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Annihilation of Positrons in Condensed Materials

P. R. WALLACE

McGill University, Montreat, Canada

(Received March 25, 1955; revised manuscript received July 11, 1955)

An analysis of the experimental results on the annihilation of positrons in condensed materials is sug-
gested, differing from that recently published by Dixon and Trainor. Considerations are offered which
make it seem unlikely that excited states of positronium play a significant role. The long lifetime in molecular
materials is explained in terms of the formation of 1s triplet positronium, while the short lifetime in these
materials is interpreted as having a complex origin. The frequency of three-quantum annihilation, the
temperature effect of the long lifetime, the angular correlation of the p rays, and annihilation in super-
conductors are discussed.

admitted that not all positrons decay while bound to
electrons.

Before discussing the processes leading to the two
lifetimes, let us note the fundamental diGerence be-
tween the substances which exhibit the long lifetime
and those which do not. The latter class of substances,
whether they are insulators or conductors, is charac-
terized by the presence of valence binding. The electrons
are described by Bloch wave functions extending
throughout the crystal. The substances in which the
long lifetime appears are molecular materials, either
crystalline or amorphous. The motion of electrons takes
place predominantly on1.y within' molecules, which are
held together by weak van der baal's forces. The
situation in these materials should then be similar to
that in inert gases, except, of course, that the density
is that characteristic of a solid.

In the case of metals and valence crystals the fact
that the lifetime is fairly independent of the particular
substance does not necessarily indicate, as assumed by
D.T. and by Bell,"that the lifetime must be explained
only in terms of positronium formation. In fact, as was
pointed out in D.T., the lifetime is several times shorter
than would be expected of positronium, since only
singlet positroniurn has short lifetime and rapid singlet+-+
triplet exchange must be assumed. It seems likely,
therefore, that whether or not positronium is formed,
the polarization of the wave functions of nebogmd
electrons must make an important contribution to the
shortening of the decay lifetime. It is interesting to
note that the work of Green and Stewart' on the
angular correlation of the emitted y rays is consistent
with the picture of annihilation of the positrons by free
electrons. It is quite conceivable that the net e6ect of
the polarization will be largely determined by conditions
in the immediate neighborhood of the positron and
therefore be more or less independent of the substance.

In the case of molecular materials, a considerable
proportion of positrons should survive the process of
successive electron capture and loss and ultimately
annihilate when free. Actually, the generally longer and
more variable lifetime of the short (rr) component in

''N the past three years, considerable experimental
~ ~ work has been done on the annihilation of positrons
in solids and liquids. ' In a recent paper, Dixon and
Trainor' have o6ered an interpretation of the phe-
nomena in question in terms of the formation of
excited states of positronium. In the present note,
I should like to call attention to serious de.culties in
their interpretation, and to suggest an alternative
analysis.

Dixon and Trainor's explanation, in terms of an
excited 2s state of positronium, of the long (rs) life-
time found in molecular materials faces two difhculties:
(i) the large size of excited-state orbits (the mean
particle distance in free 2s positronium is =6.4 A'), and
their weak binding (=1.7 ev for 2s and 2p) make it
seem unlikely that such states could exist in condensed
materials, and (ii) if excited states did exist, they would
certainly not possess the spherical symmetry needed to
ensure a suKciently long lifetime. It is shown in the
appendix that an initial s-state would very quickly
become admixed with p-states, which would then be de-
excited to the is state by collision in a time short
compared with the annihilation lifetime. Another possi-
bility is, of course, the radiative decay of the p-state.
This has a lifetime =3&10 ' second, and is therefore
less important than de-excitation by collision.

Dixon and Trainor correctly point out, in their
appendix, an inconsistency between the relative in-

tensities of the two components and the corresponding
lifetimes, on the basis of a model which allows for
decay of positrons only in positronium, with the possi-
bility of conversion from triplet to singlet 1s state.
This dif6culty can, however, be removed without
recourse to the hypothesis of excited states, if it is
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these materials suggests that the decay is not exclusively
that of singlet positronium. So, in fact, does the in-

tensity ratio of the two components. When electrons
are captured in 1s positronium at sufFiciently low
energies ( 10 ev, say), this positronium will predomi-
nantly be elastically scattered in successive collisions
with the molecules of the substance, which represent
closed-shell configurations. If this positronium is singlet,
it will have a lifetime =1.2&10 "sec.To this contribu-
tion to the short life would be added that of the free
positrons, as well as positrons chemically combined
with the rnolecules of the material. In addition to
being somewhat longer, this contribution should be
expected to show some variations from one material to
another, though polarization eRects would make these
variations proportionately less than the variations in
electron density.

