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Clouded Crystal Ball Analysis of the Inelastic Scattering Cross Section
of a Neutron into the Isomeric Level (13/2+) of s2Pb"'t

SOPHIE. OLEKSA
Brookhavee National Laboratory, Upton, Eenr Fork

(Received October 28, 1955)

The clouded crystal ball model was used in the calculation of the cross section for excitation of the 0.8-sec
metastable state of 82Pb" (Stelson and Campbell's experimental data). Values of Xo2 were varied from
140 to 172, two values of g were considered, &=0.03 and &=0.05, and two values of the radius, Jl= 1.452&
)&10 ' cm and R= (1.272&+0.7)&10 " cm. The clouded crystal ball model and the strong-interaction
model both 6t the experimental data. The former, however, is extremely sensitive to changes in the pa-
rameter Xo'. The radius R=1.45A&X10 "cm Gts the data better than R= (1.27A&+0.7)X10 "cm.

I. INTRODUCTION
' 'N their development of the theory for the inelastic
~ ~ scattering of neutrons, Hauser and Feshbach' used
a compound nucleus model with a statistical distribution
of levels for the compound states. Margolis' used this
theory with considerable success in applying the strong-
interaction model' to the excitation of metastable
nuclear states by the inelastic scattering of mono-
energetic neutrons. Feshbach, Porter, and Weisskopf4
later proposed a clouded crystal ball model which was
particularly applicable in the calculations of total cross
sections and angular distributions. Thus far, little has
been done about the application of the clouded crystal
ball model to inelastic scattering data. ' Ke have,
therefore, used this model to calculate the cross sections
found experimentally by Stelson and Campbell for the
excitation of the 0.8-sec metastable state of »Pb"' by
inelastic scattering of neutrons. ' Stelson and Campbell
have already 6tted these data successfully by means of
the strong-interaction model. We are interested in
seeing how sensitive the clouded crystal ball model is
for inelastic scattering and whether parameters different
from those used to fit total cross-section data are
needed to 6t the inelastic scattering data. We are also
interested in how much the clouded crystal ball model
divers in its predictions from the strong-interaction
model.

II. THEORY

Hauser and Feshbach derived the following expression
for the inelastic scattering cross section for a neutron
of initial energy E from the target nucleus with spin i
to a neutron with Anal energy E' and a residual nucleus

with spin i"
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FIG. 1. Energy level
diagram of the low-lying
levels of 82Pbo~. The
spins given in parenthe-
ses were not determined
experimentally but come
from shell structure con-
siderations.

where J= the spin of a level in the compound nucleus,
)1=X/27r = 1/k, k, the wave number, =0.22 gI/de+1)E&
&(10+"cm ' with E in Mev, M =mass of target nucleus
and in neutron masses, j&, 2=i~-',

2, if both j& and j2 satisfy
e, &~——& 1, if either j& or j2 but not both satisfy ~

0, if neither j& nor j2 satisfies

(2)

$ Research performed under the auspices of the U. S. Atomic
Energy Commission.

' W. Hauser and H. Feshbach, Phys. Rev. 87 366 (1952).' B.Margolis, Phys. Rev. 93, 204 (1953).
3 Feshbach, Peaslee, and Weisskopf, Phys. Rev. 71, 145 (1947);

H. Feshbach and V. F. Weisskopf, Phys. Rev. 76, 1550 (1949).' Feshbach, Porter, and Weisskopf, Phys. Rev. 90, 166 (1953);
96, 448 (1954).

~ S. Oleksa, Brookhaven National Laboratory Report BNL-273
(T-45), 1953 (unpublished).' J. J. VanLoef and D. A. Lind, Phys. Rev. 101, 103 (1956).' P. H. Stelson and E. C. Campbell, Phys. Rev. 97, 1222 (1955).
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INELASTI C SCATTERING CROSS SECTION OI' NEUTRON

Equation (1) includes the competition due to capture
elastic scattering and the inelastic scattering of the
neutrons by other levels. It does not take into con-
sideration the (e,y) process or emission of particles
other than neutrons since, in the energy range we
consider, these events are very small compared to
neutron emission. The j" refers to all possible final
channel spins, the l" to all possible final neutron orbital
angular momenta, and the E~ to all possible final
neutron energies. The j' refers to the two values of the
final channel spin, the l' to all values of the orbital
angular momenta of the neutrons emerging from the
particular excited state that is being considered, and
E' to the final energy of these neutrons. The prime in
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FIG. 3. Calculated cross sections based on the clouded crystal
ball model for &=0.05 and R=1.45A&)&10 "cm. The parameter
Xo~ is varied from 144 to 172.1. The X's are the experimental
points.

