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Entanglement Generation via Single-Qubit Rotations in a Torn Hilbert Space

Tao Zhang ,1,† Zhihao Chi ,1,† and Jiazhong Hu 1,2,*

1
Department of Physics and State Key Laboratory of Low Dimensional Quantum Physics, Tsinghua University,

Beijing 100084, China
2
Frontier Science Center for Quantum Information and Collaborative Innovation Center of Quantum Matter,

Beijing 100084, China

 (Received 13 December 2023; accepted 20 August 2024; published 5 September 2024)

We propose an efficient yet simple protocol to generate arbitrary symmetric entangled states with only
global single-qubit rotations in a torn Hilbert space. The system is based on spin-1/2 qubits in a resonator
such as atoms in an optical cavity or superconducting qubits coupled to a main bus. By sending light
or microwave into the resonator, it induces ac Stark shifts on particular angular-momentum eigenstates
(Dicke states) of qubits. Then we are able to generate barriers that hinder transitions between adjacent
Dicke states and tear the original Hilbert space into pieces. Therefore, a simple global single-qubit rotation
becomes highly nontrivial, and thus generates entanglement among the many-body system. By optimal
control of energy shifts on Dicke states, we are able to generate arbitrary symmetric entangled states.
We also exemplify that we can create varieties of useful states with near-unity fidelities in only one or
very few steps, including W states, spin-squeezed states (SSSs), and Greenberger-Horne-Zeilinger states.
Particularly, the SSS can be created by only one step with a squeezing parameter ξ 2

R ∼ 1/N 0.843 approach-
ing the Heisenberg limit. Our finding establishes a way for universal entanglement generations with only
single-qubit drivings where all the multiple-qubit controls are integrated into simply switching on or off
microwave. It has direct applications in the variational quantum optimizer, which is available with existing
technology.

DOI: 10.1103/PRXQuantum.5.030345

I. INTRODUCTION

Entanglement is one of the most essential ingredi-
ents in quantum technology, including quantum metrology
[1–14], quantum information processing [15–18], and
quantum computations [19–21]. It also plays a central
role in many practical applications such as quantum dense
coding [22–27], quantum teleportation [28–31], and quan-
tum cryptography [32–34]. Meanwhile, it is enabling more
and more quantum algorithms and leading to the quantum
advantages [35,36]. Therefore, finding an efficient way to
generate entanglement [37–65] is one particularly impor-
tant subject in quantum science attracting both theoretical
and experimental investigations.

Recently, there are pioneer experimental demonstra-
tions generating varieties of entangled states including
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spin-squeezed states (SSSs) [66–70], W states [71–75],
and Greenberger-Horne-Zeilinger (GHZ) states [76–83].
In order to apply these helpful entangled states into prac-
tical applications, one important issue is how to scale
up these entangled states with more particles, which is a
highly nontrivial problem. Usually, generation of entan-
glement requires many-body interaction between particles,
and extremely high control precision of interaction is
needed when the particle number increases. Sometimes,
people can bypass the highly precise control and utilize
dissipation for creating robust entangled states in many-
body systems [60–65]. These designs are usually for some
particular entangled states. Thus, a universal protocol to
create a wide range of or almost arbitrary entangled states
is still essential and important in this area.

Inspired by recent works [84,85] on engineering pho-
tons with resolved energy shifts, here we propose a scheme
to generate arbitrary symmetric entangled states by only
global single-qubit rotations in a torn Hilbert space. The
description of symmetric state corresponds to a state with
the maximal total angular momentum, which is on the
surface of a Bloch sphere. The physical system is based
on spin-1/2 qubits in a high cooperativity (such as 200)
resonator. Due to the high cooperativity and nonlinearity
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of resonators, the resonant frequency is highly influenced
by the angular momentum of qubits. Each eigenstate of
the angular momentum (Dicke state [86]) corresponds to
one particular resonant frequency. By sending light or
microwave with different frequencies, the Hilbert space
of qubits is torn into pieces. Under this condition, even a
global single-qubit rotation to all qubits can induce strong
entanglement among the whole ensemble. In this paper,
we will mathematically prove the capability to generate
arbitrary symmetric states and show a few examples on
creating famous entangled states with our scheme, such
as Dicke states, GHZ states, and SSSs. All these states
require only very few steps to reach a high fidelity above
99%. Meanwhile, the SSSs need only one sequence to
achieve a squeezing of ξ 2

R ∼ 1/N 0.843, which is close to
the Heisenberg limit (HL) and useful in metrology. Par-
ticularly, the high cooperativity system has been achieved
in varieties of platforms, including the atom-optical cav-
ity systems and the superconducting qubits. Currently, the
cooperativity η in the atom-optical cavity system is close
to 200 [87]. In the superconducting-qubit system, the coop-
erativity η is even higher. A transmission line connecting
to gatemon qubits can have an η larger than 400 [88],

and a three-dimensional (3D) microwave superconduct-
ing cavity containing qubits has an η larger than 106

[89–91]. These recent demonstrations suggest our scheme
is actually practical and can be experimentally realized.

II. THE SYSTEM DESIGN

We consider N three-level qubits with two ground states
|↓〉, |↑〉, and an excited state |e〉, trapped in a resonator.
This configuration can be applied to either atomic qubits
in an optical cavity, or transmon qubits coupled to a cav-
ity bus, as shown in Fig. 1. The two ground states of each
qubit correspond to a spin-1/2 system with si = 1/2, and
we define the collective spin operator as Ŝ ≡ ∑

i ŝi. The
resonator mode couples one of the ground states |↑〉 to
the excited state |e〉 with a detuning � and a single-photon
Rabi frequency 2g. The system Hamiltonian is written as

H ′

�
=

∑

i

[−ω0 |↓〉i 〈↓ |i −�|e〉i〈e|i

+ (gĉ†|↑〉i〈e|i + h.c.)
]

, (1)

(a)

(c) (d) (e)

