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The existing time-dependent formal theory of scattering is valid only for the simplest case. The theory
is extended to the general case of rearrangement collisions including the case where all or some particles
are indistinguishable.

The outstanding feature of the scattering process is the existence of asymptotically constant observables.
The formal expression of this fact is the existence of a set of basis functions C„such that, if the Schrodinger
state is written as a linear combination J'c(e, t) exp( —fE„t)C„de, the coeScients c have time-independent
limits c~(N) for f=+ ~, the squares of which are observed probabilities. While in the simplest case the
C„s are eigenfunctions of the unperturbed Hamiltonian, they form in general a nonorthogonal and linearly
not-independent set which can be explicitly given, but there exists no linear operator of which they are
eigenfunctions. As a consequence, it is impossible to define an interaction representation in which the
states have asymptotic limits, and no linear S-operator exists. An S-matrix is defined, and it is shown to be
connected with cross sections in the usual manner. An expression for the S-matrix in terms of time-inde-
pendent solutions is given and shown to reduce to the usual one in the simplest case, but not in general.
An integral equation for the scattering amplitude is given which is nonlinear. It has, however, the advantage
of exhibiting directly the contribution of bound states in addition to Born's approximation. Unitarity and
reciprocity relations for the general case are derived.

I. INTRODUCTION

HE general case of scattering, where the reaction
products may be different from the colliding

systems, has been extensively studied in the time-
independent formalism. ' ' Stueckelberg, 4 Schwinger, '
and Dyson' introduced a representation of the scat-
tering operator as the limit of a time-dependent operator
U. This representation is not only satisfactory from a
fundamental viewpoint, but also practically advan-
tageous. The time-dependent formalism has since re-
ceived much attention' "but it has not been generalized
su%ciently to describe the general case of rearrange-
ment collisions. The definitions of the S-matrix given
by Schwinger and Dyson are not valid for the general
case. This limitation seems to have been recognized
only by Belinfante and Mgller. rs

The purpose of the present paper is the de6nition and
characterization of the S-matrix as a limit of a time-
dependent function for the general case.

Since the time-independent theory cannot only deal
with all scattering problems in configuration space, but
is also able to produce time-dependent solutions by
appropriate linear combinations of steady-state solu-
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tions, " the present paper does not ful6ll a real need in
this field. The need for a reformulation arises in 6eld
theory, where the use of configuration space is im-
possible or awkward, and it is in view of this application
that the present study was undertaken. In addition,
some aspects of the theory in configuration space are
more easily accessible in a formulation which is time-
dependent at the outset, e.g. , the orthogonality of
steady-state solutions which describe different entrance
channels (Sec. lU).

We start with a re-examination of the basic question:
which mathematical expressions represent the observed
quantities k

In scattering experiments, the evolution of the wave
packet in time is masked by the rapid succession of
independent and incoherent scattering events. The
time-dependent theory describes only the single scat-
tering event, and not a steady stream of incident
particles.

For clarity, a telescoping of these two concepts will
be avoided.

The characteristic empirical fact in scattering experi-
ments is that the measured probabilities (differential
cross sections) become, for sufficiently large distances,
independent of the distance between the region of
collision and. the location of the measuring device. In
the theory of the single event, this must be interpreted
as the existence of a limit of observables as time
increases. The objects of the theory are these asymptotic
constants.

The "initial" information to which these constants
are correlated comes from monitoring experiments, in
which the incident beam is analyzed after removal of
the target. The probability distribution of constants of

'4 L. Eisenbud, thesis, Princeton University, 1948 (unpub-
lished).
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the motion (momenta and internal coordinates) of the
free projectile is measured. It is then inferred that in
the actual scattering experiment the incident projectiles
also have this distribution a long time before they
interact with the target, i.e., in the distant past with
respect to the time of collision; and even if the incident
particles have been released from the source only a
short time before their collision, it is useful to think of
the incident particle as having traveled an in6nite
distance before collision. It is -unrealistic to assume, as
was done in the older literature, that one has in a
scattering experiment any information concerning the
initial state at a finite time (say, t=O). (See Sec. XII.)

The reformulation of scattering theory (by Schwinger
and Dyson' ') is not primarily a device to introduce
symmetry between past and future, but a step necessary
to establish correspondence between measured and
calculated quantities.

The purpose of scattering theory is, then, to find the
connection between the asymptotic limits of proba-
bilities or probability amplitudes for t-++ e& and —~.

In the one-channel case, these amplitudes are the
coeKcients of the expansion of the Schrodinger wave
function in terms of eigenfunctions of the kinetic-
energy operator. This is intuitively obvious, and can
be shown to be mathematically correct. For, the general
case, the system of basis functions must be chosen with
great care, if the expansion coeKcients are to have
limits. If the basis system is chosen arbitrarily, i.e., an
"unperturbed Hamiltonian" Ho is arbitrarily separated
from the Hamiltonian B, the expansion coefFicients will
not have limits; if one attempts to use a substitute
limit, demonstrably incorrect results are obtained.
(See end of Sec. II.)

