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The meson-nucleon scattering equations of Chew and Low are generalized to the case of mesons and
scatterers having arbitrary angular momenta. In consequence, the algebraic structure of the equations
is made clearer. Two coupling schemes for the angular momenta are studied, the J-scheme in which momenta
of meson and scatterer in the initial state are coupled, and the N-scheme in which the meson momenta in
initial and final states are coupled. The condition of unitarity of the S-matrix is simple only in the J-scheme,
the condition of causality is simple only in the N-scheme. The interlock between the two schemes gives
rise to the peculiar linking of different J-values in the Chew-Low equations. The linkage coefficients are

shown to be ordinary Racah coefficients.

I. INTRODUCTION

HEW! has introduced the so-called ‘“‘fixed-source
model” as an approximate model for the meson-
nucleon interaction, and has found remarkably good
agreement between this model and the experimental
data on photo-production and meson-proton scattering.
Low? has discovered a new type of scattering equation
which greatly simplifies the mathematical analysis of
the Chew model. Low has also proved? a theorem which
states that his scattering equation is in a certain sense
equivalent to the requirement that the meson-nucleon
interaction satisfy the two conditions of causality and
unitarity of the S-matrix. This means that the conse-
quences of the Low scattering equation are to some
extent independent of the details of the model, and
therefore to be taken more seriously than the model
itself.

The present paper contains a simple generalization
of the Chew-Low analysis to the scattering of mesons
by a fixed scatterer, the mesons and the scatterer having
arbitrary angular momenta. The treatment is general
enough so that scattering matrix elements which are
mixtures of different multipole orders can be included.
It is found that the essential features of the Chew-Low
theory are entirely unchanged by the generalization.
In particular, the Low theorem about unitarity and
causality still holds.

The purpose of this generalization of the theory was
to understand the algebraic structure of the scattering
equation [Eq. (3.11) of reference 27, particularly the
linkage between scattering amplitudes of different total
angular momentum. The generalized equations make
the structure clear. The essential results thus obtained
are two.

(i) The linkage coefficients are Racah coefficients,
which enter here for the same reason that they occur
in the theory of angular correlations of successive
nuclear radiations.*

1G. F. Chew, Phys. Rev. 89, 591 (1953); 94, 1748 and 1755
(1954); 95, 1669 (1954).

2 F. Low, Phys. Rev. 97, 1392 (1955).

3G. F. Chew (unpublished communication).

4 G. Racah, Phys. Rev. 84, 910 (1951).

(i) The unitarity and causality conditions can be
simply formulated in terms of two different coupling
schemes for the angular momenta, and it is only in the
transformation between the two coupling schemes that
the Racah coefficients make an appearance.

The discussion in this paper is intentionally confined
to the algebraic properties of the scattering equations.
Concerning the physical meaning of the equations, we
have nothing to add to what Chew and Low have said.

II. THE SCATTERING EQUATION

We shall consider the interaction of mesons with a
heavy scatterer to be a particular case of the following
general situation. There is a scatterer whose states are
represented by |.So), | T'r), where o or 7 is the z-compo-
nent of the angular momentum, and S or 7" denotes
the total angular momentum together with any other
variables needed to specify the state completely. There
is a neutral spin-zero meson field ¢(r). States of the
scatterer plus one meson are denoted by |SoL\x),
where L is the orbital angular momentum of the meson,
M is the z-component of L, and « is the magnitude of
the meson momentum at infinite distance from the
scatterer. The states are normalized by the convention

(TrMuy| SoL\x)= 07587402000 (x— ). (1)
The Hamiltonian of the whole system is
H=Hy+H'+Hn, (2)

where H, is the energy of the scatterer alone, H, is
that of the free meson field, and H’ is the interaction

= f U0)6()ds, @3)

where U(r) is a Hermitian matrix operating on the
states of the scatterer.

The Fourier transform of the operator U(r) may be
expressed as a sum of multipoles:

U= f V(e dy =S (~ DBV,
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where Y_\Z(k) is a normalized surface harmonic, and
U\ (k) is an operator depending on the magnitude of %
only. The basic hypothesis of the fixed-scatterer model
is that the U,Z(k) be factorizable. That is to say, for
each multipole separately we have

UrE (k) =ur(R)ONY, @)

where %1,(k) is a c-number function of |%|, and O\F is
an operator independent of k2. The O\r are irreducible
tensor operators in the sense of Racah.® According to
Eq. (29) of reference 5, the matrix elements of O\ are
given by

(Rp|Ox*|So)= (—1)"*V(RSL, —poA)(R||O*[|S), (5)

where V is a Wigner coefficient, and the reduced
matrix elements (R||O%||S) express the physical proper-
ties of the scatterer.