(b)

ac

FIG. 1. Setups for entanglement generation via single-qubit rotations in a torn Hilbert space. (a) corresponds to atoms in a cavity.
A laser beam incident onto the cavity induces ac Stark shift on atoms, and microwave is applied from the side of the cavity to drive
the transition between two ground states of atoms. (b) corresponds to superconducting qubits. All transmon qubits are coupled to a
main bus by private resonators. The private resonators are used to adjust the coupling strength and the frequency detuning of each
qubit coupled to the main bus. The main bus is actually the shared resonator, which provides quantized microwave field experienced
by all qubits with coupling strength g. In our scenario, we need to adjust so that all qubits have the same transition frequency and
coupling strength. Readout lines are used for measuring the state of each single qubit, and couplers provide direct interaction between
two connected qubits. (c) Dicke-state energy levels where one particular Dicke state, such as |−S + 1〉, is shifted away and becomes
off resonant. (d) shows the resonant frequency of the resonator is strongly depending on the qubits’ populations. Each qubit in |↑〉 shifts
the cavity resonance by an amount of ωs = g2/�. When ωs is larger than the resonator’s linewidth κ , each spectrum will be resolved.
By sending light or microwave to the resonator with one particular frequency, we can shift only one particular Dicke level away from
its original location in the energy spectrum. (e) The energy level of one qubit. The quantized field couples |↑〉 to the excited state |e〉
with a detuning �.
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where ω0 is the energy splitting between |↓〉 and |↑〉. ĉ†

and ĉ are the creation and annihilation operators of the
quantized resonator field.ωc is the single excitation energy.
By adiabatically eliminating the excited state |e〉 and con-
verting into the interaction picture (see Appendix A for
a detailed derivation of the adiabatic elimination, and
Appendix D for the Hamiltonian in a superconducting-
qubit system), the effective Hamiltonian describing the
interaction between the resonator field and N spin-1/2
qubits is written as [12,92–95]

H
�

= ωs

(
Ŝz + S

)
ĉ†ĉ, (2)

where ωs = g2/� is the coupling strength, and S = N/2
is the total angular momentum number. This Hamiltonian
exactly describes the many-body interaction in the cavity
quantum electrodynamics regime. In the following texts,
we may use the term of cavity to refer the resonator and
the term of light to refer the incident light, microwave, or
other-frequency eletromagnetic fields of the resonator for
the words simplicity.

This interaction term can be interpreted as each qubit in
the state |↑〉 shifts the cavity resonance ωc by an amount
of ωs, or alternatively the intracavity light shifts the energy
of each Dicke state by (Sz + S)�ωs〈ĉ†ĉ〉. When the cav-
ity is illuminated by a monochromatic light beam at the
frequency ωn = ωc + nωs, the cavity will be resonant with
the incident light only when there are n qubits in the state
|↑〉. For other atomic states, such as m qubits in |↑〉, the
cavity becomes off resonant with the incident beam, and
the intensity transmission coefficient is given by

T(n, m) = 1

1 +
[

2(m−n)ωs
κ

]2 , (3)

which exhibits a Lorentzian profile. In particular, when
κ 	 ωs, the cavity is strongly off resonant with the incident
light, leading to a significant suppression of the intracav-
ity light intensity. Consequently, the transmission equation
above tends towards a δ function of n and m. Then,
only the state with n qubits in |↑〉 experiences a signifi-
cant intracavity intensity. The Dicke state |S, Sz = −S + n〉
will be shifted by the ac Stark shift with an amount
of n�ωs

〈
ĉ†ĉ

〉
n,n. Because there is no light sent into the

cavity for the other Dicke states, these states experience
almost no ac Stark shift. Therefore, by utilizing this non-
linear property of the cavity system, we can create a
Hamiltonian for the qubit ensemble with a form Hac(n) =
Diag {0, . . . , 0, Cn, 0, . . .} where there is only one nonzero
element on the diagonal (n + 1)th term. Here the matrix
is labeled by the Dicke state |S, Sz = −S + m〉 with an
index m.

Now we consider the case of applying a global single-
qubit rotation such as �Ŝx and this can be simply achieved

(a) (b)

(c) (d)

FIG. 2. The illustration of how wave functions evolve rep-
resented by the Husimi-Q functions on the Bloch sphere with
N = 50. (a) A CSS is initialized in |↓〉⊗N . (b) A trivial rotation
rotates the CSS approaching the boundary shown as a blue stripe
in (c),(d). (c) Applying the nontrivial rotation, the wave function
cannot penetrate the blue stripe and it has to be distorted. (d) Con-
tinuing the rotation, the wave function is highly squeezed around
the blue stripe and the entanglement is created.

by applying a microwave coupling two energy levels of
either atoms or superconducting qubits. If there is no cavity
incident light, the rotation term e−i�Ŝx t will rotate the wave
function on the surface of the Bloch sphere and this is a
trivial scenario where no entanglement will be introduced
[Figs. 2(a) and 2(b)]. If there is a light with the frequency
ωn, there will be a barrier at the location of |S, −S + n〉
on the Bloch sphere because this particular Dicke state is
shifted away. When the wave function is rotated approach-
ing the state |S, −S + n〉, it cannot fully penetrate into
this barrier and has to be distorted and turns around on
the Bloch sphere [Figs. 2(c) and 2(d)]. In fact, this light
is tearing the original Hilbert space into pieces and then
the single-qubit rotation under the light on e−i(Hac(n)+�Ŝx)t

becomes highly nontrivial near the torn boundary. Thus,
the entanglement emerges near this boundary.

III. CREATING ENTANGLEMENT VIA
NONTRIVIAL ROTATIONS

In this section, we describe the details how we create
arbitrary symmetric entangled states, and also the consid-
erations of real experimental situations with finite cooper-
ativity, cavity linewidth, and qubit decoherence from the
spontaneous decay. Here, each qubit has a spontaneous
decay rate 	 in the excited state |e〉 and the cavity also
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has a finite linewidth κ . For a monochromatic incident
light with a frequency ωl = ωc + δ, the cavity amplitude
transmission function for n qubits in |↑〉 is given by [59,96]

T (δ, n) = 1

1 + nη
1+4(�+δ)2/	2 − 2i

[
δ
κ

− nη (�+δ)/	
1+4(�+δ)2/	2

] .

