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be an isotopic spin forbidden E1 from the 3—state;
the 1.72-Mev line would similarly be an isotopic spin
forbidden E1 from the 0+ state. " However, the 0+
member would be formed via a first forbidden transition
from N" while the 3—would result from an allowed
transition. Hence, the 1.72-Mev to 2.75-Mev intensity
ratio would be greatly decreased following N" decay
as compared with F+p if the doublet assumption were
valid. This is contrary to observation. The unlikelihood
that our new state is a single 3—(alpha-particle model)
state has already been discussed.

Ke should now like to make a general comment on
the situation as regards the comparison between the
alpha-particle model of 0" and experiment. So far,
attention has centered on the agreement in ersergy
between the theoretical and experimental levels; but
if the model is to be acceptable it must also give an
adequate account of the dyeamica/ properties of the
states. In particular, we should ask what the model
has to say about the reduced alpha-particle widths.
These show experimentally a very wide range from
0.15 percent of the Wigner limit ior the 2+ state at

"The need to investigate this alternative explanation has been
particularly stressed by Professor H. T. Richards.

9.84 Mev to 85 percent of the signer limit for the
1—state at 9.58 Mev. Although one could not hope
that the model would give a detailed account of the
widths, it must at least predict allowed transitions
for those states that show experimentally large reduced
widths and forbidden transitions for those with very
small widths. Unless such qualitative correspondence
emerges between theory and experiment for the
dynamical properties of the states the present agree-
ment in energy must be regarded as largely fortuitous.

It would also be very valuable to know the predictions
of the alpha-particle model in relation to radiative
widths. It appears probable" that the predicted lifetime
of the alpha-particle model against pair emission from
the 0+ state at 6.06 Mev is too short by a considerable
factor. Again the emission of E1 radiation from the 1—
state at 7.12 Mev with a width of at least 0.02 percent
of the single-particle value" constitutes a violation of
the strict alpha-particle model (as it does of the more
general isotopic spin rule).

~ Devons, Goldring, and Lindsey, Proc. Phys. Soc. (London)
A67, 413 (1954).

@ Devons, Manning, and Bunhury, Proc. Phys. Soc. (London)
A68, 18 (1955).

P H YS ICAL REVIEW VOLUM E 101, NUM B ER 2 JANUARY 15, 1956
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The differential elastic scattering cross sections of Bi, Ta, In, Fe, and S for 14-Mev neutrons were measured
at scattering angles between 5' and 55' with an angular resolution varying from +1' to +3' using a cylin-
drical geometry and a biased scintillation detector with a threshold of 12 Mev. Multiple-scattering correc-
tions were made using an approximate theoretical method, The experimental results were compared to
calculated cross sections using a phase-shift analysis based on the complex square-well model of the nuclear
interaction.

EVERAL investigators' ' have recently reported
measurements of differential elastic scattering cross

sections for medium energy neutrons and have com-
pared their results with the theoretical approach of
Feshbach, Porter, and Weisskopf. ' These experiments
have been confined to the energy region 1—5 Mev. In
order to examine the applicability of this theory to
higher energy neutrons, the present study of the dif-
ferential elastic scattering cross sections of selected

f A portion of a dissertation submitted to the Graduate Faculty
of the University of Maryland in partial ful6llm nt of the require-
ments for the degree of Doctor of Philosophy.' M. Walt and H. H. Barschall, Phys. Rev. 93, 1062 (1954).

2 S. C. Snowdon and W. D. Whitehead, Phys. Rev. 94, 1267
(1954).' M. Walt and J. R. Beyster, Phys. Rev. 98, 677 (1955).
' ' Jennings, Weddell, Alexeff, and Hellens, Phys. Rev. 98, 582
(1955).' Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954).

medium and heavy weight elements has been under-
taken for incident 14-Mev neutrons. This higher energy
presents an advantage when dealing with the "gross
structure" approximation of the theory in that com-
pound elastic scattering can be essentially neglected,
and comparison of the experimental results with the
theoretical predictions becomes simpler. Also there is
only a limited amount of experimental information
available concerning 14-Mev neutron differential elastic
scattering in medium and heavy weight elements.
Early results of Wakatuki and Kikuchi' ' at this energy
showed that the scattering was predominantly in the
forward direction. Later Amaldi et a/. ' were successful

T. Wakatuki and S. Kikuchi, Proc. Phys. -Math. Soc. Japan
21, 656 (1939).' T. Wakatuki, Proc. Phys. -Math. Soc. Japan 22, 430 (1940).