The interaction operator is subject to the further
conditions that it be Hermitian and invariant under
time reversal. The first condition gives

(R|OH|S)*ur* (k)= (= 1)S=R+E(S[|O|R)ur (k).  (6)

The second condition, using the conventions of Coester®
to define the time-reversal operator, gives

(R|OH].S)=n(—=1)F=S+L(S]| 0| R), (M

where =1 expresses the intrinsic parity of the meson
field under time-reversal. According to (6), the phase
of uz(k) is independent of 2. We may therefore choose
the phase of O\Z in (4) so that uz(k) is real for n=-41
and pure imaginary for n=—1. Then (6) and (7) imply
that every (R||OY(S) is real.

Consider the part of the S-matrix for which the
initial state |SoL\x) is a state of the scatterer with one
meson of momentum x, while the final state |Rp) is
any state of the complete system of scatterer plus
meson field. For the final state, R represents the total
angular momentum and any other variables needed to
specify the state, while p is the z-component of angular
momentum. Let Er be the energy of the final state,
Eg that of the scatterer in the initial state, and Ag
=Er—Es. Let w,= (u>+?)?* be the energy of the
meson with momentum x. According to Low [Eq.
(3.6) of reference 27, this part of the S-matrix may be
written

S=T4+2i(x/w)8(ws—AR)F (%), ©)

where F(x) is an operator whose relevant matrix
elements are given by

(Rp| F (%) SoLNy= — % (wa/m)*ur(x)(Rp|ONE | So).  (9)

This F(x) is the scattering amplitude operator for a
meson of momentum x. In a scattering state which is
an eigenstate of F(x), the eigenvalue will be e sing,
where 6 is the phase shift.

5 G. Racah, Phys. Rev. 62, 438 (1942).
8 F. Coester, Phys. Rev. 89, 619 (1953).
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The scattering equation of Low [Eq. (3.7) of refer-
ence 27, for the case of elastic scattering of a meson
with momentum x, gives

(TrMu|F ()| SoLN)= (_1)M+;“1‘£(_1’;Z“_2’@

1
———(T+|0_ | Ro}Ro| 03] S7)

Ap—w,—1€

xz|

Rp

+

(TTIOxL|RPXRPIO—MM]SU)]- (10)

RT Wz

Here it is supposed that the initial and final states of
the scatterer have equal energy Egs. Equation (10) is
exact and depends only on the hypothesis of factoriza-
bility of the interaction. The approximation of neg-
lecting states |Rp) containing more than one meson
will not be made anywhere in this paper.

III. THE TWO COUPLING SCHEMES

The wusual method of eliminating the magnetic
quantum numbers 7, g, o, A from Eq. (10) is to use the
fact that the total angular momentum J of the system,
and its z-component 7, are constants of the motion.
Thus we may write

(TTMu|F (%) | SoeLNy =35, 2T+1)V(TMJ, tu— j)
XV (SLT, oA— j(TM|F7(%)|SL). (11)

Substituting Egs. (5) and (11) into (10) gives the Low
equation in the J-coupling scheme

(TM |F;(x)|SLy=

aur, (%) ua(x) [ (—1)M+T-E

672 Ap—w,—1€

1 (—1)M+5-E

X(T[0M| R)R||O"||S) Sopt——
2741 Aptws

><<TuOLnR><R110M|15>W<LSTM,JR>]. (12)

Here W is the Racah coefficient defined in reference 5.
This Eq. (12) is the direct generalization of Low’s equa-
tion (3.11) in reference 2, and it shows how the coupling
between different J-values in Low’s equation comes
about. The numerical factors 8/3, 2/9, etc., in Low’s
equation are products of Racah coefficients, as shown
explicitly in Eq. (33) below.

An alternative way of eliminating the magnetic
quantum numbers from Eq. (10) is to couple together
the initial and final angular momenta of the meson;
thus we couple together (LM,ST) instead of (T'M,SL).
We write

(TTMp|F (%) | SecIN) =3y, N+1)V(LMN, —\u»)
XV (STN, o—1v)(—1)++=S=¥(TM |Gy (x) | SL). (13)
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Substituting Egs. (5) and (13) into (10) gives the Low
equation in the N-coupling scheme

T RLAp—w,—1e
—{)M+N
><<THOMHR><Rn0L||s>W<TMSL,RN)+<_A_):_

><<TuOLnR><Rn0Mus>W<TLSM,sz>]. (14)

For given L, M, S, T, the number of possible values of
N is always equal to the number of values of J. From
the symmetry of the Racah coefficients, Egs. (12) and

(14) imply

(TM|Fy(x)|SL)=(SL|F;(x)| TM),

(TM |Gy (%) | SLY= (—=1)5"(SL| Gy (x)| TM).
Thus the S-matrix is symmetric in both J and N
coupling schemes, in accordance with the general
theorem of Coester.®

Equation (14) has in addition a property of sym-
metry” with respect to the interchange of L and M.

