PHYSICAL REVIEW

VOLUME 101,

NUMBER 6 MARCH 15, 1956

Natural Orbitals in the Quantum Theory of Two-Electron Systems*

PER-Orov LOwWDIN, Quantum Chemistry Group, Uppsala University, Kemikum, U ppsala, Sweden

AND

HARRISON SHULL, Department of Chemistry and Institute for Atomic Research, Iowa State College, Ames, Iowa
(Received November 21, 1955)

The wave functions for the singlet and triplet states of a two-
electron system in a given nuclear framework are investigated as
superpositions of configurations and are shown to be transforma-
tionally equivalent to quadratic forms having certain ranks and
signatures. By introducing the “natural orbitals” diagonalizing the
generalized first-order density matrix, the total wave functions
may also be brought to principal form. If the basis contains M one-
electron functions, the singlet and triplet wave functions contain
respectively M (M4-1)/2 and M (M —1)/2 configurations, but the
transformation to natural orbitals reduces the number of terms to
M and [M/2], respectively. The natural expansion having the

best convergence is also characterized by another important
extremum property. The approximate wave function of rank 7
having the smallest quadratic deviation from the exact eigenfunc-
tion is obtained by interrupting the natural expansion of the
eigenfunction after » terms and renormalizing the result. For the
singlet state, the wave function of rank two and signature zero has
a special importance as giving a simple extension of the visual one-
electron picture to include a large part of the correlation effects.
Theé theory is illustrated by some results. on helium obtained by
using radial configuration interaction.

WO-ELECTRON systems occur commonly in
nature and are of great importance. The series of
helium-like ions: H—, He, Lit, Bet?, .. .0 etc., is of
considerable interest in physics and astrophysics and
has been studied by several authors. The homopolar
chemical bond is another example of a two-electron
system of fundamental meaning for chemistry, and the
electronic structure of the hydrogen molecule as well as
the 7 electrons of ethylene, etc., have been investigated
in great detail.

In the quantum theory of the electronic structure of
matter, the two-electron systems provide a valuable
bridge between the comparatively simple one-electron
systems and the systems containing many electrons.
The structure of an electronic system within a given
nuclear framework depends not only on the balance be-
tween the kinetic energy of the electrons and their
attraction to the nuclei, but also on the mutual elec-
tronic repulsion. The last effect causes considerable
difficulties in the theory, since it may not be treated
within the conventional “one-electron approximation.”
The accurate solution of the many-electron Schrédinger
equation therefore demands other methods, and the
results for two-electron systems are then also of guiding
importance in treating systems containing many elec-
trons. Two types of solutions of the two-electron
Schrédinger equation have been discussed, namely an
eigenfunction in the form of a “superposition of con-
figurations” and a form containing the interelectronic
distance as a variable. Both types were first investigated
by Hylleraas in his pioneer works on the helium
problem.! Hylleraas found that the series of configura-
tions converged rather slowly and that a much quicker
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convergence could be obtained by introducing 7, ex-
plicitly in the solution. Wave functions containing 71,
have later been treated for the H, molecule by James
and Coolidge,? for the H™ ion by Henrich,? and for the
He series by Eriksson,* by Baber and Hassé,® and by
Chandrasekhar and Herzberg.®! The wave functions
containing 7;, have the disadvantage that it seems im-
possible to give them an interpretation of simple
physical visuality, and it is further difficult to generalize
the approach to many-electron systems.”

The success of the 71, method was so large that, for a
rather long time, it was almost generally believed in the
literature® that “electronic correlation” could be taken
into account only by introducing the interelectronic
distances 7;; explicitly into the wave function. However,
it was already known in the early days of quantum
mechanics that the wave function for a many-electron
system could be expressed as a superposition of con-
figurations built up from one-electron functions, pro-
vided that the one-electron set was complete.® The first
eigenfunction of this type was derived for helium by
Hylleraas,! but it seems as if less attention to this paper
has been paid in the literature than to his 71, work. It
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has now also been shown by Green et al.® how the 7y,
forms may be transformed into ‘“‘superpositions of
configurations.”

The method of “configuration interaction” has the
great advantage that it may be directly generalized to
many-electron systems. However, since the basic one-
electron set ¥, may be chosen quite arbitrarily, the
coefficients in the series of configurations cannot have
any simple physical importance, and it is therefore
difficult to give usable interpretations of the original
wave functions presented in this way. In order to try to
tackle this problem, it was shown in a previous paper®
that, for each wave function, there exists a certain set of
one-electron functions having such characteristic prop-
erties that it naturally seems to belong to the system
and state under consideration. These natural spin
orbitals xi are defined as forming the set which di-
agonalizes the generalized first-order density matrix

v |x)=N f T*(x1"%e - -Xw)

XU (X1Xz- - -Xx)d%od%3- - -dxy, (1)
where ¥ is the antisymmetric wave function, x;= (r;,s;)
is the space-spin coordinate of electron 7, and N the
number of electrons. It was shown that, if the wave
function ¥ is expressed in terms of configurations built
up from the natural spin orbitals, this natural expansion
of ¥ is distinguished as the superposition of configura-
tions of most rapid convergence.! The use of the natural
spin orbitals givesa niceinterpretation of the generalized
first-order density matrix, and it also simplifies greatly
the treatment of the higher order density matrices. In
order to start a more detailed investigation of the
“natural expansion” of a wave function of a many-
electron system, we will study in this paper the particu-
lar properties of two-electron systems. The results are of
importance for all the fundamental two-electron sys-
tems occurring in nature, and it is also hoped that they
may give some guidance concerning the more compli-
cated many-electron case. From the very beginning, we
will therefore assume that the exact solution of the two-
electron Schrodinger equation really exists!?> and that it
is given as an infinite sum of configurations of a com-
plete one-electron set.