Amaldi, Bocciarelli, Cacciapuoti, and Trabacchi, Nuovo
cimento 3, 203 (1946).
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in demonstrating in the case of lead the typical diffrac-
tion pattern associated with this scattering phenomenon
and obtained qualitative agreement between their re-
sults and the Placzek-Bethe optical diffraction model of
the scattering. ' More recently preliminary results of the
differential elastic scattering of 14-Mev neutrons in
elements of widely varying mass numbers have been
reported by various experimenters. '~"

EXPERIMENTAL DETAILS

The Hs(d, e)He' reaction was used as a source of
14-Mev neutrons. Targets of the thick Zr-T type"
were bombarded with an unanalyzed beam of 180-kev
deuterons in a Cockcroft-Walton accelerator. "During
the experiment the rate of production of neutrons from
the reaction was held constant and was continuously
monitored by counting the companion alpha-particle
rate with a KI scintillation detector.

The scattering experiment was performed at 90' to
the direction of the deuteron beam and is shown sche-
matically in Fig. 1. The scatterer was fabricated as a
circular cylindrical shell and was placed midway be-
tween the neutron source and the neutron detector; the
axis of the scatterer was aligned with the accelerator
target and the neutron detector. A tungsten shadow
shield of suitable cross sectional area and about six mean
free paths in length was positioned along the axis of
symmetry midway between the neutron source and
detector to keep the primary beam of neutrons from
striking the detector while measuring the effect of the
scatterer.

The scattering cross section was deduced from an
experimentally determined scattering ratio defined as
the intensity of the elastically scattered beam divided
by the intensity of the direct beam from the neutron
source, both intensities being measured with the de-
tector kept at the same spatial position. This ratio was
obtained from the results of the following three runs:
(1) a "source" run made with the scatterer and the
shielding bar in place; (2) a "background" run made
with the scatterer removed but with the shielding bar
in place; and (3) a "direct" run made with both the
scatterer and shielding bar removed. For a given
nominal scattering angle Hs, the scattering ratio g(es) is
then given by

"source" —"background"
g(e ) =-„—.— „—„"direct" —"background"

Op was varied either by changing the radius of the scat-
terer, or by changing the distance between the source
and detector, or by both of these means. g(8s) was

' G. Piaczek and H. A. Bethe, Phys. Rev. 57, 1075(A) (1940).
's J. H. Coon and R. W. Davis, Phys. Rev. 94, 785(A} (1954)."J.O. Elliot, Phys. Rev. 98, 1147(A) (1955).
's W. G. Cross and R. G. Jarvis, Phys. Rev. 99, 621(A) (1955).
'3 Graves, Rodrigues, Goldblatt, and Meyer, Rev. Sci. Instr. 20,

S79 (~949).
' Bergstralh, Dunning, Durand, Ellison, Howerton, and Slavin,

Rev. Sci. Instr. 24, 417 {1953).
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FIG. i. Schematic diagram of the experimental arrangement.

measured at 5' intervals for Op lying between 5' and 55'
for scattering rings of bismuth, tantalum, indium, iron,
and sulfur; the angular resolution varied from &1' at
small angles to &3' at the larger angles. The tantalum
and indium cylinders were built up of layers of foil,
and the others were cast to size; in all cases the wall
thickness of the cylinder was designed to scatter ap-
proximately 10% of the incident beam elastically. The
fabricated cylinders were investigated spectroscopically
for impurities and, except for iron, exhibited none
greater than 0.1%; in the case of iron less than 1% of
manganese was detected.

A scintillation counter consisting of a cylindrical
stilbene crystal 1 cm in diameter and 1 cm in length
and a Dumont 6292 photomultiplier was used as the
neutron detector. Since this detector was sensitive to
inelastically scattered neutrons and gamma rays as
well as to elastically scattered neutrons, some criterion
had to be established to discriminate against unwanted
events; in this experiment pulse heights corresponding
to a recoil proton energy of 12 Mev or greater were
accepted for analysis. Such a criterion completely
eliminated the possibility of confusing pulses from
gamma rays produced by inelastic scattering for this
small stilbene crystal. It eliminated almost all inelasti-
cally scattered neutrons also, for data published on the
energy spectra of 14-Mev neutrons undergoing inelastic
scattering" show that the great majority of these
scattered neutrons have energies considerably below
12 Mev.

