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Further Aspects of the Theory of the Maser*
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The theory of the molecular transitions which are induced by the microwave field in a maser and the effects
of various design parameters are examined in detail. It is shown that the theoretical minimum detectable
beam intensity when the maser is used as a spectrometer for the 3—3 line of ammonia is about 10' molecules/
sec under typical experimental conditions. Various systematic frequency shifts and random frequency
fluctuations of the maser oscillator are discussed and evaluated. The most prominent of the former are the
"frequency-pulling" effect, which arises from detuning of the cavity, and the Doppler shift due to the
asymmetrical coupling of the beam with the two traveling wave components of the standing waves which are
set up in the cavity. These two effects may produce fractional shifts as large as one part in 10'. If adequate
precautions are taken, however, they can be reduced to one part in 10"or possibly less. The random Quctua-
tjons are shown to be of the order of one part in 10"under typical operating conditioris. For molecular beams
in which the electric-dipole transition is used, the T310l.p mode is usually the most suitable for the maser;
while in atomic beams in which magnetic transitions are utilized, the Tippy mode is to be preferred.

I. INTRODUCTION

A DEVICE, which has been called a maser, in-.

volving a beam of molecules which give "Micro-
wave Amplification by Stimulated Emission of Radia-
tion, "has already been described and much of the basic
theory stated. ' ' In the following discussion, we have ex-
amined in more detail certain aspects of the theory in-
volved and explored some effects or conditions which
were previously ignored or mentioned only briefly. In
particular, the eGects of saturation and of resonant
cavity design are considered, and various types of noise
and frequency shifts of the oscillator are treated.

II. ANALYSES OF THE MASER SPECTROMETER

A. Induced Emission and Saturation Effect

A beam of molecules (or atoms) in a certain quantum
state passes through a resonant cavity tuned approxi-
mately to the frequency of transition of the molecules.
The cavity is excited by a microwave generator through
a coupled wave guide, which stimulates the transition of
molecules and results in emission or absorption of
microwaves. Assuming a low density of molecules in the
beam, any direct interaction between the molecules,
such as collision, can be neglected. The velocity of the
molecules is not uniform, but all the molecules may be
considered to be in the common microwave field and the
emission or absorption waves from each molecule are
superposed to produce the total emission or absorption.

Consider a molecule which is initially in state $2 with
energy 8'2, and which is stimulated by a perturbation to
emit or absorb microwave energy by transition to state
$1 with energy W1. The wave function can at any time
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be expressed by

(214'1+(22/2

As an initial condition at t= tp,
~

(22~ = 1 and a1 ——0. The
resonant frequency of the molecule is

ppp = (W2 —W1)/k. (2)

II'= —K p cosset (3)

is given to the molecule from )=tp to t. Here E is the
electric field strength and p the dipole moment. The
e8ect of field inhomogeneity in the cavity and of the
thermal noise field will be discussed later.

The coefficients a1 and a2 as functions of t, co, and E
can then be obtained by perturbation theory as
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and p is the matrix element between the two states for
the component of the dipole moment along the direction
of E.

The microwave power emitted from the beam of e

For simplicity of calculation, let us assume that the
periodic perturbation
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AP depends on E2, the square of the electric Geld.
Assuming a uniform Geld distribution within the

cross section of the cavity resonator, one obtains

E'= S~W/AL, (8)

where A is the area of the cross section, and S' the
stored microwave energy. To allow for the nonuni-
formity of the Geld distribution, this formula can be
corrected to the form

where
EP =8m W/A, L,

A, =
rn(r)d8dr

~ r~E(r,8) ~'d8drj
r p

r
~
E(r,8) ~'n(r)d8dr

(9)

molecules per second is given by

»=nhvo
( a, (L/~) ~', (6)

where L/o is the transit time of molecules with velocity o

through the cavity of length I.. If the nonuniform
velocity distribution is taken into consideration, Eq. (6)
should be replaced by

which gives the line width 2hv = 1.19o/L. Equation (10)
is not exact in this case, but it hoMs to a fairly good
approximation if one takes, instead of (11),

W, =h'A ii'/64m p'L.

B. Detection of the Emitted Power

Consider a high-Q cavity resonator which has an
output waveguide with coupling represented by Qi, and
an input waveguide of coupling Qp. The beam of mole-
cules is admitted into the cavity through another hole
parallel to the axis of the cylinder. With the available
power, P„in the input wave guide, the stored energy at
the resonant frequency in the cavity is

W= (2/prv) (Q'/Qp)P„ (16)

where Q is the loaded Q of the cavity. The output power
in the absence of the molecular beam is given by

P,= (2~vW/Q, ) = (4Q /Q, Q,)P..

This expression applies accurately only when 5))0«1
and for a uniform Geld distribution along the axis of the
cavity. It gives a width to the line (frequency difference
between half power points) of 2hv=0. 89'/L. If the field
varies along the axis as sin(mrs/2L), with s extending
from 0 to I., as in the case of a TE mode, the line shape
is given by

cos6
QP oc

1—(25/m)'

p 2

r
~ r~E(r,8) ~'n(r)d8dr

rn(r) d8dr

In the presence of the beam, the increase of power in the
output wave guide due to induced emission can be
calculated as ».= (2Q/Q. )»,

where

( 8o

DP=nhvo~
~

sin'(8o+8')'*
&8P+8P)

(10)

and n (r) represents the density of the molecular beam.
This assumes cylindrical symmetry, and also assumes
that each molecule travels parallel to the axis so that it
remains in a constant Geld.

Assuming a uniform molecular velocity as in (6), the
emitted power may be written

Q ( (»min)
[
=FhTaf.

QoE P, ) (19)

assuming that the emitted power is small compared to
the loss in the cavity.

Since the signal power to be compared to the noise
power is'

»,= (»p)'/4Pp,

the minimum detectable number of molecules per unit
time, m;„, can be calculated from the following
condition:

and
8'= W/W„ W, =h'A v'/8~'p'L,

& = (oo —ooo) (L/2v) =m (v—vo) I/w.

Here F is the over-all noise figure of the detector and
11

amplifier, and Df their effective band width. From
Eqs. (10) and (19) with pi=pop, one obtains

Equation (10) shows that saturation of the spectral line

becomes appreciable when

0~ 1, or 8'& 8'..
When the input power to the cavity is so small that

there is no appreciable saturation, the emitted power is,
from (10),

+min
Qi(PoFhTd f) l

Qhv sin'8

8 (Qi)' (2~vW. FhThf)'*

sin'8 Q

(20)

»= nhv p8'(sin'8/8p). (13) ' C. H. Townes and S. Geschwind, J.Appl. Phys. 19, 795 (1948).
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8= 1.16, 8'= 1.35$'„

ti/sin'8 = 1.38.