1. TREATMENT OF THE SINGLET STATE

In a two-electron system, the spins of the electrons
may combine to form either a singlet or a triplet state.

10 Green, Mulder, Milner, Lewis, Woll, Kolchin, and Mace.
Phys. Rev. 96, 319 (1954).

1See also P.-O. Lowdin, Advances in Phys. 5, 1 (1956),
particularly p. 150.
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Coolidge and H. M. James, Phys. Rev. 51, 855 (1937); T. Kato,
Trans. Am. Math. Soc. 70, 212 (1951); J. H. Bartlett, Phys. Rev.
88, 525 (1952); 98, 1067 (1955); V. Fock, Izvest. Akad. Nauk.
S.’S. S. R. 18, (2), 161 (1954); E. A. Hylleraas, Svensk Kem.
Tidskr. 67, 372 (1955).
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The simplifications of the general theory obtainable in
this case are of an instructive nature. Let us assume
that the functions ¥ (r) form a complete set of orbitals
depending only on the one-electron space coordinate r
and that a(s) and B(s) are the two spin functions. The
most general antisymmetric two-electron wave func-
tions which may be constructed by superposition of
configurations of the spin orbitals ¥xa and ¢8 have
then the form

W (x1,X0) =274 31y A g det{¥ra; Y18} 2)

This function has S,=0 and is the sum of a singlet
component and a triplet component. The two triplets
having S,=-1 and S,=—1 are built up similarly from
the pairs ¥ e, ¥ and Y4B, ¥i8, respectively.

(a) Singlet Wave Function

In order to select the singlet component of (2), we
apply the projection operator® 10=1—15?=1(1—Py;°)
and obtain

W (X1,X2) =274 3 g Cra det{yrer; ¥i8}, 3)

where Cri=%(4xi+4x). The singlet is hence charac-
terized by the symmetry property Cr;=Cix. The Slater
determinants in (3) with the factor 2~ form an ortho-
normal set, and the singlet wave function (3) is hence
normalized if

2ulCrl?=1.

This relation may be condensed in the form Tr(CCH) =1,
where Tr(=trace) means formation of the diagonal
sum. By expanding the determinants, the wave function
(3) may also be written in the form

R4 (x17x2) =M‘I’ (1'1,1'2) ) (4)
Y (r,r) =211 Crala¥n), (5)

where ($,¥;) is an abbreviation for the “symmetrized
product”:

Wr¥d) =3[ r (e (ro) Hda (g (r2) . (6)

The singlet wave function may therefore be factorized
into a pure spin part and a pure space function. This
result, which is strictly limited to N <2, greatly simpli-
fies the treatment of the two-electron problem and has
been of essential importance for the development of the
whole theory. In using (6), it should be observed that
this quantity is normalized for k=! but that the
normalization integral has the value } for k=I.

The coefficients Cy; in the symmetric space function
(5) may be found by the variational principle corre-
sponding to the Schrodinger equation, which leads to a
certain secular equation. The numerical solution is

1B P_.0. Léwdin, Phys. Rev. 97, 1509 (1955).
lig&r a short description of this procedure, see, e.g., reference 9
p- .
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then often presented in the form
Y (ry,r) =k Corde(1y(2)
+k%C’kt[‘l’kﬂ)lﬁz@)+¢l(1)¢k(2)]/\[2—, ()
with the normalization condition
%lékkf”-gll@kllz:l- ®8)

A comparison between (5), (6), and (7) then gives the
connection formulas

Ckk=ékk, Ckz=Czk=2_%C_’kl, (9)

for the formation of the fundamental matrix C.

(b) Natural Spin Orbitals

The generalized first-order density matrix v (x1'|xy) is
defined by (1), and, by using (4) and (5), we obtain

v (x| x0) = (e’ BB L i ¥ * (0 W)y, (10)

where
'Ylk‘_'Zm Clmckm*; 'Y:CCT- (11)

The matrix vy is therefore a Hermitean matrix, which
may be brought to diagonal form n by the unitary
transformation U:

UtyU=n. (12)

The natural orbitals x(r) are then defined® by the matrix
relation x=1U or

Xk(r)=zm ¢7n(r)U7nky (13)

and the natural spin orbitals are represented by the
functions xza and xxB8. Introducing the relations ¢= xU*
and {*=Ux* into (10), we obtain

v (x| x1) = (er'ar4+-B1'B) 2 & max ™ (1 )xa (r1),  (14)

where the coefficients #;, i.e., the eigenvalues of the
matrix v, may be interpreted as the occupation numbers
of the natural orbitals xx. They satisfy here the relation

> i ne=Tr(y)=Tr(CC"H=1, (15)

which corresponds to the condition /™y (x1|x1)dx;=2. In
the general theory®! it was shown that the introduction
of the natural spin orbitals into the total wave function
would lead to a “natural expansion” of this function,
which was characterized by having the most rapid
convergence of all superpositions of configurations repre-
senting the same solution. In the two-electron case, this
natural expansion has particularly simple properties, as
we now will show.

