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KINETIC THEORY OF RIGID MOLECULES.

By YosHIO ISHIDA.

INTRODUCTION.

T was shown by Boltzmann! that the behavior of a monatomic gas
may be studied by means of the partial differential equation
of  _of of  of of af - 9
5}5+£59—C+1753‘)+§5;+X5§+ Y5§+ngg=f,
when the gas is an ensemble of the same kind of monatomic molecules.
The f is the number of molecules per unit cell; the x, v, 2; &, 9, £; X, ¥V, Z
are components of three dimensional space, velocity, and acceleration
respectively and the J is the rate of change due to encounters. The
obvious extension to any number of dimensions is
of a(fx:)
at® o =)
where the «'s are any codrdinates to specify the system of the individual
molecule.

Now the deductions from this equation may be classified into two cate-
gories; namely, those which are independent of the form of J, and those
which depend upon the nature of J. The hydrodynamic equations can
be derived without knowledge of J, provided we admit the existence of
such a function. On the other hand the quantitative determinations
of the pressure, the viscosity, and the thermoconductivity can not be
effected, unless we know something about J.

Since the form of J depends upon what is assumed concerning the
nature and frequency of various types of encounters between thé molecules
it is convenient to classify the cotrdinates into two groups, according as
they are or are not affected by encounters. Let us call the first, the

1 Boltzmann, Gas Theorie, Vol. 1., § 16.
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affected coordinates, and the latter the immune codrdinates. During
encounters, if there is a function of the affected codrdinates such that the
sum of the function of the codrdinates for one molecule and the same
function of the coérdinates for the other molecule remains unchanged, we
shall call such a function an invariant of the encounter. Confining at-
tention to binary encounters, if we have %k affected codrdinates of one
molecule, then the question is to determine 2k variables after encounters
in terms of 2k variables before encounter. If there are » invariants in
this special sense in addition to the one purely numerical invariant, and
s other general relations (without arbitrary parameters), then the equa-
tions of encounter will involve 2k — (r + s) parameters. Let &; be
the invariants of encounters including &, = 1, then the equations
da,fCI)i]daA =0;4=0--r; will be valid and will give 4 1 funda-
mental equations of what may be called generalized hydrodynamics
corresponding to the space of the immune codrdinates. The do; is an
element of the immune space and the do is that of the affected space.

To illustrate the notion, let us consider the case of a monatomic gas.!
The «x, v, 2 are immune codrdinates, and &, 5, { are affected codrdinates.
The number, the three components of translational momentum, and the
energy of the system are invariants of encounters, so that » = 4. For
the parameters of an encounter, we have the longitude and latitude of the
point of contact if we adopt the idea of an elastic sphere; the distance from
the asymptotic line and the orienting angle if we choose the conception
of central forces. Therefore s = 0, and consequently there are no ad-
ditional relations entering into the consideration, and also there are no
more invariants. The conservation of the number gives

f Jdo, = o (the numerical invariant).

where do, = d&dnd¢, which reduces to the equation of continuity
dp
at+v'(pv)_‘07

where p = fmfd(TAv and V(V,, Vy, Vo) = W(S: 8 — U(U,, Uy, U,).?
The V is the mass velocity and U is the velocity of agitation.
The conservation of translational momentum gives

S mWids, = o,

! Boltzmann, Gas Theorie, Vol. I. Maxwell, Collected Works, Vols. I. and II. Lorentz,
Collected Works, Vol. II.  Kirchhoff, Theoretische Physik, Vol. IV. Hilbert, Math. Annalen,
Band 72, 1912, p. 562.

2 In order to save space, Gibb’s vector notation is used in this paper whenever it is con-
venient. The vectors are indicated by clarendon type.
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which, when combined with the equation of continuity, reduces to the

equation of motion in hydrodynamics,
ov
p{*§+V-VV}+v-A~pg=o,

where A is the dyadic of stress and g is the vector of acceleration. Finally
the conservation of energy gives

2
fmv—Z—JdUA = 0,

which reduces, when combined with two preceding, to
a
p{£+V-Ve}+V-h—V-(A-V)~V-(V-A) = 0,

where h is the flux vector of Fourier conduction of heat and e is the thermal
energy per unit mass.