(21)

(22)

The highest sensitivity can be obtained when the cavity
is designed for minimum value of Qr/Q . Assuming Qs,
the unloaded quality factor of the cavity, to be constant,
the minimum value of Qr/Q' is

Qt 2 (1 1)
—,=—=4l —+—

I

Q' Q &Qo Qs~
(23)

As will be shown later, the available input power of the
order of milliwatt is much larger than the power in the
cavity in most cases, so that Q&))Qs. Hence

Q~/Q'=4/Qo Qr=Q~2Q (24)

for the optimum coupling. Then the minimum Row of
molecules per unit time which can be detected is given
by

6.92 l~,FkTAf) -'*

e;.=
h & Qpx )

v (=0.44-~
) (PI T~f)

p &QpI.v~
(25)

using Eqs. (11), (20), (22), and (24).
If a cavity resonator is coupled by only one wave

guide and one observes the change of power rejected
from the cavity, the condition for the optimum coupling
should have the same form as Eq. (24), resulting in the
same equation for the optimum sensitivity.

As a specific example, consider a spectrometer for
ammonia. The average velocity of molecules at a tem-
perature T is given by kinetic theory as

n= (2/~'*) (2R T/3f) ' = 14 551(T/M) l cm/sec,

where M is the molecular weight, and E the gas con-
stant. Letting &=17 and T=290'K, this expression
gives n=6.0X10' cm/sec. For the 3—3 line of NHs,
v=2.4X].0" cps and p=1X10 "cgs unit. The design
of the cavity will be discussed in the following section,
but the following values are taken as typical. Putting

cm', L=10, one obtains for the 3—3 line of
ammonia

6.4X10—"erg.

The optimum energy in the cavity is then found from
Eq. (21).Using values Qr

——Qs
——10', and Q=SX10', the

net power Qow from the cavity is

Ps 2~vS'/Qr ——0.97X10 "wat—t—

The optimum condition of the operating power level and
couplings of wave guides can be evaluated by differ™
entiating Eq. ~20). This gives

tan8= 20,

which shows that for optimum sensitivity

Thus, optimum sensitivity is reached with a very small
Qow of power.

To evaluate the spectrometer sensitivity, let us take,
as an example, I'= 100, d f= 10 cps and kT=4X 10—'4

erg. Then Eq. (25) gives

C. Figure of Merit for Cavity Resonators

Consider now the e8ect of cavity design on the
strength of coupling between molecules and the electro-
magnetic field, and hence on the spectrometer sensitivity.
Equation (25) shows that it is not simply Qs which
determines the sensitivity, but the quantity Q&I/A.
The threshold condition for an oscillation to occur is also
determined by the same factors. Furthermore, if the
mode number e along the axis is not zero, but unity, the
resonance line is broader by a factor ~'/8, and the
coupling between molecules and electromagnetic 6eld is
correspondingly decreased. Hence a figure of merit M of
the cavity resonator for producing induced transitions
may be defined as

~= (LQo/~) (8/~')", (26)
for m=0 or 1.

Because Qs is roughly proportional to the radius, a, of
the cylindrical cavity resonator near cutoff, while 2 is
roughly proportional to a', the largest values of 3f are
expected in the lower modes of resonance. Therefore,
values of M are computed and compared for some of the
lower modes. The results for a cylindrical cavity with
I.=12 cm and a wavelength of 1.25 cm are shown in
Table I. In this table. e is the skin depth multiplied by
the specific permeability p' of the wall material,

e= (~/2~) (~'r/~) '*. (27)

TAsLE I. Calculated values of parameters for cylindrical cavity
resonator. 1-=12 cm, X=1.25 cm.

Mode

TE111
T~01o
TM011
T+211
TEo11

Radius, a
111 Cm

0.37
0.48
0.48
0.61
0.76

Narrow beam
Aa/ga2 Me

0.48 12.2
0.27 28.4
0.27 22.2

oo p
oo p

Broad beam
Ae/mc& Me

1.00 5.9
1.00 7.7
1.00 6.0
1.00 2.9
1.00 4.1

Oe

6100
10 800
10 400

8100
17 800

' K. Shimoda and T. C. Wang, Rev. Sci. Instr. 26, 114g (1955).

~; =3.4X10' sec—'.
Since the number of molecules focused into the cavity
may be as great as 10" to 10" sec ', a signal-to-noise
ratio of 104 to 10' can be expected for the 3—3 line of
ammonia. This theoretically expected sensitivity of the
maser spectrometer has been demonstrated experi-
mentally by observation of the magnetic hyperfine
components of the quadrupole satellites with a signal-to-
noise ratio of 10 to 100, using an amplifier band width of
40 cps.4 A further estimate of the practical limit of
sensitivity will be given below, after a discussion of
cavity design.
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Here v. is the electric resistivity. For copper at a fre-
quency of 2.4X10",

&=4.27)(10 ' cm. (28)

+AME II. Calculated values of parameters for rectangular cavity
resonators. L= 12 cm, = 1.25 cm.

Mode

~+011
~@011
~+011
&~110

Dimensions
a (cm) b (cm)

0.63 «0.63
0.63 0.31
0.63 0.63
0.89 0.89

Narrow beam
Ae/ab Me

0.50 15.4
0.50 15.5
0.50 10.3
0.25 26.0

Broad beam
Me

7.7
7.8
5.2
6.5

oo

«5000
3700
4900

io 100

The third and fourth columns in Table I assume a
sharp narrow beam entering the cavity along its axis.
The fifth and sixth columns are for a uniform intensity
of beam throughout the cross section of the cavity. The
actual values lie somewhere between these two extreme
cases. The table indicates that the TMpyp mode of the
cylindrical cavity is the best with a figure of merit about
three times that for the TEp~~ mode, which was used in
most of the experiments reported earlier. ' '

Similar results for rectangular cavities with cross
section a)&b are shown in Table II. Although the TEp~~
mode in the rectangular cavity has a fairly large value of
M, it should- be noted that it is obtained with a small
cross section. When the focused beam of molecules is not
rather sharp, the value of M is counterbalanced by the
loss of the beam. For a uniform beam of very large cross
section, M times the cross-sectional area of the cavity
is, in fact, a more appropriate figure of merit than M
itself. Hence for a rectangular guide, the TM~~p mode is
probably preferable in most cases. This cavity is also
convenient since the resonant frequency may be tuned
by changing the width, a or b.

A cylindrical TMpyp cavity for the 3—3 line of ammonia
and a tunable TM»p mode rectangular cavity were
constructed and tested. The holes to admit the beam of
molecules were about 8 mm in diameter in both cavities,
but the leakage of microwave energy from them was
practically negligible compared with the losses through
the wave guide and in the cavity walls. The cylindrical
TM cavity was constructed for a maser oscillator and
found, as may be expected from Table I, to produce
oscillations with a Qow of molecules about three times
smaller than the minimum required for a TEp~~ mode
with the same Q. The rectangular TM cavity was con-
structed to be tunable in the range from 22 500 Mc/sec
to 26 400 Mc/sec. It had one wave guide with nearly
optimum coupling, and the loaded Q was measured to be
near 4000. This value is only a little lower than the ex-
pected value of loaded Q (—',Qo). It was found that a
rather precise parallelism of walls is required for a large
value of Q.