Let us consider the fundamental case when the basic
Hamiltonian is not only Hermitean but also real so that
H,,=H,,t=H,,*. The energy eigenfunctions may then
also be represented in real form and this implies that, if
the basic set ¢ is chosen real, the coefficients Cy; will
also turn out to be real. In this important case, the
matrix C is Hermitean and may be brought to diagonal
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form ¢ by the unitary transformation V, so that
ViCV=c. By using (11), we then obtain

ViyV=Vi(C2V=c?=diagonal matrix. (16)

This means that, unless the matrix ¥ is degenerate and
two or more occupation numbers are equal, the trans-
formation V must be identical with the transformation
U. The eigenvalues ¢, of ¢ are apparently the square
roots of the occupation numbers:

vk=:!:nk§,

an

and the signs are uniquely determined by the coeffi-
cients Cy; of the original wave function; the physical
meaning of these signs will be discussed later. In the
nondegenerate and real case, the introduction of the
natural orbitals x into the total wave function (4) by the
substitution {=yxUt=Uyx will lead to a natural ex-
pansion of the form

U (x1,X2) =273 (@1Ba—aB) 2k Crxr () xk(r2).  (18)

We observe here!! that the series > ¢? is term-by-term
more rapidly convergent than the series > ;(O_: Cii®)
for any other superposition of configurations.

The simplification rendered by the natural expansion
is perhaps still more striking for the approximate wave
functions. If the basic set ¥ contains only M orbitals
(k=1,2, ---M), the wave function (7) contains
M (M +1)/2 different terms, but, by the introduction of
the corresponding approximate natural orbitals, this
expansion is reduced to only M terms. It should be
emphasized that, in the many-electron case, we cannot
expect such a drastic simplification of the total wave
function which, in the two-electron case, seems to
depend on particular properties of the wave function
itself. -

(¢c) Equivalence of the Total Wave Function and
a Quadratic Form. Rank and Signature
of the Wave Function

The natural expansion (18) does not contain any
cross products (xx,x:) for k<., and this result depends
essentially on the fact that, in the two-electron case, the
total singlet wave function is equivalent to a real
quadratic form. In order to prove this we observe that
the “symmetrized product” (6) is symmetric in % and /
and that, under a linear transformation 1= ¥n’¢mx,
it transforms like an ordinary product:

(¢k)¢l) = Zmn (\l/m,ﬂpn,)amkdnl- (19)
Hence we obtain
2k Culrbt) =2 mn Comn’ Wm' ¥0'), (20)

where Cpmy' =3 11 C11@m1an. This relation implies that

the space function transforms just like a real quadratic

form.
Let us for a moment consider an approximate wave
function, which is built up of configurations of a basic
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set Yy of finite order M, such that when M—oo the
approximate solution tends to the exact eigenfunction.”?
A quadratic form of finite order is now characterized by
two integers, its rank and its signature, which are
invariant against nonsingular linear transformations.!®
The rank of the quadratic form is defined as the rank
of the determinant of its coefficients, det{C;}, and,
according to an elementary theorem, the quadratic form
is then reducible by a nonsingular linear transformation
to a sum of “squares,” which contains just 7 terms. If
the linear transformation is kept real, the coefficients of
the squares may be positive or negative. The number p
of positive terms minus the number g of negative terms
is called the signature s of the quadratic form, and the
quantities

r=p+q, s=p—g,

are then the fundamental invariants of the form. The
equivalence theorem then implies that each approxi-
mate wave function of finite order has a definite rank
and signature and that it may be reduced to a sum of
“squares”; this gives the explanation of the simple
form (18).

The equivalence theorem is a valuable tool for dis-
cussing the properties of the wave function. Let us, for
instance, investigate in which cases the space function
(5) is reducible to a single symmetrized product

¥ (ry,r2) = (u,0), (21)

which means a state where one electron is occupying the
orbital #(r) and the other the orbital »(r). Since

uv=1%(u+2)?—1(u—1)? (22)

the right-hand member of (21) has for uv the rank
r=2 and the signature s=0. This implies that only
wave functions (5) of this rank and signature may be
reduced to the (u,9)-form. We note further that every
function (5) having r=2 and s=0 may be expressed in
the form (21), for, after reducing it toa sum of “squares,”
we obtain

(23)

where ¢;>0 and ¢;>0. A special case of this theorem
was first found by Coulson and Fischer'® who pointed
out that, in the hydrogen molecule, the molecular-
orbital method using semilocalized orbitals leads to a
wave function which was equivalent to a superposition
of two configurations consisting of doubly occupied
orbitals. The best (%,9) form for the Hy molecule has
further been studied by Kotani.'?

Other special results for functions of rank r=2 were
derived by Mulliken'® in connection with the Shelter

C1 (X1,X1) - 62(X2,X2) = (61’}X1+€21"X2, citxi— Cz'*Xz),

18 See, for instance, G. Kowalewski, Delerminantentheorie
(Walter de Gruyter and Company, Berlin and Leipzig, 1925),
second edition, pp. 172-200.

16 C. A. Coulson and I. Fischer, Phil. Mag. 40, 386 (1949).

17 M. Kotani, Proceedings of the Shelter Island Conference on
Quantum Mechanical Methods in Valence Theory, 1951 (un-
published), p. 139.

18 R. S. Mulliken, Proc. Natl. Acad. Sci. U. S. 38, 160 (1952).
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Island Conference in 1951. The form (u,%) of the wave
function corresponds to the conventional “closed-shell”
structure of the two-electron system. This function,
which has rank r=1 and signature s=1, may be con-
sidered as a degenerate form of (21) for #=v. Mulliken
characterized the (u,9) function (21) for us£v as an
“open-shell” form and pointed out that this function
would contain an improved electronic correlation by
letting the two electrons move in considerably different
orbitals, thus increasing their mean distance. Re-
markably good results for helium had previously been
obtained by Hylleraas' and by Eckart'® by using the
simple form (21). It seems to us as if the (%,v) form is of
great value for describing the structure of a.two-
electron system in a simple way to a rather high degree
of accuracy, and further investigations are in progress
here.

