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The Bethe theory of the energy loss of fast charged particles is extended to treat explicitly the stopping
contribution of L-shell electrons. A summary of the effect of binding corrections on stopping power is given.

I INTRODUCTION

- CCORDING to Bethe’s!:? theory on the energy
loss of charged particles passing through matter,
the energy loss per cm path length is

dE Ame'z?
NB, (1)

dx

my?

with the so-called stopping number, B=Z In(2mv?/I).
For the stopping atoms, NV is the number per cms?,
Z the atomic number, and I the average ionization
potential; for the incident particle, ez is the charge
and v the velocity. m is the electronic mass.

Equation (1) is valid without correction for the
binding effects of the atomic electrons only if the
velocity of the incident particle is much greater than
the “velocity” of the atomic electrons. When this is
not so, the contribution to B from these electrons must
be calculated separately, and in a way free from the
approximations which limit (1). Using hydrogenic wave
functions, Bethe? has done this for the contribution
from the K-shell electrons, Bx. Revised curves of
Bk vs nx for various Z are given in Fig. 1 of a previous
paper (K):? nx is a convenient variable given as a
quotient of mv%/2 by the “ideal” ionization potential,
Zk ott> Ru (Ru is the ionization potential of the hydro-
gen atom). In K, the work of Brown! is also extended
and corrected to provide an asymptotic expression for
Bk for large nx of the form®

B (0xmx)=Sk(0x) Inmx+T'x (0x) —Cx(0xmx), (2)

where 0x is the observed ionization potential (more
accurately the energy difference between ground state
and lowest unoccupied state) in units Zg ots* Ru. Curves
of Cx vs 1/9x, over the range 0< 1/9x < 2, for various 0,
hence Z, are given in Fig. 2 of K. Obviously, given Bk,
Sk and Tk, Ck is determined for nx large or small.
Thus Ckx may be extended to larger 1/7x (nx<%) by

* Part of this work is included in the author’s doctoral thesis at
Cornell University, 1951.
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using the Bk curves of K, and formula (2) above.® For
the region of small 1/9x (nx>10, say), Cx may best
be determined from its expansion in powers of 1/7x,

Cx(Ornx)=UxOx)nx '+ Ve @x)ne2+- -,

where U and V are given in formula (19) of K.

In K, formulas (2) and (3) above are generalized for
any atomic shell 7, and the total stopping number B is
written

©)

B=ZIn(2mv*/I)—3;C;0:n.),

with I, the average ionization potential, defined in a
way independent of the velocity of the incident par-
ticle. This formulation demonstrates the usefulness of
C; as opposed to B;. C; provides the simplest way of
correcting the stopping number B of formula (1) for
the so-called binding effects.

In this paper, we shall extend the theory to include
corrections for L-shell electrons. First we shall calculate
By, for the L-electrons, giving curves of By vs 9y in
Fig. 2. We then calculate 6k 7 and 8, for various Z,
presenting the results in Fig. 1. The constants Sz, Tz,
and Uy are then found so that Cj is determined for
all nz. The resulting asymptotic calculation for Cy, is
checked for several large values of 7, by comparing
its results with those from an exact calculation. Finally
a summary is given of the total effect of K- and L-shell
binding corrections on stopping power.

II. CALCULATION OF B (0:,m.)

Using formula (5) of K, we can write an expression
for the stopping number of the L-shell which is not
restrictive on the velocity of the incident particle:

*© 2dq

<[ Dol @
Wit ¢

where W is the energy transferred to the atomic electron

in units® Zp e¢* Ry, ¢= (change in incident particle’s

momentum)/ (2mZ 1, et Ru)}, and |Fw, 1.(q)|?, the so-

called form factor, is the sum of the squares of the

65 and T are given in formula (19) of K.

71t would have been better to have included 6x vs Z in K.

