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Nuclear Magnetic Resonance Spectra of Some Hydrocarbons*
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The study of the nuclear magnetic resonance spectrum of protons in ethyl alcohol made by J. T. Arnold
has been extended to other liquid compounds which are more amenable to an exact calculation of their energy
levels and transition probabilities under the inQuence of a small radio-frequency perturbation. Resulting
recordings of these spectra are shown to be in agreement with the spectra predicted by a simple Hamiltonian
proposed by Hahn and Maxwell as well as by Gutowsky, McCall, and Slichter. New evidence has been
found which indicates that lines in a given spectrum have diferent widths.

A method has been demonstrated whereby a definite spin coupling may be associated with a de6nite group
of nuclei. This is achieved by simultaneously applying a large radio-frequency 6eld with a frequency near
to the resonance frequency of one group of nuclei and a small radio-frequency 6eld to produce transitions
within another group. In this case any structure due to the spin coupling between the two groups is greatly
modified.

A new and simple procedure has been demonstrated whereby the magnitude of the radio-frequency field
at the sample may be accurately determined with the aid of a small auxiliary radio-frequency 6eld.

I. INTRODUCTION

A DETAILED study by Arnold' of the proton
magnetic resonance spectrum of ethyl alcohol

under a resolution approaching one part in 10 has
revealed an abundance of fine structure to the resonance
lines which had not been previously observed. In this
paper the study is extended to other compounds whose
spectra are more amenable to an exact analysis than
ethyl alcohol. The spectra of these compounds which
also show an abundance of fine structure under high
resolution are explained by the relatively simple Hamil-
tonian proposed by Gutowsky, McCall, and Slichter as
well as by Hahn and Maxwell. ' A perturbation calcu-
lation is also presented which when applied to ethyl
alcohol is sufhcient to explain the many fine details of
the spectra observed by Arnold.

Consider a molecular system which contains many
identical nuclei. These nuclei may be divided into
groups by placing in each group only nuclei with the
same chemical shift. The nuclei of a group are said to
be "equivalent" if all nuclei in the group have identical
coupling to their molecular surroundings. It has been
shown'4 that if the nuclei of a group are "equivalent"
then any spin coupling which may exist between them
may be omitted from the Hamiltonian of the total
system without affecting the calculated transition
frequencies or line intensities. In this paper we shall

only consider molecules in which all the nuclei within
each group are equivalent.

* This work was done in partial ful6llment of the requirements
of the degree of Doctor of Philosophy at Stanford University. It
was supported in part by the OfIice of Naval Research and the
U. S. Atomic Energy Commission. The material was prepared for
publication while working for CERN, Geneva, Switzerland.

$ Present address: Varian Associates, Palo Alto, California.
' J. T. Arnold, preceding paper LPhys. Rev. 102, 136 (1956)g.' Gutowsky, McCall, and Slichter, Phys. Rev. 84, 589 (1951);

E. L. Hahn and D. E. Maxwell, Phys. Rev. 84, 1246 (1951).
~ E. L. Hahn and D. E. Maxwell, Phys. Rev. 88, 10'10 (1952).
4 Gutowsky, McCall, and Slichter, J. Chem. Phys. 21, 279

(19SS).
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In order to calculate the resonance frequencies of a
nuclear spin system it is permissible to neglect the
e8ects of weak relaxation' and obtain its stationary
energy levels from a suitably chosen Hamiltonian repre-
senting the total energy of the system. Throughout this
paper we shall measure energy in units of angular
frequency by dividing by A, the quantum of action
divided by 2m. The proposed Hamiltonian' may be
written as

5C= —{P~z~z+-', P P Jzs4 &8).
R 8 SQB

We have assumed here that we are dealing with dif-
ferent groups of equivalent nuclei. Each group, denoted
by a letter E, S, , is characterized by the fact that
the shielded magnetic field acting upon the nuclei in
the group has the same value so that in the absence of
coupling between nuclei it would lead to a common
resonance frequency, co&, for all nuclei in group E. The
spin operator 4 with the s-component M~ chosen in
the direction of the applied field has the significance of
representing the total spin of the group R and is given
by

Its magnitude can assume all non-negative values
nglg„, n gIg,—1, ngIg„—2, where ng is the
number of nuclei in group 8 and I~„is the common
magnitude of their spin. The constant Jga charac-
terizes the strength of the spin coupling between any
nucleus, r, in group R and any nucleus, s, in group S.
Since J~a= Jaz, each term in the sum of Eq. (1)
appears twice, which accounts for the factor 1/2 before
the sum. The energy levels and transition frequencies
of this Hamiltonian are discussed further in Sec. II.

In the study of proton magnetic resonance spectra
some evidence has been found indicating that the
natural line widths of various lines in the spectra of

' F. Bloch, this issue LPhys. Rev. 102, 104 (1956)], see Sec. 5.
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some chemical compounds are not identical. The
question of natural line widths is treated in detail by
Bloch in the accompanying paper. However, up to the
present time, magnetic field inhomogeneities have
prevented accurate measurements of the natural line
widths. The evidence of diGerent line widths within a
spectrum is presented and discussed in Sec. V.

A method suggested by Bloch' whereby one may
identify a spin coupling with a definite group has been
demonstrated. The method, which is applicable when
the chemical shift is large compared to the correspond-
ing spin coupling, consists in aGecting one group of
nuclei with a relatively high radio-frequency power
while simultaneously observing the other group with a
small radio-frequency field. The spacing of the diGerent
resonance lines, produced by the spin coupling between
the two groups is then greatly reduced.

One may see in a qualitative way how this reduction
of the spacing arises from the following argument:
Consider a molecule with two groups of nuclei denoted
by A and B. Assume that one applies a large radio-
frequency magnetic field of magnitude H&, rotating in
the x—y plane with angular frequency co&=co&, simul-

taneously the transition frequencies in the vicinity of
co& are investigated by producing resonance with a weak
radio-frequency field of magnitude H2 and of angular
frequency co2., H2 shall be small enough so that it does
not appreciably perturb the stationary states of group
B.The problem may be reduced to a time independent
one by transforming to a coordinate system rotating
with angular frequency coj. It can be shown' that the
eGective field in a system rotating eith angular velocity
co& is equal to the field in the laboratory system reduced
by the resonance field &or/y. Including the contribution

by the radio-frequency field H& in the rotating frame
where it is assumed to point in the x-direction, the
Hamiltonian is then given by

K= —(((u~ (vr)M~+yHiIg, —

+(&B "i)MB+~AB'A'IB}~ (3)

It may be seen that if cor=&u& and )yHr
~
»~ J» ~, the

eGective field seen by the nuclei in group A is pre-
dominantly in the x-direction and thus the average
value of the total spin I"will lie essentially in this direc-
tion. Also if I&a'

—"&~»~J~s~ then the eRective Geld

seen by nuclei in group B will be predominantly in the
s-direction, so that the average value of the scalar
product is nearly zero. The last term in Eq. (3) can,
therefore, be neglected and the corresponding splitting
in this approximation disappears.

Bloom and Shoolery' have presented an approximate
treatment, valid in the limit of large separation of the
resonance frequency between two groups; while con-

' F. Bloch, Phys. Rev. 95, 944(A) (1954).' Rabi, Ramsey, and Schwinger, Revs. Modern Phys. 26, 167
(1954).