(d) Extremum Properties of the Natural
Expansion Taken Term by Term

The “natural expansion” (18) is characterized by the
general property of having the most rapid convergence
of all superpositions of configurations describing the
same wave function. We will now show that, for a two-
electron system, the natural expansion has an additional
extremum property. Let ¥ be the exact eigenfunction
and let ¥, be an arbitrary wave function of rank r. In
order to determine the “best” approximation of ¥ of
rank 7, we will then try to minimize the total quadratic
deviation

f|\If—-\1/,]2dx1dx2=2(1—f\If\Il,dxldxg), (24)

i.e., to maximize the overlap integral

S=f\If\I'rdx1dx2. (25)

The “best” function ¥, of rank 7 is then obtained simply
by interrupting the natural expansion (18) after the
first 7 terms and renormalizing the finite series to unity.
In order to prove this theorem, we observe that an
arbitrary space function of rank r may be written in the
form
.
\I/,,(I'l,rz) = kz ek(uk,uk). (26)
=1
If the functions #;, %2, ---u; are assumed to form an
arbitrary linearly independent but not necessarily
orthonormal set, the coefficients e, may be restricted to
have fixed values, e.g., ex==1. Each function u; is
expandable in the complete orthonormal set x; of
natural orbitals:

U= 2 Xm@mk, (27)

m=1

19 C, Eckart, Phys. Rev. 36, 878 (1930).
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and the coefficients @, may here be varied completely
arbitrarily. Substituting (27) into (26), we obtain

‘I’,(r1,l'2)= Z Amn(Xm:Xn); (28)
m,n=1
where the coefficients
Amn= Z €xqmkQnk (29)

k=1

form a symmetric matrix of rank 7. The normalization
condition gives

S A 2=Tr(A)=1.

m,n=1

(30)

Introducing (18) and (28) into the overlap integral (25),
we obtain further

S=3 cndpm=Tr(cA), (31)
m=1

where ¢ is the diagonal matrix formed by the elements
Cme

In order to maximize the overlap integral S by putting
85S=0, we cannot vary the elements 4,.» in (30) and
(31) independently since they are subject to the condi-
tion of forming a matrix A of definite rank 7. However,
since the coefficients anx in (27) may be varied arbi-
trarily, we obtain from (31) and (30)

65=2 Z Z Cmekamkaamk—:oy

m=1 k=1

(32)

4 Z Z A mn€r@nid@mr=0.

m,n=1 k=1

Introducing a Lagréngian multiplier A on the first rela-
tion formally changed to a double sum, we get further

Z Z (A mn—xcmamn)ékankaamk—:o, (33)
m,n=1 k=1
and
Z (Amn_xcmamn)ekank':()' (34)

n=1

In order to solve this system of equations, we will
multiply (34) by @, and sum over % from 1 to 7, which
leads to

i (A mn_xcmamn)A np= 0, (35)
n=1
or the matrix relation
(A—Xc)A=0. (36)

By forming the trace of (36) and using (30) and (31), we
obtain easily the value of the multiplier A:

1=Tr(A)=ATr(cA)=AS; A=S1  (37)
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Since A is a symmetric matrix, the same is true for A?
and, according to (36), this leads to (cA)mnn= (CA)nm
=)\"1 (A2)mn and

(em—Cn)Amn=0. (38)

This implies that, if ¢n5% ¢4, all the nondiagonal elements
Amn vanish. In the nondegenerate case, the matrix A
of rank 7 consists therefore of just » diagonal elements,
A kr, which fulfill the relation 4 x> —Acxd £r=0, or

According to (28), the optimum wave functions of rank
r may then be written
(r)

W, (ry,r2) =\ Zk: cr(XrXE), (40)
where the symbol (r) indicates that % is to be summed
over 7 selected indices. Substitution of (39) into (31)
leads to the formula

(r) (r

>\“1=5={7£ Ckz}*={§ ni}t, (41)
and, since the function (40) hence turns out to be
normalized, the solution of the variation problem is
consistent. In order to obtain a maximum overlap, we
have now only to select the » largest occupation num-
bers n. If the natural orbitals x are numbered in order
of decreasing occupation numbers, the “best” wave
function of rank r has consequently the form

‘I’r(h;b):élck(xk,Xk)/(élnk)%- (42)

This proves our theorem.

We have treated here the expansion of the exact
solution, but we observe that the same theorem- holds
also for the expansions of approximate wave functions
of rank higher than 7. The approximations of low rank
are of particular interest and will be considered some-
what more in detail.

Rank one.—A total wave function of rank =1 may be
written in the form ¥ (ri,r2)= (,2), and this “closed-
shell” form therefore corresponds physically to a state
containing a doubly occupied orbital #(r). According to
(42), the function of rank one which has maximum
overlap with the exact eigenfunction is simply

(43)

where x; is the first natural orbital associated with the
exact solution and having the largest occupation number
n1. By using (41), we obtain for the overlap integral that
S= n1%.

Let us now consider the relation between the form
(43) and the Hartree-Fock form. For a two-electron
system, the Hartree-Fock solution (#mr,%n¥) is defined
as the function of rank one having the best value of the
total energy. This extreme value condition leads to a
nonlinear process of the first order for the orbital ugr,

W= (x1,X1),
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whereas the first natural orbital x; is defined by a linear
process of infinite order. The two functions x; and #ur
are therefore not identical, but the examples investi-
gated so far have indicated that they are extremely
lcosely related; see also Table IV for r=1. Of practical
importance is that the linear process leading to the first
and higher natural orbitals seems to be considerably
simpler than the nonlinear “self-consistent-field”
method.