8 ZL otf may be taken as Z—4.15, following J. C. Slater, Phys.
Rev. 36, 57 (1930).
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STOPPING POWER OF L-ELECTRONS 041
TaBLE I. The L-shell excitation function, J (y1,W).
N W=009 011 0138 01875 025 03611 050 08125 1.5 2.5 425 9.25 16.25
0.1 475 282 156 69.2 30.8 8.9 2.28 0.2 00045 6.1X10% 2.3X10°8
0.2 832 498 277  129.2 63.0 248 10.0 1.68 0.126 29X10—* 1.3X10°¢
0.3 1088 653 359 166.7 822 336 149 397 0.70 3.5X107  1.4X10°5
0.4 1306 776 421 193.3 946 389 17.8¢ 542 1.50 2.0X102 9.2X10%
0.5 1492 877 470 2138 1040 425 19.64 625 207 7.5X102  4.3X10™*
0.6 1657 963 512 2304 110.8 451 2085 6.74 242 0.190 1.6X107?
0.7 1799 1038 546 2442 1167 471 2174 7.09 2.62 0.330 4.9X1078
0.8 1928 1104 578 2561 121.6 488 2242 733 276 0.451 1.4X102  1.9X10-°
0.9 2044 1164 606 2664 1258 50.1 2298 7.50 285 0.534 3.2X102  4.0X10°
1.0 2149 1218 630 275.7 1302 51.3 2344 764 2091 0.588 6.1X1072 9.1X10°8
1.1 2247 1268 653 2840 133.6 523 2382 7.76 296 0.624 9.7X10~2  2.0X1078
1.25 2379 1335 684 2950 1373 53.6 2431 7.88 3.01 0.655 0.148 5.8X10-8
1.5 2572 1432 727 3109 1429 554 2495 804 3.07 0.682 0.198 3.2X10™
1.75 2738 1516 765 324.0 1478 568 2544 815 3.11 0.695 0.218 1.5X10-3
2.0 2886 1589 797 3353 1520 580 2584 824 3.13 0.703 0.227 5.9X107%  2.3X10°8
2.5 3133 1714 851 3541 1589 599 2647 837 3.17 0.711 0.233 29X102  2.2X10°°
3.5 3515 1899 932 382 168.8 62.6 27.3¢4 854 3.21 0.718 0.236 4.7X102  1.2X10°3
matrix elements of ¢’ between the four nonrelativisti-  our result is
cally distinct L-shell states and the states greater in 1 91 9, 94
[Gn—1)*+g**]"
energy by W. Analogously to nx and 0k, no=mv?/ |Fo 1(g) | 2= 257"
271, ts* Ru, and 01, is the observed energy difference [Gn41)24 g2 ]t
between an L-electron in the ground state and the
lowest unoccupied state in units Z 1, «¢s> Ru. The integral o6 1 . 5 .
over W means a sum over all unoccupied discrete X| g\ =t )gtn
. . . 12 3
states, and an integration over the continuum states.
The evaluation of the form factor, |Fw,1(q)|% 65 3 1
follows the analogous work.of Wentzel® and Bethe! for + (—n4——n2—|——)q2n2
the K-shell. The calculation is done with nonrela- 48 2 3
tivistic hydrogenic wave functions for transitions from »
the four distinct L-shell states to states greater in + 5 5 23 . +3 . 1 ©6)
energy by W. |Fw, (g)|? arises then from summing &n 4_8% ;n 3/

over all eight L-shell electrons and all states greater
by energy W. Since the calculation is long and tedious,
and since no new principles are involved, we quote only
our results here:

For transitions to the continuum (W=%2+41),

| Fw, 1.(q) | %AW =

1 —_— e—21rlk
- ( 2 k )
X [S ——arctan——
q” exp Z PR
Clg+R)2+1 1 (g—R)2+5 1

1 5 65 3 1
X[q6+(——-——k2)q‘*+(——+~k2+—k4)q2
12 3 48 2 3

5 23 3 1
+(—+—k2+—k4+—k°)]. s)
64 48 4 3

For transitions to discrete states (W=2%1—1/%?), with
the W subscript of F changed to % for identification,

® Gregor Wentzel, Z. Physik 58, 348 (1929).

It is easy to show that (6) can be derived from (5) if
one replaces k% by —1/#2, and if one replaces the con-
tinuum normalization factor, [1—exp(—27/k)]T' by
unity. For this reason it is permissible to use formula (5)
in (4) even for values of W less than 1.