Thus for a=0, 1, we consider the sum or difference
defined by

(TM |Gra(x) | SL)=[(TM |Gy (x)| SL)
F(—D)TL|Gy(x) | SM)].
For this quantity, Eq. (14) gives
(TM |Gra(x)| SL)
aur, (%) (x) 1 (—1)Nte
T 16 %:[ " Artos J
X{(=DXT[ O™ RXRIO¥|S)W (T MSL,RN)
+ (= 1)*+(T|0%| RXR[0™].S)
XW(TLSM,RN)}. (17)

The F; and Gy are linear combinations of each
other according to Egs. (11) and (13),

Fr=> yQ2N41)(—1)M+T-L=J W (TMSL,JN)Gy,
Gy=2_;QJ+1) (= \)M+T—L=TW(TMSL,JN)F ;.
Substituting Eq. (18) into (14) reproduces Eq. (12) by
virtue of the Racah sum-rule [Eq. (43) of reference 5]
3w 2NA1) (— 1) M+ BN (TMSL, T N)
XW(TLSM,RN)=W (LSTM,JR). (19)
The physical meaning of the amplitudes (TM |Gy

X (x)|SL) is not very clear. They are the “tensor
parameters” of the S-matrix, according to the definition

(15)

(16)

Ap—wy—1e

7 The extra symmetry is related to the Gell-Mann and Gold-
berger ‘“‘crossing theorem” [the theorem is mentioned by H. W.
Wyld, Phys. Rev. 96, 1661 (1954), end of Sec. III, but is otherwise
unpublished]. The purpose of introducing the quantum-number
N is to make this symmetry evident in the equations.
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of Fano.® The following seems to be their most concrete
interpretation. For any direction p, let |L0,) be the
state of the meson having total angular momentum L
and zero component of angular momentum about .
Then Eq. (13) implies

(TTMO0,|F(x)|ScL0,)
=3 AT 2N+1) PV (LMN,000)V (STN, 6—r7—0)
X (=)o SHAMTM |Gy (2) | SL)Y o™ (p). (20)
This exhibits the Gy as coefficients of Legendre poly-

nomials in the angular distribution of a scattering
amplitude.

IV. UNITARITY AND CASUALITY

Every quantity appearing on the right of Egs. (10),
(12), (14), and (17) is real, except for the infinitesimal
(—1%¢) in the denominators. Therefore the imaginary
part on the right side of these equations comes only
from states | Rp) with Ag=w,. Using (9), the imaginary
part of (10) becomes

Im(T7Mu|F(x) | Sel\)= (2/w.)> r{T7Mu| F*(x) | Rp)
X8(Ar—ws)(Ro|F(x)|ScLN), (21)
which is simply a statement that the S-matrix (8) is
unitary. Since Egs. (12), (14), and (17) are all equivalent
to (10), the imaginary parts of these equations are also

equivalent to the unitarity of the S-matrix. For ex-
ample, the imaginary part of (12) is

(27+1)16x
X2k Ors8(Ar—w,)(T(OM||RXR[|OFS), (22)

and this is another statement of the unitarity condition.

We may now use Eq. (22) in order to simplify (12),
following the ideas of Low.> The contribution to the
right side of (12) from all states R with Ag=w,>u may
be expressed by (22) in terms of ImFg(z). Thus (12)
becomes

(TM|F;(x)|SLy=

Im(TM | F;(x)| SL)=

(__ 1)M+T——J

I M( —1)M+T—R
s (@) x>§,[< )

om* An—c
(T OM | RYRIOH]S)— b
27 Aptw,

><<THOLHR><RHOMHS>W(LSTM,JR)]

1 °°dzqu(x)uM(x)[Im<TM[FJ(z)ISL)
T w, ur(2)ur () W,—wy—1e€

ZIm(TLIFR(z)[S]lﬁf>

(—1)M+s-L-T
B W, T Wy

X(2R+1)W(LSTM,]R)]. (23)

8U. Fano, Phys. Rev. 90, 577 (1953).
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Here the first sum extends only over the states R of
the system for which Ar<g, and is in most cases a
discrete sum over a finite number of states. The integral
has the appearance of a dispersion formula, except that
the amplitudes for different angular momenta R are
mixed together in the last term.

