45'&g
&135', 38 certain hydrogen events. III:60'&x&120', 28 certain
+1 probable hydrogen events. II' is an example of a second
(unfavored) solution corresponding to the data of II. (See Fig.
10.) The quoted uncertainties represent the spread of the likelihood
function at half-maximum.

Data CL3 tx33

I —0.050&0.006
II —0.048%0.006

III -0.047&0.007

+0.008+0.009
+0.011&0.009
+0.020+0.013

=0
+0.002~0.016—0.003+0.014

II' +0.025~0.010 —0.053+0.005

for spin Rip:

'Vx'Vy

1+ (1+cosx)+smaller terms
2c

+e' Py'Vg'Vy

+smaller terms,
2p(t) +t)„) sin'(x/2) 2c'

where v and e~ are the pion and proton velocities in
the c.m. system, c= the velocity of light, and p„=the
magnetic moment of the proton (in nuclear magnetons).

Phase Shifts from the Maximum-Likelihood
Analysis

To investigate the effect of possible systematic error
in the measured angular distribution at the small- and
large-angle ends, the data were analyzed for both the
full angular interval 45' to 135' and the restricted in-
terval 60' to 120'. In addition, to check the effect of
including the three possible elastic carbon events (all
of which occurred at forward angles), the full angular
interval data were analyzed both with and without
these events.

The results for the three selections from the data are
summarized in Table I. The likelihood function for
case II is mapped in Fig. 10.

where

1/4k'=2. 065X10-"cm', for t)= p, /4)4 c=0.49.

The scattering amplitudes, in the small-angle ap-
proximation, (sinn=n, cosn=1 ——,'n') are: for no spin
fhp (4sf):

At ——2ns+ (4nss+2nst) cosx+2kf("~) (x),
A s ———2ns' —(4nss+2nst)' cosx;

for spin fhp (f):
As= (2nss —2ns)) sinx+2kf(r) (x),

A4= (—2nss'+2nst') sinx.

The relativistic Coulomb amplitudes" are: for no
spin Rip:

g2

f(~f) =
2p(t).+t)„) sin'(x/2)
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Pro. 10. Maximum-likelihood phase-shift analysis.

Discussion of the Phase-Shift Analysis

The above analysis gives an internally consistent,
fairly well de6ned value for the S-wave scattering
phase shift 0.3. That the large uncertainty in the value
of the P-wave phase shifts does not afFect appreciably
the determination of 0,3 is also apparent from the
following results: If o.33 is assigned the value 0.024
given by the Chew-Low" theoretical 6t to the higher
energy results, and 0.» is neglected, the maximum-
likelihood values of n& are —0.047, —0.044 (see Fig.
10), and —0.047 for the data of I, II, and III,
respectively.

The more extended analysis, performed for the
data of II only, discloses a second set of phase shifts
(labeled II'), characterized by positive n3 and large
negative n33. The relative likelihoods favor the accepted
set (with negative o.a) by a ratio of approximately 8 to
1 (see Fig. 10).The large value of

~
o.» ~

required by the
reversed sign solution is roughly twice the value ob-
tained by extrapolation from higher energies. The two
sets of phase shifts give very different difFerential cross
sections at angles x beyond the 135' limit of our angular
distribution.

The data do not provide a good determination of the
E-wave phase shifts. The value determined for 0.3 de-
pends largely on the total number of events found,
while the determination of o,» depends largely on the
relatively few events found at the large- and small-

angle ends of the angular distribution. The deter-
mination of 0.» is thus plagued by poor statistics. The
ends of the angular distribution, moreover, may be
subject to systematic errors in the weight function and
in the efFect of obtaining spurious events at forward
angles by having pions from the steeply-rising Coulomb

~8 See reference 2, p. 23.
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FIG. 11. The differential scattering cross section. Curve II:38
events, 45'&y&135', 0.3= —0.048, o.33=+0.011, n» ——0; Curve
II': Reversed sign solution, a3=+0.025, a»= —0.052, o,31=0.
Curve III: 29 events, 60'&g&120', +3= —0.04"1, e33=+0,020,
o,3j =0.

differential scattering cross section increase their angle
by multiple scattering in the target and detector.
Although these systematic errors are estimated to be
small, the observed depression of the value for o.33 for
cases I and II relative to case III is in the direction of
too many forward (and too few backward) events.

The values quoted for nay (for II and III) were ob-
tained by varying this phase shift (to maximize the
likelihood function) with u3 and n33 held at the values
which had maximized the likelihood under the initial
assumption of n3~=—0. The resulting small values found
for o.3~ in each case did not produce an appreciable
change in the maximizing value of o,33. The likelihood
"surface" above the plane of the n», n3~-axes is seen,
from the large uncertainties quoted, to be exceedingly
Rat, so that the location of a maximum is di%cult-
and not highly significant.