'A. I.. Bloom and J. N. Shoolery, Phys. Rev. 9?, 1261 (1955).

firming the above conclusion in the limit of large radio-
frequency amplitudes, they show that for intermediate
radio-frequency amplitudes the multiplet structure of
the spectrum of the undisturbed nuclear group often
increases in complexity. A consistant theory of the eGect
has been presented by Bloch' which takes into account
the modification by the strong radio-frequency field of
the line width, intensity, and frequency of the reso-
nances in the weak radio-frequency field. He shows that
in the limit of large radio-frequency amplitudes one
may still have a residual splitting of the order of J'/5
where J is the spin coupling constant and 6 the corre-
sponding chemical shift.

The apparatus and the experimental techniques
employed in these double irradiation experiments are
more fully described in Sec. III and Sec. IV, respec-
tively. The technique is demonstrated with several
chemical compounds in Sec. V.

As pointed out in Sec. VII of the accompanying paper
by Bloch the principle of simultaneous application of a
strong and a weak radio-frequency field with diGerent
frequencies or& and co2, respectively, can also be applied
to a spin system where all nuclei are equivalent and can
here be used for calibrating the amplitude of the strong
radio-frequency fieM purely in terms of measured fre-
quencies. This principle of calibration has been success-
fully applied here.

The fact that there are two values of the resonance
frequency co2 of the weak field, satisfying the equation

(~2 "1) (~A "1)+(YH1) y (4)

is shown in Appendix I by the phenomenological equa-
tions. Qualitatively, it can be derived by considering the
spin system in a coordinate frame rotating with the
angular velocity co& of the strong radio-frequency field.
In this case the Hamiltonian in the rotating frame is
given by Eq. (3) upon omitting the terms associated
with group B.

K= —(((og (ui)Mg+yHrIg, )—. (5)

The magnitude of the eGective magnetic field in the
rotating frame is

H'H=((vH )'+r(~~ —~r)')'/y, (6)

and the magnetic moment can therefore perform a free
precession with angular frequency pH, «. As shown in
Fig. 1, the projection of this precession upon the x' —y'
plane of the rotating frame describes an ellipse and can
be decomposed into two components of different mag-
nitude rotating in opposite directions with the same
angular frequency pH, «. Going back into the laboratory
system the free precession contains therefore two fre-
quencies, coi&yH, ~~. The angular frequency of the vveak
radio-frequency field, ~2, must be made equal to one of
these frequencies in order to produce resonance, and
consequently one obtains the resonance condition given
by Eq. (4).

F. Bloch, reference 5, Sec. 7, in particular see Eq. {7.121).
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Experimentally it is convenient to hold co~ and ~2
6xed while co& is continuously varied. It must be noted
that Eq. (4) is likewise satisfied for two values of ca~

if (&os—cvi)') (yHi)'. By observing the successive occur-
rence of both resonances and extrapolating to their
coincidence for (&os—a~i)'= (yHi)', it is thus possible to
determine Bj.The experimental procedure is discussed
in Sec. IV.

In practice the small auxiliary radio-frequency field
may also be realized by either an amplitude modulation
of the applied magnetic 6eld or by a frequency or am-
plitude modulation of the radio-frequency field. For
a small index of modulation any of these methods
produce essentially two sidebands placed symmetrically
about the strong radio-frequency field. The resonance
condition of the sidebands is thus given by

~"= (~~—~i)'+ (vHi)',

Y

y Heff

Heff

~v A~rII '\I
I
I 'I
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where co' is the frequency of the modulation.

II. CALCULATIONS OF TRANSITION FREQUENCIES
AND LINE INTENSITIES

We shall in this paper consider the cases where each
group contains only equivalent nuclei. The Hamil-
tonian is then given by Eq. (1).By defining the opera-
tors Mz+= Iz,&i7» the Hamiltonian may be written
in the following form:

5C= Q f sMs+—'2 &as(M-sMs+Mrr+Ms ))
B SQB

/ r

I pl%+
I
I I 1

l I
II

y Keff,r'
++a os+
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Fro. 1. (A) In the coordinate frame rotating with the frequency
of the large radio-frequency field, the magnetic moment carries
out a free precession about the effective field P,ff with an angular
frequency yH, «. (B) The projection of this magnetic moment on
the x' —y' axis of the rotating frame describes an ellipse. (C) This
ellipse is decomposed into two components of difterent magnitudes
rotating with the same angular frequency but in opposite direc-
tions.

Using the well-known matrix elements" for Mg and
Ms+ in the representation in which (Is)' and Mn are
diagonal with eigenvalues Is(Is 1) and ms, —respec-
tively, the matrix elements of the Hamiltonian (&) are
given by

{uses+ s 2 Jirsmses), (9)

and
R=A, B SAR

( es, mr, ~X~ m, —1,e,+1, )
= —-',Jsr{(Is ms+1) (Is+ms) —(Ir mr)—

X (Ir+mr+1) }&, (10)

' See for example L. I. Schiff, Qaaritlm Mechaeics (McGraw-
Hill Book Company, Inc. , New York, 1949), first edition, p. 143.

with all other matrix elements of K equal to zero.
Since according to Eq. (10) there exist nonvanishing
matrix elements only between states for which one of
the quantum numbers ms divers by &1 while another
quantum number m& divers by ~1, it is seen that
m= Ps ms is a good quantum number. The eigenvalues
of the matrix given by (9) and (10) shall be denoted by
E(k) and the corresponding diagonalizing spin functions
by e(k).

The perturbing Hamiltonian K' due to the radio-
frequency field in the x-direction may be expressed as

yHi cos(s&it)—gs(Ms++Ms ). (11)

Resonance occurs when the frequency cv&, of the radio-
fre fluency field satisfies the condition +~i=E(i)—E(J) .
Under the conditions met in this investigation one can
use the result derived by Bloch" that the integrated
intensity of each resonance line is proportional to the
absolute square of the corresponding matrix element
of M+=Ps Ms+ or M =Ps Ms . The calculation of
the maximum height of the lines poses a far more dif-
ficult problem in so far as it involves a knowledge of the
line widths. However, to the extent to which one may
assume the widths of the different resonance lines in a
spectrum to be equal, one is allowed to use the expres-
sion for their integrated intensity also as a measure for
the maximum line height.

The calculation of the transition frequencies and line
intensities are particularly simple if only two chemical
groups are present and if one of the groups has a
maximum spin of —', . In this case one need only solve
quadratic equations to find the energy levels. " The
simplest case is that of two groups of nuclei with each

"F.Bloch, reference 5, see Eq. (5.10).
's Banerjee, Dss, and Ssha, Proc. Roy. Soc. (London) A226, 490

(1954).
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TABLE I. Theoretical transition frequencies and relative line
intensities for two groups of nuclei with spin 2 with one nucleus
in each group. The chemical shift is denoted by 8=co&—co& and
the spin coupling constant by J.

Transition in
limit of Js0

Line mA mB4 —+mA' mB'

Relative
frequency

of lines

Relative
intensity
of lines

Gl 13

A)24

F12
G)34

1
2
1
1
2
1
2

1
2
1
2
1
2
1
2

1—J/( b'+ Js)&

1+J/(bs+ Js) &

1+J/(bs+ J')&
1—J/(b'+ J') &

group containing only one nucleus of spin —',. The
transition frequencies and line intensities for this case
were 6rst given by Hahn and MaxwelP and are sum-

marized in Table I. In Sec. V, experimental spectra of
two different chemical compounds are compared with
these results. The transition frequencies and intensities
for the case of two chemical groups with one proton in
one group and two protons in the other group has also
been treated by Hahn and Maxwell. Results of this
calculation are summarized in Table II and compared
with experiment in Sec. V.