(4)

Here, η = 4g2/(	κ) is the cooperativity while the angular
momentum is Sz = −S + n. This formula has included the
spontaneous emission into the free space, which will also
lead to a broadening of the cavity linewidth. Note that we
have assumed |�| � 	, |�| � |δ|, and |↓〉 state is off res-
onant with the cavity mode. Generally, qubits on |↓〉 state
also contribute to scattering events during the evolution,
which will be taken into consideration in the following
during the numerical calculations.

Here we derive our model in the strong coupling regime
of the Tavis-Cummings (TC) model [97,98], and the TC
model may break down according to a recent research [99].
The breakdown of the TC model is due to a large opti-
cal depth (OD) of the qubit ensemble. Such a large OD
absorbs the cavity light and strongly attenuates its propaga-
tion inside a cavity. Therefore, all qubits cannot experience
the same quantized field. For our scheme, the TC model
is still valid under the condition of |�| � 	 according to
the results in Ref. [99], where a direct quantitative com-
parison has already been provided. Here we summarize
that the major reason is when |�| � 	, the spontaneous
decay into the free space is strongly suppressed due to off
resonance and then the absorption of the qubit ensemble
becomes negligible.

When ωs = g2/� is larger than κ , the shifted cavity
lineshape under each Dicke state |S, −S + n〉 is resolved
where transmission spectrums do not overlap with each
other. Therefore, the intracavity light intensity will be neg-
ligibly small if we choose δ = mωs with m �= n. In a practi-
cal cavity system with a finite cavity linewidth, a modified
non-Hermitian Hamiltonian describes the energy shift of
the Dicke states under spontaneous decay of excited states:

Hac(δ, C) = C × Diag{0 × |T (δ, 0)|2,

1 × |T (δ, 1)|2, 2 × |T (δ, 2)|2, . . .}. (5)

Here C = �δac (1 − i(	/2�)) / |T (δ, δ/ωs)|2 is a coeffi-
cient, which is proportional to the incident light intensity.
The real part of Eq. (5) characterizes ac Stark shifts for
different Dicke states and the imaginary part character-
izes the spontaneous-decay-induced decoherence. Besides
sending one monochromatic light, we can also use a light
with multiple frequencies ωc + δi. Therefore, the overall
Hamiltonian of sending light to the resonator becomes
Hac = ∑

i Hac(δi, Ci). Here δi = niωs can be chosen from

ni ∈ {0, 1, . . . , N } and then Hac can be tuned as an arbi-
trary diagonal Hamiltonian by linear combinations of
Hac(δi, Ci). Here we use a non-Hermitian Hamiltonian,
which is enough for calculating the fidelity, and we pro-
vide a more detailed explanation in Appendix B. For the
performance of spin squeezing, we also provide detailed
discussions in Appendix F.

What we did next is just alternatively applying the triv-
ial and nontrivial single-qubit rotations �Ŝφ of all qubits,
corresponding to global single-qubit rotation with or with-
out the incident light. Here Ŝφ = Ŝx cosφ + Ŝy sinφ. First,
all N qubits are initialized in |↓〉⊗N . Then we use the trivial
rotation, and the state is rotated into another coherent spin
state (CSS) with a form of |CSS〉 = e−i�Ŝφ1 t1 |↓〉⊗N . Next
we apply the nontrivial rotation. This leads to a new state

|ψ1〉 = e
−i

[

Hac,1+�̃1Ŝ
φ′

1

]

t̃1 |CSS〉

= e
−i

[

Hac,1+�̃1Ŝ
φ′

1

]

t̃1
e−i�Ŝφ1 t1 |↓〉⊗N . (6)

After one round of the operations, we label this as one
sequence with two steps and then we repeat this process
again. Each time, we pick up different barrier positions and
set different rotation angles or phases. After j th sequences,
the state |ψj 〉 can be written by a recursive form as

|ψj 〉 = e
−i

[

Hac,j+�̃j Ŝ
φ′

j

]

t̃j
e−i�Ŝφj tj |ψj −1〉. (7)

By repeatedly applying the above sequence with two steps,
we are able to approach any target entangled state of total
angular momentum N/2 with arbitrarily high precision,
and we give a mathematical proof in Appendix C based
on the representation of the Lie algebra in SU(N + 1).

IV. EXAMPLES OF ENTANGLED STATES

While by repeatedly applying trivial and nontrivial rota-
tions, we can create any entangled states, most of the
metrologically useful entangled states can actually be cre-
ated simply within one or very few steps, and the conver-
gence of fidelity is very fast, which we will exemplify in
the following. Within one sequence, the SSSs are created
with a squeezing parameter close to the results of two-axis
twisting squeezing, which is the HL. Meanwhile, we can
also generate many useful entangled states within two or
three steps and the fidelity can be higher than 99%.

A. Spin-squeezed state

We first take the creation of an SSS as an example. We
use the Wineland parameter [100] ξ 2

R = S (�S⊥)2min /|〈S〉|2
to characterize the entanglement. Compared with the crite-
rion from Kitagawa and Ueda [101], ξ 2

R is more strict and
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robust since it includes the considerations of the curvature
of the Bloch sphere. Here, (�S⊥)2min is the minimum of the
fluctuation (�S⊥)2 = 〈

S2
⊥
〉 − 〈S⊥〉2 for the spin component

perpendicular to the mean spin direction and |〈S〉| is the
mean spin length. To show the power and the robustness of
this scheme, we restrict ourselves by creating SSS within
only one sequence in the discussions below.