We can now evaluate (4) numerically. Again we
only quote results, since the details of the calculation
are quite lengthy. The first step is the evaluation of
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F16. 1. 0 and 01, as functions of Z.
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F16. 2. Br(0r,m1), stopping number contribution of L-electrons.

the so-called excitation function,

© zd .
JIFW.L(Q)H

](7714W) =
Wit ¢

™

for the various W and 5. The results are tabulated in
Table I. Then carrying out the integration over W we
obtain Bz (0z,m.) with the results plotted in Fig. 2 for
0<71.<2, and tabulated-in Table II for 1.0<5.<3.5.
The numerical calculations are accurate to at least one
percent. The theory, itself, due to the use of Coulomb
" wave functions, is probably in error by considerably
more. However, the labor involved in calculating with

TasLe II. Stopping number contribution of
L-electrons, Br(@nmL).

n 0,=0.35 00=0.45 601=0.55 61 =0.65
1.0 26.52 22.48 19.80 17.89
1.1 27.70 23.48 20.70 18.71
1.25 29.32 24.86 21.95 19.87
1.5 31.48 26.68 23.56 21.36
1.75 32.89 - 27.79 24.51 22.20
2.0 34.09 28.74 25.31 22.90
2.5 36.88 31.09 27.40 24.84
3.5 40.34 33.87 29.81 27.01

more refined wave functions, such as Hartree’s, for
example, would be much greater, and such a calculation
would have to be repeated for each Z.

As regards the use of our By, results for different Z,
it should be remarked that one can expect the results
to be most applicable where the hydrogenic wave
functions best resemble the true wave functions of the
atom. This is best satisfied for the heavier elements.
We shall see later that for Z <30 (67.<0.45) the error
associated with the use of hydrogenic wave functions
makes our results unreliable. We shall propose there an
alternate method for low Z (and not very low %z).

III. CALCULATION OF 0x AND 6,

Ho6nl has shown that in a calculation using non-
relativistic wave functions, such as ours, the best value
to take for 6; is given by

0;=1—(Ig,i—1I0,:)/Inr, ©))

where Ig, ; is the “ideal” relativistic ionization potentia]
of an ¢-shell electron in the absence of “outer screening,”
given to a good approximation for the K-electrons and
for the three relativistically different L-electron states

o H. Hénl, Z. Physik 84, 1 (1933).
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by (in Rydbergs)

(Z—0.3)
&) (=0, 7=} <Z—o.s>2(1+—4—a2),
(Ly) (l=0,j=%)} (Z—4.15)2(1J-5(Z—4.15)2 2)
(Lw) (=0, j=1%) 4 " 16 ’
7—4.15)2 7Z—4.15)?2
(L) (=0,i=3) )(1+( = )az).

(a=1/137).

Iyg,:is the corresponding nonrelativistic ionization po-
tential, (Z—0.3)2 for the K-electrons, and (Z—4.15)%/4
for the L-electrons. Iy, ; is the observed (from the x-ray
critical absorption wavelength) energy difference from
the i-shell to the lowest-lying unoccupied state.

For the K-shell the evaluation of (8) is straight-
forward, and the results are given in Fig. 1, where 0k is
plotted vs Z. In the case of 6, one gets three values
for each Z, corresponding to the three relativistic
L-electron energy states. The values for the two p-states
are generally less than one percent apart. The value for
the s-state differs from those for the p-states by from
five to ten percent. Therefore, in order to form a single
value to use with By, we take an average of these three
values, weighting them according to the L-shell oscil-
lator strengths from Honl.' The resulting curve of
01 vs Z is also given in Fig. 1.

IV. ASYMPTOTIC FORMULA FOR Br(0:m1)

The derivation of the asymptotic formula for
Br(6r,mL) proceeds in a way entirely similar to that
used in obtaining formula (2) for Bx(fx,nx). This
method, of course, is detailed in K which in com-
bination with Brown’s work solves the problem. Here
we only summarize our results for the L-shell.