By using the procedure outlined above, numerical
calculations have been made for two special cases, that
of P-propiolactone which has two protons in each of
two groups and that of ethyl bromide which has two
protons in one group and three protons in the other.
The results for these molecules are given in Tables III
and V respectively, which are found in Sec. V.

A perturbation calculation is indicated when the spin
coupling parameter is small compared to the chemical
shift. Such a calculation keeping terms up to third order
in the energy levels and to 6rst order in the transition
probabilities is given in Appendix II. The calculation
is made for an arbitrary number of chemical groups and
each group with an arbitrary total spin. However for the
purposes of discussion it is convenient to consi, Iel.

chemical compounds which have only two groups, A

and 8, of equivalent nuclei. The Hamiltonian in this
case is

J». The intensity of each line is proportional to the
statistical weight of the corresponding value of m~.
Levels which diGer only in the total spin quantum
numbers I~, I~, are degenerate in this approximation.

In Appendix II the energy terms in second order are
calculated with the result that for the case of two
groups of equivalent nuclei one has to add to the
expression given in Eq. (12) the term"

(J~s)'
8 s' = —— {mz(Is'+Is ma')—

2(Qlci . cdB) —ms(Ig'+Ig —mg') }. (l4)

In this approximation the 2I&+1 energy levels of
group A are no longer equally spaced since there is a
term proportional to m~'. Thus for a given assignment
of the total spin quantum numbers I& and I& each line
of group A is further split into 2I~ lines, the separation
being of the order of (J~~)'j(co~—co~). For the case of
m~=0 there is an exception to this rule and the levels

Transition in limit
J-+0

mA mB~mA mB

1 —1
2

p 1
2

Transition
frequency
measured
frOm coA

——2'S+,'J+S

0 —~+S+S'

Relative line
intensity

(1—2T)'

I+2T2

(1—2T'+2T)'

(1+2Ts) (1+2T")

0 0

—1 —-' —1 &S—,'J+S' (1+2 T')'

1+2T'2

TABLE D. Theoretical transition frequencies and relative line
intensities for two groups of nuclei of spin 12with one nucleus
in group A and two nuclei in group B. The chemical shift is
denoted by B=up —cop, and the spin coupling constant by J.
cez is arbitrarily called zero on the frequency scale and the
abbreviations S= r'J+ ', (b'+b J-+9J'/4)b, S' = c'J+,'(b' —bJ-—
+9Js/4)&, T=J/(b+2S), and T'=J/(b+2S') are used.

~=—{ceg~g+cdsMs+ JgsIg Is}. (12)

Gutowsky, McCall, and Slichter' have shown that for

( J~s(&&(co~—cd'( one obtains in first approximation
for the energy levels of the spin system

—S—J+S —S'

0 —y6+J—S

2(1+T'+2TZ')'

(1+2T') (1+2T")

2 (1+T)'

1+2T2
Z= —{cegm~ jcosm~+ J~sm~m~}, (13)

where m~, m~ are the eigenvalues of 3f~, M~. The
selection rules of transitions are hI~ ——AIg=0 and
further in this approximation Am~ ——&j., Am~=0, or
Amg=0, Amp= &1.

Considering transitions of the nuclei in group A, we

note that for a given total spin I~ there are (2I~+1)
equally spaced energy levels with spacing equal to the
transition frequency cvz+ Jz&m&. Since m& can assume

2(Is), +1 different values, there are this many dif-

ferent spectrum lines associated with transitions in

group A with their frequencies separated by the amount

1
2 1 2 0 —b+J —S+S'

2 (1—T+2TT')2

(1+2Ts) (1+2 T")

1
2

0 —-' —12
—-'8—J—S'2

—6—S—S'

2 (1—T')'

1+2T"

4(T' T TT')~——

(1+2Ts)(1+2T")

a Transition with IB =0, all others with IB=1.

"This result has also been derived by F. Bloch, this issue
/Phys. Rev. 102, 104 (1956)g, see Eq. (6.36).
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of group A are still equally spaced. However if the total
spin quantum number IB may assume more than one
value, the transitions with diGerent total spins IB mill

have diGerent frequencies; these separations are also
of the order of (I~a)'/(co~ —

cuba), while two transitions
described by a set of quantum numbers which diGer
only in IA, still have the same frequency.

Including second-order terms the frequency of a
transition between a state with energy Z(mz, ma) and
another with energy E(mz —1, ma) is

JAB

X(Ia(Ia+1)—ma(ma+1)+2m~ma). (15)

It is of interest to note that the spectrum of a chemical
compound does not allow the determination of the sign
of the spin coupling constant. However if a chemical
group is coupled to two other groups and if the spectrum
is sufFiciently well resolved to be able to observe the
eGects predicted by second-order perturbation theory,
then the relative sign of the two spin coupling constants
may be determined.

The energy corrections to third order have been cal-
culated with the results given in Appendix II. In third
order almost all transition lines are described by a
unique set of quantum numbers. One exception arises
in the special case where the total spin IB=O. Of course
in this case the levels. of group A are equally spaced
even in an exact analysis.

The transition probabilities between two states of
the nuclear spin system under resonance conditions
when a small radio-frequency perturbation is applied,
are calculated (see Appendix II) using for the initial
and final wave functions the expressions obtained in the
6rst approximation. For the case of two groups of
equivalent nuclei, the signal intensity for a transition
in group A between the energy levels associated with
the quantum numbers nzA and mA —1 is found to be

proportional to

(Ig my+1) (I~—+my) 1—
2~AB

ma . (16)

We note that in a given multiplet the lines with a
frequency further away from those of the group which
causes the splitting have been reduced in intensity
while the lines closer to this group have greater in-
tensity. This fact may be of some help in identifying
spectra of complicated molecules, provided that the
chemical shift is not too large compared to the corre-
sponding spin coupling.

III. APPARATUS

The apparatus used in obtaining high-resolution
recordings is described by Arnold. When double irradi-
ation experiments were performed the oscillator and
amplifier shown in Fig. 5 of Arnold's paper were replaced
by the double transmitter system shown in Fig. 2. The
two oscillators were crystal controlled and operated at
diGerent submultiples of the final frequency in order to
avoid "pulling" due to coupling between them. The
output of the oscillators was multiplied, one by four,
the other by 6ve, in the ampli6ers. The power output
of the two amplifiers could be varied independently
and was fed into the nuclear resonance head.

It is well known that a crystal oscillator may be
"pulled" up to about 0.01% by placing a suitable
reactance in the crystal circuit. One of the two crystal
oscillators was, therefore, controlled by a variable
reactance circuit in such a manner that the frequency
diGerence of the two oscillators after multiplication was
maintained at a fixed value. This was accomplished by
mixing the outputs of the two ampli6ers to obtain their
diGerence frequency. This diGerence frequency was
then fed into a phase-sensitive detector whose reference
was derived from an audio-oscillator. When the dif-
ference frequency was equal to the frequency of the
audio-oscillator, the output voltage of the phase
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detector was determined by the phase difference of the
two frequencies. This output voltage was filtered to
remove the audio-frequency components. It was then
fed into the reactance circuit which controlled the
radio-frequency oscillator in such a manner as to tend
to keep the phase diRerence at a constant value.