Increasing the length of the cavity will decrease the
line width and increase M and sensitivity. However, the
longer the cavity, the closer the resonant frequencies of

0 I 2 io 16 I8

Fzo. 1. The amplitude of oscillation, 8= (W/W, )& verses n/ng,
as given by Eq. (31).The dashed line shows a crude estimate for
nonuniform velocities.

6P nh sin'0

Q reW 2s-W. 8'
(29)

Because sin'8/8'~1 for small values of 8, the threshold
rate of Row of molecules, eth, required to build up
oscillation in the cavity is

nth = 2nW, /Qh = hv'A/4m'p, 'L. Q. (30)

If n molecules enter the cavity per unit time, Eq. (29)
may be written

(31)n/n th = t)'/sin'8

the diGerent axial modes and the more parallel stream of
molecules is necessary. By the proper choice of coupling
or by other devices, some modes can of course be
suppressed.

An estimate of the practical limit of sensitivity of a
maser spectrometer can be made with the following
conditions. Using the TMp&p mode of a cylindrical cavity
resonator made of copper, one obtains A =0.5 cm' and
Qs= 10' with L= 20 cm and v = 2.4X 10"cps. Equation
(25) then gives

Dmin 5.4X 10' sec

for the 3—3 line of ammonia, if an amplifier with 8= 10
and Af=0. 1 cps is used. Decreasing the velocity of
molecules by reducing the temperature T, of the source
can increase the sensitivity slightly since, from (25),
e;„ is proportional to e and therefore to T,&. Also,
cooling the cavity will increase the sensitivity by
increasing Qv.

III. THEORY OF THE MOLECULAR OSCILLATOR

A. Simple Theory of the Maser Oscillator

If a large number of molecules in the upper energy
level is focused into the cavity resonator, a self-sus-
tained oscillation can be obtained. The power loss from
the microwave oscillation in the cavity is compensated
by the emitted power from the molecular beam. This
condition is given by the following formula, using Eq.
(10) at en=&us'.
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Figure 1 shows how the oscillation amplitude or the
square root of W varies with e from Eq. (31). The
output power Po is of course proportional to H/", being
given by

Po= W/Q . (32)

tan8/0 =1+(Qp/Qi),

sin 20/28 = (2m W,/nQph) .
(34)

These expressions come from using Eqs. (29) and (32)
and optimizing I'p with respect to Qi. Using optimum
coupling given by Eq. (34), the maximum output power
can be calculated as

Pp, . =(pW, /Qi. (35)

Although expressions (34) and (35) apply accurately
only for the case of uniform velocity, they can serve as
qualitative guides for the case of a distribution of
molecular velocities.

If the velocity distribution is taken into account, the
stored energy H/ and the output power would continue
to increase with increasing the intensity of the molecular
beam instead of reaching a saturation value. When
molecules with different velocities are put in a common
electric field, the induced emission from all molecules is

superimposed. An estimated curve for the beam of
molecules with nonuniform velocities is shown by the
dashed curve in Fig. 1.

Experimental tests of a maser oscillator were made
using ammonia molecules in the 3-3 state and a cavity
of Q=12 000 operating in the TEpii mode. The mini-

mum focuser voltage required to start oscillation with a
source pressure of 6 mm Hg was found to be 11 kv. For
a TMpip mode cavity with Q = 10 000, the minimum

focuser voltage for oscillation was 6.9 kv at the same
source pressure. At a source pressure of 1.2 mm Hg, the
critical focuser voltage was 15 kv for the same Ipjp

cavity. Since for a fixed source pressure, the number of
molecules entering the cavity is roughly proportional to
the square of the focuser voltage, ' ' the above results
show clearly that for the TMoyo cavity, the threshold

The electromagnetic energy lV in the cavity ap-
proaches a saturation value W„&, when the intensity of
the molecular beam is increased. From Eq. (31), this
occurs when 0=x, or

(33)

The output power saturates at the same time. For
typical conditions such as those described in Sec. II.C,
the output power at saturation is about 10 ' watt.
However, more power can be obtained, even if such
saturation occurs, by increasing the output coupling
(decreasing Qi) .

For a certain intensity of the molecular beam, the
output coupling to get maximum output of molecular
oscillation may be calculated by eliminating 0 in the
following two equations:

number of molecules, e&h, was about three times smaller
than that for the TED» cavity.

The threshold intensities of the molecular beam
calculated from Eq. (30) are noh ——4&&10" sec ' and
1&(10" sec ' for the TED» and T3foyp cavities, re-
spectively. The ratio of these two numbers agrees
reasonably well with the above results. The actual
number of effective molecules per unit time in the ex-
perimental apparatus at a source pressure of 6 mm Hg
and focuser voltage of 15 kv is hence probably close to

n=5&&10" sec '.

This number is also consistent with estimates from the
amount of total Row and directivity of the beam from
the source.

B. Frequency Deviation of the Molecular
Oscillator

Frequency shifts and noise in the molecular oscillation
can be analyzed in detail by the method shown below.
First the oscillating induced dipole moment of the
molecular beam is calculated, assuming the electro-
magnetic field in the cavity. Secondly the electromag-
netic field generated by the oscillating polarization of
molecules is calculated and finally the assumed field and
that generated by the molecules are made consistent, or
equated in case there is no noise. In this section the
noiseless case is treated.

The dipole moment of a molecule in the beam at
anytime is

P=, Ppgd =a *a p e'" '+u *a ti e '"o' (36)

where it has been assumed that f has the form (1).
With the perturbing field given by (3), the dipole
moment of a molecule at s=i (t—tp) is, when one uses

(4) and (5).

p(t) p&i&ut

M M S

&&
~

—sin{L(cp—happ)p+xp$l(t —tp) }
I2

sill {L(ip —
happ) +s ]'

GO GOO S

)& (t tp)/2} ~+comple—x con3.

—
p$~i rat+ pter~

i&at—
The oscillating polarization density, P(s), produced by
molecules in the beam is given by

E(s) = (~i/vd)P (z).

The electric Geld E generated by the oscillating
polarization may now be calculated. The polarization is
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J
Pt E t*dV

o Mc 1
2i— = j4m-i—

Et K„t*dV

(39)

Here a&,/2m is the resonant frequency and Q the loaded
quality factor of the cavity without the beam. The
electric field and polarization are expressed by the
complex vector quantities: Ecos"t=-,'Ee'"'+-,'Ee ' '

=Etc'"'+Et*e '"' and P=Pte'"'+Pt*e '"'. Actually,
E and P are parallel in the case considered, so that vector
rotation is not important.