We first give a preliminary result which is
Br(0r=1, nz), the stopping number for eight hydro-
gen-like L-electrons in a hypothetical atom with no
transitions to other shells forbidden by the Pauli
principle,

Br(0r=1,7.)=8lnyn.+25.5166— 29!
(to order 1/9z). (10)

Taking into account the transitions that are for-
bidden by the Pauli principle, and modifying (10)
accordingly, we then have our desired result (to order
1/nz) for BL(0z,mr):

B1(0.35,71)=10.0371 Iny ,+28.1449—1.5032n .7,

BL(045,.)= 7.9116 lnn;+24.4501—1.8756y 72, )
B1(0.55z)= 6.7451 Innz+21.9061—1.9890n %,
B1(0.65m5)= 6.0345 Iny+20.0154—2.0040n ;.

An asymptotic formuta for Cr(6z,n) to order n=! is
given by the negative of the last term of (11).
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TasBLE TII. C1(81,mz) from exact calculation.
oL 7L =1 3.5 10 25 100 1000
0.35 1.6934 0.4917 0.1619 0.06235 0.01516 0.001505
045 2.0298 0.5950 0.1988 0.07719 0.01888 0.001877
0.55 2.1358 0.6268 0.2100 0.08171 0.02001 0.001991
0.65 2.1519 0.6312 0.2116 0.08232 0.02016 0.002006

Cr(61,mz) can be calculated exactly by using for-
mula (8) of K, and performing the necessary numerical
integration. The results are given in Table ITI. The
last term of (11) gives results which are low by about
9, 5, 3, 0.6, and 0.08 percent at n,=3.5, 10, 25, 100,
and 1000, respectively, for 6,=0.65. The errors are
similar for other 6. It is possible to fit further terms in
nr~! to the exact calculation. The results, numerically
accurate to at least 0.2 percent for the above 5 and
all 6z, are

C(0,=0.357.)=1.503n"41.543n ;2

—4.00p 3 +4.43n 4,
C1(0=045mn1)=1.8767;""4+1.5067 2

—4.00q 3 +4.43n 7,
CL(€L=0.55,T]L> = 1.989771,”1-*— 1.498’)71,"2

—4.00n 5+4.43n 4,
CL(0L= 0.65,7] L) = 2.004‘)7 L_1+ 1 .5007] L_2

—4.00n 5+4.43 4.

If (11) is rewritten with the first two terms com-
bined,!* then from the basic Bethe theory we should
expect them to have the form 2mv?/ (3 Z 1 ots* Ru) =161 1.
If we write the actual logarithm as In(169./X 1), we find
for Az, the values given in Table IV.!2 It is remarkable
that Ay decreases with increasing 6, (increasing Z).
Over the range 0.45<6.50.65, however, the variation
is quite slow.

A simple extension of the results of reference 12 to
the L-shell reveals that the coefficients of the logarithm
terms in (11) are equal to 8(1+f.)/2=44-4f, where
8f1 is the total oscillator strength of the eight L-elec-
trons for transitions to unoccupied states. The values
of fr obtained from these coefficients are displayed in
Table IV. We also give the quantity 8.%f; whose small
variation shows that for the L-shell (as for the K-shell)
f1 is very nearly inversely proportional to 612

(12)

TasLE IV. Calculated results, for the L-shell using
hydrogenic wave functions.

oL AL L 0L?fL

0.35 0.967 1.51 0.185

045 0.729 0.98 0.198

0.55 0.622 0.69 0.208

0.65 0.580 0.51 0.215
Hydrogen 0.659 1

e, S50z) n[expT(02)/S(0L) Inzc.
12 See Bethe, Brown, and Walske, Phys. Rev. 79, 413 (1950) for
the corresponding K-shell data.
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TaBLE V. Approximate percentage correction to (1) from

Cg and Cr.
Incident proton
energy (Mev) Z=30 50 70 90
1 +4.32 +14» +21b +26>
S —3.92 — 14= + 142 + 2.8
10 —-3.0 — 23 — 0.72 + 04>
20 —-1.7 - 2.0 - 1.5 - 0.9
S50 —-0.9 - 1.2 - 1.3 — 1.1»
100 —0.4 - 0.7 — 0.8 — 0.9
200 —0.2 — 04 - 0.5 — 0.5
500 —0.07 — 0.14 — 0.2 — 0.3
1000 —0.03 — 0.06 - 0.09 — 0.13

a For these values Ck is negative (see text).
bFor these values Ck and CL are negative (see text).