The difFerential cross sections determined by the
sets of phase shifts found for the selections from the
data II, II', and III are plotted in I'"ig. 11, where their
fit to the experimental points representing the indicated
coarse grouping of the data may be compared.

To summarize: the above analysis gives the following
best values for the pion-proton scattering phase shifts
at a relative momentum, tt—=p, /m c=0.49:

n, = —0.048+0.007, o.33——+0.013&0.013,
n3g =0.000~0.016.



SCATTERI NG OF 22-M EV POSI TI VE P IONS 261

VI. DISCUSSION

This experiment provides little information with
regard to the P-wave scattering, other than a general
agreement of the magnitude of n33 with the extrapolated
value specified by the Chew-Low phenomenological
theory" (n» ——0.0238) and the value given by the
Fermi-Orear recipe": +33——0.235''= 0.0280.

The experiments at 113 and 120 Mev, v and the
strict stipulation of the causality requirement for the
resonance behavior of the scattering, both determine
the sign of o.33 to be positive. Reversed-sign solutions,
not favored by the data in any event, can thus cer-
tainly be discarded.

The measured value of the S-wave phase shift, Ot3,

at 21.5+3.5 Mev, appears suKciently well determined
to permit the statement that this experiment conirms
the current view that n3 does not change sign in this
energy region.

The momentum dependence of 0,3 is still poorly
known. The available experimental determinations of
+330 are plotted in Fig. 12. The straight-line 6t, o.3 ~ —q,
made by Orear" is shown, as well as a least-squares 6t
to the presently available data, including an q' de-
pendence. The predicted zero-energy slopes are almost
identical: ns/r) = —0.110 and —0.105, respectively.
Values for this quantity can also be inferred from vari-
ous combinations of data provided by other low-energy
experiments. These experiments consist of the work on
mesonic atoms, (M)" giving an average value for
(cr&+2o.s)/3ri; the very low energy negative pion direct-
scattering cloud chamber results of Lederman, (L)'
et ul. giving (2n&+ms)/rf; and the measurements of the
total charge-exchange cross section between 20 and 42
Mev by Spry, (S)" giving (n&—crs)/rf. In addition, the
Panofsky measurement (P)ss of the ratio (or +p~

~ J. Orear, Phys. Rev. 96, 176 (1954); see also J. Orear, Nevis
Cyclotron Laboratory Report No. 11, May, 1955 (unpublished).

24 Mev: J. Orear (private communication) and Froceedfegs
of the Fifth Aaagal Rochester Conference, 1955 (Inter-
science Publishers, Inc. , New York, 1955), p. 18.

40 Mev: J. P. Perry and C. E. Angell, reference 6.
45 Mev: Orear, Lord, and Weaver, reference 6.
61.5 Mev: Bodansky, Sachs, and Steinberg, reference 6.
78 Mev: Anderson, Fermi, Martin, and Nagle, reference 23.

113 Mev: J. Orear, reference 7.
120 Mev (a): G. Puppi, reference 2, p. 9 (1955).
120 Mev (b): Anderson, Fermi, Martin, and Nagle, refer-

ence 23.
135 Mev: Anderson, Fermi, Martin, and Nagle, reference 23.
165 Mev: H. L. Anderson and M. Glicksman, Phys. Rev.

100, 26g (1955).
189 Mev: Anderson, Davidon, Glicksman, aIid Kruse, Phys.

Rev. 100, 279 (1955).
217 Mev: M. Glicksman, Phys. Rev. 94, 1335 (1954).

"Stearns, Stearns, DeBenedetti, and Leipuner, Phys. Rev. 97,
240 (1955); 96, g04 (1954); 93, 1123 (1954); see reference 2,
p. 169 8.

"W. J. Spry, Phys. Rev. 95, 1295 (1954).
"Panofsky, Aamodt, and Hadley, Phys. Rev. Sl, 565 (1951).
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rs+sr')/(sr —+p ~ ss+y) combined with photomeson-
production results near threshoM, " and with detailed
balance arguments, gives a value for (nt —crs)/r) at zero
energy that is some 30% lower than that inferred from
Spry's results. These experiments, taken in the com-
binations I M, MS, I,S, MP, and LP, give respectively
the values —0.122, —0.109, —0.097, —0.083, and
—0.047 for u, s/r). ss Either of the two momentum de-
pendences given above are thus seen to be in agreement
with the data pertinent to the zero-energy slope, with
the possible exception of the results of the analysis of
the Panofsky and photomesonic eBects.
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