For a resonator with a cooperativity η = 200, we control
the form of diagonal terms via creating multiple frequency
components for the incident light, which can be achieved
by an electro-optical modulator (EOM). We first consider
the ideal case without the spontaneous decay 	, such as
171Yb atoms in an optical cavity where the spontaneous
decay 	 is only 7 mHz. Recent spin-squeezing exper-
iments in the optical transition of ytterbium [70] also
supports this treatment. Here we use nf to label the num-
ber of frequencies used in the incident light. To understand
this process more intuitively, we plot how the wave func-
tion evolves under the Hac term near a certain Dicke state
in Fig. 2. It is shown that when the population rotates
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FIG. 3. One sequence squeezing with the squeezing parameter
ξ 2

R versus the qubit number N in the ideal case (a) and 87Rb case
with loss (b) with η = 200. Here we fit ξ 2

R with a scaling relation
ξ 2

R = α/Nβ . In both panels, nf is the frequency number in the
incident light. In panel (a), β is equal to 0.843 (nf = 1), 0.851
(nf = 4), and 0.855 (nf = 8). For comparison, we also plot the
relation of ξ 2

R ∼ 1/Nβ for the OAT and TAT spin squeezing with
dashed and dashed-dotted lines, where β is equal to 0.724 (OAT)
and 0.942 (TAT). In panel (b), the decoherence from incident
photon scattering is taken into considerations. The scaling factor
β equals 0.731 (nf = 1), 0.745 (nf = 4), and 0.751 (nf = 8).

102 103 104
10–3

10–2

10–1

FIG. 4. Spin-squeezing scalability. We first find global opti-
mized parameters at N ≤ 500 (gray dots). Then we fit ξ 2

R based
on data found at N ≤ 500 (black solid line) and predict ξ 2

R we can
achieve at N > 500. To obtain correct parameters for N > 500,
e.g., N = 1000, we fit the optimized parameters found with
N ≤ 500, and conduct local optimizations on these parameters
extrapolated from small N ≤ 500. We find the squeezing param-
eters ξ 2

R for large N = 1000, 2000, and 5000 (light blue) matches
the extrapolation from ξ 2

R for N ≤ 500.

approaching this boundary, it is stretched into a strip shape,
corresponding to an SSS. The whole procedure can be
simply written as

|ψSSS〉 = e−i(�Sx+Hac)t2e−i(�Sx)t1 |↓〉⊗N . (8)

1 2 3
0.0

0.2

0.4

0.6

0.8

1.0

0 1 2 3
10–4

10–2

100

FIG. 5. The entangled-state fidelity versus the step number.
The vertical axis is labeled by the difference between 1 and fideli-
ties. The main plot is in a linear scale and the inset is the same
data but in a logarithmic scale. Each step contains one nontrivial
rotation. Here we use N = 50 to demonstrate. The target states
include the GHZ state (circle), W state (square), Dicke state |0〉
(triangle), and lantern state |lt〉 (diamond). For the GHZ state and
W state, within only one step, the fidelity goes over 0.999. For
the other two states |0〉 and |lt〉, the fidelity goes over 0.99 with
three steps.
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We show in Fig. 3(a) the scaling of squeezing parameter
ξ 2

R as a function of total qubit number N under η = 200.
Under the optimized parameters (the optimized parameters
can be found in Appendix F), the squeezing parame-
ter shows a similar power-law scaling ξ 2

R = α/Nβ with
respect to N for different nf = 1, 4, and 8.

As our numerical calculation reveals, while the offset
changes, the scaling factor β varies only slightly from
0.843 to 0.855 with the increasing of nf from 1 to 8.
The relation of squeezing parameter ξ 2

R versus the total
qubit number N of the one-axis twisting (OAT) scheme
(dashed line) and the two-axis counter-twisting (TAT)
scheme (dashed-dotted line with β = 0.94) are also shown
in Fig. 3(a).

Here we perform the exact calculations and global
parameter optimizations for N from 50 to 100 in Fig. 3.
However, our conclusion still works very well for a large
N . We can extrapolate these parameters by fitting data
in small N , e.g., in the range of N = 50 to 500. Once
we obtain the extrapolated values for a large N , we need
only to perform local optimizations and the optimized
ξ 2

R exactly matches the relation in Figs. 3(a) and 4. We
extrapolate the optimized parameters and the scaling rela-
tion of ξ 2

R . Then, we also calculate the corresponding ξ 2
R

for N = 1000, 2000, and 5000 by local optimization, and
the results also matches the extrapolation. Therefore, our
scheme is scalable for generating SSSs and the squeezing
parameter is better than OAT and close to TAT, i.e., HL,
meanwhile this scheme needs only very simple control on
or off of the cavity fields.

Furthermore, to show the practical and broad applica-
tions of our scheme, we calculate the achievable SSSs with
a strong spontaneous decay 	 and cooperativity η = 200.
We choose 87Rb, the most common element in atomic
clocks and interferometers, as the candidate. Here two
5S1/2 hyperfine ground states |↓〉 = |F = 1〉 and |↑〉 =
|F = 2〉 are separated by 2π × 6.8 GHz, and an excited
state |e〉 in 5P3/2 has a spontaneous-decay rate 	 = 2π × 6
MHz. As shown in Fig. 3(b), the optimized squeezing
parameter shows similar power-law scaling for different
nf . Different from the ideal-cavity situation above, when
the photon scattering appears, one needs to find a balance
between further stretching the spin wave function for bet-
ter ξ 2

R and the additional variance induced by decoherence
from intracavity light that deteriorates the metrological
gain. When � increases to avoid scattering, cavity light
gradually couples both ground states to the excited state.
Therefore, we need to include the corrections of the state

(a) (b) (c)

(d) (e) (f)

FIG. 6. The form of Hac with corresponding barriers (blue belts) and wave functions on the Bloch spheres with the rotation Rabi
frequency � = 2π × 0.2 MHz. The scatter plots show the energy shift for different Dicke states, and the subplots show the result
of generated entangled states (Husimi-Q functions) with corresponding barriers used in nontrivial rotations. (a) The ideal situation
generating a W state with one step, t = 0.353 µs. (b) The ideal situation generating a GHZ state with one step, t = 2.49 µs. (c) The
η = 1000 87Rb cavity system generating a W state with one sequence and monochromatic light, t1 = 0.151 µs, t2 = 0.234 µs. (d) The
η = 1000 87Rb cavity system generating a GHZ state with one sequence and monochromatic light, t1 = 0.414 µs, t2 = 2.17 µs.
(e) Two steps generating the lantern state |lt〉 = (| − 15〉 + | − 5〉 + |5〉 + |15〉)/2. Blue and red corresponds to each Hac during the
first and second steps, t = (1.55, 0.305) µs. (f) Three steps generating |0〉. Blue, red, and orange corresponds to each Hac during the
first, second, and third steps, t = (1.03, 0.318, 0.258) µs.
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|↓〉 to Eqs. (2) and (4) in the numerical calculations. When
the spontaneous decay is taken into account, the scaling
factor β is robust and decreases only a little. In Fig. 3(b),
we have taken decoherence into considerations, and thus
the vertical axis is different. Moreover, since the OAT and
TAT spin-squeezing models are ideal without consider-
ation of decoherence, we show these two lines only in
Fig. 3(a).