In scattering experiments, one tries to define the
momentum of the incident projectiles as sharply as
possible. This has led to the identiGcation of the state
in the distant past (or at t=.O) with a plane wave. The
use of a non-normalizable function as a state %(t) leads
to mathematical complications' ' which are unneces-
sary. In the present paper, the entire general theory is
based on Gnite wave packets of very general nature.
The passage to the limit of sharp initial momentum is
made only where the connection between the 5-matrix
and cross section. s in the (idealized) experimental
situation is established. (See Sec. XII.)

In Sec. II, the single-channel scattering theory is
recapitulated in a somewhat different manner, in order
to show its inadequacy for the general case. In Sec. III,
a set of basis functions C„ is defined such that the
Schrodinger state %(t) tends to

In Secs. V and VI, unitarity and reciprocity theorems
are derived. In Sec. VII, it is pointed out that no linear
operators exist which transform either the state in the
distant past into that in the distant future (5-operator)
or the set of basis functions into the orthonormal set of
"scattering" eigenfunctions f„+ (Mftller's wave oper-
ator). Transformation properties of the S-matrix are
discussed in Sec. XIII, and two nonlinear integral
equations of general validity are derived in Sec. IX.
Certain simpli6cations, which occur when all particles
involved are distinguishable, are discussed in Sec. X,
and the S-matrix is identified with the coe%cients of
asymptotic expansion in con6guration space in Sec. XI.

The present paper considers only processes which can
be described in con6guration space. Application to
Geld theory will be made in a later paper.

where 8' is the kinetic energy and V is of limited range.
Its positive-energy eigenfunctions are fs, ,(x):

Hf@,(x) =EP~, „ (2)

where s are parameters of degeneracy which may be
discrete or continuous, but E has a continuous range.
A general state of the system without admixture of
negative-energy eigenstates at the time t=0 may be
represented by the Schrodinger wave function

0'(0) = a(E,s)P~, ,(x)dEds, (3)

where the integration may also mean summation with
respect to some parameters s, but not with respect to E.
The coeKcient a(E,s) is a square-integrable function.
The state at some time t is then given by

4'(t) = ~e '~'a(E, s)g~, ,dEds.

IL INADEQUACY OF THE ONE-CHANNEL THEORY

The deGnition of the scattering operator 5 as the
limit of an operator U is, strictly speaking, only appli-
cable to the case of two colliding particles, or, slightly
more generally, several particles which are infinitely
separated both before and after the collision, as con-
sidered by Belinfante and Mftller. "To show how this
one-channel theory is limited, we summarize it in a
somewhat modified manner. (We set 5=1.)

%e consider a time-independent Hamiltonian

O(t)~ c~(e) exp( —iE„t)4„de

for t=& ~. In Sec. IV, the 5-matrix is de6ned, ex-
pressed in terms of eigenfunctions of the Hamiltonian,
and shown to give the usual results in simple cases.

is absolutely integrable for every x (a rather mild
requirement), then, by the general properties of Fourier
integrals,

(4a)
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and since the range where V/0 is limited,

lim I%*(t)V+(t)Ch2=0.
(g(~g

e(t) e-'we~(x) (f + ), (7)

where 4+ is time-independent. If, therefore, the inter-
action representation is defined, at all times, by

C(t)=e' m(f)

we are assured that the limit

(9)

exists and it is at least reasonable to assume that an
operator S deGned by

In other words, the wave packet %(t) will ultimately be
outside of the range of V, and its further development
is then described by the diGerential equation

i8@/Bt=w@)
I
t(-+ ~). (6)

Hence, "

The distinction between the cases where C(& ~)
exists and where it does not, is not a matter of mathe-
matical subtlety which can be overcome by deGning a
substitute limit: it is a real physical distinction which
leads to diferent results.

As a consequence, the usual time-dependent theory
of the S-matrix fails in the multi-channel case. Consider
again the case of exchange scattering. The usual
formula (e.g. , reference 9) for the differential cross
section i—+j is

o ~t ( (C;,VP,.+) ('8E;,z;,

where 4; is an eigenfunction of the unperturbed, P,+
one of the total Hamiltonian. In exchange scattering,
the particle initially bound is found at large distances
from the center of force. This situation must be de-
scribed by a C; which represents a positive-energy state
of the unperturbed system of energy E„.If the energy
E; is negative, it is clear that no solution of the equation
E;=E; for such states C; exists. Therefore, the usual
formalism would predict no exchange scattering, if
taken literally. "

4+=Sc (10) III. THE BASIS FUNCTIO1VS

but

lim (Vr+ V)2)%(t) =0,
g-+-Oo

lim (V2+ V)2)%(t) =0,

for that part of 4 which describes exchange. Therefore,
it is not possible to define an interaction representation
such that Eq. (9) holds. Both the forms

c, (]) e'(wr+ws+vs) t@(t) (15)

@ (t) &i(w&+ws+vg) t@(t) (16)

will fail to have limits for either t ++ ~ or —~, so that-
no operator 5 can be deGned in accordance with Eq.
(10).

