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Proton Cross Sections of Bi'"f
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(Received October 4, 1955)

The cross sections for the reactions Bisoe(P, 2e)Pos)s, Biz)9(P,N)PosIQ, and Biw'(P, y)Po" have been measured
for proton energies up to 10.65 Mev. The threshold for the (p,2n) reaction is 9.65 Mev (c.m.) which leads to
a neutron binding energy for Bi"'of &~ 4.59~0.14 Mev. The total cross section as a function of energy agrees
with the theoretical calculations for a radius 8= 1.5A&&(10 '3 cm. The energy dependence of the ratio of
0'(p, 2 )n/(a (p, n)+0 (p sn)g corresponds to a nuclear temperature of 4 Mev for Pow'.

I. INTRODUCTION

HE neutron binding energy of Bi"' measured by
the Bi ()s y)BP' reaction and the BP s(d P)BP'

reaction' is about 0.5 Mev lower than the value cal-
culated from closed energy cycles. ' Pryce4 has pointed
out that the probability of producing the ground state
of Bi"' in the above reactions is small, and therefore the
possibility exists that the measured values of the Bi"'
neutron binding energy are too small. A threshold value
of the BP~(P,2e)Po"s reaction, in conjunction with
existing measured neutron binding energies and several
known disintegration energies, enables one to calculate
the Bi"' neutron binding energy.

The determination of the relative cross sections for
primary and secondary reactions can furnish informa-
tion about the level spacing for intermediate and heavy
nuclei. We have studied the reactions BP"(p,n)Po"'
and Bi"'(p,2n) Po"' as a function of proton energy. The
energy distribution of the primary neutrons (assuming
we can treat this case as that of a compound nucleus)
is given by

o (p. n)+(r(p, an)
I(e)de

where De= e'p Ts and e,„=Ae+Tsn Tn. Tn and
Ts„arethe thresholds for the (p, rs) and (p, 2n) reactions,
respectively. Taking o, (e) =const and integrating, we

get
0 (y, 2n)

o'(, )+o (,s ) 1—(1+e~nx/8)e

An evaluation of this expression at a series of values of
e„gives both the (p, 2)s) threshold and the nuclear
temperature.

II. EXPERIMENTAL PROCEDURE

BP()s(P n)Po"' and BP()s(P,2e)Po"' reactions. If we as-
sume that the second neutron is evaporated whenever
it becomes energetically possible, then

pde

I(e)de
0 (y, 2n)

I(e)de= consteo. ,(e)o)(e, —e)de,

where o)(e,„—e) is the level density. ' A determination
of the level density directly from the measured neutron
spectra can be made, but several difhculties are en-
countered in such a determination, one of which is to
estimate the secondary neutron emission. The level
density is often expressed in terms of a nuclear tem-
temperature, 8, where 8 is the temperature of the
"Maxwell" energy distribution of particles evaporated
from the nucleus. Assuming a Maxwellian energy dis-
tribution of the evaporated neutrons, we can determine
the nuclear temperature from the cross sections of the

$ Work performed under the auspices of the U. S. Atomic
Energy Commission. Preliminary results were reported at the
Chicago Meeting of the American Physical Society, November,
1953 /Andre, Ramler, Rauh, Thorn, and Huizenga, Phys. Rev. 93,
925(A) (1954); C. G. Andre and J. R. Huizenga, Phys. Rev. 93,
931(A) (1954)3.*Present address, University of California, Radiation Labo-
ratory, Livermore, California.

' Kinsey, Bartholomew, and Walker, Phys. Rev. 82, 380 (1951).
s J. A. Harvey, Phys. Rev. 81, 353 (1951).
3 Huizenga, Magnusson, Simpson, and Winslow, Phys. Rev. 79,

908 (1950).' M. H. L. Pryce, Proc. Phys. Soc. (London) A65, 773 (1952).
~ J. M. Blatt and V. F. Weisskopf, Theoretical ENclear Physics

Qohn Wiley and Sons, Inc. , New York, 1952), Chap. 8.

