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Reich-Kuhn value for electric dipole transitions for
ordinary forces, and can be attributed to meson effects.
A detailed discussion of the integrated cross section in
terms of various sum rules is given by Levinger.®
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Total Cross Sections for Scattering and Absorption of Pions by Nuclei*
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The causality conditions of Goldberger for the pion-nucleon scattering have been used to calculate the
parameter ki of the optical model for scattering of pions from nuclei. These values of &; together with values
of the absorption coefficient K in nuclear matter were used to obtain the total absorption and diffraction
cross sections of pions for carbon, copper, and lead in the range 0-2.5 Bev.

T has recently been shown by Karplus and Ruder-
man! and by Goldberger? that the real part of the
forward scattering amplitude for the pion-nucleon
scattering can be obtained from a knowledge of the
mt—p and 7~ —p total cross sections at all energies.
This relation has been called the causality condition,
and has been used by Anderson, Davidon, and Kruse?® to
calculate the real part of the forward scattering ampli-
tude for the #t—p and =~ — p scattering for energies up
to 240 Mev, using the measured total cross sections in
the range 0-1.9 Bev. A knowledge of the real part of the
forward scattering amplitude would enable one to cal-
culate the total cross section for diffraction scattering
of pions by nuclei, if one makes use of the optical
model* of the nucleus.® In the present work, the parame-
ters k£, and K of the optical model are determined as a
function of energy in the range 0-2.5 Bev, and the
total pion cross sections are calculated for C, Cu, and
Pb. It is assumed that k; and K have constant values
in the interior of the nucleus and drop sharply to
zero at the nuclear radius R which was taken as
1.4X1078 4% cm.

* Work performed under the auspices of the U. S. Atomic
Energy Commission.
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The parameter k; which measures the change of wave
number as the pion enters the nucleus is given by

ky=2mp[ ZD, (k) +(A—2Z)D=(R)]/ (k4), (1)

where the upper and lower signs pertain to #* and
m— scattering, respectively; p=density of nucleons;
k=wave number; D, (k) and D_(k) are the real parts
of the forward amplitude for #+—p and = —p scatter-
ing, respectively. Goldberger, Miyazawa, and Oehme?
have obtained the following equations for D, (k) and
D_(k):®

D+(k>%(H'E)D*(OH%(FE)D“(O)
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6 The units are such that a=c¢=1.
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FIG 1. Values of the forward scattering amplitudes D, and D_
for 7*—p and 7 — p scattering, calculated usmg the low-energy
phase shifts of Orear.” The values for pion energies T <240 Mev
were obtained from the work of Anderson, Davidon, and Kruse.

where ¢, (w’) and ¢_(w’) are the total cross sections for
mt—p and 7~ —p scattering at the laboratory total
energy «’; w is the total energy corresponding to the
value of k; u and M are the rest energies of the pion and
nucleon, respectively. The principal part of the inte-
grals over (o' —w)™! is to be taken. D, (0) and D_(0)
are the forward scattering amplitudes at zero energy.
In most of the calculations, we used the values of
D, (0) and D_(0) obtained from the low-energy phase
shifts of Orear,” namely D, (0)=—0.180X10"% cm and
D_(0)=+0.114X10"8 cm. The last term of (2) and
(3) gives the contribution of the bound state; f is the
coupling constant; for 22 the value 0.161 obtained by
Chew?® was used.

D, (k) and D_(k) were evaluated for kinetic energies
T, between 240 Mev and 2.5 Bev. Below 240 Mev, the
results of Anderson ef al.? were used. In order to evaluate
the integrals of (2) and (3), the region from 0 to 2 Bev
was divided into eight intervals, in each of which
oy/F and o_/k were approximated by quadratic func-
tions of T';. The references for the experimental work on
the measured cross sections are given by Anderson ef al.3
The values of o, between 1.2 and 1.9 Bev were obtained
from the difference of the 7——d and = — p cross sections
as measured by Clark et al.° by adding 5 mb® to take
into account the deuteron shadowing effect.’® For
T.>1.9 Bev, it was assumed that ¢, and ¢_ remain
constant and equal to their values at 1.9 Bev which
were taken as 28 mb and 30 mb, respectively. As dis-
cussed below, a slow variation of the cross sections for
T.>1.9 Bev would have a relatively small effect on the
values of D, and D_ for 7,< 2 Bev. It may be noted
that the integrals of (2) and (3) make the most impor-
tant contributions to ;. Thus, for carbon, &, is given by
wp[ Dy (k)+D_(k)]/k. In the sum D,+D_, the con-
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F16. 2. Calculated values of k; and K/2 for =+ or #— mesons
scattered from carbon. The curve of k; marked OR was obtained
using the low-energy phase shifts of Orear?; the curve marked NW
was obtained by means of the phase shifts of Noyes and
Woodruff.12