For a stationary state of oscillation, the damping
should be zero and Q should be infinity, so that (39)
becomes

small enough that it may be considered as a small
perturbation of the normal mode of oscillation of the
cavity, or of the distribution of electric Beld, E„.In this
case, the frequency and the quality factor Q for the
cavity with the molecular beam can be calculated from
a result given by Slater for a cavity containing a micro-
wave current:

x 4' QBp ( CO (d~)
]

1—2'Q-
2 pIAL ( (e. )

X
~o

S co—6)o
sin[(~ —

Mp) +x ]'——1
'v M (do x

S
1—cos[(&u —"p)'+x']'*— ds, for ~—~p«x. (44)

u —co

2Q sin —sds
'VGOo 4O

Qlpf f x
+ '

i
1—cos—s ids=0. (45)J', I, . )

From the real part of Eq. (44), the amplitude of
oscillation Z=xh/p can be obtained. Remembering that
0'=g/W„or 0=Lx/2p from Eqs. (8) and (11),one can
thus obtain Eq. (31) when M=cop.

If co—coo is considerably smaller than the line width
(co—cup&(v/L, or &o

—"p((x, since x is comparable with
v/L), then [(~—cop)'+x']l can be approximated as x and
the imaginary part of Eq. (44) gives

1 co—cv c—+2i = —4~i Pt E„t*dV Et E t*dV. (40)

Integration of Eq. (45) gives

co—Q)p (8/L) 1 cos20 coq co

=2 (46)
&up 1—sin20/2gGdo

If the distribution of the polarization in the cross section
of the cavity is proportional to the field distribution of
the resonant mode, the following equation is obtained
from the TM „o mode:

If the Q of the line is de6ned by

vo

(47)
2hz (0.89p/L)

If the distributions of P and K in the cross section are
diGerent, the above equation does not hold exactly, but
the discrepancy of the distributions usually causes only
a slight deviation from Eq. (41).Therefore the following
result is obtained, assuming Q[(co—cu.)/&v, ]&(1:

"—"p Q 1 1—cos20 a&,—&up

(up Qi 2.8 (1—sin20/20) cop

(48)

This is similar to the expression previously given for
"pulling" of the oscillation by the cavity. ' However, it
is more complete in allowing for saturation of the
molecular response. If the oscillation is weak so that
saturation does not occur, 0(&1 and Eq. (48) reduces to

4~Q( (u —(o.) r'
pE= i

~

—1—2iQ
~

~
I'(s)ds (42).

(dg) p

2 f'
~t(s) (41) then Eq. (46) shows that the fractional deviation of the

frequency of the molecular oscillation is

By using Eq. (38), Eq. (42) may be written

Q(
I

1—2iQ
~

pt(s)ds.
pAL & (u. ) "p

o)—coo &c—~o= 1.07—
Goo

(49a)

(43) Qr, under more normal conditions when 0 -';~, Eq. (48)
is

Since p(s) has been given as a function of x=Ep/A, the
condition of stationary oscillation is obtained from Eqs.
(43) and (37) as

' J. C. Slater, Revs. Modern Phys. 18, 441 (1946).

co—mo =0.72—
G)o Goo

(49b)

The effect of saturation on frequency deviations of
the above type is shown in Fig. 2. Since the factor
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3.0

2sO

f.O

0
0

2e

Fro. 2. A curve for fp= (1—cos28)/(1 —sin28/2g), giving the
dependence of frequency pulling by cavity tuning on the amplitude
of oscillation 8. See Eq. (48).

(1—cos28)(1—sin28/28) ' decreases with increasing 8,
the frequency deviation will decrease with increasing
beam intensity. This may well be the origin of frequency
variations with source pressure and with focusing field
which have been observed. Both of these vary the
number of molecules entering the cavity, and hence
vary 8. Qualitative features of the observed variations
agree with what may be expected from Eq. (48).
However, it must be remembered that in deriving the
precise form of Eq. (48), it was assumed that molecules
of uniform velocity Qow through the cavity and that the
saturation does not depend on the distance of the
molecules from the axis. Neither of these assumptions is
strictly correct.

Bassov and Prokhorov have indicated that if the
"natural frequency" of the resonator is tuned to the
center frequency of the spectral line, the frequency of
molecular oscillation will be shifted by

It may be worthwhile to note that this type of frequency
shift is, however, just due to the change of resonant
frequency of the cavity by damping, since

where ~„& is the "natural frequency" used by Bassov
and Prokhorov, and co, is the actual resonant frequency
as ordinarily measured. A frequency shift of p~/2Q' in the
cavity pulls the frequency by the amount co/2QQ&.
Hence if the actual resonant frequency is tuned to the
frequency of the spectral line, there is no shift of the
frequency of oscillation as indicated by expression (48).

6 N. G. Bassov and A. M. Prokhorov, Discussions Faraday Soc.
19, 96 (1955).

There are several other types of systematic shifts in
the frequency of oscillation. They include shifts due to
unbalanced traveling waves in the cavity, changes in the
resonant frequency of the cavity due to the polarization
or dielectric constant of molecules in states other than
those of interest, the e6ect of molecular collisions within
the cavity, and also shifts due to Stark and Zeeman
eGects. Some of these will not be examined in much
detail, since they are usually considerably less important
than the "pulling" due to the cavity which was dis-
cussed above.

The frequency shift caused by the presence of
traveling waves in the cavity which produce a net Row
of power in one. direction may be regarded as a type of
Doppler shift. Thus if there is net power Row along the
length of the cavity in the direction of the molecular
velocity, the oscillation frequency may be expected to
increase, since the frequency experienced by the moving
molecules tends to correspond to the fixed molecular
resonance frequency. Conversely, if there is a net Row
of power in a direction opposite that of the molecular
motion, the oscillation frequency should be somewhat
decreased. The amount of frequency change due to
traveling waves can in fact be approximately calculated
by making a Fourier analysis of the apparent fre-
quencies seen by the moving molecules. However, in
order to be consistent with the formulation developed
here and to show roughly the effect of saturation, this
frequency shift is calculated in another, perhaps less
transparent, manner.

When a small fraction of unbalanced traveling waves
are present in a TWO&0 cavity, the electric field may be
written

-', x+xi—
imps

sds
L ()

—2ZtW CO
—

GO&

1—2iQ Jf (ppt+ pit)ds, (51)
M6 ()p+thL

where x= Epp/A and xi Eip/A. ——

E=Ep cos~t+Ei cos(~t —ih)~(Ep+Ei) cosset+ EiPs sinpit, (50)

where Ei«Ep, PJ«1, and Ei cos(p~t —Ps) represents a
Row of microwave power along the cavity in the direc-
tion of the molecular velocity, i.e. the positive z direction
if EP and Ep have the same sign. The oscillating dipole
moment of the molecules in the cavity due to the
stimulating field given by (50) may be expressed as

ppte' '+pite' '+complex conj.