The stacked foil technique was used to obtain the
range of proton energies necessary to determine the
the threshold of the Bp"(p, 2n)Po"' reaction. Aluminum
foils of 0.75-in. diameter and 0.0005-in. thickness pro-
vided energy increments of about —,

' Mev from the
maximum beam energy of 10.65&0.08 Mev. Bismuth
was evaporated on to the aluminum foils to a thickness
of about 100 tug/cm' over an area of 1.62 cm'.

The all quartz apparatus in which bismuth metal was
evaporated on to the aluminum discs is shown in Fig. 1.
The aluminum foils and their holders were cooled by
liquid air in a Styrofoam "Dewar" which was sealed to
the quartz tubing with water. The rest of the apparatus
is described in the drawing. In operation, the iron
cylinder was heated inductively to a previously deter-
mined temperature at which bismuth vapor condensed
on the plates at the rate of 1 to 2 pg cm—' sec '. No
shutter was employed; rather each target was exposed
for the given time and then ejected, exposing the next
plate. Twenty-five plates were usually prepared at one
time.

It was not possible to determine the amount of
bismuth on each target by a vapor pressure —geometry
calculation; so each target was "weighed" colorimetri-
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Fn. 1. The evaporation apparatus.
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cally after cyclotron bombardment and counting. The
bismuth was dissolved off the aluminum backing plate
with 1 ml of HNO3. To the nitric acid solution were
added 5 ml of 12% KI solution and two drops of satu-
rated SO2 solution, and the whole was diluted to 50 ml.
The transmission was measured with a Beckman spec-
trophotometer at 4600 A in 5-cm cells. The slope of the
log transmission —weight curve was determined from
standard solutions of Bi(NOS)3. The estimated un-
certainty in each weight was about &2 pg.

The total alpha activity of each foil was measured

after the proton bombardment, and then the foils were
pulse analyzed to determine the relative amounts of the
polonium isotopes produced. Since the alpha energies of
Po", Po ', and Po"' are 5.11 Mev, 4.88 Mev, and 5.30
Mev, respectively, it was possible with our thin layers
of bismuth to detect the activity of a given isotope to
less than 1% of the total activity. The coincidence that
the half-lives of these isotopes are roughly in the same
proportion as the cross sections for protons on bismuth
producing these isotopes, facilitated the cross-section
measurements.
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The 10.65-Mev protons used in this experiment were
obtained by accelerating molecular hydrogen (Hs+) at
the deuteron resonant frequency of the Argonne cyclo-
tron. This is a constant frequency, 11.1 Mc/sec, sixty-
inch accelerator. The deQected beam was collimated by
a 3-mm-diameter hole in a water-cooled copper plate,
which transmitted about 1% of the deflected beam.
A 3.4-mg/cm' aluminum foil was mounted on the target
side of this plate to strip the H2+ ions. The proton beam
then entered the evacuated target chamber in which
were located both the range determination foils of alu-
minum and the stacked bismuth foil targetry. The
proton current was about 0.5 p,a. The current incident
on the insulated target was ampliGed and recorded by a
Brown recording millivoltmeter. The total Aux of
279.5&3.5 pa-min was obtained by planimetering the
area under the trace.

The beam energy was determined at regular intervals
during the bombardment by measuring the proton
absorption in aluminum. The transmitted and absorbed
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FIG. 2. Energy calibration curve.

currents were measured for each thickness of an eight-
step wedge. Each step consisted of two 82 mg/cm' 2S
aluminum plates, one on each side of an appropriate
amount of aluminum foil. From the fraction of total
beam current transmitted for the various thicknesses of
aluminum absorber, the mean range was determined,
and by using the table of Smith' the energy was found.
The mean range was 186+2.5 mg/cm' corresponding to
an energy of 10.65&0.08 Mev. Figure 2 shows a typical
energy calibration curve. The straggling S= (If

„—R,„t„~,)/R „was1.6oyo, which compares favorably
with the theoretical value of 1.5%.The variations of the
mean range due to changes in deflector voltage, beam
angle, and absorber temperature or due to secondary
emission, air ionization, and stray currents (voltaic)
were investigated in detail.