'5 This description is oversimpli6ed for brevity. The point is
that for large times, the bulk of 4'(t) is of the form (7). Since we
need only space-integrals in the following, the omission. of:V for
(t( +~ is rigorou-sly correct. A more detailed discussion of the
limiting process is given in the Appendix.

exists, and that it is the limit of an operator U(t, r)
defined by

c (t) = U(f, r)c (r).
In the general case, however, no single Hermitean
operator V can be split from the Hamiltonian II such
that the essential Eq. (5) holds. For instance, in the
simplest case of exchange scattering, we have a particle
1 incident on a particle 2 bound by a fixed center.
The Hamiltonian is

IV1+IV2+ Vl+ V2+ V12g (12)

where Vz, V2, and V~2 are the potentials between the
center and the particles, and between the particles,
respectively. For exchange scattering we have then

We consider a time-independent Hamiltonian B in
the Schrodinger representation with a number of po-
tential terms. All potentials are assumed to be of
limited range. In particular, no Coulomb interaction is
considered at this point: long-range forces may be
considered as a limiting case.

The division of conGguration space into external and
internal regions is well known. ' ' We assume that in
the external region at least one term of the Hamiltonian
vanishes so that the solution of the time-independent
Schrodinger equation in each part of the external
region is a superposition of basis functions C which
represent bound fragments not interacting with each
other. The channel n is characterized by the vanishing
of the interaction term V, (and no other term). To
illustrate this definition, which diGers slightly from
the usual one, by a simple example, consider a system
consisting of two particles and an external Geld, vanish-
ing outside a region near the origin. In the 6-dimensional
configuration space, one can distinguish four channels
as follows:

(r)( small, (rs( large; (rs( small, (rr( large;

(rt+rs( large, Irt —rs( small;

Ir&+rsl and lrr —rsl lang~.

The dehnition of channels is only based on geometric
relations, and does not include spins or internal coordi-
nates of fragments.

' Although this point is rather obvious, it is perhaps not
unnecessary to point out the limitations of the usual formalism,
because it is frequently considered to be generally valid. Gell-
Mann and Goldberger (reference 9) treat several multi-channel
cases time-dependently, starting each time from prime principles
and obtain correct results. Their g-matrix 3 ormalism, however,
is restricted to single-channel processes.
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The operator
B—V =H

may be subdivided into the kinetic energy of the
relative motion of the mass centers of fragments, and
the Hamiltonian describing the motion of internal
coordinates of the fragments. The basis functions are
then products of the plane wave functions of the
mass centers and of bound-state eigenfunctions of the
fragments, if all particles are distinct; if some of the
particles are identical, the basis functions are sym-
metrized or antisymmetrized linear combinations. In
the latter case, a basis function 4 „is finite in all those
channels which are obtained by permutation of identical
particles in one channel n, in the above example, these
are the first and the second channels. The eGective
Hamiltonians in this group of channels are obtained
from Eq. (17) by a permutation operation. We will
then say that the basis function C „belongs to a group
of channels n. The basis functions C „of one group of
channels are not mutually orthogonal, and in either
case they are not orthogonal to those of other channels.
The basis functions of one group of channels form, in
general, an incomplete set, since only bound states of
fragments are contained in it; however, the basis func-
tions of the "free" channel (all individual particles
noninteracting) form always a complete set by them
selves. Thus, the complete set of basis functions is not
linearly independent and, of course, not orthonormal.
They cannot be considered as eigenfunctions of a
Hermitean operator Bo.
+While the channels are defined outside the internal
region, the basis functions C „are defined everywhere,
and their overlap is important. We do not use special
solutions for the internal region, as do signer and
Eisenbud. '

In the absence of admixture of bound states of the
total system, the arguments of Sec. II show that the
entire wave function 0 (t) will ultimately be in the
external region. While Eq. (6) does not hold, we have
for the part of 4 which is contained in channel n

i'/aL=a. e (iLi ), (18)

and it is clear from the definition of the basis functions
4„ that

where g(ts, its) is square-integrable and bounded. This
leads to the asymptotic orthogonaLity of the basis func-
tions in the following sense:

lim
~

C„, J' e '~"tc'„c~(m)drN
~t~+eo I

=c~(ts)e ts"t+ lim e '~"tg(n&m)cg(rl)dm
g-++Oa

=cg (ts)e-*~"' (22)

For t—+~ ~,
IV. S-MATRIX

e '~t@(0)—+ e '~"tc (n)C dl.tt ~ (23)

Therefore,

+(0) lim
~

e"~ ""c~(tt)C„dn.
g~yoo J (24)

To put this equation into a more useful form, we use
the mathematical relation

lim f(L)=W lim I e p(W L)f(t)dt,
g-+geo e~ (25)

which is correct if the limit of f(t) exists."If we set

f(L) eiAtg (26)

The last step follows from the general property of
Fourier integrals which has been used already in Sec. II.

As usual, the absolute square of the scalar product

(C-.-P(&))

is the probability of finding fragments in certain bound
states m, with their mass centers having relative mo-
menta k . The asymptotic orthogonality of the 4„'s
guarantees that, in spite of the unusual properties of
the basis functions, the asymptotic probabilities are
just the absolute squares of the coefficients c+(ts) in
Eq. (19).

+(L)—+) cp(ts)e '~"t4 dts (L~a~), (19) where A is a Hermitean operator, and g is time-inde-
pendent, we get

YVe may assume them to be normalized so that

(4 „,C „)=Ll(ts —Ns)+g(ts, m), (21)

where E„are the eigenvalues of H, Bp, etc. , and the
integration is meant to include summation over all
channels.