The present paper considers some features of the kinetic theory of
gases under the assumption that the molecules are rigid bodies, having
no spherical symmetry. The first part will deal with the general
hydrodynamical relations. It is evident that we have to consider the
orientation and the angular velocity! of each individual molecule besides
its space coordinates and translational velocity. For invariants, we
have three additional equations stating the conservation of moment of
momentum. Then the space codrdinates x, v, 2 and the angles ¢, ¢, ¢
are regarded as immune codrdinates so that the general idea explained
above leads in the first place to a kind of hydrodynamics of six dimensions.
The three angles of orientation are then integrated out so as to leave the
suitably modified equations of ordinary hydrodynamics, together with
an additional vector equation corresponding to the conservation of
moment of momentum, which suggests the possibility of the propagation
of gyroscopic disturbances besides the sound waves. It will be shown
also in the second part that we can specify such binary encounters
by five parameters. Consequently we have twelve variables, with seven
invariants and five parameters of encounters, thus forming a complete
system in the sense that all the independent invariants have been utilized.

The investigations of the specific heat of gases? from the standpoint of
the equipartion of energy indicate that we can not treat gases like oxygen
or hydrogen as monatomic. Thus we have to consider the energy of
rotation, which is caused by asymmetry of shape and loading. The idea

1 Tisserand, Méc. Céleste, Vol. II. Poisson, Méc., Vol. II. Appell, Méc. Rationelle,
Vol. III.

2 Kirchhoff, Theoretische Physik, Vol. IV., page 169. Jeans, Dynamical Theory of Gases,
pages 81 and 171. Raleigh, Theory of Sound, Vol. II., page 18.
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of considering gas molecules as rigid bodi¢s was initiated by Maxwell,!
who computed the impulse if two such bodies were to collide. Later
various writers? carried out the work for some special cases. The second
part of this paper will deal with a collision axiom for a more general
type of rigid bodies, and some of its consequences. We shall discuss the
distribution of translational -and angular velocities, especially the equi-
librium distribution and its relation to the H-theorem. The distribution
function thus deduced will be utilized to compute the external pressures

of such gas molecules.
I. HYDRODYNAMICS.

Let x, v, 2; £ 9, ¢ be the translational space and velocity codrdinates,
For orientational codrdinates, we can use the Euler angles ¢, ¢, 6; and
angular velocities w;, w2, ws (see Figs. 1 and 2). The system of moving

Fig. 1. ' Fig. 2.
axes (x1, ¥1, 21) and fixed axes (x, y, 2) are connected by the following
equations (if the translational motion is temporarily neglected).
x = lxy + my, + nz
y =%+ m'y + n'z
g2 =1"xs + m"y + n’z,

the nine direction cosines being expressed in terms of the Euler angles,
as indicated in the following schema

(cos ¢ cos ¢ — sin ¢ sin ¢ cos 6, ]
l, m, =n — c0s ¢ sin ¢ — sin ¢ cos ¥ cos 6, sin 8 sin ¢
U, m', n’ =< sin ¢ cos ¢ + cos ¢ sin ¢ cos 0, -
U, m"', n', — sin ¢ sin ¢ + cos ¢ cos ¢ cos §, — sin 8 cos ¢
| sin ¢ sin 6, cos ¢ sin 6, cos 6§

1 Maxwell: Collected Works, Vol. 1., page 406.

2 Jeans, Dynamical Theory of Gases, p. 93. Burbury, Phil. Trans., A CLXXXIII., p. 407,
1892. Burnside, Trans. R. S. E., XXXIII., part ii., 188%. N. Delone, Report of Russian
Imp. University, 1892.
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Then the three components of the angular velocities may be expressed in
terms of the time derivatives! of the angles,
@ sin 0 sin ¥ + § cos ¢,

£
I

w2 = @ sin 6 cosy — 0 sin ¢,
w3 = ¢ cos 0 + ¢
The auxiliary formule for the change of direction cosines may be obtained
directly, thus
i = Mw3z — NWs, Vo= mws — 1 ws, I = m' w3 — n'' w,,

" n/wl_ l'w3, w!’

m = nw; — lws, m n’wy — U ws,

Il
I

1‘i = lwz — Mwiq, 1’1:, = l’wz - m’wl, 1’i” = l”wz - m"wl.