The experiments are not inconsistent with the view
that the short lifetime has a complex origin in molecular
materials.

The long (rs) component in molecular materials
should then be associated with the formation of 1s
triplet positronium. Its decay is probably due to
"pick-oR annihilation" as suggested by Dresden"; that
is, annihilation during collision with an appropriately
oriented electron on a target molecule.

The following comments are offered on other par-
ticular aspects of the problem:

THREE-QUANTUM ANNIHII ATION

As shown by Graham and Stewart, 4 the three-
quantum yield follows naturally from the assumption
that the 7.2 component is associated with the formation
of triplet 1s positronium. D.T.'s explanation of the
three-quantum counting rate in molecular materials
depends on the assumption of a rather rapid triplet —&

singlet conversion rate in these materials. However, at
low energies rapid conversion is not possible. Ore" has
shown that direct conversion has very long lifetime
(&10 ' sec). The only other possibility is that of elec-
tron exchange. However, this would involve a spin-Qip
of an electron on the target molecule. Since the ground-
state is a closed-shell configuration, this can only be
accomplished by excitation of the molecule to a higher
electron state with spin 1.This will require considerable
excitation energy, and so will not take place in slow
collisions.

The results on three-quantum annihilation are con-
sistent with the assumption of slow conversion, annihila-
tion taking place by a process such as that of "pick-oG"
mentioned above.

THERMALIZATIONs TEMPERATURE EFFECT~ AND
ANGULAR CORRELATION OF y RAYS

With regard to the temperature eRect on the v2 life-
time observed by Bell and Graham (lengthening of

n M. Dresden, Phys. Rev. 93, 1413 (1954)."A. Ore, Nsturvitensk. rekke, Universitetet i Bergen 12 (1949).

lifetime with increasing temperature), both the dis-
cussion of D.T. ("loosening" of 2s states due to thermal
excitation) and that of Bell and Graham (increase in
number of collisions) assume thermalization of the
positronium. Although the thermalization time would
be very difficult to estimate, it is by no means certain
that it is shorter than the lifetime. At energies high
enough to excite electronically the molecules of the
substance, inelastic scattering with fairly large energy
loss (=volts) may take place. At somewhat lower
energies, inelastic collisions involving vibrational excita-
tion are possible, and at all energies there will occur
slight energy losses due to elastic collisions. It should be
noted that, neglecting electron exchange, these processes
must be second-order ones. For the Coulomb forces
acting to produce the collision are antisymmetric in
exchange of positron and electron, whereas the initial
and final wave functions are symmetrical. Scattering
takes place therefore only through the agency of inter-
mediate states (e.g., 2p) of the positronium.

A rough estimate of the probability of inelastic
scattering with vibrational excitation may be made as
follows: the scattering potential is roughly the variation
in the potential of the atoms of the molecule over the
zero-point oscillations of the atoms. The amplitude of
oscillation of the atoms is (h/2~%)'*, cu being the vibra-
tional frequency and M the atomic mass. If the mean
gradient of the atomic field is e ev per A, the mean
perturbing potential of a particular atom is then
II'=0.05e/(E„A)' ev, A being the nuclear mass of the
atom and E, the vibration energy in volts, the signs
depending on whether it acts on electron or positron.
It will be noted that this will be much smaller than the
potential involved in elastic scattering, which is = e.

The cross section will therefore be less than the
corresponding one for elastic scattering by a factor
= (0.05)4/E '2' In most cases E„=0.1—0.5 ev. With a
reasonable assumption for the elastic cross section, this
mechanism will make a negligible contribution.

In the case of electron exchange, in each case a first-
order scattering is possible. The small amplitude of
oscillation of the atoms is then less eRective in cutting
down the inelastic relative to the elastic cross section
Lratio = (0.05) /E„A 7.However, the increase in inelastic
cross section due to the presence of a erst-order matrix
element is at least partially compensated by the fact
that this matrix element is of the overlap type and is
therefore substantially smaller than that for a direct
scattering process.