While the basis functions are not orthonormal, they
have the property that the normalization integral over
the total con6guration space

(c„,c„)(

(earn).

(20)

p +00

lcm et~'g=~ lim e
~

e&s"+e)'gdI,
g-+goo

=W lim g= lim 11—(A&is) 'Ajg. (27)
4~+0 jg~g E'~

'7 This theorem was first used in connection with scattering by
Gell-Mann and Goldberger. However, they use the right-hand
side ol Eq. (25) to deiine a substitute limit in a case where the
proper limit does not:exist. In the present paper, the limit exists
properly, and Eq. (25) is used merely as a mathematical tool
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By the use of this transformation, Eq. (24) becomes

+(0)= lim c~(n)
I

P„+= lim I 1—(H—E„wie) '(Il—E„)5C„(29)

are solutions of the steady-state Schrodinger equation
describing outgoing and ingoing waves, respectively,
which are asymptotically equal to C „.Indeed, if we set

4 +=C' +4".+,

the Schrodinger equation is

(3o)

&(L1—(H E—„Hie) '(-H E—)5C „dn. (28)

The functions

The last two steps follow from Eq. (21) and from the
asymptotic vanishing of Fourier transforms of square-
integrable functions.

Equation (35) proves the orthonormality of the
eigenfunctions f„+and, separately, of the P

It should be remembered at this point that the
functions P„+ belonging to a group of channels n do

not form a complete set, since their asymptotic parts
4 „include only bound states of the colliding fragments.
Therefore, Eq. (35) is not absurd, as it would be if a
subset of the P„+ were already complete. Nevertheless,

the result is surprising: there is at least one channel

(the "free" channel) which has already a complete set
of C„'s. Each of these C„'s has an associated fi„which
nevertheless is orthogonal to all &&(„'s of other channels.

Equations (24) and (33) may be written explicitly

and
(H E„)P, +—= —(H—E„)C„, (31)

C (0)= "c (n)P„+dn= c+(n)P„-dn. (36)

t(,„+=—lim (H—E„aie)—'(H —E„)C„,
e~+0

(32)

lim e"~ e"&'c~(n)C dn= '

c~(n)P +dn, (33)
g-+goo J

and Eq. (29) follows. "
We shall now prove that the solutions P„+ and f„

each form an orthogonal system, even if they belong
to diGerent groups of channels.

By comparing Eqs. (24), (28), and (29), we have

The S-matrix consists of the elements of the integral
operator which relates the initial packet c (n) to the
6nal packet c+(n). It is shown in Sec. XII that the
S-matrix so dered is related to cross sections in the
usual manner.

In virtue of the orthogonality of the &&(„'s, we obtain
from Eq. (36)

or, symbolically,

(34) Hence,

c+(n)=) (P,iP„+)c (m)dm. (37)

although this equation is meaningful only if multiplied

by a square integrable c(n) and integrated, and the
time limit taken subsequently. Hence,

) c(m) (P„+pP„+)dm

~~= lim i c(m)(e"~ s"&'C e'&~ s""C& )dm
g-+goop

=lim ~c(m)e '&e" e""(C&„,C&„)dm

~(n,m)=(f 8 +) (38)

S(n)m) = lim (e'&~ e""C„&e'—&~ e"&'C ~)-(39).
t~+ oo

From Eq. (29), we have

This result is formally identical with one obtained by
Gell-Mann and Goldberger. 9 However, because of the
different definition of our P„s, it has different conse-

quences.
The representation of the S-matrix as a double

time limit is obtained from Eqs. (34) and (38):

=lim c(m)e '&e" e"&'P(n m)+g(n;m—)5dm
P„=P„++/(H—E —ie) '

—(H E„+is)—'5(H E„)C . —(40)

=c(n)+lim~ c(m)e"s" e""g(n m)dm

=c(n). (35)

' In the following, the "lim" symbol will frequently be omitted
for brevity.

From Eq. (38),"
"The operator H is not in general Hermitean with respect to

nonsquared integrable functions. If it were, one could conclude
that ((H E„)C&„,P~+)=(4„, (H E„)P +)—=0 on the energ—y
shell since P is an eigenfunction of H. However, there is no
reason to doubt that the adjoint of (H Z„ie) ' is (H —E— —
—fe) ~, as long as e ls 6IIite.
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S(~ m) = Q=,|l-')= (0-',ll-')+([(H —E-—ie) '

—(H —E„+is) '—](H —E„)C„,P +)

= t) (ss—m)+
E E—+is E„—E —is

X((H—E )C'., P +)

= b (ts m—) 2—srif') (E„E—)

If we set as a first approximation ttr +=C, we have

~-+= l 0 [V(1)+V(12)]x-(12)
+[V(2)+V(12)]x„(21)),{)f (12)&x (21)})

= (x-(12) [V(1)+V(12)]x-(12))
+ (x (21), [V(2)+V(12)])(„(12)), (51)

which is identical with Oppenheimer's approximation. "
It is seen that the formula for R„+contains both the
"direct" and "exchange" scattering.