It was possible to ascertain whether the frequency
difference was actually maintained by observing a
cathode-ray oscilloscope which had the mixer voltage
applied to the vertical axis and the audio-oscillator
voltage applied to the horizontal. axis. A nonrotating
ellipse was observed under proper operating conditions.
The radio-frequency oscillator could be brought within
the controlling range of the control circuit by means of
a variable capacitor connected in the crystal circuit of
one of the oscillators.

In the double-irradiation experiments the variable
reactance circuit was used to control the frequency of
the stronger of the two radio-frequency outputs. The ref-
erence voltage for the receiver phase detector was
derived from the weaker of the two radio-frequency
outputs.

IV. EXPERIMENTAL PROCEDURE

A. High-Resolution Traces

The high-resolution traces were taken under slow

passage conditions and with sufficiently low radio-
frequency power to avoid saturation. They were
recorded on paper tape with a Sanborn Model 127
recorder. A standard tape speed of 1 millimeter per
second was used, although a few traces of the complete
spectrum of a compound were made at a speed of ~

millimeter per second. The magnetic fieM was always
swept from high to low field so that resonances which
occur at the higher magnetic field appear to the left
side of the trace. The radio-frequency was fixed at
about 30.5 Mc/sec. The traces would appear the same
if the magnetic field were fixed and the radio-frequency
field swept toward higher frequencies toward the right
side of the trace.

Only the spectra of protons in liquid samples have
been studied. The observed width of most of the
resonance lines of the various compounds had to be
attributed to inhomogeneities of the applied magnetic
field.

B. Calibration of Traces
One of the simplest methods of calibrating the fre-

quency difference of the various resonances of a spec-
trum consisted in applying a sinusoidal modulation of
the applied field. It is shown in Appendix III that if
if the amplitude of the radio-frequency field is far
below saturation, a series of equally spaced resonance
lines appear for each resonance line in the unmodulated
spectrum. The frequency spacing between correspond-
ing lines is equal to the frequency of the modulating
field and thus these lines serve as a calibration for the
spectra lines.

The amplitude of the sideband resonances depends
upon the magnitude of the modulation and upon the
mode of detection. The resonance signal of each side-
band contains the transmitter frequency and all fre-
quencies which diBer from it by an integral multiple of
the modulation frequency. Since the phase-sensitive
detector in the receiver derived its reference voltage
from the transmitter, only the component which had
the same frequency as the transmitter appeared as a
direct current signal in the output, the other com-
ponents were removed by filtering. It is shown in
Appendix III that under these conditions the eth
sideband has a relative amplitude of J„'(co/~'), where
co is the peak amplitude of the modulating field
measured in units of angular frequency by multiplying
the field by p,' co' is the angular frequency of the modu-
lating field, and J„(~/&u) is a Bessel function of the first
kind.

C. Double Irradiation Exyeriments

In some cases it is desirable to aR'ect strongly one
group of nuclei while observing another group with a
small radio-frequency field, In the approximation of the
chemical shift large compared to the spin coupling any
structure due to the spin coupling with the strongly
affected group disappears, leaving only structures which

may exist due to spin couplings with other groups.
The experiment was performed by keeping fixed the

difference between the frequencies of the strong and
of the weak radio-frequency fields and sweeping the
magnetic fieM. The reference voltage for the phase-
sensitive detectors was derived from the source of the
weak radio-frequency field so that only transitions due
to the weak radio-frequency field were observed as a
direct current signal on the trace. The signal from the
strong radio-frequency field appeared as an alternating
voltage of a frequency equal to the difference frequency
of the two transmitters.

D. Calibration of the Radio-Frequency Field

An indication of the magnitude of the strong radio-
frequency field could be obtained by measuring the
direct current voltage which was produced by a crystal
diode connected to the input of the head. However,
since the diode output voltage was an unknown function
of the radio-frequency voltage, it could not be used for
calibration, which was carried out by the following
procedure.

A water sample with the proton resonance lines
broadened by the addition of paramagnetic salts was
placed in the head and the signal height was plotted as a
function of the diode output voltage. The measurement
was carried out far below saturation so that the signal
height could be expected to be proportional to the mag-
nitude of the radio-frequency field.

The absolute magnitude of the radio-frequency field
was determined by a double irradiation experiment (see
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Sec. I) using a distilled-water sample. Let tot and Ht be
the angular frequency and magnitude of the strong
field to be measured. The weak field shall have an angu-
lar frequency co2 and it shall be of sufficiently low ampli-
tude so as not to perturb the system appreciably.
Actually, it was the diGerence co2—~& which was kept
closely constant and determined by an audio-oscillator.
As pointed out in Sec. I and shown in Appendix I the
resonance condition for the weak radio-frequency field
is given by (tos —cot)'= (to& —rot)'+ (yHt)'. In the meas-
urements the magnetic field was swept linearly with
time which corresponds to a linear change of the
resonance frequency a». For (co&—rot)') (&Ht)', the
resonance equation above is satisfied for two diferent
values of co& which are situated symmetrically about
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FIG. 3. Transitions produced by a small radio-freque
of angular frequency co2 when water was simultaneously i
by a large radio-frequency field of angular frequency
number below each trace is the frequency difference o
Acids («d2 —co&)/(2«r). The relative magnitude of the tw
is here immaterial and distorted since the receiver
oaded by the large radio-frequency field.

Pro. 4. Plot of the square of the distance D, between resonances
of each trace shown in Fig. 3, using the square of the difference
frequency (cu2 —ar«)/(2«r) as the abscissa. Each point is labeled by
the frequency difference of the two 6elds, (~2—~&)/(2«r).

the frequency co& of the strong field. If the magnitude
of the difference co2—co1 is decreased in successive traces,
the two resonances appear closer together. At the
limiting value of (tos —o«t)'= (yHt)', the two resonances
coalesce, and for differences co2—co1 smaller than this
amount no resonance is observed. Such a series of
traces is shown in Fig. 3. Below each trace is given
the difference frequency (a»—a»)/2w of the strong and
weak fields. The square of the distance D on the trace
between resonances for different values of (o&s

—o«t)/2s.
has been plotted in Fig. 4 using (cos—cot)'/(2w)' as the
abscissa, the data being taken from the traces shown in
Fig. 3. To the extent to which the sweep field varies
linearly with time and has the same rate of change for
all the traces the points on this graph should lie along
a straight line, intersecting the abscissa axis at
(yHt)'/(2m)'. This fact has been ascertained within the
experimental error, yielding in this case the value
H1= 3.5~0.2 milligauss.

It is interesting to note that when the difference fre-
quency a&2

—
cv& is made larger, one of the resonance lines

becomes weaker and the other becomes stronger. In the
limit of a very large difference frequency, one of the
resonances disappears and the other resonance fulfills
the usual resonance condition ~2——co~.