If the moving axes are chosen as the principal axes of the body, the dyadic
of inertia is
, I' = A + Bjj + Ckk,
where 4, B, C are the principal moments of inertia, and <, 7, k are unit
vectors along the moving axes.
Then the differential equations of the motion of a molecule are
x‘ = EY y = 1’7 é = g"
E=X, 1=7, {=2
and
o _sing L cos¥
= sin0® Tsing “¥
¥ = ws — cot 8(sin Yw1 + cos Yws),
"0 = cos Yw; — sin Yws,
A(;)1 = (B - C)w2w3 + L,
Bwy, = (C — A)wiw; + M,
C(;Jg = (A - B)w1w2 "I" N,
where X, Y, Z are the components of the impressed force, and L, M, N
are the components of the impressed couple. The first specify the motion
of the center of gravity, and the second specify the rotation of the body
referred to the principal axes.
If f is the number of molecules per unit cell in the twelve dimensional
region, and J is the rate of the change of this number of molecules due to
encounters the Boltzmann equation may be written

of | 9(fx) a(f&) a(fe) d(foor)
T=g T T2 ot T2 de +2z w1

1 The molecular time derivative is designated by placing a dot above the character, where-
as the molar time derivative is designated by the ordinary form d/d¢, 9/dt.
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Let us put for brevity
dr = dxdydz, di’ = dedydd,
do = didnd¢, do’ = dwdwsdes.
The range of the variables will be
3 1 $ 5 e ¥ 0 Wz w3
—®w —® —® 0 00 —® —®o —w©
+ o + 0 4+ o 27 20 7 4+ o0 4+ o0 4+

First let us deduce hydrodynamical relations in six dimensions. The
conservation of the number gives

S Jdeds’ = o.
Now define the density by the equation

p* = f mfdoda’

dp* f of ,
= matdada,

and also introduce the notation W = U + V, where W is the velocity
vector of the center of gravity of the molecule in question, its components
being &, 5, ¢; V is the vector of mass velocity, and U the vector of agi-

tation velocity. It follows that f mUfdeds’ = 0. Then we have
a * .
mf]do‘dv' = '5[;— + v - (p*V) 4+ f m { zX ffdndf‘ } do’

-+ fmz 6_5;‘1@ dods’ + j m { Eo')lj fdwadws } do.

@

so that

Further let us specify the nature of the external forces and torques,
and the distribution function f in the following manner:
(1) Suppose X, Y, Z are independent of the velocities.
(2) Suppose L, M, N are independent of the angular velocities.
(3) Assume f to be such a function with respect to £’'s and w’s, that the

surface integrals become zero as the surfaces extend to infinity.

Then the third and the fifth terms reduce to zero. Let us now write the
fourth term as follows

a(fe
fmz—(—fﬂdado' = V4 - (p*N¥),
do
where

9 9 6
= 2 s O * 2
Ve (1 bp T gy TF ae)'
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and ,

p*N* = 3 [ mfpdeds’.
Also N* is expressible as a linear combination of M*, where M* is the
vector of moment of momentum in the fixed space,

M* = (I"A + mm"’ B 4+ nn'’ C)N* + nCN* 4+ cos oN3¥,
My* = (VI"A + m'm"B 4+ w'n” C)N1* 4+ n'CNy* + sin o N3*, |
Ms* = (A + m'”B + w/*C)N* + n"’CNo* + o.

The symbol V4, may be called angular divergence following the analogy
of ordinary space. So finally we have

dp* ,
o TV (V) + 9, - (0N = o,

which is the equation of continuity in six dimensions.
The conservation of translational momentum, namely f mW Jdodo’
may now be considered. If we define the dyadic of stress by

J mUUfdeds’ = A*,
we shall have
S mWW - vfdeds’ = v - {p*VV + A*¥}.