Weisskopf' show that —4st Imf)
T,(Z) =

(Ref( Ag)'+ (—Imf) —s()'

X
20 —f

lO—

0
l,5 IS I.7 I.8 1.9 2.0 2.1 2.2 2.3 24 29 2.6 2.7

NEUTRON ENERGY (Mev)

FIG. 2. Calculated cross sections based on the clouded crystal
ball model for &=0.03 and R=1.45A&X10 '3 cm. The parameter
X02 is varied from 140 to 172.1;the X 's are Stelson and Campbell's
experimental points.

the sum requires the omission of those terms for which

E, =E', P'=l', and j"=either value of j'. In other
words, the sums are over all the energy levels of the
residual nucleus, over all the residual channel spins and
all the angular momenta which are possible, excluding,
however, the level to which the decay proceeds. The
values pertaining to the level to which the decay
proceeds are found in Pq, ; ep ~ sT~ (E'). Conservation
of parity leads to the fact that all even /' or all odd t'

are found in this expression.
The T~(E) are transmission coeflicients which show

what fraction of the bombarding particles penetrate
into r&R, where R equals the nuclear radius. Blatt and

with D~+isq= 1+eh~'(x)/h~(x), where @=R/X= hR and
h~(x) is a spherical Hankel function of the first kind.
f~ is the logarithmic derivative of the wave function at
the boundary; Ref~ is the real part of f~ and 1m' is
its imaginary part. The form of f& depends upon the
model used. In the strong-interaction model, the
nucleon upon entering the target nucleus immediately
forms a compound nucleus in which its motion is
completely integrated with the motions of all the other
nucleons into a collective whole. Here fq is approxi-
mately equal to iKR, s w—here (KR)'= (hR)s+ (KsR)'
=x'+Xs'. Ks is the wave number of the particle within
the nucleus for zero incident energy. The clouded
crystal ball model suggests more of a shell structure
which permits the nucleon to exist as an individual
particle for some time before it is absorbed into a
compound nucleus. It is described by a complex square-
well potential of the form

V(r) = —Vs(1+ii) for r(R,
V(r) =O for r&R,

J. M. Blatt and V. F. Weisskopf, Theoretical lVNclear I'hysics
(John Wiley and Sons, Inc. , New York, 1932), p. 334.' The logarithmic derivative f& here is not quite equal to —iKR.
It should be the limit obtained from the clouded crystal ball
model for a large f. The numerical results, however, are not
a6'ected if one uses f~= —iKR.
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Fzo. 4. Calculated cross sections based on the clouded crystal
ball model which best 6t the experimental data indicated by the
& 's. 8=1.453&)(10 "cm.

where Vs ——the depth of the well, 1" determines the
amount of independence and is related to the absorption
probability. For t =0, the clouded crystal ball model
reduces to the independent-particle model; for l —0.1,
the clouded crystal ball model approaches the strong-
interaction model. fi here is equal to 1+Xji'(X)/X,
where j&(X) is the spherical Bessel function and
X'= x'+Xe'(1+it ) with Xs'= (2m/5') VeR'= Es'R' and
x'= (2m/ii')ER'= O'R' m is the reduced neutron mass
and E is the energy of the incoming neutron. The
calculations in this paper have been done in terms of
the parameters Xs', x, and l'.

III. CALCULATIONS

The assignments of spins, parities, and energies to
the low-lying states of 8~Pb"' are shown in Fig. 1.~ The
spins given in parentheses were not determined experi-
mentally but come from shell structure considerations.
In Fig. 2, the experimental data of Stelson and Camp-
bell are given; the absolute values are correct to ~40
percent. Although their experimental data go up to
3.1 Mev, in Fig. 2 they are shown only up to 2.7 Mev.
This is so because our calculations are valid only up to
2.5—2.6 Mev. Because of the uncertainties in spin
assignments we did not include any state higher than
the 13/2+ state. There is a level at 2.34 Mev but its
eGects up to 2.5 Mev are small. For these calculations
values of the angular momenta up to l=6 were in-
cluded.

In Figs. 2, 3, and 4 we show how the calculations

with the clouded crystal ball model fit the experimental
data. The calculations in Fig. 2 were done for R= 1.452 &

X10 "cm, t =0.03 and Xs' varying from 140 to 172;
the calculations in Fig. 3 were done for 8=1.452&
)&10 " cm, /=0. 05 and Xs' varying from 144 to 172.
Xp'=144 corresponds to a well depth of 41 Mev
instead of the value 20 Mev used in earlier clouded
crystal ball calculations' because Feshbach, Porter, and
Weisskopf' and Adair" found that the former value
gives a better fit to the total cross-section data. It can
be seen from these figures that the clouded crystal ball
model is extremely sensitive to the choice of Xp, which
is proportional to the product of the well depth and
radius squared. A small change in Xs' (really in the
depth of the potential well since the same radius is used)
can aGect the cross section significantly. A comparison
of Figs. 2 and 3 show what eifect a change in t from
0.03 to 0.05 has. In Fig. 4, we show the best fit to
the experimental data. These curves were obtained by
interpolation from the curves in Figs. 2 and 3.