The detailed parameters and the calculations can be
found in Appendix F. The parameter � is fixed during the
optimization process that do not consider decoherence, and
further enhancement on the squeezing parameter can be
achieved by adding � into the optimization parameter set.
We also calculate the performance of spin squeezing for
superconducting-qubit systems in Appendix F.

For practical applications against noises, we also include
the considerations of stochastic errors in either the light
intensity or the evolution time. We numerically model and
simulate these two types or errors in Appendix G. Under
5% intensity fluctuations, ξ 2

R changes very slightly, which
is almost negligible. This supports the robustness of our
scheme for spin squeezing.

B. Other entangled states

We now explore the creation of other entangled states.
In principle, by repeating applying trivial and nontrivial
rotations, our scheme can generate any states on the sur-
face of the N spin-1/2 Bloch sphere. Equivalently, one can
approach a target state at an arbitrarily high fidelity with
adequate steps. In this and the next sections, we consider
the scenario of only sequentially applying nontrivial rota-
tions for numerical calculation simplicity. We use N = 50
qubits for demonstrations and we pick up the GHZ state,
W state, Dicke state, and lantern state as examples. We
will use Dicke states |Sz〉 to express these states. The GHZ
state corresponds to an equal superposition of |−25〉 and
|25〉. The W state corresponds to |−24〉. For the Dicke
state, we choose |0〉 to exemplify. The lantern state |lt〉,
which resembles a lantern in the Husimi-Q representation,
is defined as an equal superposition of |−15〉, |−5〉, |5〉,
and |15〉. The definition of the fidelity of these four states
in our calculation is summarized in Appendix E. In Fig. 5,
we plot the fidelity of these four states versus the step
number. The fidelity of creating a target state increases as
we increase total step numbers, where each step contains
only a nontrivial step for simplicity. The fidelities rapidly
converge to 1 within only very few steps. For the entan-
gled states illustrated, we always obtain a fidelity over
0.99 within three steps. Notably, within only one step, a
GHZ state with fidelity over 0.999, and a W state with
fidelity over 0.99 can be obtained. We will discuss in detail
the generation of these two important states in the next
section. We plot the wave function of these states and cor-
responding Hac in Fig. 6. Since the microwave rotation

(a) (b)

(c) (d)

FIG. 7. The illustration of creating a GHZ state represented by
the Husimi-Q functions on the Bloch sphere with N = 50. (a)
A CSS is initialized in |↓〉⊗N . (b) A nontrivial rotation directly
rotates the CSS approaching to the boundary shown as a blue
stripe in each panel, and the boundary starts to tear the wave
function. (c) The CSS is torn into two parts while half is trans-
mitted and half is reflected. (d) Continuing the rotation, the wave
function is reshaped into the superposition of two opposite CSS,
which is a GHZ state.

is easy to implement with negligible loss in real experi-
ments [102,103], further improvement of the above result
includes inserting some trivial rotations between nontriv-
ial ones in order to achieve faster convergence of fidelity
approaching unity.

C. GHZ state and W state

In this section, we discuss the generation of the GHZ
state and W state more in detail. For the GHZ state, we
set the boundary near the equator, i.e., nonzero diagonal
terms near |Sz = 0〉. The intensity of the boundary is set as
a weak barrier such that half of the wave function can pass
through the barrier and half of the wave function has to be
reflected by the barrier (Fig. 7). By continuing the global
single-qubit rotations, the transmitted part is rotated into
the south pole | ↑〉⊗N of the Bloch sphere, and the reflected
part takes a U turn around the barrier and comes back to the
north pole | ↓〉⊗N , leading to a GHZ state.

For the creation of W state, one needs to set the
boundary at |Sz = −N/2 + 2〉 so that the effective Hilbert
subspace consists only of two states, |Sz = −N/2〉 and
|Sz = −N/2 + 1〉. Under this condition, any global single-
qubit rotations will behave like a two-level Rabi oscillation
in between these two states.
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FIG. 8. Fidelity for generating the GHZ state and W state with
single monochromatic light by one nontrivial rotation under dif-
ferent cooperativity η and qubit number N . The fidelity of the
generated states increases monotonically with η.

We show the optimized diagonal terms in Figs. 6(a)
and 6(b) for creating these two states with only one step.
Here we need to utilize multiple-frequency light to engi-
neer the diagonal terms of Hac. Then, we discuss an exper-
imentally friendly scheme for creating these two states
with only monochromatic light [Figs. 6(c) and 6(d)], where
the diagonal terms in Hac are in Lorentzian shape accord-
ing to Eq. (4). The process of generating the GHZ state
is shown in Fig. 7. One can notice that in comparison
to the most optimized case, the GHZ state generated by
monochromatic light is a little tilted, and a trivial rota-
tion can further improve the fidelity. With the decoherence
and loss taken into account, the fidelity of GHZ states
and W states can be higher than 0.9 and 0.96 with a
cooperativity η = 1000, respectively. We also check the
influences of information leakage due to the cavity pho-
tons (Appendix I) correlated with the Dicke states. We find
it does not hurt our scheme where the fidelity decreases
only by at most 2.0%. Such a cooperativity can be read-
ily achieved in the superconducting-qubit system, where
g ∼ 100 MHz, 	 ∼ 1 kHz and resonator with an effective
κ ∼ 10 kHz has already been realized in the experiment
[89–91]. Since η quantifies the ability to resolve adjacent
Dicke states, larger η helps to obtain these two states with a
higher fidelity. For large enough η, with single monochro-
matic light and within one nontrivial rotation, we found the
fidelity of the generated GHZ state and W state can reach
as high as 0.98 with loss taken into consideration, as shown
in Fig. 8. For larger N = 100, the achievable fidelity of the
GHZ state further increases.