Also we have
o 1 9
meatdada = at(p V),
Jmg - Vefdods’ = o,

meg . ngdo’do" = — pig¥

where
LI B |
Vg = iag J an + ac .
With this notation we have
,a(p*V)
mWJIdedo' = ——(')T—*— V. (p*VV + A*) — p*g* 4 V,(p*N*)V = o.
Finally

av '
p* gy TV AT = pYg* + VY, - (p*NT) =o.

The conservation of energy may be treated in a similar manner.
The energy of translation for the molecule in question is

E = m(@ + 7 + ),
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and for the rotational energy we have
K = 3(4Aw® + Bw? + Cuwy?),
so that the conservation of the total energy gives
J (E+ K)Jdsds' = o.
Let us adopt the notation
%fmUVdada' = p¥e;*,

where e;* is the thermal energy per unit mass due to the translational
velocity,

J Kfdodo’ = pre.*
where e,* is the thermal energy per unit mass due to the angular velocity;
e* = e* 4 e,
1 [ mU?Ufdods’ = h*,

where h* is thermal current density corresponding to the Fourier con-
duction of heat;

J GmU2 + K)Zifdeds’ = S¥,
where S* is the energy flux carried by the angular velocity;
S foiL + @M + w:N)doda' = g*,

where g* is the work done by the impressed torque. We further have the
following reductions:

3 [ mWifdods' = 3p*V? + p¥er*,
1 [ mWeWfdeds' = V(3p*V? + p*e*) + V - A* + h*,

With these auxiliary formule we obtain the energy equation

gi (%p*VZ + p*6*> + AvaR {(%P*VZ + p*e*)v + V . A* _|__ h*}

+ Vg - {30*VEIN + 8%} — V- (p%g*) — ¢* =0,
which reduces to
*
p*aa%-i-p*V-Ve- +v-@Q*-V)+ V. (V- A¥) +vV-h*
— ¢* 4 V4 - (3*VIN* 4+ S% = o,

The conservation of angular momentum gives the equations

J Sl4wiJdeds’ = o,
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J 2V AwJdeds’ = o,

f 2" Aw,Jdeds”

it

0.

Let us work out the first component. We have

E Lk
fElAw1—fda'da = ggp—b];l—lz,

S B4y - (fW)dods' = v - (0*VM,¥),

S 21469, - (fo)dodo’ = o.
If we write
S fesldwdods’ = Hy¥,

where H;* is expressible as a linear combination of three components of
the rotational energy, we have

fEZA E—W—)dad +fzz,4wlz agfwl)d do’

=V, - Hy — [ fldws + mBewy + nCos)dods’.

The integral reduces further on account of the Euler equations and the
equations of the change of the direction cosines, to

— [ FUL + mM + aN)dods' = — Gy*.

By symmetry we obtain the second and third components, so that we
have ’
a(p*M*)

o TV (VM) v, - (HY) — G* = o.

Thus we have deduced a complete set of a kind of hydrodynamlc equa-
tions for six dimensions,

We can, however, further integrate out the angles of orientation and
obtain the resulting system of equations in three dimensions. Since the
frame of reference for the Euler angles is arbitrary, the condition that
£ is a continuous function of ¢, ¢, and @ implies

[f13= =0, [N =o, [ i

sin 6

1 0=w

= 0.

The space of integration do, is now dr'dedo’ instead of dode’, and we
have to redefine our notations in the following fashion,

p = [ mfdr'deds’, etc.

It will be seen that, by carrying out the integrations, we have,
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for the conservation of number,
dp
TV (V) =o;

for the conservation of translational momentum,

E"—((9127—)447- (pVV + A) — pg = 0;
for the conservation of energy,
oV 4 ) + 7 (V2 + 0V £V A+ D) —g =0
for the conservation of moment of momentum,
(M)

o + V- (pVM) — G =o.