To obtain a true dispersion formula, we must use the
N-coupling scheme and apply the same argument to
the real and imaginary parts of Eq. (17). Let Qna(R)
be the quantity in curly brackets on the right of (17).
Let the function gy(w) be defined by

gva(ws)=[1672/wur (x)ur () KTM |Gyo(x) | SL). (24)

Then using the unitarity of the S-matrix to simplify
the right side, Eq. (17) becomes

(_1)N+u
fral) = QNa(R)[ +—}
R Ag—w AR—}-w
1 e 1 (=1)Nte
+ [ImgNa(w’)]dw'[’ —— J (25)
Ty w —w—1e o' +w

This is a dispersion formula of the customary kind,
expressing the fact that gy.(w) is an analytic function
of w for complex w in the upper half-plane, and is an
even or odd function according as (N+4«) is even or
odd. We may call Eq. (25) a causality condition, since
it is formally similar to the dispersion formulas which
have been deduced from requirements of causality.’
The fact that the linear transformation (18), (16) from
F; to Gy, diagonalizes the Egs. (23) is due directly to
the Racah sum-rule (19).

These results may be summed up in the statement
that the Low scattering equation is equivalent to a
unitarity condition (22) which is simple in the J-
coupling scheme, together with the causality condition
(25) which is simple in the N-coupling scheme. The
interlock between the two conditions is given by the
transformation formulas (18).

When the meson energy is below the threshold for
inelastic processes, the unitarity condition is particu-
larly simple. In this case the only states |Rp) wich
contribute to (21) are one-meson states | PrKx), and
Eq. (22) reduces to

Im(TM|F ;(x)|SL)
=2 pr{TM |F *(x)| PKXPK|F ;(x)| SL),
or simply
ImF;(x)=F;*(x)F;(x), (26)

where F;(x) is considered as a matrix in the indices
TMSL.

The “one-meson approximation’ of Low? means that
inelastic processes are neglected and so (26) is assumed

9 Gell-Mann, Goldberger, and Thirring, Phys. Rev. 95, 1612

(1954); M. L. Goldberger, Phys. Rev. 97, 508 (1955); M. L.
Goldberger, Phys. Rev. 99, 979 (1955); Goldberger, Miyazawa,
and Oehme, Phys. Rev. 99, 986 (1955).
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to hold for all energies. We shall not make this approxi-
mation, but we shall specialize the system slightly in
order to bring the dispersion formula (25) into a very
simple form. We suppose that the scatterer has a ground
state with spin .S, and no other state with energy below
Egs+u. We consider the amplitude (SM|Gy|SL) for
elastic scattering which leaves the scatterer in the
ground state, not assuming that competing inelastic
processes are absent or unimportant. In this case the
causality condition can be deduced directly from (14)
instead of from (17), and the sum over states R in (25)
reduces to the single term R=S with Az=0. If we write

(SM |Gy (x) | SLY=[On/ 167 Joenur, (x)unr () gn (ws),
On=(—1)XS||0M||S)(S||O||S)W (SMSL,SN),

the unitary condition applied to Eq. (14) gives the
result

1
gy(@)=[(=1"—1]-

(27)

(=¥

f
o' —w—ie o+t

—I—% [ w[Imgw(w’)]dw’[ ] (28)

This equation is precisely equivalent to the following
four statements:

(a) gn(w) is an analytic function of w in the whole
complex plane with cuts from u to 4+ and from
—uto —oo.

(b) gn(w) is real for real w in the range —u<w<p.

(c) gwv(w) is even or odd according as IV is even or odd.

(d) gn(w) has only a simple pole with residue —2 at
w=0 when ¥ is odd, and it has no pole when ¥ is
even.

The fact that these conditions, together with the
unitarity condition (21), are equivalent to the scat-
tering Eq. (10), is the theorem of Low which was
mentioned in Sec. I.