The absolute magnitude of the radio-frequency field
has also been determined by applying magnetic field
modulation in place of the weak radio-frequency fieM.
In this case the index of modulation was made suffi-
ciently small so that the resonances of the sidebands
do not perturb the system appreciably. Under these
conditions only the first sidebands produce observable
signals. The frequency of these signals divers from the
transmitter frequency by the modulating frequency, u',
and thus these signals appear as an alternating voltage
at the output of the phase-sensitive detector. The
resonance condition for the sidebands is given by
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FIG. 5. Spectrum of 2-bromo-5-chlorothiophene. The theoretical spectrum below was calculated from the expressions given
in Table I with the ratio J/b= 0 835 The la.belin. g of the lines is identical to that given in Table I.

co"= (co&—co&)'+ (yH&)'. Thus if one plots the square of
the distance between these two resonances as a function
of the square of the modulation frequency co' one
obtains a graph similar to that of Fig. 4, with coi—co~

replaced by co'.

V. RESULTS AND DISCUSSION

The procedure described above has been applied to
a number of hydrocarbons. Their choice was motivated
by the desire of dealing with simple systems which, at
the same time, exhibit some of the more interesting
features in their magnetic resonance spectra, The first
two molecules are of the simplest imaginable type, con-
taining only two groups with one proton in each group,
while the following cases show a stepwise increasing
complexity of the spectrum, due to the presence of
additional protons and proton groups in the molecule.

The results obtained for various compounds are
presented below. The structural formula for each com-
pound, together with photographs of the recorded
traces, are shown on the corresponding figures.

A. 2-bromo-5-chlorothiophene: SCBr:CHCH: CC1

The proton resonance of this molecule was first inves-
tigated by Hahn and MaxwelP by studying the modu-
lation of the spin-echo. They found that the chemical
shift, 8, and the spin coupling, J, are in this case of
comparable magnitude. This fact is clearly manifested
in the spectrum, shown in Fig. 5. The theoretical
spectrum for the two proton case is summarized in
Table I. Averaging data from five separate recordings
the following values were determined for the chemical
shift and the spin-spin interaction:

5/(2m) =4.7&0.2 cps J/(2~) =3.9&0.2 cps.

Using these values of J and 8 the relative line intensities
have been calculated yielding the value of the ratio
of intensity E.=0.22~0.01 of either outer line compared
to either inner line. This number agrees to within the
experimental error with the corresponding line area
ratios which have been measured in a number of re-
cordings yielding an average value of R=0.195&0.020.
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FxG. 6. Spectrum of dichloroacetaldehyde. The small peaks are due to impurities. The theoretical spectrum was calculated
assuming that J/8=0.029.

The results of Hahn and Maxwell corrected for the
difference in the external 6eld at which they were
obtained, are

8/(2s. ) =5.3&0.2 cps, J/(2s. ) =3.9&0.2 cps.

While there is good agreement for the values of J there
exists a slight discrepancy of unknown origin for that
of b.

B. Dichloroacetaldehyde, CHCI, CHO

Dichloroacetaldehyde, which was likewise previously
investigated by Hahn and Maxwell, ' has a spectrum
shown in Fig. 6. The small peaks are due to impurities
which comprise about 10% of the volume according
to the manufacturer's data.

The chemical shift and the spin coupling have been
measured and the following values determined:

8/(2+) = 100.0&1.0 cps, J/(2m) =2.9&0.3 cps.

They are in good agreement with the values

8/(2s. )=99.0&5.0 cps, J/(2s. ) = 2.7&0.2 cps,

found by Hahn and Maxwell. '
The relative line heights of the two lines on the right

hand (low field) side of the trace check with the line
intensities predicted by theory, however the impurities
present in the sample prevent accurate measurements
of the heights of the other two lines.

Since the chemical shift of this two-proton compound
is about thirty times larger than the spin coupling, it
has been used to demonstrate how the structure, due to
spin coupling, disappears in this case by affecting one
of the groups with radio-frequency power while ob-

serving the other group with a small radio-frequency
field. Figure 7 shows a series of traces with the signals
arising from transitions produced by the weak radio-
frequency Geld while the strong fieM was Gxed at about
1~ milligauss, roughly twice the spin-coupling constant
when expressed in magnetic Geld units. The frequency
difference between the strong and weak fields was
changed between traces. Practically complete disap-
pearance of the structure is observed when the frequency
difference is equal to the chemical shift. The width of
the trace lines is produced by the vibrations of the
spinning sample holder. These vibrations modulate
the radio-frequency power picked up by the receiver
coil in the head so that a relatively large radio-frequency
field produces a correspondingly large alternating
voltage in the detector.

C. 1,1,2-trichloroethane, CHC12CH2C1

This compound, also investigated by Hahn and
Maxwell, ' has the spectrum shown in Fig. 8 and com-

pared with the theoretical results summarized in Table
II. From calibration traces the following values were
determined for the chemical shift and the spin-spin
interaction:

5/(2s. ) =55.5&1.5 cps, J/(2s) =5.7&0.5 cps.

The results of Hahn and Maxwell are

8/(2s. ) =62.0&3 cps, J/(2m) =6.0&0.3 cps.

Here the two values of J are just within the estimated
error; the values of 5 are just outside the estimated
error without, however, representing a significant dis-

crepancy.
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the fact that m~ ——0 can be obtained both for the case
total spin I&——1 and I&=0, and that the energy values
depend not only on m& but also upon I&.

It is of interest to note that while the relative line
height of the three lines associated with I~= j agree
with the predicted line intensity, the line associated
with I~ 0 i——s 50% higher than the theoretical line
intensity. It is reasonable to suppose that this increase
in height is accompanied by a proportional decrease in
width, which is seen in a qualitative way in Fig. 8 (C) .The
width of this line cannot be accurately measured since
the two lines for m&=0 are not completely resolved;
however, the combined area of the two lines has been
measured and found to be in agreement with the theo-
retical relative intensity.

The observation of diferent line widths may be
understood in a qualitative way by noting that the
widths of lines in one group will be affected by the
lifetimes of states of the other group. "Applying this
consideration to this case one finds that the state asso-
ciated with I&=0, m&=0 is relatively long lived com-
pared to the states associated with I~= 1, m~ =0 or ~1.
This fact indicates that changes of the total spin I~ are
relatively infrequent, a circumstance which can be
explained by assuming that the molecular surroundings
are very nearly symmetrical in the two protons of this
group.

D. g-propiolactone, CH, CH, COO
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This compound has the spectrum shown in Fig. 9.
This spectrum is in agreement with the assumption that
there are two groups of equivalent protons with two
protons in each group. With this assumption the
theoretical line spacings and intensities have been cal-
culated for the ratio J/8=0. 265 and is compared with
experimental values in Table III.

TABLE III. Relative transition frequencies and line intensities
for the case of two groups with two protons in each group for the
case of J/8=0. 265 are calculated and compared with measured
values taken from the trace of P-propiolactone shown in Fig. 9.
Only relative transition frequencies for group A are listed; those
of group B are of equal magnitude but of opposite sign to those
of group A.

This compound has two groups of protons with two
equivalent protons in one group, 8, and one proton in
the other group, A. The two peaks on the left-hand side
in Fig. 8(A) are associated with transitions of the two
equivalent protons in group 8, the two lines arising
from the two possible states states m~ = &2. According
to theory, each of these lines should be doubled as is
explained in Sec. II; however this splitting amounts to
less than 0.4 cps and is not resolved.