We notice at once that these equations are exactly the same as the
preceding set provided we assume the angular divergences V, to be zero.
We can further simplify the result if we use the Lagrangian time deri-
vatives! instead of the Eulerian time derivatives. Thus

dp
E‘}‘PV'V—O,

W

pdt \Y — pg =0,

de

P TV H+V-A-V)+V (V-4 —g=o,
aM ,
pﬂ—G=O.

The first two equations are the same as for the monatomic gas. But
the third equation contains the rotational energy as well as the trans-
lational, and there is also a contribution of energy due to the work done
by the impressed couple. The last equation is the new statement, which
suggests that a gas consisting of nonspherical rigid molecules could pro-
pagate a kind of gyroscopic disturbance along with compressional waves
of the familiar type.

II. CoLLiSION AXIOM AND THE DISTRIBUTION OF VELOCITIES.

In the preceding discussion we defined f as the number of molecules
per unit cell. This function f will then depend upon thirteen variables

)
11— = — 4 .
dt at'*v v
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including the time, and our problem is to find these relations. This
function f we shall call the distribution function, and assume to be a
continuous function with respect to all these variables. Let us call
p = f mfdr'dods’ the mass density. The molecular density (say »)
may be absorbed in f, so that we can keep the uniformity of notation.
At a given time we can classify all molecules according to twelve proper-
ties; then the number of molecules in one of the twelve dimensional cells
is
fdrd+'dedd’.

We shall now consider the impact of two molecules which behave like
rigid bodies. Let O; and O, be the two cen-
ters of gravity, P the point of impact, and
R;PR, the line of impact (normal to the
common tangent plane at P) (see Fig. 3).
Let the position of P with respect to the
principal axes through O; be r;, and the same
with respect to those through O; be r.. Let a
unit vector along the line of impact with re-
spect to O; system be a;, and the same with Fig. 3.
respect to O; system be a,. Take for the
moments of inertia along the principal axes in these two sets 4, By,
Cy; Ag, By, Cs using dyadic notation, then

Ty = Ay + Bijiji + Cikiky,
To = Ayigis + Bsjaje + Cokoks.

Take for the mass of the first body m4, and the second m,. Let further
the translational and the angular velocities of the two bodies before and
after impact be

W1, W, 91, Q2 and Wh_wz, —Ql’ ﬁz:

respectively. If we take R for the measure of the impulse due to the
impact, we have the following relations;
for the conservation of translational momentum,

m Wy = mWy + a;R,

’WLQW2 = myWo — asR;

for the conservation of moment of momentum,
r, -9 =ro,-9 + (r1 X a)R,

ry-Q

1

I, - Q — (r: X a))R;
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for the conservation of energy,

mq — —_— — — — —_—
W+ W38T G430 T, B

=1—Z~1W12+M212W22+%Q1 T -0+ 30, - Ty - Qs

From this last equation we can obtain R in terms of the r’s and a’s, sub-
stituting the values of the variables before impact for those after impact.
Thus

Re—n a1~W1—a2-Wz+(r1><a1)-91—(eraz)-Qz

mil + 7711; + (£ X a1) - Tyt (11 X a0)] + [(12 X as) - To~- (13 X a5)]

If moreover the two molecules are of the same kind, m,; = ms equal to
m say, and I'y = 'y = T, then

m a; - (Wi+ QX)) —ag- (We4 Q3 X13)
I+mf(ri Xa) T-(riXa)+ (r2Xag) T (rs Xag)]’

If we call the direction of the impulse the normal direction (normal to
the surfaces), the normal component of the relative velocity of the point
of impact will be given by

Wn=al'(W1—'1'1><\Ql)—‘az'(Wz—r2><g2)-

We are now ready to consider the probability of impact of two such
molecules. Let us fix our attention only on these two molecules
which are going to collide. They will have rotation as well as motion
of the center of gravity, and it is necessary for us to observe not
only the motion of the centers of gravity but also the behavior of
the two points which are going to collide. Let the point of impact
of the first body be P and that of the second body be P’. Then if
we imagine the first body at rest, P’ will describe a curved path
before it impinges on P, with such a relative velocity that its normal

component may be represented by W,.