V. CONCLUSION AND OUTLOOK

In conclusion, we find an efficient yet simple scheme
to generate arbitrary symmetric entangled states via

single-qubit operations in a torn N spin-1/2 Hilbert space.
With currently available technology, we are able to gen-
erate any superposition of Dicke states, including spin-
squeezed states, W states, and GHZ states. This scheme
utilize the tearing capability of the intracavity light on the
Bloch sphere, inducing nonlinear interaction among these
Dicke states, thus generating highly entangled states in
combination with single-qubit rotation. The only multiple-
qubit operation is just switching on or off light or
microwave, which is practically simple in experiments.
We believe our scheme can be of important guidance for
experiments in a neutral atom-cQED system and supercon-
ducting qubits, and variations of this protocol may be used
for other systems, including a mechanical oscillator-cavity
system and quantum dot ensembles.
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APPENDIX A: DERIVATION OF EFFECTIVE
HAMILTONIAN

In the main text, we convert Eq. (A1) into Eq. (2) by
the method of adiabatic elimination [104]. Here, we give a
detailed derivaiton about this transformation. The original
Hamiltonian is

H ′

�
=

∑

i

[−ω0 |↓〉i 〈↓ |i −�|e〉i〈e|i

+ (gĉ†|↑〉i〈e|i + h.c.)
]

, (A1)

All relevant symbols have the same definitions as in the
main text. Here we choose a relative reference frame by
canceling the photon energy term �ωcĉ†ĉ. Then, we can
reduce the excited energy into the detuning �. Further-
more, because all states |↓〉i do not have transitions to
states |e〉i, we can drop the term −ω0 |↓〉i 〈↓|i and inspect
the remaining Hamiltonian by choosing an interaction
picture. Then it becomes

H ′′

�
=

∑

i

(−�|e〉i〈e|i + gĉ†|↑〉i〈e|i + gĉ|e〉i〈↑|i
)

.

(A2)

Here we care about the perturbations on the ground-state
manifold with | ↑〉 and | ↓〉. If there are n atoms in the
state | ↑〉 and k photons in the cavity, we may write the
wave function as | ↑〉⊗n ⊗ |k〉. And it will couple to the
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state |E〉 ⊗ |k − 1〉, where |E〉 is a superposition state of n
atoms and has a form as

|E〉 = 1√
n
(|e ↑↑ . . . ↑〉 + | ↑ e ↑ . . . ↑〉

+ · · · + | ↑↑↑ . . . e〉) . (A3)

Then we write out the first-order perturbative wave func-
tion as

A0 |↑〉⊗n ⊗ |k〉 + A1|E〉 ⊗ |k − 1〉 (A4)

and the Schrödinger equation becomes

i
d
dt

A0 = g
√

nkA1, (A5)

i
d
dt

A1 = −�A1 + g
√

nkA0. (A6)

According to the adiabatic elimination, we set dA1/dt =
0 and then obtain A1 = A0g

√
nk/�. Therefore, the time-

evolution equation for A0 becomes

i
d
dt

A0 = A0g2nk/�. (A7)

It is equivalent to the fact that the state | ↑〉⊗n ⊗ |k〉
experiences an additional energy shift with an amount of
g2nk/�, which is the ac Stark shift. By writing this ac
Stark shift into an operators’ form where n is the atom
number in the state |↑〉 and k is the photon number in the
cavity, we obtain the form as

g2

�
ĉ†ĉ

∑

i

|↑〉i 〈↑|i . (A8)

By utilizing the equation

|↑〉i 〈↑|i = 1
2

(|↑〉i 〈↑|i + |↓〉i 〈↓|i
)

+ 1
2

(|↑〉i 〈↑|i − |↓〉i 〈↓|i
)

= 1/2 + ŝz,i, (A9)

we write
∑

i |↑〉i 〈↑|i as
∑

i |↑〉i 〈↑|i = Ŝz + S in Eq. (A8)
and obtain a new form as

H
�

= g2

�

(
Ŝz + S

)
ĉ†ĉ. (A10)

This proves the transformation from Eq. (A1) to Eq. (2) in
the main text by adiabatic elimination.

APPENDIX B: NON-HERMITIAN HAMILTONIAN
AND FIDELITY

In the main text, we use a non-Hermitian Hamiltonian to
describe the time evolution of states. Here we show that it
is enough to calculate the fidelity. For a complete descrip-
tion of the time evolution, we need to use the quantum
jump operator and density matrix in a master equation.
Based on this point and the dissipation theory, we can
divide the density matrix ρ into two parts

ρ = ρcoh + ρjump, (B1)

where ρcoh corresponds to a coherent evolution without any
quantum jump event, and ρjump describes the state where
jumps happened. Here ρcoh can be calculated by a non-
Hermitian Hamiltonian by directly adding a loss term into
the energy parts, as in the main text.

Based on the classification of whether quantum jumps
happen or not, both ρcoh and ρjump have well-defined phys-
ical meaning along with corresponding quantum states.
Therefore, ρcoh and ρjump must be non-negative defined
matrices to satisfy the fundamental requirement of a den-
sity matrix. It means that for any state |ψ〉, there must be
〈ψ |ρjump|ψ〉 ≥ 0. And this leads to

〈ψ |ρ|ψ〉 ≥ 〈ψ |ρcoh|ψ〉. (B2)

During the calculation of the fidelity, we use the definition
F = 〈ψ |ρcoh|ψ〉 in the main text, which counts only the
contribution of the coherent part. According to the inequal-
ity above, we know our method is an underestimation of
the actual performance. Therefore, it is safe to apply a
non-Hermitian Hamiltonian to calculate the fidelity.

In Appendix F, we also explain how we treat the spin
squeezing under a non-Hermitian Hamiltonian following
the methods from Refs. [92,105], which have been tested
and verified in many cavity spin-squeezing experiments.

APPENDIX C: PROOF OF CREATING
ARBITRARY STATES

In this section, we will prove mathematically that our
scheme is able to generate arbitrary symmetric entangled
states. In fact, a similar discussion on the completeness
of controlling a quantum system has been investigated
in a more general formalism in Ref. [106]. For a com-
plete readability, we will introduce the proof based on our
scheme.