Rank two.—The total wave function of rank r=2 has
either signature s=0 or s=2. According to (42), the
function of rank two which has the smallest total
quadratic deviation from the exact eigenfunction has a
space function of the form

Vo= [61(X1,X1)+62(X2,X2):]/ (n1+n2 % (44)

In the case when s=0, this function may be written in
(u,v)-form with the orbitals

u= (nix1+natxs)/ (mi+ng)k,

45
v=(nitx1—na¥x2)/ (m1-+n2)k (#3)

The increase of the rank of the wave function gives rise
here to a “correlation splitting” of the closed-shell form
(43) into an open-shell form, where at least part of the
effect of the inter-electronic repulsion is taken into
account.

In the case when in (44) the coefficients ¢; and ¢, are
both found to be positive (s=2), the orbitals # and v
turn out to be complex and such that #*=9v. This
implies that both particles have the same orbital dis-
tribution |#|%2=2|% in ordinary space but different
probability distributions in momentum space. It seems
likely, therefore, that this case will occur only when one
has reason to expect that a “correlation splitting”
momentum space will be energetically more favorable
than an orbital splitting in ordinary space. So far, no
example of r=2 and s=2 has been found in the simple
two-electron systems.

Recently the Hartree-Fock scheme has been gener-
alized to include at least part of the electronic correla-
tion by introducing different orbitals for different spins.!®
For two-electron systems this implies that, instead of
the (u,u)-form, one is interested in the (%,v)-form having
the best energy. Since the extended Hartree-Fock
equations have a nonlinear character and are com-
paratively hard to solve, it is of practical importance to
observe that the functions (45), formed from the first
two natural orbitals and x; and x» found by a linear
process, seem to give an approximate solution of excel-
lent accuracy of the energy problem, too. Further
calculations on this point are in progress.

(e) Example: Some Results for the Ground
State of Helium

The method of “superposition of configurations” has
already been successfully applied to the problem of the
ground state of helium by Hylleraas in his first paper.!
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Recently Taylor and Parr® re-examined the same
problem and, using configurations built up from hydro-
gen-like orbitals, they obtained the discouraging result
that the series of radial configurations led to an ex-
tremely poor convergence for the energy towards the
limit to be expected. A closer investigation shows,
however, that this failure of the method depends es-
sentially on the fact that Taylor and Parr neglected the
contribution from the continuum.

We have now repeated and extended Hylleraas’ first
calculation on helium by using the complete orthogonal
set

DY (+H+HD 1} H (n—1-1) 1)}
X (2n1) Ly P2 20)e Y 1n(y0),  (46)

where L are the Laguerre polynomials, 5 is an adjustable
effective charge, and Y, are the ordinary spherical
harmonics. Since this set is entirely discrete, one can
thus avoid the treatment of the otherwise rather
annoying continuum wave functions. We will here dis-
cuss the results of the radial configurational interaction
in order to exemplify the use of natural orbitals and to
show the convergence properties of a natural ex-
pansion.?

The calculations were based on a finite set of (#s)-
orbitals of order M of the form

_ ! e
__(47r)% D) [+ w2 (2nr)er,

In the general theory,® a “measure of convergence” ¢
was defined with the property that the natural ex-
pansion had the smallest ¢ value possible of all super-
positions of configurations of one and the same wave
function. Eliminating the spin, the quantity ¢ is here
defined by

M

d=1-3 vui, (47)
k=1

where vir may be evaluated according to (11). The

quantities & for the original superposition of configura-

tions and for the natural expansion are given in Table I.

These quantities should be compared with the total

TaBLE I. Ground state of helium. Comparison between the
original superposition of configurations and the natural expansion
in order to show the reduction of the number of essential terms.

Number of terms Measure of convergence =&

2 3 4 1 2 3 4

3 6 10 0 0.032907 0.070987 0.073251
2 3 4 0 0.004976 0.008643 0.008729

M=

1

Original form 1

Natural 1
expansion

20 G. R. Taylor and R. G. Parr, Proc. Natl. Acad. Sci. U. S. 38,
154 (1952). This paper was also’ presented at the Shelter Island
Conference (reference 17) in 1951.

21 H. Shull and P. O. Lowdin, J. Chem. Phys. 23, 1362 (1955).

22 A preliminary report was given by H. Shull and P.-O. Léwdin,
J. Chem. Phys. 23, 1565 (1955).
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TaBLE II. Occupation numbers n; for the natural orbitals x; for
different values of M.

M= 1 2 3 4
k=1 1.000000 0.9975561 0.9956599 0.9956166
k=2 0.0024439 0.0042652 0.0043114
k=3 0.0000748 0.0000655
k=4 0.0000065

numbers of terms in ¥, which has decreased from
M (M+1)/2 in the original form to M in the natural
expansion. It should perhaps be emphasized that the
quantity ¢ cannot be used for estimating the energy
accuracy of different wave functions. For each wave
function, only the lowest value #y,4 is uniquely defined,
and &4, Increases with M towards a certain limit from
its lowest value #,,:=0 for the Hartree-Fock approxi-
mation (M =1), at the same time as the energy accuracy
is also increasing. Other “measures of convergence” are
also easily constructed.