F,=o Such a path may be found from the

differential equations of the motion if we
know X, Y, Zand L, M, N.

As a natural extension of the ordinary

supposition in the case of rigid spheres,

Fig. 4. we shall assume that the probability is

proportional to the volume of a cylinder

whose base is the element of surface ds at P and whose slant height is the

relative velocity of the points of impact.
What we are required to find is, a pair of translational velocities and

R=—2
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a pair of angular velocities after impact in terms of those before impact
and the parameters which specify the particular type of impact. One
formulation is to take two parameters to specify the point of tangency
on the first body and to take the remaining three to specify the orien-
tation of the second body with respect to the first body (see Fig 4).
Let Fi(r;) = o and Fy(r;) = o be the two surfaces; then the condition of
tangency will give

IF aF dF oF
S A (6—212+_“2m2+—2n2),
X2 9y

6x1 axz

6F1 (aFg ’ an ’ 8F2 ,)
ay: " \owy +6y2 i+ 9z, 2 )
OF (6F2 L OF, ., 0F, ,,)
621 =A a.’)C2 l2 + ayz s + 622 " !

where

T )

IFs\2  (9Fy\ (dF)\e
J(sgc‘) (50 +G)
2 B2 2
If the normal is taken in the sense of VF, the negative sign is taken.
Now the set of the direction cosines I3, 7., %4, €tc., may be given by three
orienting angles say &, ¥, 6. Then two parameters on the first body,
say the longitude and the latitude, will determine dF:/dx;, dF/dy,
9 F1/921, and consequently 9 Fy/dx, d Fo/0ys, 0 F3/dz25 and rp may be obtained
as functions of these five parameters. Let us designate the element of
parametric space (with a proper proportionality factor )by dp; then the
probability of impact is |W,|dpdeds’. Following the usual method! let us
conceive two classes of molecules say 4 and B which are both distributed
in the element drd+’ of space at random. We may suppose the transla-
tional velocities and moments of momentum to be uniform so that changes
occur only at a collision. Let us classify the encounters into two types
a and (3, where « designates such encounters that before the collision one
of the colliding molecules belongs to the class 4 and the other to the class
B, whereas 8 designates such encounters that after the collision one of
the colliding molecules belongs to the class 4 and the other to the class
B, both types having the same line of impact (the common normal) and
the same orientations. The number of collisions of « type in unit time
per unit cell of 7 and 7’ space will be

| Waldpdodowdai'day,

1 For instance see Jean's ‘ The Dynamical Theory of Gases,” Chap. II.
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where doidoy’ refer to the class 4 and do.des’ to the class B; and f and
f’ are the distribution functions with arguments having subscripts 1 and
2 respectively. Then the total contribution to the class 4 due to this «
type will be given by integrating the above expression over all possible
o2 and o2/, namely

dowdoy [ [ £1W.|dpdoado.
The number of collisions of type @ in unit time per unit cell of = and +*
space will be '
FF|\W.ldpderdosds/dsy,
where the dashes above the characters express the corresponding functions

for the type B, and the.total contribution for the class 4 due to this 8
type will be, then,

Tosdod [ L7/ W | dpdnsdos.
In this theory we assume central symmetry so that dp = ?d—p Therefore
the number of molecules in the class 4 is increased by the difference of

the two integral expressions above. The difference may be written in
the form

dodot [ [ (FT' = £1)|W.ldpdesde.
This involves the fact that the Jacobian® of the transformation is equal
to unity and |W,| = |W,].2
This is the expression for J from this point of view. Thus we for-
mulate the Boltzmann equation as follows:
daf '’ JJof 0(fx) a(fH) d(fe) 3(fer) }
dtdo’1d0’1 —da‘jd0'1 {at—l-z ax —I—E af —I—E 6«: +2 dw

= dodoy [(FT — £1)|Waldoodas/dp.