The group of lines at the right-hand side of Fig. 8 is
associated with transitions in the group A, the three
main lines arising from the three possible values of
m~= &1 or 0. The central line is double, arising from

Transition in
limit of J—+0

mQ ~mg 1

mg mB

Calculated values
Relative

frequency
in units

of 8
Relative
intensity

Measured values
Relative Relative

line line
spacing height

1 1
0 1
1 0
0 0

0'
0 0a
0 —1
1 —1

0.8319
0.7528
0.6011
0.5327

0.5000

0.3019
0.2570

1.06
1.27
1.48
1.78

4.00

2.93
3.44

0.832
0.756
0.596
0.526

0.500

0.302
0.255

1.1
1.3
1.4
2.7
48
2.9
3.1

"F.Bloch, this issue LPhys. Rev. 102, 104 (1956)), Sec. 6.

& Transition with Ig =1, IB=0; all other transitions with Ig =1, IB =1.
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FIG. 8. Spectrum of 1,1,2-trichloroethane. (A) Total spectrum with theoretical line spectrum below. The theoretical
spectrum was derived from the expression given in Table II assuming J/8 0 105 The=lin. es o.ccuring at the higher
frequency appear at the right-hand side of the trace. Although each of the two lines in group 8 should be doubled,
the splitting is too small to be resolved. Single lines are therefore drawn in the theoretical intensity pattern
each with a length equal to the sum of the lengths of the two lines which they represent. (3) The spectrum of each
group obtained by sweeping the magnetic field more slowly. (C) The spectrum of group Yf under better resolution;
however, the right-hand peak appears somewhat distorted, probably because of nonlinearities in the rate of sweep
of the magnetic field. En this trace one of the two central lines is associated with the state Ig=0, mal=0 of group 8
and it definitely appears narrower as well as higher than the adjacent other line, associated with the state I&=1,
my=0.

The extremely good agreement would suggest that
the above assumption of the protons within each group
being equivalent is justi6ed. It is generally believed
that this molecule has a plane of symmetry with the
carbon and oxygen atoms lying in this plane and the

protons placed symmetrically above and below the
plane. If there is no exchange of protons there would be
no u priori reason to expect that a proton in one group
would have the same spin-coupling constant to each
of the protons in the other group. The calculation of
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FIG. 9. Spectrum of P-propiolactone. The theoretical line spectrum below was calculated in the manner outlined in Sec. II
for the case of J/8=0. 265 with the results given in Table III.

the energy levels in this more general case is more com-
plicated since the protons in each group are not equiva-
lent and thus the total spin of a group is not a good
quantum number. However, since there is a plane of
symmetry it is convenient to choose initial wave-
functions which preserve this symmetry. "These calcu-
lations show that there would be additional lines in the
spectrum if the protons in each group were not closely
equivalent.

The absolute value of the chemical shift and the spin
coupling have been determined and found to be

8/(2n. )=23.0&1.0 cps J/(2m) =6.1&0.3 cps.

E. 2,3-dibromopropene, CH& ..CBrCH2Br

The spectrum of this compound, shown in Fig. 10
shows that there are three groups of nonequivalent
protons. The protons bound to the double-bonded car-
bon atom are nonequivalent because the double bond
prevents free rotation of this group, so that one proton
is always on the same side of the double bond as the
bromine atom (cis) and the other proton is across from
the bromine atom (trams).

The two protons associated with the CH~Sr group
are equivalent. Transitions of protons within this group
appear to the left (higher-field side) of the trace in
Fig. 10(A) as may be deduced by the fact that the total
line intensity of this multiplet is about twice that of
either of the two other multiplets. It is not possible to
determine from the spectrum which of the other two
multiplets is associated with the trans group and which
with the cis group. The fact that the furthest line to the
left side of the trace is higher than the adjacent line
contrary to what is expected theoretically is believed
to be due to impurities within the sample.

"Problems similar to this one are treated by Mcconnell,
McLean, and Reilly, J. Chem. Phys. 25, 1152 (1955).

In order to associate beyond doubt the fine structure
on the right-hand multiplet of Fig. 10(A) with a definite
spin coupling, a double irradiation experiment was
performed. When the CH2Br group was irradiated with
a large radio-frequency field while observing the right-
hand multiplet with a small field, the five-line pattern in
Fig. 10(B) reduced to two lines, as shown in Fig. 10(C).
This residual structure must be due to the spin coupling
between the two single protons and shows that the
higher multiplicity, shown in Fig. 10(B), has to be
ascribed to the other proton group. From calibration
traces the values of the various chemical shifts and
spin couplings have been determined. The groups are
denoted by letters A, 8, C in the order of increasing
values of their resonance fields; the resonance of group A
occurs at the lowest field [the right-hand side of the
trace in Fig. 10(A)], and the shifts are denoted by
~@8= z —8.

8~e/(2m) =13.0+1.0 cps& J»/(2~) =2.2&0.3 cps,

B~c/(2~) =56.0+1.0 cps, J~c/(2~) = 1.0&0.2 cps,

~inc/(2~) =43.0&1.0 cps, J~c/(2~) (0.3 cps.

We have not been able to determine the relative signs
of the above spin couplings. In order to determine these
signs one must have sufhcient resolution to see the
eGects which are given by second-order perturbation
theory.

The theoretical line intensities using first-order per-
turbation theory are compared to the measured inten-
sities in Table IV.

I'. Ethyl bromide, CH3CH2Br

This compound has the spectrum shown in Fig. 11.
With two protons in one group and three in the other
this spectrum has an appearance very similar to the
corresponding groups of ethyl alcohol and yields a
number of closely spaced resonance lines.
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pro. tp. Spectrum of 2,3-dibromopropene. (A) Total spectrum with the theoretical line spectrum below. Th«heo«t-
ical spectrum was derived using the first-order perturbation theory developed in Appendix II with the results listed in
Table IV. The transitions which occur at the higher frequency appear at the right-hand side of the trace. (3) Spectrum
of groups A and 8 made just before group C was irradiated with a large radio-frequency field. (C) Spectrum of groups
A and 8 investigated with a small radio-frequency field while a large radio-frequency field was applied at a frequency
which was lower by 56 cycles per second. Thus while group A was in resonance, group C was being strongly affected
by radio-frequency power.

Labeling the group with 2 protons by the letter A
and the group with 3 protons by the letter 8, we note
that the spin I~ may take the values of 1 or 0 and the
spin I~ the values ~ or ~, the latter state having a
statistical weight of 2. Since the spins of each group
are good quantum numbers the problem of solving the
energy levels, transition frequencies and line intensities
may be broken into three parts: (1) Iz 0, In ——s;——
(2) I~ 1or 0, I~= ', , (3) I——g —1, Irr ss. T—he first part-——
is trivial yielding a single transition frequency co&. The

second part is identical to the problem with 2 prot on
in one group and one in the other which is discussed
above with the results given in Table II. The solution
to the third part involves two cubic equations which
have been solved numerically for the ratio I/8=0. 136.
The results of all three parts of the calculation are
summarized in Table V and compared with the observed
transition frequencies and line heights.

From measurements of the line spacings the values
of the chemical shift and the spin coupling have been
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Transition

Relative
intensity Measured

Frequency (calculated) height

hmg= &1, mg mg

1

1
0—— —12

cog+2. 1 cps
up+1. 1 cps
cog+0. 1. cps
cog —0.1 cps
cog —1.1 cps
cog—2.1 cps

0.79
1.66
0.87
1.13
2.34
1.21

0,8
1.8
1.8
2.3
14

TABLE IV. Using the expressions derived in Appendix II in
first order, the transition frequencies- and line intensities are
calculated for 2,3-dibromopropene. They are compared to the
measured line heights, the data being taken from the trace in
Fig. 10(A).

not others. The tnost pronounced transient occurs after
the transition at frequency or& corresponding to the
state I~=0. This indicates that this line is narrower
and thus should be correspondingly higher which may
be seen by the comparison of line heights in Table V(A).
Small transients also appear after the transitions in
group A corresponding to I~=—,', indicating that these
lines are narrower than the lines with I~=2. Unfor-
tunately at present the resolution is not sufficiently
high to permit any quantitative measurements.