V. EXTENSION TO CHARGED MESONS. THEORY OF
MESON-NUCLEON SCATTERING

The theory which has been developed for neutral
mesons can be extended immediately to mesons which
possess a total isotopic spin L’ and a charge quantum-
number A, scattered by a scatterer possessing total
isotopic spin S’ and charge quantum-number ¢’, pro-
vided the interaction is invariant under rotations in
isotopic space. Particles having several values L', M’ of
total isotopic spin may also be included. The resulting
equations will be the same as for the neutral case, except
that each Racah coefficient is replaced by a product of
two Racah coefficients operating independently on the
angular momentum and isotopic spin quantum num-
bers. For example in Eq. (12), W(LSTM,JR) is
replaced by W(LSTM,JR)YW (L'S'T'M',J'R’).

The Chew model of p-wave meson-nucleon scattering
is the special case of this theory in which always



348

L=L'=M=M'=1, S=S'=T=T"'=%. The possible
values of J, J/, R, R are %, £, and the possible values
of N, N’ are 0, 1. We write
Wrr=W(1311,JR),
22 (29)
VEN=W(%1%1:RN)7

so that W and V are numerical 2X 2 matrices

1r—2 4 1If—/6 2
WJR =_[ ], I/RN'-é _[ ] (30)
120 4 1 6l4+4/6 1

The physical properties of the scatterer are expressed
only in the form-function #;(x) and in the single
reduced matrix element

f=GElomED), (1)
which fixes the strength of the interaction. We may

identify f with the renormalized coupling constant of
the Chew theory. The scattering amplitude

Fyp(0)=G311]F s (0)|3311) (32)

is equal to ¢®sind, where § is the phase-shift for a
meson of momentum x in the state (J,J’) of the system
meson-plus-scatterer. In general § will be complex; it is
real below the threshold for inelastic processes, in the
range where (26) holds.

The scattering Eq. (23) for the Chew model becomes

F ()= — (f2/167) {a[ 201 () I/ w2}
X[3873073—W W]

_l_f“‘ f x[ul(x)]z[ImFJJ: (2)
0w [11(5) P Laos—w,—ic

ImFre (Z)

T

(2R+1)(2R'+1)WJRWJ/R,]. (33)

RE' wz+wx

This is identical with Low’s equation (3.11) of reference

2 if we choose!®
w1 (x)= (48m)* (x/u), (34)

corresponding to the conventional point-source charge-
symmetric pseudovector interaction, and assume (26)
to hold for all x (one-meson approximation).

If, however, we make the substitution

Frp(x)=( f2/161r2)x|:u1(x)]2NZN:l ZynZywgnn (ws), (35)
ZJN= (—I)J_%(ZN—I-DV%NVJN, (36)

which is the analog of (18), (27) for the Chew model,
then the functions gy (w) satisfy the simple dispersion
formula

10 According to (6) and (7) the time parity of the meson field
must be odd, and the #z(%) pure imaginary, for neutral pseudo-
scalar mesons. In the charge-symmetric theory the meson field
also has odd parity under inversion in isotopic space. This makes
the uz (k) real when the charge variables are inserted in (6) and (7).
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1
gn(w)=[4+1-17]-

1 p 1
+= [ Dimg (o)l | =] 31
T, w'—w—ie o'+tw
The ambiguous sign is plus for V=N’ and minus for
N##N'. By (30), the numerical values of the coefficients
Zsx in (35) are

1r1 2
=] ] (39)
611 —1
The relations (35) can be inverted to give
(/1650 Fgo )
=2 XnsXyrrFrp(x), (39)
7
with
1 2
Xyr= 2[ } (40)
1 -1

It is the gy, and not the usual scattering amplitudes
Fyy, which obey causality relations of the form (37).
It happens that the gyys for the Chew model have a
direct interpretation in terms of observable processes.
Let a£(0) be the amplitude for elastic scattering without
charge exchange of a positive or negative meson by a
proton, without changing the proton spin state. Let
a*(1) be the amplitude for scattering a positive or
negative meson, with change of the proton spin state.
Then gyo is proportional to '

Lo (V)+at(V)],
and gy is proportional to
Lo~ (V)—at(V) ].

The fact that it is these combinations of the amplitudes
which have a simple causal behavior has been already
pointed out by Low and by Goldberger.®

The causality relations of Goldberger refer always to
forward scattering amplitudes, which are expressions
of the form (20). The coefficient V(LM N,000) is zero
when (L+M-+N) is odd, therefore in the case of the
Chew model the right side of (20) brings in only the
amplitudes with V=0 and not those with N=1. For
this reason the argument of Goldberger demonstrates a
causal behavior only for the no-spin-flip amplitudes,
which are those with N =0. The causal behavior of the
spin-flip N=1 amplitudes is thus a prediction of the
Chew model which is not required (so far as we know)
by general principles of field-theory, and may therefore
serve as a test of the model.
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