It was necessary to have a proton beam free of any

' J. H. Smith, Phys. Rev. 71, 32 (&947).
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FIG. 3. A schematic diagram of the target and the
aluminum absorber wedge.

deuterium contamination, as even a few parts of deu-
terium per 10 000 parts of hydrogen would give rise to
resultant polonium alpha activities comparable to that
obtained from some proton reactions. This was ac-
complished by having the stripping foil located far
enough in front of the target so that the fringing Geld
of the cyclotron would act as a momentum selector. The
lateral separation at the target of the deuteron beam
from the proton beam was about one cm. Figure 3 is a
schematic diagram of the target chamber.
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FIG. 4. Determination of Bi~(p,2n)Po threshold. A plot of
AE/e Ds GP. The errors indicated are the rms snm of standard
deviations.

III. RESULTS AND DISCUSSION

The threshold of the Bi'~(p, 2n)Po"' reaction was
9.70&0.08 Mev in the laboratory system, 9.65%0.08
Mev in the c.m. system, the error being largely due to
uncertainty in the beam energy. The value of the thresh-
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TABLE I. Disintegration energies (c.m. ) and neutron

binding energies (in Mev).

Ee (PoX")=5.21&(0.005)'
E (Po" )=5.40&0.005
Es(Bio'o) 1 17~0 Ole
ES(Ptreo) =0.64&0.01d
Es (Tlooo) =0.77&0.01e
Es (Tl~') = 1.51&0.01'

E (Pbooo) =8.10~0.10o
E„(Pboo')= 6.72~0.01s s
Ee(Pb~') = 7 38W0.01o
E.(Pbooo) =3.87W0.05*
E (Tl"')= 7.58~0.11s '
E„(T1+)=6.23&0.05h

I Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 469 (1953).
b W, J. Sturm and V. Johnson, Phys. Rev. 83, 542 (1951).
o L. M. Langer and M. D. Whitaker, Phys. Rev. 51, 713 (1937); G. J.

Neary, Proc. Roy. Soc. (London) 175K, 7) (1940);L. M. Langer and H. C.
Price, Jr., Phys. Rev. 76, 641 (1949).

~ A. H. Wapstra, Ph. D. thesis, University of Amsterdam (unpublished);
Wagner, Freedman, Engelkemeir, and Magnusson, Phys. Rev. 88, 171
(1952).

e Lidofsky, Macklin, and Wu, Phys. Rev. 87, 391 (1952); D. Saxon and
J. Richards, Phys. Rev. 76, 928 (1949).

& D. E. Alburger and G. Friedlander, Phys. Rev. 82, 977 (1951).
& See reference 2.
b See reference 1.
& Sher, Halpern, and Mann, Phys. Rev. 84, 387 (1951);Hanson, Duffield,

Knight, Diven, and Palevsky, Phys. Rev. 76, 578 (1949).

old for the reaction was obtained by plotting Ae/0 ss e~
as determined by Eq. (1) and then fitting a straight line
to the data by the method of least squares. The inter-
section of this line with the abscissa determined the
threshold energy (see Fig. 4). The error in the least
squares determination was 0.01 Mev. An evaluation of
Eq. (1) for Ae/8 at the various proton energies required
a knowledge of the nuclear temperature, 8. However,
the value for the threshold energy was insensitive to
changes in 8; so only an approximate estimate was
needed. Once the threshold energy was obtained, e

was expressed in terms of the threshold energy To„plus
the energy increment, and the nuclear temperature was
determined.

From a knowledge of the threshold energy of

the Bi~(p,2e)Po~s reaction, the neutron binding
energy of Bi"s was obta, ined as follows: E„(Bi"')
=(os—P)+E„(Pb"')+E„(Pb~')+E/Po"') —E/Po"')—Es(Bism) —Ts Bi'~(P,2n)Po' '. This relation results
from a consideration of the three closed cycles indicated
by the dashed lines in Fig. 5. The experimental values
of the disintegration energies and the binding energies
are given in Table I. All the quantities have been
measured except E„(Pb"').It can be calculated from
the thallium binding energies by using the dotted
cycle in Fig. 5. This gives a value 6.45&0.12 Mev.
From a study of the systematics of the binding energies
of heavy nuclei one would expect this value to be greater
than 6.72 Mev, the value for E„(Pb"').Thus a discrep-
ancy in either one or both of the thallium binding en-
ergies appears to exist. If we take E„(Pb"'))~6.72 and
substitute the experimental values into the equation for
E„(Bis"),we get E„(Bi"')~&4.59+0.14 Mev. A cal-
culation of E„(Bi'")from the closed cycle indicated by
the solid line gives a value of 4.67&0.11 Mev. ' The
agreement between these two values is within the ex-
perimental error.