Here pp is the dipole moment produced by the field Ep
and pi the small change in dipole moment due to Ei.
Allowing the electric field produced by the polarization
of molecules in the cavity to equal the presupposed field
(50), one obtains in analogy with Eq. (43)
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The frequency of oscillation may be obtained from the
imaginary part of Eq. (51).If the cavity frequency ~, is
tuned very close to the oscillating frequency co, the terms
in co—co, may be neglected and the imaginary part of
(51) is, to a good approximation,

xg

2 4p

2's 'v

sds = — —~ Re (pot+ pat) ds. (52)
p%& L "p

Now po is obtained from (37) as

co—cop x
Re (po) = p sin' —(t—to)

x 2
(53)

and p& can be calculated by a perturbation calculation
similar to that given in Sec. III.C. For this purpose,
Eq. (67) has to be replaced by (50); then p& can be
obtained from (78) by substituting x& and —x&pet for
x„' and x„",respectively, in that equation. One obtains,

Using (53) and (54), Eq. (52) can be written as

pl 'I lf ~ ~2(
p~ )»n'I -(&—~o)

4 eg I'&i z(viz( g j E2

xg
+ pv(t tp) si—n(x(t ——to)j dto.

After integration the following equation is obtained,
using e= Lx/2v:

xg—pro'=
x '+th-

( sin28)
(~—~o)l 1—

E

Sy ( sin20y——P~l cos2~+1-
x 0 )

Using e/Nth as given by Eq. (31), the fractional devia-
tion of the frequency of oscillation is

0 sin'0Gl Mp xy 2P'v
— 1—

x cup 20—sin20(dp

(55)

The traveling waves in the cavity may be considered
to be due to the loss through an output coupling hole at
one end of the cavity with a value of Q&, which can be
shown to be

o)pS' 2m'L x
't

S X'p xg

because the stored energy is 8'=ELx', and the power

p xy
Re(P~) =——Pn (t—to) sinLx(t —to)j

2 x
2 s——sin' —(t—to) . (54)

flow S is given by S=2E(Pc'/coo)xsam. When one uses
this Q~ and the Qt given in (47), Eq. (55) becomes

2m' 1 L—1—
&oo 0.89 QtQ~ X' 2tt —sin20

0 sin'0
(56)

It should be noted from Eq. (55) that the sign of the
shif t reverses, if the velocity e of the beam changes sign,
or hence if the direction of power Aow due to the
traveling waves reverses with respect to the molecular
velocity. For small saturations, 0&&1 and the bracketed
factor in (55) or (56) is 0.25. For&= —',m it is 0.5. Ina real
oscillator, there is of course a distribution of molecular
velocities and of eGective values of 0. However, as an
approximation, the bracketed factor may be assumed to
equal 0.5, and this assumption gives

M —
Gop 3 5 L

~o Q~Qi &'
(57)

This equation shows that, the closer the output coupling,
the larger will be the frequency shift. The shift given by
(57) may be seen to have roughly the same form as the
shift mentioned by Bassov and Prokhorov' and dis-
cussed above. However, it has a quite diferent origin.

Assuming the values, L=10 cm, X=1.25 cm, and
Q&=4)&10', the fractional frequency shift produced by
the traveling waves is about 2X10 ' for Q, =3&&10'. If
the load impedance changes by 10 percent, a change in
frequency of about two parts in 10" will be produced.
The frequency shift caused by the output coupling can
be very much reduced by placing the coupling hole just
halfway between the two ends of the cavity, so that
traveling waves progress from both ends of the cavity
symmetrically.

In addition to the effect of the asymmetrical location
of the output coupling holes described above, the varia-
tion of the molecular emission along the length of the
beam in the cavity will give rise to corresponding
unbalanced traveling waves and, therefore, a corre-
sponding frequency shift. A shift of this kind will be of
the same order of magnitude as that due to the asym-
metrical coupling of the output hole, since the power
emitted from the molecules is of the same order of
magnitude as the output power. The molecular transi-
tion probability is connected with po and p& in Eqs.
(53) and (54) which vary along the length of the cavity.
However, in obtaining the result given in Eq. (56), the
molecular emission is effectively averaged over the
molecular path in the cavity. A detailed analysis of the
frequency shift due to the variation in beam emission
has not been made. However, it should be noted that
when little saturation occurs, the molecules deliver most
of their energy toward the end of their path in the
cavity, whereas for the highly saturated case, most of
the energy is delivered near their entrance into the
cavity. Thus the power delivered by the molecules Qows
in one direction for the case of little saturation, and in
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the reverse direction for high saturation. In some
intermediate condition, the frequency shift due to
variation in molecular emission should become zero. A
frequency shift due to this type of traveling waves
could be reduced considerably by sending two similar
molecular beams into opposite ends of the cavity. This
method, with the output coupling at the middle of the
cavity, would probably reduce frequency shifts due to
traveling waves to considerably less than one part in
10",depending on the accuracy of the symmetry.

Consider now the change in resonant frequency of the
cavity due to the presence of ammonia molecules in
states other than those between which the desired
transition takes place. The change in dielectric constant
at frequency v, due to the presence of other rotational
state, is given by

where S; is the density of the molecules in the ith
rotational state in the cavity, p, ; the matrix element of
the molecular dipole moment, and v; the inversion
frequency of the ith rotational state. Since the only
molecules which are focused are those in the upper
inversion state, the contribution of molecules in the
lower inversion states is neglected in the above expres-
sion. The effect of the (2,2) line on the frequency of the

(3,3) line is considered as typical, since it is the nearest
strong line. For an intensity of the molecular beam
which is about ten times the threshold value for molecu-
lar oscillation at the (3,3) line, the change of dielectric
constant due to the (2,2) line is estimated as Ae(2, 2)
=8&10 . In this estimate, p, ,=1 debye, v —v;=1.5
X 10' cps and E,=e,/vA = 4X10s cm ' are used. Then
the resonant frequency of the cavity is shifted by
—~he, and the frequency of oscillation will be effected

by about one part in 10".A precise calculation of this
frequency shift of course requires a summation over all
rotational states. However, its approximate magnitude
is indicated by considering only the (2,2) state, which

produces the largest shift.
It is dificult to isolate the aforementioned frequency

shift experimentally, since the simultaneous existence of
various states in the cavity cannot be prevented. How-

ever, if the relative populations of these states are
changed, a small frequency shift might be expected.
Since the focusing ef6ciency is a function of the rota-
tional state as well as the focusing 6eld, fluctuations in
focuser voltage of ten percent may give rise to frequency
shifts of about one part in 10" due to changes in
dielectric constant of gases in the cavity.

