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K mesons produced by internal target bombardment at the Brookhaven Cosmotron and Berkeley Beva-
tron are assumed to be made by the reaction: p4+N—Y+N+K, where N=nucleon, ¥= hyperon. The
expected energy distribution of the K particles is calculated for several laboratory angles at proton bombard-
ing energies of 2.9 Bev and 4.8 Bev, assuming various angular and energy distributions of the K mesons in the
center-of-mass system of the incoming proton and target nucleon. The internal motions of the target nucleons
were taken into account by using both the Gaussian and the Fermi momentum distributions.

I. INTRODUCTION

N view of the recent Cosmotron'® and Bevatron*
experiments on the production of K mesons by
internal proton bombardment of heavy nuclei targets,
it seems of interest to calculate the expected laboratory
energy distribution of the K particles as a function of
laboratory angle and beam energy, making suitable
assumptions about the center-of-mass system (c.m.)
energy and angular distribution of the K mesons. A
comparison of the calculated laboratory energy distribu-
tions with the experimental spectra from heavy nuclei
should give information about the mode of production
and the angular and energy distribution in the c.m.
system for the individual nucleon-nucleon collisions.
Associated production® in nucleon-nucleon collisions®"7
has been assumed, and computations have been made
for the following typical reactions:

pF+p—oZt+Kt+n, 1)
Pt p—A+KH-p, 2

where the 27 is the charged hyperon of mass 2340 .,
and A° is the neutral hyperon of mass 2180 m,, and the
K mass is taken to be 975 m,. Using either a Fermi or
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Gaussian internal momentum distribution, an average
has been taken over the motion of the target nucleons;
the results should be applicable to all but the lightest
nuclei, since the internal momentum distribution is
approximately independent of atomic number. The
procedure of the calculation is essentially that employed
by Block, Passman, and Havens® to deduce pion
emission spectra from targets bombarded by 381-Mev
protons.

II. METHOD

For a given beam kinetic energy T, the total energy
W available in the c.m. system can be shown to be
dependent primarily on #, the component of the target
nucleon velocity parallel to the incident beam. For a
particular #, the differential cross section in the c.m.
system (of the beam proton and target nucleon) is
given by’

&% 2x |H|? d%(u)

dodT % v, dadT

)

where H is the matrix element for production, & and
T are the K meson solid angle and kinetic energy,
dp?(u)/dadT is the phase space factor for the 3-body
final state, and , is the relative velocity of the colliding
nucleons. The laboratory differential cross section is
obtained by transforming (3) and averaging over u,
and is

J P (u)du, 4)

&’ f“mx @5 (u)
AT Jumin did

where J is the Jacobian of the transformation, given
by /D, and p is the K meson momentum. P (u)du is
the probability that # lies in du and is obtained from
the assumed internal momentum distribution. It can
be shown that the exact relativistic 3-body phase
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space factor is!®

d*p(u) L
—=——"D.
dodT  6(27h)8

[ (me?+ms?)
1—2———
(W—E)*—p*

X{3(W—E)2[1—(
(m12+m22) m2— mo?

P 2[1—2(W—E')2~132'T ((W—E)z—p2)2] } ©

where B and $ are the K particle total energy and
momentum, respectively, and m, and m, are the rest
masses of the other two reaction products.

In (3), we will ignore the slow variation of ¥, with #,
and will make various assumptions about the depend-
ence of |H|? on the K meson momentum $ and angle
of emission . In particular, we assume the following
cases:

(o)
\W-Ep—p

WL12—M22

)|

(1) |H|2=1, i.e., isotropic and energy independent.
(2) |H|2=cos%.

() |H|*=42—1, where y=E/mx.

@ [|H[*=@F~1) cos®.

The normalization constants arising from the above
cases were chosen so that the c.m. cross section dé/d@
at 0° was equal to 1 mb/sterad for a bombarding energy
T,=2.9 Bev.