The energy and angular sensitivities of the detector
and the energy and intensity variations of the primary
neutrons have to be considered due to the geometry
chosen for the experiment. The energy variation of the
neutron source with the angle of emission is available
from the kinetics of the reaction, " The intensity
variation of the source with the angle of emission can
be determined from the work of Allan and Poole. '
The angular sensitivity of the detector was determined

's E. R. Graves and L. Rosen, Phys. Rev;:89, 313 (1953}.
' Hanson, Taschek, and Williams, Revs. Modern Phys. 21,

635 (1949)."D.I.. Allan and M. J. Poole, Proc. Roy. So-". (London) A204,
500 (~9Si).
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experimentally using just the detector and the neutron
source; the detector was rotated around a vertical
axis passing through it and the change in the counting
rate of primary neutrons was noted. The energy sensi-
tivity of the detector was obtained experimentally by
moving the detector in the horizontal plane about a
vertical axis through the accelerator target keeping the
face of the detector at a constant distance from the
target and normal to the flux. The resulting count rate
variation with angle was converted to sensitivity ~s

angle of emission by dividing out the angular distribu-
tion of the source; the corresponding sensitivity vs

neutron energy curve was obtained from the kinetics of
the reaction.

ANALYSIS

The single scattering ratio g can be related to the
differential elastic scattering cross section 0 (0) by

&& (exp! —~(y+s) 3«I', (2)

where 3f(n,g) is the neutron intensity per unit solid
angle per unit monitor Aux normalized along the
cylindrical axis of symmetry, g is the angle measured
about the axis of symmetry in the plane normal to the
axis (p =0 being in the forward direction of the deuteron
beam), e(E) is the energy sensitivity of the detector
normalized for the neutron energy along the symmetry
axis, f(P) is the angular sensitivity of the detector
normalized along the symmetry axis, e is the number of
scatterers per unit volume, p, is the absorption coeS.-
cient based on the total cross section, and the meaning
of the remaining symbols is evident from Fig. 1.

An approximate solution, which will be referred to as
0&(80), is obtained for Eq. (2) if the measured scattering
ratio g(80) is substituted for g and if all the scatterings
are imagined to occur midway between the source and
detector through the angle 80. Such an approximate
solution requires corrections for two eRects introduced

2 MEV

5
2xi0 "A'& eM

by the 6nite size of the scatterer —namely, multiple
scattering and angular resolution.

Some of the neutrons reaching the detector and in-
cluded in the measured scattering ratio have undergone
more than one scattering. The contributions from such
events must be removed from the final cross-section
values. This multiple-scattering eRect was investigated
theoretically, and for simplicity third and higher orders
of scattering were neglected in the calculations. Three
types of second order scattering events were studied—
scattering from the shielding bar to the cylindrical
sample and thence to the detector, scattering from the
cylindrical sample to the shielding bar and thence to
the detector, and double scattering in the sample itself.
It can be argued on physical grounds that the first two
types of double scattering are less important than the
third because much larger scattering angles (and corre-
spondingly smaller cross sections) are involved. To
investigate this point more concretely, numerical in-
tegrations were carried out for double scattering from
the bar to the cylinder and the reverse event and com-
pared to single scattering in the cylinder. Estimates
of the magnitude of these contributions for the sample
case of bismuth were l%%uo or less throughout the angular
range utilized in the experiment and were therefore
neglected in all of the multiple scattering corrections.

For calculating the double scattering in the sample
itself, an approximate semianalytic method was chosen
which compared the ratio of double scattering to single
scattering for an infinite plane of thickness equal to the
wall thickness of the cylindrical scatterer. The neutrons
in the calculation were required to be incident upon the
plane at the same angle as they were upon the cylinder
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FIG. 2. Di6'erential elastic scattering of j.4-Mev
neutrons in bismuth.

Fir 3. Differential elastic scattering. of 24-Mev
neutrons in tantalum.
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in the experiment, and, of the neutrons leaving the
plane, only those were retained in the calculation which
departed at the correct angle to have been detected in
the experiment. The scattering process was treated in a
manner similar to that of Vineyard" in that a set of
transport equations was written expressing the fact
that scattering of order e—1 provides a source, while
scattering and absorption of neutrons of order e provide
a sink, for the current of scattering of order e at a given
depth in the plane. From this set of equations the cur-
rent of singly scattered neutrons Si(8p) headed toward
the detector and the current of doubly scattered neu-
trons Ss(8p) headed toward the detector were com-
pared. " In particular, Ss(8p) is an integral expression
containing the product of two differential cross sections
under the integration sign.

The procedure then is to plot o-i (8p) as a smooth curve.
These cross-section values are known to be too large
because they include contributions from higher order
scatterings. If one had a curve of the corrected dif-
ferential cross section oii (8p), a point by point compari-
son with oi(8p) could be obtained by multiplying
o'ii(8p) by the ratio of the sum of the first and higher
order scattering contributions to the 6rst order con-
tribution alone. Ignoring third and higher order con-
tributions and utilizing the plane scatterer approxima-
tion, this comparison would be written

rr(8p)[l+S (8o)/S (8 )j= i(8o).