tributions of the bound state approximately cancel each
other. Moreover, the term D, (0)+4D_(0) is quite small
for the phase shifts of Orear” (—0.066X 107 cm).
Figure 1 shows D, and D_ as calculated from Eqgs. (2)
and (3) using Orear’s low-energy phase shifts. The
values of Dy and D_ for T,=<240 Mev were obtained
from the work of Anderson et al.3 In support of the extra-
polation of oy for 7',>1.9 Bev, we note that Bandtel
et al.!* have obtained a value of 30 mb for o_ at 4.4 Bev.
In order to determine the sensitivity of the results to
this assumption, we have calculated the corrections
AD, and AD_ to the forward amplitudes which would
be introduced if ¢, had, in fact, 2 maximum at 3 Bev.
The extra term Aoy was assumed to have a maximum
value of 15 mb at 3 Bev and to go to zero at T'»=2.5 and
3.5 Bev. Thus the resulting ¢4 at 3 Bev would be 43
mb. Specifically, the extra term of ¢, /k was taken as
Aoy /K =—191T*+114.6T,—167.1 for 2.5<T,.<3.5
Bev, with Aey in millibarns, % and T, in Bev. It was
found that Agy would lead to the following corrections
AD; and AD_ (in units 107 cm): AD,=0.006 at
T-=0.5 Bev, 0.026 at 1 Bev, 0.075 at 1.5 Bev, 0.20 at
2 Bev, and 0.85 at 2.5 Bev. The corresponding values
of AD_ are: 0.004 at 0.5 Bev, 0.012 at 1 Bev, 0.023 at
1.5 Bev, 0.036 at 2 Bev, and 0.049 at 2.5 Bev. Referring
to Fig. 1, it is seen that AD, becomes important only
for T»>1.5 Bev, while AD_ is negligible throughout the
range 0-2.5 Bev. The diffraction cross section for copper
was calculated using D,+AD, and D_+AD_ and was
found to differ from that obtained with D, and D_ by
less than 0.017R? for the five energies listed above.
Figure 2 shows the resulting values of %; for carbon
as a function of the energy 7. The curve marked OR
is based on the values of D,. which are obtained from the
phase shifts of Orear,” whereas the curve marked NW
pertains to the phase shifts of Noyes and Woodruff?
which give D, (0)=0.244X10"% cm and D_(0)=0.440
11 Bandtel, Bostick, Moyer, Wallace, and Wikner, Phys. Rev.

99, 673 (1955)
2H. P. Noyes and A. E. Woodruff, Phys. Rev. 94, 1401 (1954).
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F16. 3. Total cross sections for absorption ¢, and for diffraction
scattering o, for 7+ or 7~ mesons scattered from carbon. The curve
of 04 marked OR was obtained using the low-energy phase shifts of
Orear;” the curve marked NW was obtained by means of the
phase shifts of Noyes and Woodruff.22

X107 cm. It may be noted that the values of D, and
D_ for T,= 240 Mev, as calculated by Anderson et al.,}
are in better agreement with experiment when the cal-
culation is done by means of Orear’s” values of D, (0)
and D_(0) than with the values of Noyes and Wood-
ruff.? Figure 2 also shows the values of the reciprocal
mean free path K, which is given by