The momentum distributions employed were:

(1) The Fermi degenerate gas model, which yields

3 u?
PF(M)=—-(1—-—)=3.4—67.9u2, (6)
4up MF2

where #r=0.22 is the value of # corresponding to the
cutoff kinetic energy (22 Mev);
(2) The Gaussian distribution,

a\ ¥
Pg(u)=(—) exp(—au?)=3.41 exp(—36.4u2), (7)

which corresponds to an average kinetic energy of
19.3 Mev.1
III. RESULTS

A-T,=2.9 Bev

Using reaction (1), and Egs. (3)-(7), we have
numerically calculated curves for a proton beam energy
of 2.9 Bev. Figure 1 shows the normalized energy

10 The units are chosen so that ¢=1.

11 H. York, Phys. Rev. 75, 1467 (1949); E. M. Henley and R. H.
Huddlestone, Phys Rev. 82, 754 (1951).
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Fic. 1. Laboratory differential cross section d?/dwdT as a
function of the K meson laboratory kinetic energy T, at a 90°
laboratory angle and proton beam energy T,=2.9 Bev, for
various matrix elements and internal momentum distributions.

distributions d%c/dwdT at a laboratory angle of 90°.
The notation in this and the succeeding figures is as
follows. In the labeling triplet &:9:¢ the first symbol £
refers to the momentum distribution employed (F for
Fermi, G for Gaussian), while 7 is the energy dependence
of |H |2, being 1 if independent of 7', or 2—1, or f2/42,
where B= (¥2—1)#/4. The last symbol, {, represents
the angular dependence of |H|? and is cos?, or 1 for
isotropic. In Fig. 1, the spectral shapes are roughly
independent of the choice of matrix elements, all curves
giving a maximum in the neighborhood of 40 Mev.
The principal difference between the Gaussian and
Fermi distributions is reflected in the high-energy end
of the spectrum, where the Gaussian has a long tail in
contrast to the sharp cutoff of the Fermi distribution.
Further, there is also little difference in magnitude, as
well as shape, between for example, G:1:1 and
G:1: cos®, which is due to the fact that the K mesons
emitted at a laboratory angle of 90° are emitted at
angles of § in the c.m. system near 180°, so that cos?f~1.
The cases where n=4%2—1 and B?/4% correspond to
matrix elements behaving like p for low velocities,
which might be expected of gradient coupling. By
contrast, the energy independent matrix element may
be applicable if the K meson is scalar. Also, this case
corresponds to the Fermi theory'? of meson production.
The case of n=/3?/7* was included because this matrix
element decreases for large energies, and this com-
pensates in part for the rapid increase of the phase space
factor with increasing beam energy.

Figures 2 and 3 indicate the results for laboratory
angles of 0° and 45° respectively. The most striking
feature of the 0° spectra is the presence of a minimum
near 300 Mev .for the energy dependent cases, in
contrast to the smooth rise of the energy independent
spectra. Thus, one may be able to distinguish experi-
mentally between scalar and gradient coupling by
observing the spectrum in the forward direction in the

2 E. Fermi, Progr. Theoret. Phys. (Japan) S, 570 (1950).
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F1c. 2. Laboratory differential cross section d%¢/dwdT at
6=0° for beam energy T,=2.9 Bev for various matrix elements
and internal momentum distributions.

low-energy region (7°<800 Mev). The presence of a
minimum in d%/dwdT would indicate that the matrix
element is energy dependent, going to zero as $—0.
The shapes and magnitudes of the 45° spectra are most
sensitive to the choice of angular distribution, since
the K particles emitted at 45° in the laboratory typically
arise from c.m. angles §~110-140°, where cos®d is
markedly different from unity.

B-T,=4.8 Bev.

Using reaction (1), and Egs. (3)-(7), the energy
spectra were numerically evaluated for a beam energy
of 4.8 Bev, and are shown in Fig. 4 for a 90° laboratory
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F16. 3. Laboratory differential cross section d%s/dwdT at 6=45°
for beam energy T,=2.9 Bev for various matrix elements and
internal momentum distributions.
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angle. The general features are quite similar to the 2.9-
Bev results. The curves are normalized by the same
procedure as the 2.9-Bev results; thus, a by-product of
the calculation is the excitation function of the total
cross section. Numerical integration of (4) gives the
ratio of the tofal cross section at 4.8 Bev to that at
2.9Bev as: (a) 9.1 for G:1:1, (b) 23.4 for G:42—1:1,
(c) 8.3 for G:B%/¥:1.

IV. COMPARISON WITH EXPERIMENT

Using nuclear emulsions, Hill, Salant, and Widgoff!
have observed K mesons produced by internal proton
bombardment of a copper target, at laboratory angles
of 45° and 90° from the 3-Bev Cosmotron beam. The
ratio of K particles at 90° to 45° was given as
p=N(90°)/N (45°)=1.8_1.5"4, where the energy in-
tervals observed were 80 to 145 Mev at 90° and 260 to
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Fi16. 4. Laboratory differential cross section d%/dwdT at 6=90°
for beam energy 7,=4.8 Bev for various matrix elements and
internal momentum distributions.