Similarly, by solving Eq. (40) for P„and substituting
into Eq. (38):

S(n,m) = h(ss —m)
2rrit')(E—„E„)(tjr—„,(H —E-„)C„). (42)

In the usual notation,

V. UNITARITY

The inverse integral operator S '(ts, m) is evidently
defined by solving Eq. (36) for c (I):

c (ts) =
)
"S-'(ts,m)c+(m)dm

Again, we can conclude from the orthogonality of the

S = () —2trit) (E„—E )B„, (43)

where 8 is deined only on the energy shell E„=E .
Two matrices R„+can then be de6ned in general by

E„„+=((H—E„)C„,P +),
R„„=()ted„,(H—E„)C ),

so that

c (ss)=) (P„+pP„)c+(m)dm,

S '(n, m)=(P„+pP ),

and, by comparison with Eq. (38)

(53)

(54)

which are equal on the energy shell, but not otherwise.
It can be verified that these results are equivalent to

the usual ones if a proper Hermitean scattering potential
V exists so that Eq. (5) holds and

S(ss,m) = [S—'(m, ts)]*, (55)

which proves the unitarity of the S-matrix for the
general case.

(H V—E„)C„=0.— (45) VI. RECIPROCITY RELATION

(H E„)C„e=VEC„~—

for a basis function C „e of channel P, and

(47)

For then, Eq. (44) gives

R„+=(VC„,Q +)= (C, VQ +), (46)

which is the familiar expression. If the particles are
distinct, and if a is the entrance charm. el and P one
other channel, we have

We prove the reciprocity relation only for the simplest
case, where the Hamiltonian is real. In this case, the
bound-state eigenfunctions in,. the C„'s may/be con-
sidered as real, and the complex conjugate of C „merely
has the direction of the momenta reversed. This may
be expressed by writing C„*=C „.From Eq. (39), we
have

S( m, ts—)= —lim (e'(H E""c *,e"K E"'c *)

tlt„+m=4„m (H E„ie) '—V —C „—
Hence, by Eqs. (44) and (17),

(48)
(ei(H Er) rCt s ei(K—Em—) tC&

A les /
t~aO

+= (C' ', Ve4' + )

which is also in agreement with previous work. '
Next, we consider two identical particles, one inci-

dent, the other initially bound. The Hamiltonian is

lim (e i (H En) rCt e i (H —Em) t—Ct )— —
$~ oo

(e
—t(H—E~) rCt ei(H Em) tCt )—

H =W+ V (1)+U(2)+ V(12), (12)
(56)=S(ts,m).

with V(12)= V(21). The basis functions C„are linear
combinations of eigenfunctions of the truncated
Hamiltonians

VII. NONEXISTENCE OF AN S-OPERATOR

[W+ V(1)—E„]&„(21)=0,
[W+ V (2)—E„]x„(12)=0, Hpc „=E„c„,

namely 0N. F. Mott and H. S. W. Massey, The Theory of Atomic
Collisions (The Clarendon Press, Oxford, 1949).C"= (1/~2) 4-(12)~x (21))

If it were possible to de6ne a linear operator Ho so

(49)
tllat

(57)
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the asymptotic form of the Schrodinger wave functions
could be written

wave functions C„~. If a linear operator existed, we
could conclude

|t i+= (C „f,C i)M „fdn= ~t (C „f,C i)P„+rdn .(67)

and an operator S could be defined by

C+ ——SC (59)

as in the single-channel case. Since, however, the set of
C „s is not linearly independent, a given basis function
C» may be represented as a linear combination of others

However, we have shown that all f„+'s are mutually
orthogonal; hence the linear combination of P„+f must
be orthogonal to Pi+, contrary to the above conclusion.
Therefore the continuous matrix S(n,nz) must be con-
sidered simply as an array of numbers rather than, as
in the single-channel case, a particular representation
of a linear operator defined in Hilbert space.

C,= a(n)C „dn, (60) VIII. TRANSFORMATION OF THE S-MATRIX

and if Hp were a linear operator, it would follow that

H,C,= "E(n)a(n)C„dn, (61)

which is in general not compatible with

IIpC g= EgC g. (62)

C,= (C „~,C,)C „~dn,

and if Hp were a linear operator,

Consider as an example a basis function C„which
represents a bound state of all but one particle and the
remaining particle with small kinetic energy so that Ej
is negative. C ~ can be represented as a linear combina-
tion of the "free" channel functions C „fwhich are just
products of plane waves and form a complete ortho-
normal set by themselves:

It is not possible to make use of the general transfor-
mation theory of linear operators as in the single-
channel case. Nevertheless, the usual transformations
can be carried out without difhculty. First, the choice
of the basis functions C „is sufficiently arbitrary so that
linear combinations of degenerate C„'s can be formed
to obtain functions which are eigenfunctions of the
total spin, isotopic spin, etc. Second, the E-matrix
which is a function of two sets of momenta may be
represented as a sum of spherical waves with respect
to both variables: one only has to expand both C „and
P + and carry out the integrations. In this manner, one
obtains the usual discrete matrix elements 5„, well
known in the time-independent theory.

However, it is not possible to use spherical waves at
the outset of the theory. Time-independent functions
which represent outgoing or incoming waves are singular
at the origin and therefore not useful as basis functions.
Standing spherical waves lack the property that packets
of the form

%(t) = c(n)C e '~"'dn
II,C,= E„f C„~,C, e„fd,

whereas by the definition of Bp,

f
HpC i =Ei (C „~C i)C „rdn.