During the entanglement generations, we are using both
trivial and nontrivial rotations with a form of,

|ψj 〉 = e
−i

[

Hac,j+�̃j Ŝ
φ′

j

]

t̃j
e−i�Ŝφj tj |ψj −1〉. (C1)

According to the Baker-Campbell-Hausdorff formula, we
can rewrite this operation as an effective Hamiltonian He
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with a form of

|ψj 〉 = e−i�Ŝφj tj e−iHet̃j |ψj −1〉. (C2)

Here He is given by

He =
∑

k

1
k!

[(
−i�Ŝφj tj

)(k)
, Hac,j + �̃j Ŝφ′

j

]

, (C3)

where [A(k), B] = [A, [A(k−1), B]] is a recursive form of
commutators. Therefore, we want to prove that the com-
mutators [Sn

x , Hac,j ] and [Sn
y , Hac,j ] as Lie algebra can

generate the full space of the special unitary Lie group
SU(N + 1), where n is an integer. This idea is similar to
the method in Ref. [107].

Generalized Gell-Mann matrices are the Lie-algebra
generators of the special unitary group SU(N + 1), which
have been clearly studied in the maths [108]. Then our idea
converts to that we can use the commutators or their linear
combinations to construct this complete set of Gell-Mann
matrices. Then based on this, we are able to prove that
our operations can lead to any symmetric entangled states
under the SU(N + 1) form.

First, we would like to give a brief introduction about
the formalism of Gell-Mann matrices. Let E(j ,k) denote the
matrix with a 1 in the (j , k)th entry and 0 elsewhere. This
allows one to define three classes of matrices. The first
class is symmetric:

λs
(j ,k) = E(k,j ) + E(j ,k). (C4)

The second class is antisymmetric:

λa
(j ,k) = −i

(
E(k,j ) − E(j ,k)

)
. (C5)

The third class contains only diagonal matrices:

λD
m =

√
2

m(m − 1)
[
E(m,m) − (m − 1)E(m−1,m−1)

]
. (C6)

Here the superscripts s, a, and D correspond to symmetric,
antisymmetric, and diagonal. All the matrix in these three
classes are one complete set of Gell-Mann matrices.

According to our scheme, it is intuitive to find that the
third class of matrices is automatically satisfied by tuning
different ac Stark shifts in Hac. Let us define a matrix set
{Zm|m ∈ Z+} with a form of (Zm)(i,j ) = δi,j δi,m where δi,j
is the Kronecker δ function and it is equivalent to Hac and

λD
m. Then, let us check the first-order commutators,

SxZ1 − Z1Sx =

⎡

⎢
⎢
⎣

0 −r1 · · · 0
r1 0 · · · 0
...

...
. . .

...
0 0 · · · 0

⎤

⎥
⎥
⎦ , (C7)

SyZ1 − Z1Sy = i

⎡

⎢
⎢
⎣

0 r1 · · · 0
r1 0 · · · 0
...

...
. . .

...
0 0 · · · 0

⎤

⎥
⎥
⎦ , (C8)

SxZ2 − Z2Sx =

⎡

⎢
⎢
⎢
⎢
⎣

0 r1 0 · · · 0
−r1 0 −r2 · · · 0

0 r2 0 · · · 0
...

...
...

. . .
...

0 0 0 · · · 0

⎤

⎥
⎥
⎥
⎥
⎦

, (C9)

SyZ2 − Z2Sy = i

⎡

⎢
⎢
⎢
⎢
⎣

0 r1 0 · · · 0
r1 0 −r2 · · · 0
0 −r2 0 · · · 0
...

...
...

. . .
...

0 0 0 · · · 0

⎤

⎥
⎥
⎥
⎥
⎦

. (C10)

Here ri are real numbers and matrix elements of Sx and Sy .
Then by linear combinations of

{
SxZm − ZmSx|m ∈ Z+}

and
{
SyZm − ZmSy |m ∈ Z+}

, we can construct parts of
the first class and the second class of matrices with the
restriction of |i − j | = 1.

Now let us check the second-order commutators such as

S2
x Z1 − Z1S2

x =

⎡

⎢
⎢
⎢
⎢
⎣

0 0 −r2
1 · · · 0

0 0 0 · · · 0
r2

1 0 0 · · · 0
...

...
...

. . .
...

0 0 0 · · · 0

⎤

⎥
⎥
⎥
⎥
⎦

. (C11)

Then it is clear that by linear combinations of the
second-order commutators

{
S2

x Zm − ZmS2
x

∣
∣ m ∈ Z+} and{

S2
y Zm − ZmS2

y |m ∈ Z+
}

, we can construct parts of the
first and second classes of matrices with the condition of
|i − j | = 2. Utilizing the same arguments, any λs

(j ,k) and
λa
(j ,k) can be constructed. And this proves the completeness

of our operations. Therefore, our scheme can lead to any
symmetric entangled states connected by the SU(N + 1)
group.

APPENDIX D: THE APPLICABILITY IN
SUPERCONDUCTING QUBITS

In this section, we discuss the applicability of our
scheme in the superconducting-qubit system. The exper-
imental realization of employing on-chip microwave res-
onators and coupling them to superconducting qubits has
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a history of two decades [109], and it creates a solid-state
analogue of conventional optical cavity QED with atoms.
The realized Hamiltonian of a driven cavity mode coupled
to N qubits is written as [110]

Ĥ/� = ω

(

ĉ†ĉ + 1
2

)

+
N∑

i=1

εiŜz
i

+
N∑

i=1

g0
i

(
Ŝ+

i ĉ + Ŝ−
i ĉ†

)
+ κ

2
(
εĉ† + ĉε∗) . (D1)

The first term corresponds to a cavity mode with a fre-
quency ω, the second term corresponds to the energy
splitting of each qubit, the third term describes the cou-
pling of one qubit to the cavity mode with a coupling
strength g0

i , and the last term describes the external driv-
ing of the cavity. Here ĉ† and ĉ are the cavity-field creation
and annihilation operators.