%hen ammonia molecules interact with each other
the inversion spectrum is modified, and this effect
produces the usual pressure broadening. In addition to a
broadening of the inversion transition, there may be a
frequency shift of the center of the line, which is

proportional to the pressure broadening. Such a shift

has not been observed for any microwave line, and for
the inversion spectrum of NH3 it has been shown to be
less than a few percent of the line width. ' However, in
principle, some shift of this type must occur. An upper
limit for the resulting effect on the frequency of a maser
oscillator can be obtained by assuming that the reso-
nance width of molecules in the cavity is broadened by
about ten percent due to collisions with other molecules
in the cavity. The pressure broadening is probably less
than this in most cases, and the maser would not
oscillate very well if it were much larger. Assuming a
resonance width Q~ 5X10s, the upper limit for the
fractional shift is then a few thousandths of 1/(5 X 10'),
or a few parts in 10".An additional type of frequency
shift by molecular interaction which is proportional to
the square of the pressure' has been observed, but this is
quite negligible for the pressures used in the maser.

Every spectroscopic frequency is affected to some
extent by electric or magnetic 6elds; these effects are
referred to as Stark or Zeeman effects, respectively.
Stark effects in the inversion spectrum of NH3 have been
discussed in a number of places. ' They shift the inver-
sion spectrum and disturb the coupling of the various
nuclear spins to the molecular rotational motion. The
uncoupling of nuclear spins is to a good approximation
identical in the upper and lower inversion states, so that
it does not shift the frequency of transitions which
involve no change in the hyperfine states, and on which
the oscillation frequency depends. The fractional change
in frequency is hence approximately (Ep/hvs)', where E
is the 6eld strength in esu, p the dipole matrix element,
vo the inversion frequency, and h is Planck's constant.
Speci6cally, the fractional frequency shift for the most
sensitive component (MJ ——3) of the NHs (3,3) line is

very close to 10 'E„', where E„ is in volts/cm. Thus if
surface charges or varying contact potentials within the
cavity produce field strengths as large as 1/30 volt/cm,
the resulting fractional change in frequency is about
10—lo

"First-order" Zeeman effects split each hyperfine
component of the inversion spectrum of NH3 by ap-
proximately ggp„H, where gg is the molecular g-factor,
p„ the nuclear magneton, and H the magnetic 6eld in
oersteds. In terms of frequency, this is about 1 kc/sec
per oersted. The splitting is symmetric about the
undisplaced transition, and hence for small H it corre-
sponds only to some broadening of the line without a
shift of its center.

"Second-order" Zeeman eGects do shift the line center
by a fractional amount which is roughly (gzp„H/hvs)',
or 2)&10 "H', where H is again in oersteds. Such a shift
is usually negligible. It is about 10' times smaller than
similar effects in atoms such as Cs, since the molecular
magnetic moment is of the order of a nuclear magneton

' R. R. Howard and %.V. Smith, Phys. Rev. 79, 128 (1950),
8 H. Margenau, Phys. Rev. 76, 1423 (1949).' J. M. Jauch, Phys. Rev. 72, 715 (1947); Coles, Good, Bragg,

and Sharbaugh, Phys. Rev. 82, 877 (1951).
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rather than a Bohr magneton. Partial uncoupling of the
nuclear spins from the molecular rotation occurs in
molecules subjected to a magnetic field, but as in the
case of Stark eRect this does not change the frequency
of oscillation because the transitions of interest involve
no change in hyperfine energy.

First-order Zeeman eRects can shift the frequency of
oscillation if the oscillation does not occur very near the
resonance frequency. For, if the cavity is tuned oR
resonance to a frequency v„ the oscillation frequency is
"pulled" by approximately

sec ', so that the fractional fluctuation is at most
((&Z')A,)'*/8~5&10 ' which is small enough usually to
be negligible. The smallness of this fluctuation results
from the large number, i.e., mr = 10",of molecules in the
cavity at all times.

In addition to an amplitude fluctuation, there is a
phase fluctuation during the correlation time r of the
oscillation which is approximately equal to the frac-
tional change in amplitude, or

(62)

from expression (49). If the magnetic field II changes by
a small amount, there is an incipient splitting which
changes the line width slightly, and hence changes Qz
and Av. This eRect can be minimized by tuning so that
v, = vp, and can in fact be useful as a test for the condi-
tion p = pp, when oscillation shouM occur very near
resonance.

I'p ——Eche, (59)

where K depends on tz and Qi/Q, but is normally of the
order of unity. The shot eRect may hence be expected to
produce an average fluctuation in power during a time t

of approximately

((APo') A ) '*=KNlhz/t =Khz (Tz/t) l

The fractional fluctuation of amplitude of the electric
field E is, from (59) and the above equation

(60)

It must be remembered, however, that the field strength
cannot change much more rapidly than the time re-
quired for a molecular transition to occur, or than the
inverse of the frequency width of the molecular response.
This time is approximately

C. Random Noise in the Maser Oscillator

Two kinds of eRects give random fluctuations in the
output of a maser oscillator: one comes from fluctua-
tions in the number of molecules in the beam, which may
be called "shot" noise, and the other from random
fluctuations of the fields inside the cavity due to
thermal noise and to "zero-point" fluctuations. We shall
consider first the shot noise.

I.et the number of molecules which may radiate and
which enter the cavity in a time interval t be

S et.

The fluctuation in this number is then QE=Q(Tzt)
The output of the maser oscillator is

Such phase fluctuations which occur during each corre-
lation time add together in a random way to produce a
root-mean-square phase change of

after a time interval t. Hence the fluctuation of fre-
quency is obtained by using (59) and (61) as

((zAoP&A, )l 1 (Khz) l 1 (hz ) l

(oo 4Qz ( Pot J Qz (Ppt)
(63)

The magnitude of frequency fluctuations due to this
eRect will be shown below to be considerably smaller
than that due to thermal noise at normal temperatures.

The molecular oscillator builds up initially from the
thermal noise fields present in the cavity. During the
stationary state of oscillation, thermal noise in the
cavity shifts the frequency and amplitude of oscillation
in a random manner. Although the precise behavior of
thermal fluctuations in the cavity depends on the
presence of molecular beam amplification, a rough esti-
mate which ignores the eRect of the saturation of the
beam will first be described.

Assuming that the noise power, »Af, is independent
of the oscillation in the cavity, the average fractional
fluctuation of amplitude and phase of the molecular
oscillation is approximately

where zA f is determined by the length of the time t, used
for measuring the frequency of the oscillator. When the
frequency is observed during a time interval t, the
transfer function, that is the frequency characteristics
for the frequency modulation noise fluctuating at a
frequency f, is proportional to

(1/f) sin(irft).

This transfer function gives the eRective band width of

T= 2Qz/co. (61) tz f 1/t. (65)

In a typical case, it has a value r= 10 ' sec and n= IO" From (64), (65), and (61) the fractional fluctuation of
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the frequency of oscillation due to thermal noise is

((i10p')Av)& 1 (kTq ~

cv)p 2Qi KPpfv
(66)

The maximum frequency Quctuation which can occur is
found by setting t equal to the minimum response time
z in (66), which gives

x=Epp/A,

x„(t)=2E.(),') p/5,
(6S)

the Schrodinger equation for the wave function P= g&Pi

+gpss& requires

be constant, and E„(t) is a small field associated with
thermal noise. If one uses

((60p')Av) & 1 ( kT ) -**

sop 2gt (Ppr)

(z =-'z(xPe'(" "0)'+e""+~»']+x e '"")g

g —1Z(X[g t(e mls) 0+&—v(a+us) t]+X iv+0'est)g
(69)

For typical conditions this quantity is approximately
10 ",which is the fractional frequency change occurring
in the time ~ 10 4 sec. For t= j. sec, this is reduced
to 10 ".