(64)

(65)

become (and remain) asymptotically solutions of the
Schrodinger equation, since a part of a packet of
standing waves will ultimately fl.ow back to the origin.
Hence, only functions of the plane-wave type are
acceptable basis functions.

f„+=QC„. (66)

As a proof, consider again the representation of the
basis function C» with negative energy E& by plane

Since these two expressions should hold for every point
of configuration space, we may conclude from the
uniqueness of Fourier integrals that they are incom-
patible. Hence, no linear operator IIp can be defined,
and therefore neither can any operator S in the usual
sense (i.e., no one-to-one association of one dense set
of state vectors to another one). It is also impossible
to define, in the general case, a linear wave operator 0
through

$„+=C„—(H—E„—ip) '(H —E„)C„, (68)

each term is premultiplied by (H—E )C, one obtains

((H—E„)C„,y„+)= ((H—E„)C„,C „)—((H—E )C, (H —E„—ie) '(H —E )C' ). (69)

IX. INTEGRAL EQUATIONS

We have defined two matrices E+(m,n) which are
equal on the energy shell E =E„, but not otherwise.
tA'e shall now obtain integral equations for these
matrices.

If in the equation defining f„+ [Eq. (29)]
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Ke now assume that the rigorous eigenfunctions
P„+, together with negative-energy solutions f& (bound
states of the total system) form a complete set and we

represent the function (H—E„)C„asa series of these.
Using the definition LEq. (44)) of R+, we obtain the
integral equation

i.R+(ml) R+*(nl)
R+(m, n) = ((H—E„)C„,C„)— dl

E(l)—E(n) —ie

(7o)
b E-+IE I

In the last term, the transition to the limit &=0 can
be carried out since all Eb's are negative.

Similarly, one obtains the integral equation for E

t R (ln)R *(lm)
R (mn)=(C„, (H—E„)C )— ' dl

J E(l)—E(m) —ie

((H—E.)C', pb)*((H—E )C'„, lt p)
(71)

b E-+ I»l
These integral equations have the great disadvantage
of being nonlinear. The impossibility of finding linear
integral equations in the general case seems to be
connected with the nonexistence of a proper scattering
potential V."

Iteration of the integral equations leads to results
quite similar to those of the usual perturbation theory.
If we set

the Grst term which is Born's approximation: whether
it is of practical value remains to be seen.

Q(x t)~p e—iH~(t —
toilet, (x)+p e

—iH(t—tplp (76)
t~+oo

The states Pb vanish exponentially in the external
region, and are asymptotically nonoverlapping with
the wave packets of the channels. Hence they may be
included as an additional channel b, with Hb ——II:

4 (x,t)~P e '~~i' '"f a(x)
t +goo

(77)

Clearly, Pp+ ilip-—
Let P be a projection operator which annuls the

wave function everywhere except in the channel o..
Then,

P.e~expL —iH. (t—t,)gP.~(x).
t~+to

(78)

X. DISTINGUISHABLE PARTICLES

If all particles are distinguishable, certain simplifi-

cations are possible. The basis functions C„are then
eigenfunctions of H LEq. (17)].That part of the wave
function which is in channel 0. has the asymptotic form

e '"~g-. (x)

where P + is time-independent. For the present case,
bound states of the total system, its, may also be
considered without additional complication. The total
wave function has the asymptotic form

((H—E )C, C )= V(mn), (72) We define operators U by

(although there exists no linear operator of which V(mn)
is the matrix element), the two expansions are, in
absence of bound states,

U (t t ) —eiH (.t tp)P e iH(i tp)—— — (79)

Since +(t) = e '~i' "lC'(tp), it follows from Eq. (78) that

(80)lirn U (t, tp)@(tp) =it ~(x),
t~+toI

V (ml) V*(nl)
R+(mn) = V(mn)— dl+

J E(l)—E(n) —ie
(73)

and the limit exists under the indicated conditions.
In general,

Since"

V(ml) V*(nl)
R (mn) = V*(nm) — — dl+ . . (74)

J E(l) E(m) ie
'

U, (& oo, tp) = lim expLiH (t—tp) jP
&&expL —iH(t —tp) j. (81)

V*(n,m)=(C„, (H—E )C„)=((H—E )C„,C„) (75)

is equal to V(mn) on the energy shell, the two expan-
sions are equivalent.

The third term in Eqs. (70) and (71) can be evaluated
explicitly and could be considered as a correction to

"Note added in proof.—If the functions C„were eigenfunctions
of a linear operator H0, Eq. (70) would reduce to Eq. (5.14) of
reference 9. For the scattering of mesons by a 6xed nucleon, Eq.
(71) is identical with Eq. (5.36) of G. C. Wick (Revs. Modern
Phys. 2?, 339 (1955)), where 4 is defined by Wick's equation
(5.23) and use is made of Eq. (5.28).