K=p[Zost(A—2Z)os]/4, @

where the upper and lower signs pertain to =+ and =~
mesons, respectively. For carbon, K=p(oy+0o_)/2.
The nuclear radius R was taken as 1.4X 10~ 4% cm so
that p=0.87X10% cm™3. The large peak of K at 180
Mev and the weak maximum at 900 Mev reflect the
maxima of the cross sections at these energies. The
change of sign of £; at 180 Mev is caused by the change
of sign of D, and D_ which has been pointed out by
Karplus and Ruderman! and by Anderson et al.? In the
neighborhood of the maximum of ¢4 and o_ the integral
over (w'—w)™ predominates and gives a large positive
term for 7,<180 Mev and a large negative term for
T>>180 Mev. The weak maximum of o_ at 900 Mev
has a similar effect. It gives rise to positive values of
D_ from 430 to 810 Mev (see Fig. 1) which nearly
cancel the negative contribution to %, from D,, so that
| Dy+D_| has a minimum in this region. The fact that
k1 is negative for T»> 180 Mev implies that the nucleus
acts effectively as a repulsive potential for pions at
these energies. From the values of %1(OR) one finds
that the effective real potential V reaches a minimum of
—49 Mev at T>=120 Mev. V becomes positive near
T»=180 Mev and attains a maximum of 4-42 Mev at
T>=240 Mev. Beyond 600 Mev, V is less than 10 Mev.*®

Figure 3 shows the total cross sections for absorption
o, and for diffraction scattering o4 for carbon, as a

13 Tt should be noted that the wave number % to be used in Eq.
(1) should properly be the wave number of a pion inside the
nucleus, i.e., of a pion having kinetic energy T»— V. Since V is very
small compared to 7 except in the resonance region, this substitu-
tion would have a negligible effect at high energies (72 500 Mev).

STERNHEIMER

function of T,. The values of ¢, and ¢4 were obtained
from K and %, by means of the expressions given by the
optical model.* The two curves of ¢; marked OR and
NW pertain to the low-energy phase shifts of Orear’
and of Noyes and Woodruff,? respectively. Because of
the large value of D, (0)4D_(0) for the Noyes-Woodruff
phase shifts, cq(NW) is large at low energies, but as is
shown by Fig. 3, the values of ¢4 for the two choices of
phase shifts are practically the same for 7,>0.8 Bev.
Figures 4 and 5 show ¢, and o4 for #t and 7 mesons
scattered from copper and lead. All values are given in
terms of wR? which is 324 mb for carbon, 985 mb for
copper, and 2159 mb for lead. For copper and lead, &,
and K are slightly different for #+ and #—, and corre-
spondingly ¢, and o4 show a small difference. In addi-
tion, an attempt was made to include the Coulomb
effect in obtaining ¢, for copper and lead. According to
a well-known formula, the Coulomb effect multiplies
the cross sections by a factor F.=1FZeé*/RT, at low
energies, where the upper and lower signs refer to =+ and
7, respectively. F. is obtained from a consideration of
the impact parameter b of the trajectory which just
grazes the edge of the nucleus; & is given by
R(1FZe*/2RT,). Courant has given the appropriate
expression for relativistic energies: F,=1F2Z¢*/RE,
where E is the total energy of the pion. In the inter-
mediate region, F, is given by

Fo=1F2Z¢E/ (R, )

where p is the pion momentum. For this correction to
be valid, it is necessary that the pion wavelength X be
small compared to R, so that classical considerations
can be applied. The same condition, AKR, determines
the validity of the WKB method? used in calculating
o, and ¢4 For 100-Mev pions, X is 1.01X10™% cm,
which is appreciably smaller than the radius R for
carbon. However, below 100 Mev, the results of Figs.
3-5 are expected to be only qualitatively correct. In
addition, it should be noted that the present values of
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Fi1c. 4. Total cross sections for absorption ¢, and for diffraction

scattering o4 for 7+ and =~ mesons scattered from copper. The
values of o4 were obtained by means of the phase shifts of Orear.?