In Tables IT and III, the occupation numbers 7, and
the natural orbitals x, for M =1, 2, 3, 4 are listed, and it
is remarkable how rapidly these quantities converge
towards a definite limit when M increases. The total
wave functions may then be found by using formulas
(17) and (42), where it should be observed that, for the
ground state of helium, we have hitherto found only the
first coefficient ¢; to be positive, whereas all the others
have turned out to be negative. The signature of a wave
function of rank 7 is therefore s=2—7, and the wave
function may be presented in the form

nad (x,x1) — 19t (xa,x2) — - - - — 1,5 (XryXr)

\II,(rl,rg = . (48)

In Table IV, the energy values of the wave func-
tions (48) are given in the modified atomic unit
€%/ ao, me(= 2h¢ Ryme) ; only radial configurations are here
taken into account. We observe how quickly the energy
converges towards the radial limit to be expected. The
original wave function for M =4 contains /e terms and
is rather clumsy to handle, but, after the transformation
to natural spin-orbitals, it is reduced to only four terms;
in both cases the energy is —2.87860. The last term is
here relatively unimportant, and, if it is omitted, the
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renormalized function of rank r=3 containing only
three terms has the energy —2.87850. The natural spin
orbitals seem therefore to provide a useful tool for
simplifying the total wave functions.

The series of energy values for a fixed rank 7 are of
interest since, for M— <0, they converge towards a limit
which is closely related to (but not identical with) the
best energy value which is obtainable for functions of
rank 7 by an extension of the Hartree-Fock method. In
fact, our function (x1)? has for M=3 and M =4 the
energy values —2.861335 and —2.861415, respectively,
whereas the self-consistent field (SCF) energy reported
by Wilson® is —2.8615; it should also be noted that the
function x3, »r does not differ from Wilson’s numerical
SCF function in any part of space by more than
+0.0056 for M =3 and 40.0061 for M =4. Recently
Green et al.®* have reported a somewhat better SCF
energy, —2.86167, for an analytic SCF function; the
value of the overlap integral between x;, » and this
function is 0.9999724 for M =3 and 0.9999754 for M =4,
showing a slight improvement in the convergence of
X1, » with increasing M.

For the rank r=2, no SCF results seem to exist so far,
but it would probably be comparatively easy to solve
the extended Hartree-Fock equations® in this case by
starting from the first two natural orbitals, x; and x»,
obtained. However, the optimum energy will probably
not be much better than our value —2.87769 for M =4
and r=2. The result already obtained is remarkable, for,
if the radial limit is estimated to be about —2.879 or
—2.880, it implies that between 849, and 899 of the
radial correlation energy is actually taken into account
in the simple (#,7)-form, which may be constructed
from x; and x by using (45).

2. TREATMENT OF THE TRIPLET STATE

In order to select the triplet component of the total
wave function (2), we willapply the projection operator'?
}0=1315?=%(14P12°) and obtain

W (x1,X2) =24 311 3 (A wi—A i) det{Yra; ¥i8}.

The triplet is hence characterized by the antisymmetry
property of the matrix of the coefficients §(4r1—A )
and is normalized to unity, if > s :(Adri—Au)?=1.
The triplet wave function (49) may also be factorized in

(49)

TasLE III. Approximate natural orbitals x for the ground state of helium for different values of M ; n=2.

X1 X2 X3 X1

M= 1 2 3 4 2 3 4 3 4 4
1s 1.000000 +0.992794 +0.983545 +40.982955 +-0.119833 +0.178369 +40.179264 +4-0.028690 --0.037891 +4-0.015090
2s —0.119833 —0.168992 —0.170083 +40.992794 --0.964488 +0.968000 —0.202991 —0.181235 +0.034679
3s +0.063880 +-0.069537 —0.194800 —0.170104 —0.978760 —0.982029 —0.042981
4s —0.005955 —0.043657 —0.036555 +4-0.998360

23 W. S. Wilson, Phys. Rev. 48, 536 (1935); W. S. Wilson and R. B. Lindsay, Phys. Rev. 47, 681 (1935).

2 Green, Mulder, Lewis, and Woll, Phys. Rev. 93, 757 (1954).
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TaBLE IV. Ground state of helium. Total energy in modified
atomic units (=e?/ao, me=2kc Ryn.) for the interrupted natural
expansion (42) of rank =1, 2, - - - M, when only radial configura-
tions are included; n=2.

M= 1 2 3 4
r=1 —2.750000 —2.837638 —2.861335 —2.8614151
r=2 —2.850225 —2.877236 —2.8776857
r=3 —2.878116 —2.8785000
r=4 —2.8785973
the form

N (X1,X9) = 27 (1Bat+09B1) ¥ (11,13), (50)

W (r,r2) =211 Crila¥a}, (51)

where

and {¢x,¥:} is an abbreviation for the “antisymmetrized
product”

(e} = —3i[ e (0 * () — i (¥ * (1) ). (53)

Here we have introduced the quantities ¥,*(=y; for
real orbitals) in order to facilitate the later use of
complex orbitals. We note that (50) corresponds to a
triplet state with S,=0, whereas the wave functions for
the triplet states with S,=-1 and S.,=—1 may be
obtained by replacing the spin factor in (50) by the
functions aies and B13s, respectively.

The coefficients Cr; in (51) may be found by the
variational principle! corresponding to the Schriédinger
equation, which leads to a certain secular equation. The
numerical solution is often presented in the form

W (11,1) = EZC' sl W (r)Y () —¢r (g (r) J/V2,  (54)

which gives
Ckk=0, Ckz= —Cz;,=i2—*(7“. (55)

The normalization condition for the total space function
may then be written in the form " <i|Cri|?=1 or

Tr(C'C)=31:|Cri|?=1. (56)

(a) Triplet Wave Function as a Hermitean
Quadratic Form. Diagonal Representation

By introducing the factor ¢ in the definition (52) of
the quantities Cx;, we have ensured that the elements
Cy; form a Hermitean matrix C having only real
eigenvalues. However, this matrix with vanishing di-
agonal elements and purely imaginary elements has
rather peculiar properties. The secular equation for the
eigenvalues ¢ contains either only odd or only even
powers of ¢, and this implies that the eigenvalues occur
in pairs, ==cx, and that a matrix C of odd order has
always an additional eigenvalue ¢;=0.