~ It is easy to verify the self-adjoint property of (H—E„)with
respect to the functions C„and 4, from their definition in
coordinate space, by Green's theorem,

lim (I V,Pe%') =0 (uWP). (82)

Hence, the constancy of the normalization (%P')
requires that

»m 2-(&-+,&-+)=(+(t )P(to))=z-(it-, ll- ) (83)

It follows from Eq. (80) that

Q. U.t(a ~, t,)U.(a ~, t,)=1, (84)

Since the projection operators P cover nonoverlapping
parts of the wave function for t—+~ ~,
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f.~= U.(a ~, to)+(to)
= U (a ~, to)P U.t(a ~, to)P.~. (85)

For the single-channel case, these equations reduce to

if the functions f +(P ) are considered as vector
components and the operator array acts in the sense of
matrix multiplication. The inverse to Eq. (94) is

Sll S21 ' ' ' $1+
Sio& Soot

U~U= UUt= 1, (86)

which expresses the unitarity of the U-operator. The
operators U t(& ~, to) have meaning only when they
act on wave packets P, i.e., on square-integrable wave
packets of channel eigenfunctions (n), as can be seen
from Eqs. (84) and (86).

In order to relate the state of the distant future to
that of the distant past, we observe that, by Eqs.
(80), (84), and (81),

-(, ) ()= -(", )2 '(—", )|t-
Pp P'&a&/ P 'iI&& ~&PpP 'rrP~yp (87)

Since each of the operators e '~&' acts only on a wave
packet of channel functions (P), the resultant function
will still be in the same channel, so that the operator
Pp may be omitted.

We define operators

S p
——U (oo,0)Upt( —oo, 0), (88)

with domains restricted in the foregoing sense. Then,

4 +=Zp S-wb-. (89)

The constancy of the normalization requires again that

While none of the operators S p is unitary, the array of
the 5 p is unitary in a somewhat extended sense of the
word.

The general case of indistinguishable particles can be
reduced to that considered here, if it is postulated that
the wave packet f should be equal (or the negative of)
any f, which corresponds, in configuration space, to
the interchange of any two particle coordinates. This
is the analog of the usual procedure in the time-
independent formalism. "

XI. IDENTIFICATION WITH HEISENBERG' S
S-MATRIX

In the case of distinguishable particles, the E-matrix
obtained from time-dependent theory can be connected
with the asymptotic form of the time-independent
solutions P„+in configuration space. Consider a channel
o. which corresponds to the free motion of Ã fragments,
with mass centers r~ . r~. The interaction term U
vanishes if all relative distances (ri—ro) are suSci-
ently large. The Schrodinger equation for Pp+ may be
written

and, hence
Jag'a —y4'a —) Pa(fa+y4'a+)I

Z S-p'S-v=1,

(9o)
(H E)fp+= —U Pp—+, (96)

where P is the "entrance channel, " i.e., Pp+ has the
asymptotic form C p. In channel n, Eq. (96) yields

4--=Zp Sp-Vp (92)

and constant normalization requires that

S~ Sp t=1, (93)

with respect to any wave packet of channel eigen-
functions (P).

Let us summarize the results: the state in the distant
past (future) is completely specified by the sets of
functions f (P +). Each function f + is a square-
integrable wave packet of channel eigenfunctions (n);
they are not mutually orthogonal. The connection
between past and future is given by a square array of
operators S p by the scheme:

pl+ Sl1 S12 ' ' 0'1—

A~ So&

(94)

if the unit operator is meant only to reproduce wave
packets of channel eigenfunctions (y). By interchanging
+ and —signs in Eq. (87) and in view of Eq. (88) we
have

6+=—(&-—&—'
) 'I'A p++~-pC'p (97)

Equation (97) is now written in that representation
which diagonalizes the momenta of the fragments,
ki k» and the internal energies of the fragments, i.e.,

Pp+=P gi(ki 4)xi(r),
where the functions x~ are products of bound-state
eigenfunctions of the internal Hamiltonians.

gi ——
t& p(k —k') —PLW'(k„) —Ei—io$

—'U.fp+. (98)

The remainder of the calculation is identical with the
one in the single-channel case" except that several
momenta k and coordinates r' are~involved. One
transforms g& into coordinate representation by Fourier
integrations, going to the limit of large r„and large
relative distances (ri —ro) . The result is a product
of Green's functions of the individual fragments with
a coefFicient

(c,v Pp+)=R+(n nip),
' P. A. M. Dirac, The Principles of Quantum .Vechanics (The

Cjarendon Press, Oxford, 1947), third edition, p. 196,
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where C corresponds to those momentum vectors
which point toward the location of the fragments (i.e.,
krllrt, etc.).

This identification of the matrix R with the asym-
ptotic form of the time-independent solution is valid
only for identi6able particles. For the general case,
the connection is complicated, as can be seen from the
exchange scattering considered in Sec. IV. We obtained
there the direct and exchange scattering amplitudes
together from the general formalism, but we would
have to add up contributions from two essentially
diferent parts of configuration space if we wanted to
obtain the observable cross sections from the time-
independent solutions. The only possibility for using
time-independent formalism is to disregard the identity
of the particles at first and to. make the necessary
corrections subsequently, as it is done usually. " In
Geld theory, such a procedure would be extremely
awkward, if at all feasible. Thus, the only reliable
foundation for scattering in Geld theory is the time-
dependent approach. This was the main motivation
for the present investigation.