Let us define
S = — &f flog f doudoy,

where S = — kH, H being Boltzmann’s probability function. We
obtain in the familiar way

aS . e —
G =k [ GosFT — 1o fGT = £\ Wildordouda ldotap,

showing that d.S/d¢ is always positive or zero, and S is an increasing
function or else constant. For the steady state .S is a maximum and
therefore dS/dt = o, so that we have ff’ — ff’ = o. This functional

1 It may be computed easily from the equation of the transformation to be — 1, but since
we are concerned only with the numerical value the positive sign is taken.
2 See Maxwell, Collected Works, Vol. 1., p. 407.
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equation is equivalent to
log f + log J' = log f + log f,
which is the form of an invariant of the encounters. Therefore
log f = an invariant,

is a solution, and the complete solution is a linear combination of all
invariants. Thus

logf=aiN+amV:+Q-T-Q +b-V+c-T-Q,

where a1, as; b and ¢ are arbitrary constants. Taking the logarithm and
rearranging the expression, we have for the distribution function

L Q.7
f=ae [ -V + = @-09],
and the constants! @, a, Vy, Q¢ are to be determined by the total number,
the temperature and the visible motions of translation and rotation.

EXTERNAL PRESSURE FOR STATE OF EQUILIBRIUM.

We have already found an expression for the impulse, when two rigid
bodies impinge on each other. In case of the external pressure, we can
simplify the expression, for we can take the plane of the wall as the x-y
plane and the axis of z as the direction of the impulse. Thus

a-(W+2Xr)
m1—|-m(r><a)-I‘-(r><a)’

R=—2

where a has now for its three components !/, m'/, n’’. It must be noticed
that all the vectors in the above expression are referred to the principal
axes of the body. The distribution of the
orientation being the same as the distribution
of the point of tangency o of the x-y plane,
we may take the probability of impact to be
the product of the normal component of the
velocity of the point of contact and the prob-
ability of distribution of the z-axis with re-
spect to the center of gravity (see Fig. 5).
This latter is given by 1/47 sin 6 d6du, where *
1 is the longitude and 6 is the latitude of z
on the unit sphere referred to the principal axes. From the geometry
of figure we can identify this § with the previous 6 and u with ¢ + =/2.

Fig. 5.

! These constants may involve %, ¥, 2; ¥, ¢, 0; £
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Therefore the probability of impact is
|W..| 1177 sin 6d0dy.

Taking the half of this probability because of the assumed central sym-
metry, we get for the pressure on the x-y plane

27 ™
. f f f f FR|W,|dods’ sin 0d0dy.
87I' g Yo/ Y0 0
wherte

W, =1(E+ wZi — wsy)t + m” (9 + wswy — wiz)f
+ 7" (¢ + oy — wx)k,
and '
V' (84 wazi— wsyr) +m" (n4 wsxer —wiz0) +7" (¢ w1y1— warxs)
(_')7177'” — zm’’)? (le” —le%”)z (xlm// _ yll”)2
T4 m [ 4 B c ]

in codrdinate expression. Since

=—2m

" =sinysin @, m'” =cosysinb, #un' = cosd,
we have
dF . . or . oF
5;1=>\s1n¢sm0, (gl=)\cos¢sm0, 6?2=)\cos0,

and consequently if we know F, we can solve for x, y, z as functions of ¢
and 6. We found above the distribution function f, and since the ¢
and ¢’ spaces are independent of the form of F and the orienting angles,
we can at once effect the do and do¢’ integrations. ‘

If we assume the mass motion and the visible rotation zero, the ex-
pression for f may be written '

_ — (1 [a2)[£2-+n24 $24(1 /m) (A w12+ Bwo+ Corg?
f__N@e [a2)[£2+92+¢2+(1 /m) (dw12+Bwg?+ ws)],

where & may be determined by integrating this expression over the whole
space, namely

+oo )
N = M&Q f f f f f f BG4 ) (At Bt o} d g dmd ¢ d ordwad s
giving
oI VABC
T oSt omd

In the expression for the pressure, carrying out the integrations with

respect to dodo’
. N 27 L3 .
P = %L-;f f o? sin 6 dody,
0 0



]

and if « is independent of the angle

2

[
p = Nm;
Putting
' 2
==,
2
p = NmkT,

giving Boyle-Charles’s law for this kind of gas.
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