Since the “antisymmetrized product” (53) fulfils the
relation {1, ¥} = {¥ ¥} ¥, the total space function (51)

must be equivalent to a Hermitean quadratic form. In
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carrying out the transformation

\bk=2m Kbm’amk, (57)
we obtain
{1} =Zmn{‘l’m':¢nl}amkanl*y (58)
which gives
‘I’(l‘l,l'z) = Z kl Ckl{‘l/k:‘l/l} = Zmn Cmn’{‘[’mlﬂpnl} ) (59)
with
Cmn,——‘Zkl dkakzdtnT,
or
C’'=aCa'. (60)

Let us choose a=Ut, where U is the unitary transforma-
tion which brings the Hermitean matrix C to diagonal
form ¢=U'CU, with the eigenvalues ¢;. Introducing a
new set of basic orbitals ¢ by the relation

Y= ‘QUT: ﬁak:Zm ‘PmUkm*,

we then obtain

Y (r1,r9) =21 cx{ 01,04}, (62)

which gives the “diagonal representation” of the total
space function. We note that, in the odd case, the orbital
¢« belonging to the vanishing eigenvalue ¢;=0 will not
occur in this expansion. Because of the special properties
of the eigenvalues ¢y, the signature of the form (62) will
always vanish: s=0.

Since C*=—C, we can conclude from CU,=¢,U;
that CU,*= —¢;U,*. This implies that, if the function
o1 is associated with the eigenvalue +cy, the function
¢ will be associated with the eigenvalue —c¢;. In the
sum in (62), the contribution from a negative eigenvalue
will therefore be identical with the contribution from
the corresponding positive eigenvalue:

(61)

—ce{or*,0:*} =Fcr{oror}. (63)
Hence we may write (62) in the form
1M/2)
U (r,re)= 2 2cx{ @k e}, (64)
k=1

where we sum only over the positive eigenvalues ¢ ; the
number of terms is [M/2], i.e., the integer equal to or
nearest lower than M /2. The normalization of the total
space function may then be expressed in the form:

[M/2]

Y 2c2=Y c2=Tr(cte)=Tr(CtIC)=1. (65)

After the reduction to diagonal form, we can now
easily go back to a real representation of the total space
function. Putting

U=R+18S,
66
u=V2¢R, v=V24S, (66)
we obtain ¢=2"%(u—1v) and
{or,or) =3[ (®)vr(rs) —ur(t)ve(r)].  (67)
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Since ¢r and ¢* are associated with different eigen-
values, +c¢; and —cr (cx0), they are orthogonal, i.e.,
S orordv=0, and this implies that the functions #; and
v;, must be mutually orthogonal and have the same
normalization integral, which is here chosen to be unity.
In general, the functions ui, v, %s, ve, -+ -%g, ¥,
therefore form an orthonormal set, or may be brought
into this form in case of degenerate eigenvalues cg.
Substituting (67) into (64), we get then the real ex-
pansion

1921 ug(ry)  u(rs)
‘I’(rl)r2)= kz=:1 Ck 'Uk(rl) vk(r2) . (68)

It should be noted that the functions #; and v, are
here undetermined with respect to a linear trans-
formation:

ur’ =uy, cosf+vy sind
. ’ (69)
vy’ = —uy sinf-+v,, cosh,
which corresponds to a multiplication of the unitary
transformation U by a phase factor exp(—). In
treating the eigenvalue equation CU=Uc, we will some-
times separate it into its real and imaginary parts:

CR=iSc; CS=—iRec. (70)

These relations show that both R and S; are eigen-
vectors to the symmetric Hermitean matrix C? having
the eigenvalues ¢;2. Numerically, it is often convenient
to solve the eigenvalue problem CUp=ciU; by an
iteration procedure based on (70).

(b) Natural Orbitals for the Triplet State

It is immediately clear that the complex functions
¢ (r) form the natural orbitals of the triplet state under
consideration. Using (1), (50), and,(51), we obtain

y(x1' | x1) = (er'er+B1B)L w1 ¥ (11 Wi(r) vz,

where

(711)

'yzk=zm szC;m*, T=CCT=C2. (72)

If U is the unitary transformation which brings C to
diagonal form, it will bring also the matrix y to diagonal
form with the eigenvalues zx=c¢;? i.e.,

UtyU=n=c2 (73)

By carrying out the transformation (61), the first-order
density matrix may then be expressed in the following
forms:

v (x1' | x1) = (@1 +B1B1) 2k nrer™* (1) or(11)
[M/2]
= (ay'a1+B1'81) kZ_;l il i (1) or(ry)
+ k(1) or*(11) ]
[M/2]
= (/s +B1B1) 2 nilur(r)ur(rs)
=1

+or(r)or(r)], (74)
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and »; may thus be interpreted as the occupation
number for the natural orbitals ¢;(r) and ¢*(xr), which
are always simultaneously occupied.

According to (64) and (53), the total space function
has the natural expansion

(M/2]
Y(r,r)=2 2 cxlow e}
k=1

i [g] L or () ou(r) — ot e ()], (75)

showing that, in the triplet state, two electrons with
antiparallel or parallel spins may be considered as
placed in pairs of conjugate complex orbitals ¢x and
ox*, which have the same charge distribution in space
but which still are orthogonal to each other. The
antisymmetry property in 7; and 7, is here sufficient to
take account of the main part of the electronic correla-
tion even when only one term in (75) is included. In the
form (68), the quantity #,=c,* may be considered as
the probability for the simultaneous occupation of the
pair %, vz.