In Fig. 5, we show the results of the strong-interaction
model. Stelson and Campbell were able to fit their
experimental data with Xss= 64 (R= 8.0X10 "cm and
E= 1&(10"cm ' which is equivalent to a well depth of
20 Mev). In the same figure, we fit the data with the
same model but with Xp' ——144 and X=1.452&X10 "
cm (R=8.58&&10 " cm). Again the fit is a good one.
The agreement between the two calculations is fortui-
tous. Isolated points, however, were checked for Xp'
=140, 148, and 152 for 2=1.453&)&10 " cm. The
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Fm. 5. Calculated cross sections based on the strong-interaction
model. The X 's are the experimental point.

+ R. K. Adair, Phys. Rev. 94, 737 (1934).
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the parameter /=0. 05 fit the data as well as the results
for /=0 03. B. ecause of the large experimental error
quoted by Stelson and Campbell, for a particular i we
varied the Xo' so that the results would bracket the
experimental data. /=0. 05 fits the data for a slightly
smaller well depth Uo better than does f=0 03.

With the square-well model, the most recent total
cross-section data indicate that for lead the smaller
radius of 8= (1.272 i+0.7) &&10 "cm is to be preferred
to 8=1.45A&&(10 " cm. For the calculation of the
inelastic scattering cross section into the isomeric level
of 82Pb"', the opposite is true, i.e., the larger radius
seems to be preferred as can be seen in Fig. 6. In

Fig. 6, we kept Xo' constant. Had we kept Vo constant,
the diQ'erence between the results would have been
greater, with the larger radius even more favored. The
strong-interaction model gives the same result so far as
the size of the radius is concerned.
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Nuclear Levels and Transitions in Lu"' According to the Unified Model*
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The scheme for the decay of Yb"~ and Hf'~5 to Lu"' is analyzed theoretically on the basis of the Bohr-
Mottelson strong-coupling unified model. A set of spins and parities for all the levels involved is found to be
uniquely consistent with the available experimental data and the level-structure predictions of the model.
The anomalously large ratio of M2 to Ei radiation observed in two of the gamma transitions is accounted
for as a consequence of configuration forbiddenness. Parallel remarks are made concerning the
spectrum of Hf"'.

1. INTRODUCTION

ECENTLY, a rather detailed experimental investi-
gation of the decay of Yb'~5 and Hf'~~ to the low-

lying levels of Lu'" has been performed by Mize,
Bunker, and Starner. ' The Yb decay has been studied
also by de Waard, ' Ak.erlind, Hartmann, and Wiedling, '
and Marty' and the Hf decay by Burford, Perkins, and
Haynes. 4 Since these nuclei lie in a region of large
deformation, the strong-coupling unified model' may
be expected to provide useful guidance in the inter-
pretation of the level structure and characteristic
features of the decay scheme. Conversely, the example
furnishes an opportunity to subject the model to further
experimental test.

Relevant essentials of the strong-coupling unified
model are here briefly recalled. For axially symmetric
nuclei the component E of the total nuclear angular
momentum I along the symmetry axis is supposed to
be an approximately good quantum number. For an
odd-A nucleus the rotational band based on a particular

*Work performed under the auspices of the U. S. Atomic
Energy Commission.

' Mise, Bunker, and Starner, Phys. Rev. 100, 1390 (1955);
hereafter referred to as MBS.

v H. de Waard, Phil. Mag. 46, 445 (1955);Akerlind, Hartmann,
and Wiedling, Phil. Mag. 46, 448 (1955).' N. Marty, Compt. rend. 240, 963 (1955).

4 Burford, Perkins, and Haynes, Phys. Rev. 99, 3 (1955).
'A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab.

Selskab, Mat. -fys. Medd. 27, No. 16 (1953).

intrinsic structure is constituted of levels with spin
sequence I=X, X+1,E+2, , all of the same parity
as the intrinsic structure. The rotational energies are
given by

W,.t = (tt'/2d) LI(I+1)—E(X+1)j, (1)

except in the special case K=0=1/2, d being the
moment of inertia. In the low-lying levels encountered
here, there is no vibrational excitation, whence E=Q,
where 0 is the sum of the components of the angular
momenta of unpaired nucleons along the nuclear sym-
metry axis; also, no more than a single nucleon is
excited, whence 0 is equal to the contribution of the odd
nucleon only. States of an odd nucleon are conveniently
identified (in the independent-particle approximation)
by 0, l, and j, the last two being good quantum numbers
only in the limit of zero deformation.

Calculations by Nilsson' of independent-particle en-

ergy levels and wave functions for a spheroidal well
with spin-orbit coupling have made possible a more
detailed and unambiguous application of the strong-
coupling model. 7 His energy levels as functions of
deformation are shown in Fig. 2.

6 S. G, Nilsson, Kgl. Danske Videnskab. Selskab, Mat. -fys.
Medd. 29, No. 16 (1955).

7 A survey of ground and low excited states of deformed nuclei
based on these calculations has been made by B. R. Mottelson
and S. G. Nilsson /Phys. Rev. 99, 1615 (1955)$.