Comparison of Eqs. (63) and (66) shows that

(A(v) )Av(shot noise)

(AM )A (thevrmal noise) kT

At room temperature and microwave frequencies this
ratio is about 3)&10 '; hence shot noise can be neglected
compared to thermal noise.

It should be noted that spontaneous emission of
radiation by the molecules also produces random Quctu-
ations. Their nature is, however, precisely the same as
that of Quctuations due to thermal radiation and con-
siderably smaller. For our purposes, spontaneous emis-
sion may be considered as an added thermal Quctuation
corresponding to a temperature of h /k), which for
microwave frequencies is only one or two degrees
absolute.

The theory of Quctuations of the oscillator, as
simplified above, might lead one to suppose that suc-
cessive changes in both phase and amplitude add in a
random manner, so that the amplitude of the oscillating
electric field would at times go through zero. This does
not actually occur for the same reason that it does not
occur in most other oscillators: the nonlinearities in the
oscillator's response ensure that the amplitude stays
within certain narrow limits rather than increasing or
decreasing in a random way. However, as in most other
oscillators, the phase variation is quite random and may
increase indefinitely as indicated by the above discussion
in a way which is proportional to gt.

To allow for the eGect of molecular amplification and
nonlinearities on the thermal noise, a more complete
theory is described, In the following discussion the noise
field, E„(t), due to thermal noise is calculated by a
perturbation, technique, assuming that E„(t) is small
compared to the field Eo produced by emission of
radiation from the molecules.

The electric field in the cavity resonator may be
written

If the oscillation occurs near the molecular resonance,
then (o)—o)p)'«x', and (so—(pp)t 0 for the time of
passage of the molecules through the cavity. Further-
more e'~"+» ' Quctuates very rapidly during the time of
transition when a~ and a2 are changing more slowly, so
that the terms in (69) including this exponential average
to zero and may be neglected to a good approximation.
Terms such as x„e '""cannot similarly be omitted be-
cause x„varies rapidly with time in such a way that the
product x„e '"0' does not necessarily average to zero
during the transition.

Let the solution of (69) for x„=0 be gi(') and gp('),

which are given in expressions (4) and (5) as

gi'p) = —sinL.,"x(t—tp)],

gs(p) =z cosL-', x(t—tp)],

when (00—o)p)'«x' as assumed above. Here zp is the time
at which a molecule enters the cavity. The solution
when x„~0may be written

gi —gi(p)+gi(i)

gz —gz(o)+ gz( )
(71)

and then (69) becomes

gi(i) =LZ(Xg (i)+X ( v~stgz(P)—)

6,.(') = —,'z(xgi(')+x e'""gi('))
(72)

if terms in the product of the two small quantities a~(')

and x„or u2"' and x„are neglected.
The quantity x„ in (69) or (72) due to noise may be

written
x =2x„' cosset —2x„"sinort,

in which case expression (67) for the field becomes

)tz . ( x
E= (x+x„') cos( o)Z+-

p ( x)

(73)

(74)

which makes it evident that x„' gives the amount of
amplitude modulation and x„"/x the phase modulation.
Making the substitutions (73) and

E=Ep cos0pt+E„(t), (67) g (1) desi@(t—t» ge—'—,ix( t—t0)

where co is the frequency of oscillation, Eo is assumed to g (1)—g ivv vs(t ts) +gg—
v ts( 0 ts)— —

)
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into Eq. (72), one finds

A = —-'Lx '+ix "e-'*&'—"j
8=+-',$x„'+ix„"e+"'t'—")]. (76)

Again in obtaining expression (76) it must be remem-
bered that very rapidly varying terms such as e'("+"»'
average to zero and may be omitted to a good ap-
proximation.

Now the oscillating dipole moment of the molecule is
given by

p
—

peiep&(g (0)g is)8+g (&)g (s)e+g w)g (i)8)

+complex conj.
=P,te'"+P.t(t)+complex conj. (77)

Using Eqs. (70) and (75) together with (76), one obtains

ppt ———',itu sin(xt), I.O

p.t(t) = ,'pe—'""-x„"cos(x(t —ts) }dt

( ( —o)} "-'«. (78)

The electric field produced by the polarization of mole-
cules can be calculated in the same way as described in
the former section, using (39), (41), and (43). The total
field is the sum of fields produced by molecules in the
beam and those generated by thermal agitation
in the wall of the cavity. It may be written, as
K(~—~.)/~.3&&1,

4mgri r
~

Et = i
~

pt(s)d—s+e„t,
vol. ~o

O. l

0 I 7r
2 0

independent of the noise, yields the same results as were
found above in Sec. III.B. The remaining terms repre-
sent the noise Auctuations and can be written as

Fin. 3. A curve for f~ 1/(1 —t) cote)——, giving the dependence of
amplitude Quctuations due to thermal noise on the amplitude of
oscillation t). See Eq. (84).

where Et is defined as in Eqs. (39) and (67), and eJ'e'""
+eJ*e '"s' is the primary thermal noise which would
occur without the presence of the molecular beam. After
some manipulation, Eq. (79) can be rewritten as

x x t p„t 4n-'Q„p'
—+ — = sin(x(t —ts))dts
2 2 2 hAI ~ t—I/v

SX=2
eg, L,' t—Iiv

cos(x(t —tp) }
~

x„dtdt p +$„, (82)

'0

mg, I.'

X x„"cos(x(t—ts) }dtdt, +&„". (83)
~ t—L,l~~ tp

—i cos(x(t —ts)) x„'dt dts, (80)j

a~ tp

p
=5- (t)+it. (t)

A
(81)

where xJ is defined by xJe'"'+x„t*e '"' that is,
x„t=x„'+ix„"from (73). In addition,

From these equations, amplitude noise x„' and phase
noise x„"/x can be computed.

Equation (82) may be simply solved for the important
case of noise components which diBer from the frequency
of oscillation by an amount smaller than the line width.
For these components, x„'varies much more slowly than
does cos(xt), so that as a 6rst approximation (82) can be
integrated by assuming x„' to be constant. Using ex-
pression (31) for e/m~h and 8=xI/2r), one obtains the
following from this integration:

l

The first integral in (80), which gives the field
strength of precisely the frequency o)s/2s. and which is

2x '=
1—0 cotg

(84)



SH I MODE, DANG, AND TOWNES

IOO --— of time can be written in the form

l $„"(f)cos(2prft+8)df,
Jp

where 8 is a phase angle. x "must have the similar form,

IO

x "= t x„"(f)cos(2~ft+8')df,

where x„"(f)and 8' may be assumed to be constants
with respect to time.