The nuclear temperature was determined by sub-
stituting the value of the threshold we obtained into
Eq. (1) and solving it for il at several of the points. The
average value of the nuclear temperature as determined
in this manner was 4Mev. This is the temperature of the
nucleus emitting the second neutron where we assume
that the distribution in energy of these neutrons is
Maxwellian.

This value for the temperature is larger than that
reported by several authors. 7 ' Most of this difFerence

TABLE II. The experimental values of the cross sections for the Bi~(p,2N)Porno, the Bias(p, oo)Poooo, and the Biooo,y)Poo" reactions
at the various energies of the bombarding protons (c.m. ).The errors indicated are the rms sum of standard deviations. We used Ti(poooo)
of 103 yr; see text of paper).

Proton
energy

(in Mev)
(c.m.)

tr (J,2&) (in millibarnS)
Run I Run II

a (j,+) (in millibarns)
Run I Run II

«2,~) (in millibarns)
Run I Run II

10 tr(2~, 2ss)/Ecr(2o, os)+tr(jo, los)g

Run I Run II

10.60
10.49
10.48
10.38
10.36
10.26
10.23
10.13
10.11
10.02
9.99
9.89
9.87
9.77
9 74
9.62
9.49
9.37
8.84
7.68
6.36

1.80a0.10

0.61~0.05

0.08&0.01

6.98W0.24

4.75a0.16

3.38~0.12

2.12&0.08

1.17&0.05

0.62a0.03

0.25~0.01

0.065~0.005

118&7

106&6

159w5

147a5

133&4

127&5

119~4

110a4

103a3
84&3
81w3
75&2
47a2

15.6~0.7
1.4~0.1

0.145~0.008

0.132+0.007

0.109~0.006

0.184&0.008

0.176+0.007

0.192&0.008

0.172~0.007

0.158&0.007

0.147a0.007

0.141~0.005

0.135w0.005
0.111~0.004
0.109a0.004
0.105+0.004
0.073&0.004
0.033&0.002

0.0038&0.0002

31.7~1.4

21.0~1.3

15.0m 0.9

10.0+0.7

5.7w0.3

1.8~0.4

0.91~0.24

42.1~2.1

31.3~1.6

24.8~1.3

16.4~0.9

9.7%0.5

5.6+0.4

2.5~0.1

0.63~0.05

' Bleuler, Stebbins, and Tendam, Phys. Rev. 90, 460 (1953).' L. Rosen and L. Stewart, Los Alamos Scienti6c Laboratory Report LA-1560, 1953 (unpublished).
E. L. Kelly, Ph. D. thesis, University of California, UCRL-1044, 1950 (unpublished).
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FIG. 5. The closed mass-energ cycles used in determining
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probabty can be attributed to the nearness of a closed
shell. It is doubtful whether the statistical model is
valid in such a region. A small change in the number of
neutrons, when near a closed shell, has a great eGect on
the level densities as shown by Hughes" and others. "
The statistical model also assumes that the excitation
energy is shared by all of the nucleons. If, however, the
excitation energy is divided among only a few nucleons, "
(a direct interaction picture), one would expect higher
nuclear temperatures. The value of the nuclear tem-
perature is dependent on the half-life of Po"', a shorter
half-life giving a lower temperature. We have used a val-
ue of 103 yr for the Po"' alpha-disintegration half-life.

0.20

This value is calculated relative to the Po"8 half-life of
2.93~0.03 yr" from the following data. A polonium
sample containing an atom ratio of Po"'/Po"' equal to
0.176~0.002" gave a ratio of 0.0050%0.00025 for the
abundance of the Po'~ to Po"8 alpha particles. "The
alpha-disintegration half-life of Po"' is also a good
measure of the total half-life since we have set an upper
limit of one E-electron capture per hundred Po'~
alpha disintegrations.