"G.H. Vineyard, Phys. Rev. 96, 93 (1954).
' J. O. Elliot, Ph. D. thesis, University of Maryland, 1955

(unpublished).

This represents a nonlinear integral equation for the
cross section; its solution was obtained numerically by
successive approximations. As a first approximation the
values of the differential cross section needed in Ss(8p)
were chosen from the smooth curve of o'i(8p) vs 8p. The
resulting improved cross-section values were used in the
next approximation. The method e6ectively converged
after at most three iterations.

The approximate cross section, now suitably cor-
rected for multiple scattering, should be corrected for
the angular spread introduced in the measurement of

g(8p) due to the finite dimensions of the scatterer. To
accomplish this the integrand of Eq. (2) was expanded
in a Taylor series about Oo retaining terms of second
order, " and the series was integrated term by term
yielding a differential equation in o. (8p). The solution
to this equation was obtained in terms of oii(8p), its
first derivative, and known functions of 80.

EXPERIMENTAL RESULTS

The differential elastic scattering cross sections so
developed are presented as the plotted points of Figs.
2—6 for bismuth, tantalum, indium, iron, and sulfur,
respectively. The vertical bars indicate the probable
error of each cross-section measurement. The greatest
error entering into the cross-section values is the statis-
tical probable error of the measured scattering ratio
g(8p). This error is due to the relatively small net count-
ing rate obtained between the "source" and "back-
ground" runs of Eq. (1); in the experiment the "back-
ground" counting rate varied from 50'Po to 95% of the
"source" counting rate, the higher percentages usually
occurring where the differential cross section was
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Fn. 6. Differential elastic scattering of 14-Mev
neutrons in sulfur.

smaller. The procedure for determining the multiple
scattering correction introduces some uncertainty. The
iterations at each point were carried out until successive
approximations would reproduce themselves within two
or three percent; so, within the validity of the method,
the calculated corrections are sufBciently accurate. In
general, the corrected cross-section values fell within
the experimental error of o'r (gp) except near the minima
of Figs. 2—6 where the corrections were larger. Any
errors associated with the angular resolution correction
were completely negligible since the correction itself
was very small.

THEORETICAL COMPARISON

Calculated values of the differential elastic cross sec-
tion were compared to the experimentally determined
ones utilizing the approach of Feshbach, Porter, and
Weisskopf. ' Although other investigators have recently
introduced modi6cations into the nuclear potential such
as adding a tail to the square well or including spin-
orbit terms, ""it was felt worthwhile to explore the
simple square-well model insofar as feasible with ex-
tensive calculations; therefore, using the potential

V = —Vo(1+i') for r &R,
V=O for r&E,

(4)

as a model of the nuclear interaction, the differential
elastic scattering cross sections were calculated as a

+ Fernbach, Culler, and Sherman, Phys. Rev. 98, 372(A) (1955).
+ Sherman, Culler, and Fernbach, Phys. Rev. 98, 273(A) (1955).

function of the scattering angle by a partial wave
analysis for speci6ed values of the nuclear radius E, the
well depth Vo, and the absorption parameter f' using
the SEAC electronic computer of the National Bureau
of Standards.

In order to limit the number of cases given to the
SEAC, it was decided to restrict Vo approximately to
values suggested by previous work of other investigators—namely, 19 Mev "'32—36 Mev "and 42 Mev '~' To
determine which well depth wouM be of the greatest
value in describing the 14-Mev scattering for all the
elements investigated, calculations were made letting
the radius E. range from 1.0 to I.5&10 "A& cm, where
A is the mass of the nucleus, and letting f range from
0.03 to 0.30. It was immediately evident that a good
6t to the bismuth data could be obtained by using the
19-Mev well, " but for the lighter elements this well
depth gave rather poor agreement. The best over-all
agreement was obtained with the 42-Mev well; for this
Vs, E= 1.32X10 's A& cm and t =0.15 were chosen for
the values of these parameters giving the best general
agreement for all the elements studied experimentally.
The extent of the agreement for this set of parameters is
shown by the curves of Figs. 2, 3, 4, 5, and 6 for bismuth,
tantalum, indium, iron, and sulfur, respectively. The
fact that one is able to reproduce the measured dis-
tributions as well as has been done with such a simple
model of the nuclear interaction and with only three
parameters is certainly remarkable. It is especially
interesting to note that the theory is able to predict the
relatively Rat distribution for iron in the region of the
second maximum of Fig. 5 and yet predict the pro-
nounced maxima and minima of the bismuth distribu-
tion of Fig. 2.
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