300 Mev at 45°. The corresponding calculated results,
obtained from numerically integrating the appropriate
energy regions in Figs. 1 and 3, are:

(i) p1=0.11for |H|2=1,
() p2=0.31 for |H|>=cos,
(i) p;=0.21 for |H|?=42—1,
(iv) p4=0.63 for |H|?= (3*—1) cos®.

Only p4 appears to be included within the experimental
limits. However, p is very sensitive to the kinetic energy
available in the c.m. system. The calculations were
repeated for reaction (2) in which the X meson is
created together with a A% and a bombarding energy
of 3 Bev, which is probably closer to the experimental
value, was used. Both the larger energy and smaller
rest mass of the A° act to increase the value of p.
Recalculating using these assumptions and the same
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choice of matrix elements as above, we find: p;=0.18,
p2=0.44, p3=0.39, and p4s=0.98. Thus we conclude that
|H|?2=1 (isotropic and energy independent) appears
to be ruled out by experiment, whereas the other choices
of matrix elements are probably not inconsistent with
the observations, considering the Jimited statistics of the
experiment and the approximations made in the
calculations. In this connection, we note that some of the
K mesons emitted from a heavy nucleus may have been
produced in a secondary reaction, i.e., pions were
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formed which subsequently collided with a nucleon
within the same nucleus to produce a K particle. It is
also possible that some of the K mesons emerging at
45° or 90° were produced near the forward direction
but were scattered through large angles by collision
with nucleons within the target nucleus.
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Isolated high-energy electron showers in photographic emulsion have been investigated and have yielded
the following conclusions: (1) out of 16 cases of isolated electron showers observed to originate from single
electron pairs of energy greater than 1 Bev, 2 cases have been found to be anomalous in the sense that they
seem to have been initiated by more than 2 photons; one of the two has been analyzed in detail. (2) The
discrepancy between the experimental observatibns and theoretical predictions on the trident process found
in a previous work has been obtained again with the additional experimental data of this experiment.

1. INTRODUCTION

INCE the work of Schein et al! in 1954 on an
anomalous electron shower pointed to some pos-
sible difficulties in high-energy cascade showers, it has
been felt that this field requires a more detailed survey.
The purpose of this work is twofold; to check the re-
sults obtained previously? pertaining to the trident
process with additional experimental data and to in-
vestigate the high-energy cascade shower development
in emulsion under the more favorable experimental
conditions of single y-ray initiated showers to see
whether there actually exists some anomaly or not. It
seems pertinent, however, to give some general com-
ments on the difficulties inherent in this field before
the presentation and discussion of this experiment.
First of all, it must be emphasized that in the de-
velopment of individual electron-photon cascades, the
fluctuations in the numbers of electrons and photons
(referred to as number fluctuations) from the average
value can be enormously large. In fact, the number
fluctuations in the cascade process were, under some
simplified assumptions, shown to be similar to that of
the Polya distribution, instead of the familiar Poisson

* This research was supported in part by the U. S. Air Force
through the Office of Scientific Research, Air Research and De-
velopment Command.
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distribution of random events. This means that the
number fluctuation from the average can be as large
as the average itself. In order to illustrate the situation
more clearly the results of a Monte Carlo calculation?
on cascade showers have been given in the Appendix.
The original results on 100 showers with a single photon
primary were obtained by one of us (M.F.K.) in col-
laboration with D. M. Ritson, using the cross sections
of Approximation A of Rossi and Griesen.* The other
results with different initial conditions were derived
from the original results by a change of shower origin
or by a superposition of different initial conditions. As
can be seen from these results the number fluctuations
are quite large compared with those encountered in
random processes.

There is another difficulty which arises when we
attempt to measure electron energies. The available
methods of energy measurement for electrons or pho-
tons, by determination of the multiple Coulomb scatter-
ing or of the opening angle of a converted electron pair,
have, when applied to high-energy electrons or photons,
some defects which usually lead to an underestimation
of the energy. That is, in the conventional method of
multiple Coulomb scattering, no account is taken of the
bremsstrahlung energy loss of the electron. Also, in the
energy estimation of a v ray from the opening angle of
its converted electron-positron pair, some care must be

3 This method was first proposed by S. Ulam and J. Von Neu-
mann, Bull. Am. Math. Soc. 53, 1120 (1947).
* B. Rossi and K. Greisen, Revs. Modern Phys. 13, 240 (1941).