The (p, 2ts), (p, n), and (p,p) cross sections are given
in Table II and Fig. 6. The (p,y) cross sections are a
factor of 800 to 700 less than the (p,l) cross sections
throughout the energy interval above 8 Mev. As we go
to the two lowest energies, the ratio drops to 470 and
370, which one would expect as we approach the (p,e)
threshold. The (p, n) cross section depends directly
upon the Po"' half-life, which is taken to be 103 yr.
This appears to be a good value from the comparison of
our total cross section to the theoretical values. Any
change in half-life would bring essentially that factor
change into our total cross sections which would not
give a better Qt to the shape of the theoretical curve
even for different values of ro. A comparison with the
total cross section of Tewes and James' for protons on
Th'" also indicates good agreement. Their total cross

O. l 8-

FIG. 6. Experimental
values of the cross sec-
tions for the Biw'(p, 2a)-
P&P" the Bi~(p,n)Po ,
and the Bi~'(P ~)Pons
reactions as a func-
tion of e„(c.m. ). The
errors indicated are the
rms sum of standard
deviations. LWe used
Tt(Pow') equal to 103
yr, see text of paper. g
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I Hughes, Garth, and Levin, Phys. Rev. 91, 1423 (1953).
"H. Hurwitz, Jr., and H. A. Bethe, Phys. Rev. SI, 898 (1951).
"D.B.Beard, Phys. Rev. 94, 738 (1954);R. M. Eisherg, Phys. Rev. 94, 739 (1954)."D.H. Templeton, Phys. Rev. 78, 312 (1950).
&4 This measurement was made by D. J. Hunt and G. Pish of the Mound Laboratory, Monsanto Chemical Company, and kindly

communicated to us by G. R, Grove.
'~ Frank Asaro, Jr. (private communication).
's H. A. Tewes and R. A. James, Phys. Rev. SS, 860 (1952).



AN 0 RE, H UIZE NGA, M ECH, RAMLER, RAUH, AND ROC KLIN

IO

IO

O

O
4l

Ctl
tA
O
O

4
0I-

IO

IO

FIG. 7. The total
cross section of pro-
tons on Bi~' com-
pared with the the-
oretical values of
Shapiro (see refer-
ence 14). R=rpA&
&(10 " cm. The er-
rors indicated are the
rms sum of standard
deviations. )We used
Tt(poso') of 103 yr. g

IO
ro=I 5

IO

~7
IO I I

6 7 8
ep(c.m. ) IN MEV

IQ I I I 2 15 l4

section is approximately 69 millibarns at 10 Mev (c.m.),
which compares with 65 millibarns of Shapiro'~ for
fp

= 1.5. Our experimental values agree closely with
those of Shapiro for the same value of ro. The total cross
sections are shown in comparison with the theoretical
cross-section curves of Shapiro in Fig. 7. Uncertainty
in the cross section of the lowest energy point (4.8 Mev)
arose from the difFiculty in accurately pulse analyzing
a plate with very low activity. The maximum value
for the proton cross section at this point was calculated
using the upper limit of the Po"' present from alpha
pulse analysis, while the lower value was determined
by assigning all the activity to Po", a product of the
(p,y) reaction. If any alpha activity were produced by

"M. M. Shapiro, Phys. Rev. 90, 171 (1933).

deuteron contamination of the proton beam these
values would be lowered. An upper limit of less than one
deuteron per 10' protons can be calculated if we assume
all of this alpha activity is due to deuteron reactions,
where the cross sections of Kelly' at the appropriate
deuteron energy were used.

An attempt to compare our results with Kelly'
indicates a large difference in both the (p, 2e) threshold
and the (p, 2ts) cross section. The (p,e) and (p,v) cross
sections are approximately the same in the 10-Mev
region, but our values decrease faster as one goes
to lower energies. Kelly indicates a threshold of 10.1
Mev with an appreciable (p, 2e) cross section down to
8.5 Mev. Evaluating his data in terms of a Maxwellian
energy distribution Li.e., in terms of Eq. (1)),he obtains
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a threshold of 10.1 Mev by neglecting the lower energy
points, and a nuclear temperature of 1.17 Mev. Strag-
gling due to the reduction in energy from 31 Mev to
10 Mev probably explains part of the diGerence.