Consider a case which is particularly favorable for
slowing-down —that of ice. The main agency for energy
transfer will be collision with the hydrogen atoms.
There are about 6&(10" of these per cc. The velocity
of a positronium atom of energy E ev is =0.4 gE 10
cm/sec. If we consider a process with a cross section a,
the probability per unit time of that process is 2.4 QE
10"0., or the probability that it takes place in 10 ' sec



740 P. R, WALLA CE

is 2.4 QE 10"o.According to Massey and Mohr, " the
exchange elastic scattering cross section on hydrogen
should be mao'f=0 Qf . 10 " cm' where f is a small
number of order unity. Therefore, there will be many
elastic scatterings before annihilation. However, in-
elastic scattering with vibrational excitation should
happen less often by a factor (0.05)'/E„. Possible E„'s
for H20 are =0.2 ev or =0.45 ev.

It is evident that this process is of such an order of
probability that more careful ca1culations mould be
necessary to establish whether or not it would, in 10 '
sec, lower the positronium energy below the threshold
of E„in the substances in question. This is particularly
the case since the use of Born approximation would
overestimate the cross sections, and the case considered
(ice) is the most favorable for slowing down.

Below the lowest energy E„, only elastic collisions
with whole molecules are possible. If the molecule has
mass A', the mean fractional energy loss per collision
will be 4/1840A'. Reduction of the energy by a factor
of 10 (e.g. , from 0.25 ev to 0.025 ev) would, assuming
constant cross section o.o, take a time 18402'/4Eo-, n, ,
eo being the thermal velocity and S the number of
molecules per unit volume. If 1=10 ' sec this would
mean Pro=2.9&(j.0'A'. For the most favorable case of
ice, this implies fro=2)(10—".

Again, it appears that thermalization might just be
possible in the favorable case of ice at ordinary tem-
peratures, but it is less likely in substances with heavier
molecules, or at lower temperatures.

It seems, therefore, that a discussion of the tem-
perature effect based on the assumption of thermaliza-
tion of positronium is open to question. An alternative
explanation is the following: it may be assumed that
positronium moves adiabatically in the nuclear poten-
tial, and should thus be found with highest probability
in the larger interstices, near the potential minima.
Since, with greater molecular motion, some larger
molecular separations appear, the positron intensity
will be enhanced in these intermolecular "holes" where
the intensity of molecular electrons is least, "pick-off
annihilation" is less likely and the observed tempera-
ture effect might be expected.

In connection with the question of thermalization of
positronium in molecular materials, attention should be
drawn to the experiments on angular correlation of
annihilation p rays in these materials by Page, Hein-

berg, Wallace, and Trout, ' who found a very narrow
component, indicating an energy of the mass center of
the annihilating pair of one volt or less, which accounted
for about 20% of all decays. If in fact positronium is

not thermalized, this might be attributed to a com-
ponent of the short lifetime. An attractive hypothesis
would be to associate it with the decay of positrons
which have, after slowing down, become bound to
molecules of the substance.

"H. S. W. Massey and C. B. O. Mohr, Proc. Phys. Soc.
(Londonl 67, 696 (1954l.

ANNIHILATION IN SUPERCONDUCTORS

Stump and Talley' found a lengthening of the life-
time of positrons in superconducting lead, as compared
with ordinary lead. D.T. attribute this to the tendency
of superconducting electrons not to exchange energy
with impurities, so that 2s positronium, once formed,
can be maintained. However, it is dificult to see why,
if superelectrons do not react with positronium, they
should not be indifferent to slow positrons as well,
with consequent inhibition of positronium formation.
In fact, such a conclusion is also suggested by the
supposed low effective mass of supere1ectrons. This
failure to attract electrons would itself give rise to a
lengthening of the lifetime.

APPENDIX

We shall first assume the possibility of 2s positronium
in a molecular solid, and estimate roughly the proba-
bility that it is transformed to the 2p state during
scattering. Using Born approximation, this proba-
bility is

1 2'
—=—

~ p(k, k')
~

'~ =~dD(k') p(E).
7

p(E) is the density of final states per unit solid angle
and the integration is over final directions.