Substitution of these expressions into Eq. (83) gives,
with the assumption f&&s/prL,

sin29
-"(f)= ~-"(f)

pr fI. (1—sin20/20)
(86)

lpo

O.I

Fro. 4. A curve for fq= p sinpg/(28 —sin2gl, giving the depend-
ence of frequency Quctuations due to therma1 noise on the ampli-
tude of oscillation 8. See Eqs. (92).

This expression shows that the magnitude of AM noise
depends strongly on the amplitude of oscillation, as can
be seen from Fig. 3. Since the primary noise, $„', is
independent of frequency, x„' is also independent of
frequency near the center of the molecular transition
where the approximations involved in obtaining (84)
are valid. The frequency distribution of noise outside
this range can also be estimated in a similar way by
using art" and apt'& as given by Eqs. (4) and (5) so long
as or —cop(&cop, but such a calculation would be very
tedious. Presumably the spectrum of amplitude noise is
not far diferent from the line shape.

Evaluation of the fluctuation of phase from Eq. (83)
is somewhat more difficult. If the phase fluctuation is
computed from (83) by assuming that x„" in the
integrand is constant, then (83) becomes, after integra-
tion, x„"=x„"+g„".This indicates that x„" must
approach infinity, corresponding to the indefinite in-
crease in the phase error with increasing time as was
found in the simpler discussion above. In order to
obtain a finite result for x„"and to examine the way in
which it approaches large values with increasing time,
it is necessary to allow variation of x„"in the integrand.

Consider the thermal noise g„"(t) in a small band
width df about a frequency which differs from the
oscillator frequency by f Then g„"whi.ch is a function

and ~—~'=-,'x.
Because $„"represents a component in the primary

thermal noise given by (79) and (81), (L$„"(f)]')A„is
actually independent of frequency f From. (85), (81),
(68), and (64), one has

(L&-"(f)]')" p(k-'(f))" 2(~-'(f))" kTdf
(87)

pop W/Qgp

where P„(f) and e„(f) represents the amplitude of
Fourier components at the frequencies (~p/2pr) +f
Thus the mean square of x„"is obtained as

~n Av sin'0QkT tx
fmxx df

(88)
~pW ~L L1—(sin20/20)] ~ y;. f'

g//2 QkT w 20 sin'0

copW f;„rrL 20—sin20
(89)

g2

If fluctuations are observed during a time interval t,
the minimum frequency of fluctuation which can be
observed is approximately

f;„=1/2t. (90)

From (74), the root mean square of the fractional
fluctuation of frequency is

((~~')")' ((x'")p)'*/*
(91)

CaptMp

Thus one obtains from (89), (90), and (91)

((AoP)p„)i s (2QkT)
-'*20 sin'0

ppo prppoL E ppoWt ) 20—sin20

where f;„and f, are the minimum and maximum
frequencies respectively for the range of values of f
which are considered. Both f, and f; must be much
less than the line width in order that Eq. (86) be ap-
proximately correct. Assuming f,„))f;,expression
(88) is
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((AoI') )& 0.16 ( QkT ) -*' sin'8

ops QI &cesW,t) 20—sin20

Using O'=W/W„and QI=o&sL/(0. 89X2Irv), the fre- make expression (92) even less accurate. However, it
quency Quctuations can be written probably represents the major features of noise Quctua-

tions reasonably well.
As a typical example, let 0= ~m, 8',=2&&10 " erg,

Q=5000, and QI
——5X10' then

This is very similar to the approximate expression (66)
obtained earlier, since oIsW/Q is a typical value of
emitted power from the molecular beam for 0=1.
Dependence of the frequency Quctuation on power is
given by the last factor in (92), which is plotted in

Fig. 4. This figure shows that the amount of FM noise
increases by a large factor when the oscillation is weak.
It must be remembered that Eq. (92) is not exact
because of the approximation used in its derivation. In
addition, the distribution of molecular velocities and
matrix elements over molecules in the beam tends to

((~~')A) '
10 "t ''.

This calculated Quctuation is somewhat smaller than the
upper limit set by experimental observations. '
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Coherent Neutron Scattering Amplitudes of Krypton and Xenon,
and the Electron-Neutron Interaction*
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The coherent scattering amplitudes of krypton and xenon for thermal neutrons have been measured by a
comparison method involving reflection of a neutron beam from liquid mirrors. The results were (7.68+0.19)
X10 "cm for krypton and (5.10+0.17)X 10 "cm for xenon. When these results are used with the scattering
measurements of Hamermesh, Ringo, and Wattenberg, one obtains (3900+800) ev for the electron-neutron
interaction.

INTRODUCTION

HE electron-neutron interaction' is of obvious
interest as a test of any complete theory of

elementary particles and it has received considerable
theoreticaP and experimentaP ' attention. At present
there is particular interest in the question of whether the
interaction shows any structure-dependent effects in
addition to a relativistic e6ect pointed out by Foldy. '
%hat is probably the most accurate experimental result'
is that the interaction is equivalent to a square well of

* Work supported by the U. S. Atomic Energy Commission.
t On summer leave from Case Institute of Technology, Cleve-

land, Ohio.
'In this article we mean by electron-neutron interaction the

interaction additional to the large one between the magnetic
moments of the electron and neutron. This last interaction is given
by the ordinary magnetic dipole interaction expression and ac-
counts for the magnetic scattering of neutrons.

2 G. Salzman, Phys. Rev. 99, 973 (1955) and references therein.
3 Melkonian, Rustad, and Havens, Bull. Am. Phys. Soc. Ser. II,

1, 62 (1956).
'Hamermesh, Ringo, and Wattenberg, Phys. Rev. 85, 483

(1952).
~Hughes, Harvey, Goldberg, and Stafne, Phys. Rev. 90, 497

(1953).' L. L. Foldy, Phys. Rev. 83, 688 (1951).

3860+370 ev depth when the radius, by convention, is
taken as e'/ (mc') . The relati. vistic effect is approximately
4000 ev, so quite accurate measurements are needed to
decide if there is any interaction beyond this. The
electron-neutron interaction is so much smaller than the
interaction of the neutron with the nucleus or the
magnetic dipole interaction that it is very hard to be
sure in any measurement that some obscure residual
effect of these large interactions is not affecting the
experiment, For this reason it seems very desirable to
have the measurement made by several methods that
are as independent as possible.

The method used by Hamermesh, Ringo, and Watten-
berg' is considerably different from that of Hughes et al.
It was devised by Fermi and Marshall' and consists of a
measurement of the anisotropy of the scattering of a
beam of thermal neutrons by gaseous krypton and
xenon. The electron-neutron interaction a6ects this
anisotropy through the electronic form factors (more
properly, the atomic scattering factors) of the gases.
Most of the anisotropy is due to the center-of-mass

' E. Fermi and L. Marshall, Phys. Rev. ?2, 1139 (1947).