(c) Example: Lowest Triplet State of Helium

The theory outlined above will be exemplified by an
investigation of the lowest triplet state of helium. The
total space function (54) was first derived by using
configurations built up from the basic set (46), but only
the results of the radial configurational interaction will
be reported here. Starting from the s-functions
(1s,2s,- - -Ms), we get M (M —1)/2 different configura-
tions and a secular equation of the same order. After
having obtained the M (M —1)/2 coefficients C; for the
lowest triplet, we can easily form the antisymmetric
Hermitean matrix C of order M according to (55). The
eigenvalues of C form a maximum of [M/2] non-
vanishing pairs =4-cz, and the normalization gives further
Z kC k2= 1.

In the case M =3, the matrix C has the three eigen-
values 0, 4-27%, determined by the general properties of
the matrix. The natural expansion (68) for the total
space function consists then of a single term:

W (r1,r2) =273 (1) v (rs) —26(r2)v (r1) ]. (76)

For the best value of the adjustable effective charge,
7=1.133, this wave function gives an energy of
—2.12906, which is to be compared with the experi-
mental value —2.1750 (see Table V).

TaBLE V. Lowest triplet state of helium. Total energy in modi-
fied atomic units (=e?/ao,He=2/hc Ryne) for the interrupted
natural expansion (68). Experimental value= —2.1750.

Number M=3 M=1

of terms 7=1.133 n=1.11141
1 —2.12906 —2.167620
2 cee —2.167636




QUANTUM THEORY OF

In the case M =4, the total space function may be
expressed in the form

ue(r1)  ua(rs)

7)2(1'1)

ul(l‘l) u1(r2)

W (11,12) =1 , (717)

C2

01(r1)  1(r2) 2a(r2)

and, for the best value of the adjustable effective charge,
n=1.11141, the matrix C has the four eigenvalues

€1,—1==0.707105, ¢5_s==-0.001519. (78)

The energy of (77) is then —2.167636, which should be
compared with the above-mentioned experimental value
—2.1750. The functions #%i, v, #s, v, are given in
Table VI; the angles 6; and 6, in (69) have been de-

TaBLE VI. The natural orbitals of the lowest triplet of helium in
a real representation.

%1 71 u2 V2
1s +0.920687 +0.181063 —0.34569 -+0.00709
2s —0.059257 +0.924828 +0.32263 —0.19260
3s +0.385358 —0.281968 +-0.87863 —0.00071
4s —0.018002 -+0.180011 -+0.06646 +0.98125

termined so that #; and %, have maximum overlap with
the natural orbitals x; and xs, respectively, for the
singlet ground state (for M =4). Table VII gives a
survey of the overlap integrals between the triplet
orbitals %y, v, and the corresponding natural orbitals x;
for the singlet; we observe that the orbital x; occurring
in the conventional closed-shell structure (xi)? for the
ground state does not occur with any higher degree of
accuracy in the description of the lowest triplet state,
and this implies that one has to be careful in using the
naive orbital picture of a single excitation as obtained by
an electronic jump from one orbital to another, whereas
the others are left unchanged. An excitation is instead a
transition of the system as a whole from one state to
another and may imply changes for all the electrons—
there may be a certain orbital correspondence,? but the
accuracy is usually rather limited.

In conclusion, it should be observed that the second
term in (77) has only a small importance; if it is dropped
and the expansion renormalized by putting c;=273, the
energy is changed from —2.167636 to —2.167620. This
value is probably rather close to the best energy
obtainable by a [#,5] wave function, which should
strictly be calculated by a Hartree-Fock procedure. We
note that the angular correlation energy does not
amount to 0.0075, which is only half the value in the
singlet case, and that most of the radial correlation is
apparently taken into account already in the [u,v]
form.

2 See, e.g., P.-O. Lowdin, Phys. Rev. 97, 1490 (1955), particu-
larly p. 1506.
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Tasre VIL Overlap integrals between the natural orbitals for the
lowest triplet and singlet states.

fM1X1d7) =0.941976
S 01x2dv=0.967796
S u2x3dv=0.93684
S v2x4dv=0.97310

(maximum overlap)

(maximum overlap)

3. DISCUSSION

In the general quantum theory of many-particle
systems,®!! it was shown that the total wave function
may be expressed as a superposition of configurations
built up from a basic set of one-particle functions. By
introducing the natural spin orbitals diagonalizing the
first-order density matrix (1), the corresponding “natu-
ral expansion” of the total wave function may be
obtained, and this series of configurations has then
certain properties of maximum convergency.

In this paper, the case of N=2 has been investigated
in greater detail. It has been shown that the total space
function is equivalent with a quadratic form having a
certain rank and signature and that the natural ex-
pansion of the wave function corresponds to the diagonal
representation of this form. For the singlet, it has
further been shown that the approximate wave function
obtained by interrupting the natural expansion after
terms and renormalizing the series represents the best
approximation of rank 7, i.e., the function of rank r
having the smallest total quadratic deviation from the
exact wave function. A corresponding theorem holds
also for the triplet. The case of N=2 is, of course, of
particular simplicity, but the possibility of generalizing
the results to many-electron systems is now being
further investigated.

The theory has been exemplified by some results con-
cerning the lowest singlet and triplet of the helium
atom. Applications to the hydrogen molecule are now
also in progress, but the results will be published
elsewhere.
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