VI. CONCLUSIONS

hmg=&1, mg mg
1
0—1
1
0—1

Amc= +1, mg m~

2 1
21
2

Q 1
2

erg+1. 1 cps

co~—1.1 cPS

wq+0. 5 cps

cog —0.5 cps

4.68

3.32

8.29

7.70

5.0

7.8

8.1

It has been demonstrated that the many fine features
of the proton spectra of hydrocarbons which we have
observed with increasingly high resolution may be
explained by a relatively simple Hamiltonian. Although
the compounds studied were of known structure the
results obtained here may serve as a useful guide for
nuclear magnetic studies of other and more complicated
molecules. The occurrence of diferent line widths in the
same spectrum appears to oGer additional information
about relaxation mechanisms and it would appear to
justify further eGorts to improve the resolution until

determined and found to be

3/(2a-) =52.7+1.5 cps J/(2m) = 7.2+0.5 cps.

TABLE V. The transition frequencies and line heights of the
ethyl bromide spectrum in Fig. 11 are compared to a calculated
spectrum with two protons in group A and three protons in group
8 and the ratio J/b =0.136.

H Br

H —C —C —H

I

H

ETHYL BROMI DE

50 CPS

I
—10 cps

In this molecule there is also evidence of diGerent
linewidths. Perhaps these diGerences are most easily
detected by observing the transient oscillations" which
occur after passing through some of the resonances and

Transition in
limit J-+0.

ms+—+m~ —1

3/2 1
3/2 0
1/2 1
1/2 0
1/2~ 1
1/2~ 0

—.1/2 1—1/2 0—1/2' 0—1/2' 1—3/2 0—3/2 1

Transition in
limit J~O.

ma~ma —1

O.Z294
0.2017
0.1091
0.0863
0.0778
0.0668—0.0293—0.0391—0.0594—0.0668—0.1751—0.1989

1.29
1.38
1.56
1.66
3.42
3.52
2.01
2.05
4.50
4.60
2.86
3.09

B. Transitions in group B.
Calculated values

Frequency
in units of
8 measured Relative

from era intensity

A. Transitions in group A.
Calculated values

Frequency
in units of
8 measured Relative

from cup intensity

Measured values
Relative Relative

frequency height

0.227
0.201
0.110
0.086
0.073
0.070

—0.030

1.3
1.4
1.5
~ ~ ~

54
5.8
2.8

—0.061
—0.178—0.199

9.0
2.9
3.0

Measured values
Relative Relative

frequency height

1 ti tJt

GROUP 8 GROUP A

FIG. 11. The spectrum of ethyl bromide. (A) The entire spec
trum. The transitions which occur at the higher frequency appear
at the right-hand side of the trace. (3) The spectrum of each
group obtained by sweeping the magnetic field more slowly. The
theoretical line spectrum drawn below was calculated in the
manner outlined in Sec. II for a ratio J/8=0. 136 with the results
given in Table V.

1 —1/2
1 1/2~
1 1/2
1 3/2
0b o ~ ~

0 3/2
0 1/2
0 1/2'
0 —1/2

3/2—1 1/2—1 1/2'-1 -1/2

0.1407
0.1262
0.1227
0.1106
0.0000—0.0097—0.0157—0.0184—0.0289—0.1251—0.1411—0.1466—0.1649

4.07
2.59
5.15
3.71

12.00

2.74
2.38
3.05
1.51
2.15

—0.01.6 7.9

—0.027—0,126
-0.145
—0.165

3.9
2.5

2.2

0.140 4.0
0.122 8.1
0.111 5.6
0.003 18.7

' B. A. Jacobsohn and R. K. Wangsness, Phys. Rev. 73, 942
(1948).

& Transitions with Ia =1/2; others with Ia =3/2.
b All transitions of group B with Iz 0.
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one observes the natural line width rather than that matrix notation have the following form:
determined by the inhomogenities of the applied field. ' 1 z Acd —co' Tz
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zMgh2T2
0

.—-,'imp hgTg.

The solution for the constant A may be written as the
quotient of two determinants

APPENDIX I. DERIVATION OF RESONANCE CONDI-
TION WHEN TWO SIMULTANEOUS RADIO-FRE-

QUENCY FIELDS ARE APPLIED TO A GROUP
OF UNCOUPLED NUCLEI OF SPIN 1/2

Consider the phenomenological equations" with
zzz=M +iM„,h=y(H', +iH„),and cd& yH, . T——he equa-
tions are then

ih2TgMg
0

——,'ih2Tgmg*

1+z(Aco—co') Tz
0

—~zhgTg

0
1—z(lcd+co') Tz

-', zhgTg

0
1 i (Acd—+co') Tz

—,'zhgTg

—zhgTp

ihgTg
1—zeal Ty

—ihgT2
ihgT2

1—zco T2

m+icogzzz ihM—,+zzz/Tz =0,

M,+I m( zzzh*) +M, /T i——Mo/Ti,

where Im stands for the imaginary part, and * for the
complex conjugate. Let

h= hi exp( icoit)—+hz exp( —zcozt)

= (hi+ho exp( —ico't) ) exp( —zcoit),

where ~'=A&2 —co~. Assume h~&)h2 and h~, h2 to be real,
and further let

zzz= (zzzi+mz(t)) exp( —icoit), M,=Mi+Mz(t),

where m~, M~ are constant in time and m2, M2 are small
perturbations. The terms with subscript 1 are of zero
order in the perturbation, and those with subscript 2

are of first order. The zero-order equations are

i Acozzzi ihiMi+zzz, /—Tz 0, ——
Im(zzzihi)+Mi/Ti= Mo/T„

where Dao=cv& —~&. These equations yield the usual
slow passage solutions to the phenomenological equa-
tions. The first-order perturbation equations are

mz+iDcuzzzz iM ihz exp( ——ico't) —iM zhi+zzzz/Tz ——0,

3IIz+Im(zzzihz exp(ico't)+mzhi)+Mz/T] 0.

A solution of the following form is assumed:

zzzz ——A exp( —zco't) +8* exp (ico't),

Mz ——C exp( —ico't)+C* exp(ico't).

Upon substituting the assumed values into the dif-
ferential equations and equating coeKcients of the
exponentials one 6nds three complex equations for the
coeKcients A, 8, and C. These equations expressed in

'z F. Bloch, Phys. Rev. 70, 460 (1946).

Resonance will occur when the determinant in the
denominator has its minimum value, provided that the
determinant in the numerator is not at the same time
vanishingly small. For long relaxation times we need to
keep only the terms with the highest powers of T& and
T2. The determinant, D, of the denominator then has
the approximate value

D=zM TiTz (co —Aco —hi )+TiTz(hi —2co )
+To (Aco co )+

Resonance occurs when the coeKcient of the highest
power of Ti, Tz vanishes, i.e., when (Aco') =co"—hi'.
Kith Acv=co~ —co~, h~=yH~, and or'=a&2 —co~, the reso-
nance condition is

as stated in (4) in Sec. I.
The value of A at resonance has been determined

using the same approximation of long relaxation times.