A comparison of our values of f,, with those obtained
by Ho6nl! shows a close check as indeed it should since
they were both obtained in the same approximation,
i.e., using hydrogen-like wave functions. Like Honl we
observe that for 8,=0.35 this approximation gives a
value of fz which is much too high. Since the oscillator
strength per electron for hydrogen for a transition
2p—1s is® —0.139, we can set an upper limit for f, of
about 142(0.139)~1.1. Thus we see that our calcula-
tions of Bz and Cy for #1,<0.45 are not reliable. Lacking
a more accurate calculation of an asymptotic formula
for this region (Z<30), it is reasonable to proceed ag

18 See Table XVI, H. Bethe, Handbuck der Physik (Verlag
Julius Springer, Berlin, 1933), Vol. 24, Part 1, p. 443.
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follows: Calculate f1, using Hartree wave functions for
the desired atom, and then with this f; and a correspond-
ing A from Table IV, write B~4(14f1) In(169./A1).

V. SUMMARY OF EFFECT OF K- AND L-SHELL
BINDING CORRECTIONS

In order to summarize the effect of the K- and
L-shell binding corrections, in Table V, we give for
various Z and incident proton energies the approximate
percentage correction to the simple formula (1) intro-
duced by Cx and C. Since the first two terms of Bg,
given by (2), may be written Sk (0x) In{nx exp[ Tk (0x)/
Sk(0x)]}, it is apparent that for nx <exp[—Tx(0x)/
Sk (6x)], Cx must assume negative values to prevent
Bg from incorrectly becoming negative. A similar
situation holds also for Cr. Consequently, for low
enough energies the Cx and C corrections become
large and negative.
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Transport and Deformation-Potential Theory for Many-Valley Semiconductors
with Anisotropic Scattering
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A transport theory which allows for anisotropy in the scat-
tering processes is developed for semiconductors with multiple
nondegenerate band edge points. It is found that the main effects
of scattering on the distribution function over each ellipsoidal
constant-energy surface can be described by a set of three relaxa-
tion times, one for each principal direction; these are the principal
components of an energy-dependent relaxation-time tensor. This
approximate solution can be used if all scattering processes either
conserve energy or randomize velocities. Expressions for mobility,
Hall effect, low- and high-field magnetoresistance, piezoresistance,
and high-frequency dielectric constant are derived in terms of the
relaxation-time tensor. For static-field transport properties the
effect of anisotropic scattering is merely to weight each component
of the effective-mass tensor, as it appears in the usual theory, with
the reciprocal of the corresponding component of the relaxation-
time tensor.

1. INTRODUCTION

N the last few years, it has been become clear! that

most of the well-studied semiconductors have energy

band structures greatly different from the simple model
* Now at Birmingham University, Birmingham, England.

! For a brief review of some of the evidence, see C. Kittel,
Physica 20, 829 (1954).

The deformation-potential method of Bardeen and Shockley is
generalized to include scattering by transverse as well as longi-
tudinal acoustic modes. This generalized theory is used to calculate
the acoustic contributions to the components of the relaxation-
time tensor in terms of the effective masses, elastic constants, and
a set of deformation-potential constants. For # silicon and »
germanium, one of the two deformation-potential constants can
be obtained from piezoresistance data. The other one can at
present only be roughly estimated, e.g., from the anisotropy of
magnetoresistance. Insertion of these constants into the theory
yields a value for the acoustic mobility of # germanium which
is in reasonable agreement with observation; a more accurate
check of the theory may be possible when better input data are
available. For # silicon, available data do not suffice for a check
of the theory.

which had nearly always been assumed in earlier theo-
retical work. Whereas this simple model [Fig. 1(a)]
assumed a nondegenerate band-edge state with wave
vector K=0 and spherical surfaces of constant energy,
many or most actual band structures seem to be either
of the “many-valley” type [Fig. 1(b)], with several
nondegenerate band-edge points K® and ellipsoidal