XII. CROSS SECTIONS

In scattering, the question is not that usually con-
sidered: given the state at an initial time, what are
probabilities at a later time? It is rather: given that
the state at a time (say, zero) is known when the target
is removed to infinity, what are probabilities at times
t-+~ when the target is returned to its place (say,
x=0)? The data obtained in the monitoring experiment
can be evaluated as follows: If it is known that a wave
packet is described by

propagation vector ko, ——Eo inside a large box of edge a,
and to vanish outside. We can then infer that in the
scattering experiment

where c has been normalized as usual, and n stands
for all discrete subscripts of C „.I.et

1 sin(ax/2)
b. (x) =- (102)

( 2 p & sin(aa/2)
~.(*)=I —

I

&rra) x
(103)

so that

and

limb, =b (x)a~ (104)

lim(h. )'=b(x). (105)

The asymptotic probability density for finding the
system characterized by momenta k and discrete labels
e is

P(k,n)= Q„' (kniSik'n')c (k'n')dk' . (106)

t' 2 ) & sin(ak, /2) sin(ak„/2)
c (k,n)=i —i-

(rra) k k„

sinLa(k, —Ep)/2j
X bnnp, (101)

kz Eo

% (/)= c(n)C e '~"'dn, (99)

for all times at which the target is suKciently far from
the projectile, then the monitoring experiments provide
information (partial or complete) on c(n), since

0'(0) = c(n)C dn, (100)

after removal of the target. When the target is restored,
Eq. (100) does not hold, but 4'(/) is still described by
Eq. (99) for t~ ~, when the projectile is far removed
from the target. Hence, the monitoring data describe
the function c (n).

The particular form of c (n) usually considered (and
from which the more general case can be handled by
linear superposition) is that for which c describes a
state in which the internal coordinates are characterized
by sharp discrete quantum numbers, while the mo-
mentum k of the projectile is almost sharp. Suppose
that, in the monitoring experiment, the wave function
was found to have the form of a plane wave with

If a were taken to the limit now, the result would show
no scattering because a projectile spread over all space
has a vanishing chance of hitting a finite target. '4 We
are interested in the number 1V(k,n) of measurements
if the current density j of projectiles is given. Clearly,
the number of incident particles per second is

and, hence,
e= a2j,

S=C2jtP.

(107)

(108)

~ This is due to the fact that ere use no box to de6ne the basis
functions. The fact that in an idealized scattering experiment, the
probabilities vanish and the cross section appears as an alternative
to (rather than proportional to) the probability, is pointed ont
by W. Heitler, The Quuntgm Theory of Radiator (The Clarendon
Press, Oxford, 1954), third edition.

It is now possible to let a increase, j being Gxed. The
number of measurements (k,n) per interval dIt and
per second is

cV 2—=j lim P a(kn~S~k'n')c (k'n')dk', (109).—.J
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or, by Eqs. (101—103), It has now been shown that the S-matrix defined in
Sec. IV has the same relationship to cross sections as
the S-matrix usually defined for the single-channel case.

&(8,(k,')b, (k„')d, (k,'—Ko) . (110)

If the two functions b, are erst taken to the limit, the
integral gives, by Eq. (43), for k'Wko,

—2m i(kN
I
2

I poco) (dp/dEo)6 (po Ko), —

where Eo is the energy of the initial C as a function of
momentum p, and po is that momentum which satisfies

Effnm[ —Eo(p). After squaring, 0, is taken to the limit:

, «p &'——(2~)'jl (kNIEI p«o) I'I
I ~(po —Ko)

EdE, J

( dp y 'dEo
= (2~)'jl&~ol'I I o(E~—Eo).

(dEo) dp

The differential cross section is

dQ
I

do. =—Ek'dk
jt0

dp dk
= (2~)'dn, "IE„I' k' S(E,—Eo)dEt

dEo dEf

APPENDIX

In the following, we distinguish between strong and
weak convergence of asymptotic limits. From

lim 4'(t) =0,
I g[-moo

(A1)

it follows that (0'(t), V%'(t)) vanishes asymptotically,
but, of course, not that (+P) or (+,W@) vanish.
The equation

lim VV(t) =0
I t)~oo

(A2)

holds in the strong sense, i.e., it can be formally multi-
plied by a bounded function, integrated over space,
and the time limit taken subsequently while (A1) holds
only in the weak sense. To avoid confusion, all equa-
tions involving time limits of functions, except (4a), are
meant to hold in the strong sense. To summarize the
notation explicitly, Eq. (A2) is an abbreviation for
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dp dk
= (2+)'dQIRfoI' kf'

dEo dE
(112) lim(f, VV(t)) =0, (A3)

d~= (2~/f ) dnI z,; I '(pf /v;. ,). (113)

where Efo and the other factors are taken on the energy
shell. Although we have used units A=1, Eq. (112) is
also correct in cgs units if p and k are considered as
propagation vectors rather than momenta. Equation
(112) can be written in terms of final and initial
momenta and velocities pf, v;, vr in the more familiar
form

where 4 (t) is a solution of the time-dependent
Schrodinger equation, square integrable, and contain-
ing no admixture of eigenstates of the total Hamiltonian
which belong to the discrete spectrum, and f is a
bounded function, not necessarily square integrable.

A more precise mathematical discussion is found in
reference 12. The possibility of including admixtures of
discrete-state eigenfunctions is discussed in reference 10.