&zhzTiTz Mo cos8(1&cos8)
Ap=

2( Ti(1+cos'8)+ Tz sin'8) (Tz cos'8+ Ti sin'8)

where Ap denotes the value of A at resonance and
sin8=hi/co'. The upper sign is taken when co' and waco

have like signs and the lower sign taken when they
have unlike signs. It is seen in the limit ~ &&h~ that
0—4 and one resonance becomes vanishingly small while
the other resonance fulfills the usual resonance condition
coz—&co~ with the usual resonance amplitude +ihzTzMQ

The height of the signal produced by the weak radio-
frequency field is proportional to A and the shape of
the signal near resonance is thus given by

a =A or/(r+zs),

where F is the line-width parameter and c is the devia-
tion from the responance expressed in units of angular
frequency. If resonance is produced by sweeping the
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frequency or& of the weak radio-frequency field, then e values for the matrix elements, one obtains after sim-
is given by plifying:

0=(0'&(A(00+hi2}I

and the line-width parameter I' given by

I'= 1/T2 ——(1/T2 —1/Tl) sin'8.

This result agrees with that of Eq. (7.96) in the accom-
panying paper by Hloch, where it was derived in a
somewhat diGerent manner. However in the experi-
ments considered in this paper the magnetic field was
swept through resonance and thus the observed line
width F' is not that given by the equation above. For
this case the deviation from resonance may be expressed

by
0'= D(0&(0)"—hl'j'*,

and the observed line width F' has been calculated and
found to be given by the following expression:

I' = {1/T0 2(1/T0 ——1/Tl) sill 8}/cosH.

It may be noted that as the two resonances approach
each other the observed line width becomes greater, a
fact which may be observed in a qualitative way in

Flg. 3.

APPENDIX II. PERTURBATION CALCULATION OF THE
ENERGY LEVELS AND LINE INTENSITIES FOR

AÃ ARBITRARY NUMBER OF NUCLEAR
GROUPS BUT WITH ONLY EQUIVA-

LENT NUCLEI IN EACH GROUP

The unperturbed Hamiltonian is that of an arbitrary
number of uncoupled groups,

~")= —EB~R~R,

with a total energy of

E("(mg, ms, ) = —QR 00B»R.

We assume the spin coupling

X ' = —
2 g g JRS(~RJiIS+~R+IiIS j

is a small perturbation. The 6rst order correction to the
energy levels are the diagonal matrix elements of the
perturbation

E("(m&,»R, ') = Z 2 JRs»Rms.
8 SQB

The second-order perturbation correction to the energy
1s

(il~"'l j)(jl~")Ii)
E(')(i) =P

&&i E(0) (i) E(0) (j)

where the indices i, j refer to all of the quantum
numbers I~, I~, ~ ., m~, m~, -, of the unperturbed
system. &h'e nondiagonal matrix elements (il K("

l j)
are identical with those of the total Hamiltonian and
are given by (10) of Sec. II. Upon substituting the

JRSE("(mg, »s, .)= ——,
'

@=A R" ((dR —&S)S&R

X{»R(Is'+Is —ms') —ms (IR'+IR —» B')j.
I

Thus for the case of only two groups one obta, ins (14)
of Sec. II.

Including second-order terms the frequency of a
transition between a state with energy E(mz, ms, )
and another with energy E(m~ 1, ms—, . ) is

(0=(0~+ p JaR»R+0 p
RQA BQA Gdg —07

X (IR(IR+1) m, (mB—+1)+2»~»R j.
Small deviations in some of the lines were found

upon comparing the frequencies predicted by this
equation to those found in the spectrum of ethyl
alcohol. ' To determine if these deviations arose from
higher order terms, the energy correction in third order
was calculated.

The third-order perturbation correction to the energy
levels is

(il~")
I j)((jl&")I&) —E")&'j

E")(i)=Z Z
E(o) (i) E(o) (j)

(klx(') li)
X

E(0) (i) E(') (—P)

Upon substituting the values of the matrix elements
and simplifying, one obtains

JRS'&(&)
E" ( )gm, »,R)=P P

B SWB 2(0L)R 00S)0

X (-,'F(S)+ms(1 —ms+mR) j
Jg82Jgz mz

+Z Z p (J.(S)»R ~(Z)msj
R SAR TWR, S 2((0B—(ds)0

JRsJsTJTRF (T)»R»s
+Z Z

B SHB TWR, S 2 (i0S—&0T) ((A)T—0)R)

F (E)= (IR—mR) (IR+mR+1).

When these third-order corrections are included, a
much better agreement was found between the experi-
mental and the calculated spectrum of ethyl alcohol. '

The first-order perturbed wave functions ()(i) are
given by

~(j)(jl x"'
I i)

()(i)=N(i)+p-
;~, E(» (i) E(0) (J)
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where N(i) represents the spin functions of the unper-
turbed system. Upon substituting the values of the
matrix elements one finds

JRS
V(mA mB ' ' ') N(mA mB ' ')

B swB (piii —los)

Let the field modulation take the form

and de6ne hco=~o —co. The differential equation has
then the solution

with

X{G(mg)G(ms+1)u( . , mg —1, my+I, )
—G(mg+1)G(ms)u(, ma+1, ms 1,— )},

G(mg) = {(IR—ming+1) (Ig+mii) }&.

pt ~t'
mi=ihiMp ' exp {1/Tp+ihpi+i&u cos(~'t") }dt"dt'.

—00 t

If the variation of AM is suKciently slow, one obtains
upon integrating within the exponential:

Following the same reasoning outlined in Sec. II we
assume that the line intensity is proportional to the
square of the matrix elements of

M+= (Qii) Mii+.

Using the 6rst-order wave functions above and keeping
only terms to first order when expanding the square, one
6nds that the line intensity for a transition between a
state with energy Z(mq, mii, . ) and one with energy
Z(m~ —1, mii, ) is proportional to

mi=ihiMp [exp{(1/T2 —iApp) (t' —t)

+ip sin(co't') —ip sin(pi't) }]dt',

with p=~ /co . This equation may be integrated with
the help of the identity

exp{iP sin(M't) }= P J„(P)exp(in~'t),

(Ig my+1)(Ig+m—g) 1—P

For only two groups this reduces to Eq. (16) of Sec. II.

APPENDIX III. EFFECT OF APPLYING A SINUSOIDAL
VARIATION TO THE MAGNETIC FIELD FOR SMALL

RADIO-FREQUENCY FIELDS

If the applied radio-frequency 6eld is sufFiciently
small so as not to approach saturation one may replace
M, by 350 in the first equation of Appendix I. With
m=mi exp( —i&at) and h=hi exp( —ip~t), this equation
becomes

ml+i(&A &)m1+m1/T2 ihlMO ~

where J„(P)are Bessel functions of the first kind. Upon
integrating, one obtains

Jp(P)J„(P)exp{ i(h e)—&u't}—
mi ihiTpMp

1+i(Ap~+nco') Tp

with one of the terms in the summation over e being
dominant when co= —e~', where e is any positive or
negative integer.

Experimentally we have selected only the component
with the frequency of the radio-frequency 6eld eu. Thus
the signal output of the mth sideband is proportional
to J„'(P)as is stated in Sec. IV.
