Here k, k' are the initial and final wave-number
vectors of the positronium, q 2, and q ~„„the positronium
wave functions for the 2s state and the 2p state with
axis n, respectively; R is the vector specifying the
center of mass of the positronium and y the position
vector of electron relative to positron. The initial and
final wave functions are normalized to unit volume,
and V is the potential of the electron in the Coulomb
field of a scattering molecule. For a rough approxima-
tion the effect of the Pauli principle on the electron is
ignored.

If W(K) is the Fourier transform of V(r), this
integral is easily shown to be

y(k, k') =iW(K) cos(n, K),
(+2@ 2+ 1)4

where ao is the Bohr radius, and (n, K) is the angle
between the axis of the p-state wave function and the
vector I=k—k'.

Summing ~y~' over all possible orientations of the
p-state wave function, the cosine term will drop out.
We may also average over all orientations of the
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molecule, i.e., replace j W(K)
~

' by

Using the Fourier integral expression for W(K) this
yields

sinE~ r r—'~
I= t V(r) V(r') d'rd'r'.

Efr —r'J
(5)

the integral being taken over the limits of ~r —r'~

indicated. We shall neglect contributions to I from
larger

~
r—r'~. Then, without specifying the details of

V(r) we see that

We may, for purposes of rough estimation, ignore con-
tributions from Et,r r~ )~/2—. Because this will in-
volve an underestimate, we can replace the sinE r —r'~/
E~r—r'~ by unity within these limits. But 6E'ap'/
(IPapP+1)'

~

' contributes significantly only in the range
0.4&Eap&1.4.'Thus, if ~r —r'~ ((m./2)(up/1. 4), over
the whole significant range of E we may write approxi-
mately

I= V(r) V(r')d'rd'r',

Consider next scattering with de-excitation from a 2p
state to the 1s state. The matrix element is similar to
that of (2), except that yp, (p) is replaced by pp~, (p),
and in addition ~k'( is no longer equal to (k) since
energy is gained on collision. On evaluating we find

EGp24 cosn
~'(k, k') =pW(K)

v2 (X'up'+8/3)'

n being the angle between K and the axis of the 2p
wave function. Averaging

~

y'~ ' over all possible direc-
tions for this axis, we can replace cosa by 1/v3. This
time k"=k'+ (4nz/k') 4 Wp or k"ap'= k'up'+ 4, from
which it follows that

E'ap' ——2g+ p
—2Lg(g+ 4)]& cos8. (9)

approximately. The integral can be evaluated, and
yields

The range of Eap over which (Eap)'/(E'ap'+8/3)' has
significant values is comparable to that of the previous
calculation; by similar arguments therefore

1 2~ 1 mk'
t

96E'ap'—=—V'map' de (10)
4~3 fz2 Q (Epg 2+g/3)6

Sw (77/4)+30' —30'(rl+ p)]l

SLY (g+4)]'* L (41/12)+2g —2 (g (g+ 4))~]'

(77/4)+ 30g+30gv) (g+—,')]'
(11)

L(41/12)+2n+2 (n(n+-')) ']'

I= V'V~ap',

where V is the mean molecular potential, V.~l the
volume of the molecule.

To obtain the total probability per unit time 1/7'p
for scattering from a 2s to a 2p state we then multiply
(1) by 1/V~, the number of molecules per unit volume,
and get

1 2' 1 mk
I

36EPapP—=—V'map' dQ.
k 4m' 5' ~ (E'apP+1)P 1 1 V V

I'(~). —
QgWp k

(12)
To do the integral over direction, we use the fact that

This expression varies with q, though not too rapidly
in the interesting energy range (g=1). Writing —, of
the curly bracket as Ii (rI)

(6)

E'ap' ——2k'a '(1—cos8)
= 2 (E/Wp) (1—cos8) = 2q(1 —cos8).

'H/p being the energy of the 1s state of positronium. For
g= 1, the integral in (6) is approximately 9~/35'.
Thus, 6nally,

9 V V

7-p 280'& Wp 5

This gives a time of the order of 10 '4—10 "sec.

At q=1, Ii(g) =0.0114, so that the mean time for this
transition at this energy is about three times that for
2s~2p conversion, and is therefore still very short
compared with the lifetime.
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