14 E. D. Courant, Phys. Rev. 94, 1081 (1954).
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o, do not include the absorption of the pion by a pair
of nucleons in the nucleus (with star formation) which
becomes important below 100 Mev.!3 This process
predominates for very low pion energies (40 Mev)
but is expected to become relatively small above 150
Mev. In connection with the difference between o,(z%)
and o4(7™) in Figs. 4 and 5, Courant* has shown that
if the neutron distribution is more extended than the
proton distribution, as has been suggested by Johnson
and Teller,'® there will be an additional correction to the
cross sections which is of the same order as the Coulomb
effect.

Figures 3-5 show that ¢, has maxima near 180 Mev
and 900 Mev, which are due to the maxima of the
elementary cross sections o4 and o_. At 180 Mev the
values of o, uncorrected for the Coulomb effect are
close to wR? for all three elements. However, the maxi-
mum at 900 Mev is higher for lead than for carbon
(0.917R? as compared to 0.697R?) because of the larger
radius for lead which is responsible for more effective
absorption. In a similar manner, ¢, at high energies
(T=>2 Bev) increases with increasing 4 from 0.63wR?
for carbon to 0.897wR? for lead. It would be of interest
to observe the maximum of o, in the 180-Mev region,
as well as the minimum at 500 Mev, which is quite
pronounced for carbon. Concerning o4, we note that for
copper and lead there are two maxima in the low-energy
region (7'»<500 Mev) which are separated by a mini-
mum at 180 Mev. The peak near 70 Mev is very
noticeable both for copper and lead, while the second
maximum at 300-400 Mev is conspicuous only for =~
mesons on lead. It is also seen that the average values
of o4 in the low-energy region are appreciably larger
than for 7,>500 Mev. The double maximum of g4
can be attributed to the behavior of %, which becomes
zero at 180 Mev. Since o4 depends only on the absolute
value of k; and increases with increasing | %/, the cross
section increases on each side of the zero of k;. Moreover,
aq4 increases with increasing K, which explains why the
values are higher in the resonance region than at larger
energies. The weak maximum of ¢4 at 900 Mev is also
due to this effect. It would be of interest to observe the
double peak of ¢4 for the heavy elements.” Moreover,

15 Brueckner, Serber, and Watson, Phys. Rev. 84, 258 (1951).

16 M. H. Johnson and E. Teller, Phys. Rev. 93, 357 (1954).

17 The fact that the double peak of oq is present for copper and

lead, but not for carbon, can be explained as follows. o4 depends
essentially on* ¢./7R? and on |ki|R. For copper and lead, o,
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Fi1c. 5. Total cross sections for absorption e and for diffraction
scattering o4 for 7+ and =~ mesons scattered from lead. The values
of o4 were obtained by means of the phase shifts of Orear.?

the decrease of ¢4 above the resonance region is quite
pronounced and should be easily observable. Experi-
mentally, one would probably obtain values of ¢4 by
a separate measurement of the total cross section o in
“g00d” geometry and of the absorption cross section
oqin “bad” geometry, i.e., such that diffraction scatter-
ing is not detected. Thus oo=0;—0%.

Kessler and Lederman!® have measured the absorp-
tion cross section for 125-Mev negative pions on carbon
and lead. With R=1.4X10" A% cm, their data give
0o/mR?=0.9540.13 for carbon and 1.1540.18 for lead.
Within the experimental errors, the calculated values
agree with these results. In comparing the calculations
with experiment, it should be noted that the present
values are slightly affected by the uncertainty about the
nuclear radius and by the fact that one should use a
rounded edge for the nucleus in an exact calculation.
However, these effects would probably introduce only
minor corrections.

I would like to thank Dr. O. Piccioni for suggesting
this calculation and for helpful discussions. I am also
indebted to Dr. R. Jastrow, Dr. L. M. Lederman, and
Dr. R. Serber for valuable comments.

remains approximately constant and very high (>0.957R?) over
a considerable range of energies, and the minimum at 500 Mev is
not very deep, while for carbon the region of large o, is limited, and
aq drops to a rather small value at 500 Mev. Thus for carbon the
decrease of g4 on each side of the maximum at 180 Mev counter-
acts the increase of |k1|R, whereas for the medium and heavy
elements, the variation of |£;| R predominates and gives rise to the
double peak.

18 J. O. Kessler and L. M. Lederman, Phys. Rev. 94, 689 (1954).