The data in Table II were obtained from two separate
bombardments. The absolute energy of the protons
was not known for the first bombardment; so these
data were fit into that of the second bombardment by
matching threshold energies. The absolute amount of
bismuth was known only for a few plates of Run I; so

Only the ratiO o.&„,s„&/[o&„,„i+o.&o s„l] iS giVen at
many of the energies.
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Deformation Energy of a Charged Drop. I. Qualitative Features

W. J. SwIATEcKI
Institute for Mechanics and Mathematical Physics and The Gustaf Werner Institute for Nuclear Chemistry, Uppsata, Sreeden

(Received October 6, 1955)

The qualitative features of the deformation energy of a charged drop are discussed with special reference to
the fission process. It is shown that, under conditions more general than the model of an incompressible liquid
drop with a sharp surface, the threshold energy for fission should be proportional to L(Z'/A)e —(Z'/A))'
near the limit of stability (Z /A)o. Similarly, if instability against asymmetry sets in below (Z /A)„ the
degree of asymmetry of the asymmetric saddle-point shapes which appear should be proportional to
L(Z'/A), —(Zs/A))& and the difference between the symmetric and asymmetric thresholds should be pro-
portional to I (Z'/A), —(Z'/A))'. Some factors governing the stability against asymmetry of a strongly
deformed drop are discussed qualitatively.

A CCORDING to the liquid-drop model, the process
of 6ssion is the result of a competition between

the long-range electrostatic repulsion and the attractive
short-range nuclear forces, idealized in the model as a
surface tension. ' Of importance for the theory of fission
is the knowledge of the potential energy of such a
system as a function of deformation. The present series
of papers will be concerned with this problem. In the
first part, we shall consider the qualitative features of
the deformation energy.

A quantity of importance for the theory of fission is
the ratio of electrostatic to surface energy which, for a
nucleus, is approximately proportional to (Z'/A&) —:A&

=Z'/A. A charged drop for which this quantity is less
than a certain critical value [Z'/A ((Z'/A)sf is stable
against small deformations and the potential energy is
an increasing function of the deformation. I"or larger
distortions, a maximum will occur and the energy will

decrease thereafter. The least energy necessary to
divide the drop (corresponding to the height of the
barrier along a suitable deformation path) is of im-
portance in the discussion of 6ssion thresholds. The
shape of the drop when in the con6guration of unstable
equilibrium corresponding to the top of the barrier is
also of interest, especially in connection with a dis-
cussion of 6ssion asymmetry.

A general deformation of the drop may be specified
by a number of deformation coordinates (in general

'
¹ Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939).

infinite), which, in the case of an incompressible drop
with a sharp boundary, could be taken as the coeffi-
cients in the expansion of the surface in spherical
harmonics. Of special interest are configurations for
which the potential energy is stationary with respect
to all small distortions. It is convenient to restrict our
attention from the beginning to con6gurations for
which the energy is stationary with respect to all except
a limited number of deformation parameters. In the
case of axially symmetric configurations one may, for
example, eliminate in this way all but two coordinates,
one symmetric and one asymmetric, the latter specify-
ing deviations from reQection symmetry. The deforma-
tion energy is then explicitly a function of two co-
ordinates only and its properties can be discussed
conveniently with reference to a deformation energy
surface in three dimensions. The points where the
energy is stationary with respect to the remaining two
coordinates specify configurations for which the energy
is stationary with respect to all deformations. The
choice of the two coordinates is in principle arbitrary,
but in practice it is advantageous to choose them so
that they are capable of describing qualitatively the
division of the drop into two equal or unequal frag-
ments, the eliminated parameters being concerned with
relatively less important features of the con6guration.
In the case in which the deformation parameters are
the coefficients n„in an expansion of the surface of the
drop in I.egendre polynomials, a convenient choice is