When the energy εi of each qubit is mismatched from the
cavity resonant frequency ω, the interaction becomes that
each qubit experiences a state-dependent phase shift from
the cavity mode where a detail derivation can be found in
Ref. [111], and the effective Hamiltonian becomes

Ĥ/� = ω

(

ĉ†ĉ + 1
2

)

+
N∑

i=1

εiŜz
i

+
N∑

i=1

(
g0

i

)2

�i
Ŝz

i ĉ†ĉ + κcavity

2
(
εĉ† + ĉε∗)

= �

[

ω +
N∑

i=1

(
g0

i

)2

�i
Ŝz

i

] (

ĉ†ĉ + 1
2

)

+
N∑

i=1

εiŜz
i + κ

2
(
εĉ† + ĉε∗) , (D2)

where �i = ω − εi. By adjusting the energy splitting εi
and the coupling strength g0

i into the same magnitude, the
interaction term becomes proportional to Ŝzĉ†ĉ, which is
only different by a constant shift term comparing to Eq. (2)
in the main text. Therefore, the same entanglement creation
scheme can also be applied to the superconducting system.

APPENDIX E: THE FIDELITY OF GHZ, W, DICKE,
AND LANTERN STATES

In this section, we summarize the fidelity used in the
main text for the GHZ state, W state, Dicke state |0〉, and
lantern state |lt〉. The definition of GHZ state, borrowed
from Ref. [112], is defined as an equal superposition of
all spin-up and all spin-down state in our calculations.
For a given state with density matrix ρ, the fidelity is

calculated as

F = max
φ
(〈GHZ,φ|ρ|GHZ,φ〉)

where |GHZ,φ〉 = (|↑〉⊗N + eiφ |↓〉⊗N )/
√

2. Here we use
the phase φ to match the known phase difference between
|↑〉⊗N and |↓〉⊗N of the generated GHZ state. The above-
defined fidelity can also be calculated using the matrix
elements ρm,n:

F = 1
2
(ρN/2,N/2 + ρ−N/2,−N/2

+ ∣
∣ρ−N/2,N/2

∣
∣ + ∣

∣ρN/2,−N/2
∣
∣),

where ρm,n corresponds to the coefficients of |m〉〈n| in ρ.
Furthermore, if decoherence and loss is taken into con-
sideration in the state-preparation process, as is discussed
in Sec. IV C, any qubit undergoing spontaneous decay
will destroy the whole state. We thus describe the gener-
ated state with density matrix ρ that is decomposed into
two parts as ρ = ρcoh + ρjump, where ρcoh represents the
coherent-evolution part, while ρjump corresponds to the
incoherent-scattered part where the spontaneous decay or
quantum jumps introduce qubit loss. We are only inter-
ested in the coherent-evolved part, and we also utilize the
underestimated fidelity in Appendix B

F = max
φ

〈GHZ,φ |ρcoh| GHZ,φ〉 ,

where the total density matrix ρ is replaced by its coherent
part ρcoh. And it is safe to estimate and characterize the
performance of entanglement creation. The W state is the
eigenstate of the angular momentum with an eigenvalue
−N/2 + 1 for N qubits. Therefore, we can directly use the
matrix element ρ−N/2+1,−N/2+1 to characterize the fidelity,
where F = ρ−N/2+1,−N/2+1. The same rule also applied to
the Dicke state |0〉 with a fidelity F = ρ0,0.

The lantern state |lt〉 is defined as an equal superposi-
tion of |−15〉, |−5〉, |5〉, and |15〉 in the main text. The
phases between each superposition component are known
and determined during the entanglement preparation. We
thus calculate its fidelity through a similar procedure as in
the calculation of GHZ states, which is

F = 1
4
(ρ−15,−15 + ρ−5,−5 + ρ5,5 + ρ15,15

+ ∣
∣ρ−15,−5

∣
∣ + ∣

∣ρ−15,5
∣
∣ + ∣

∣ρ−15,15
∣
∣ + ∣

∣ρ−5,−15
∣
∣

+ ∣
∣ρ−5,5

∣
∣ + ∣

∣ρ−5,15
∣
∣ + ∣

∣ρ5,−15
∣
∣ + ∣

∣ρ5,−5
∣
∣

+ ∣
∣ρ5,15

∣
∣ + ∣

∣ρ15,−15
∣
∣ + ∣

∣ρ−15,−5
∣
∣ + ∣

∣ρ−15,5
∣
∣).

This can help us to include the contributions of phase
coherence.
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APPENDIX F: SPIN-SQUEEZED STATE

In this section, we provide details about calculating the
SSS in both ideal and 87Rb cases.

First we show how we calculate squeezing parameter
ξ 2

R under the Wineland criterion. For a quantum state,
we calculate the expectation value of the spin 〈Ŝ〉 =
(〈Ŝx〉, 〈Ŝy〉, 〈Ŝz〉) along different directions. This defines
the mean spin direction �n(θ ,φ) parallel to 〈Ŝ〉, where
θ = arccos(〈Ŝz〉/|〈Ŝ〉|) and φ = arctan(〈Ŝy〉/〈Ŝx〉). We can
choose two directions �n1, �n2 orthogonal to each other
and perpendicular to �n(θ ,φ), and calculate C = 〈Ŝ2

�n1
+

Ŝ2
�n2

〉, A = 〈Ŝ2
�n1

− Ŝ2
�n2

〉, and B = 〈Ŝ�n1 Ŝ�n2 + Ŝ�n2 Ŝ�n1〉. Then the
minimum variance of the angular momentum perpendicu-
lar to �n is vm = 1

2

(
C − √

A2 + B2
)

.

Then we calculate the squeezing parameter ξ 2
R as

ξ 2
R = Svm/|〈Ŝ〉|2. (F1)

Based on Eq. (8) in the main text where we also copy it
below,

|ψSSS〉 = e−i(�Sx+Hac)t2e−i(�Sx)t1 |↓〉⊗N , (F2)

the parameters we need to optimize are n0, δac, t2, and
t1 with fixed parameters � = 2π × 0.2 MHz and � =
2π × 0.65 GHz. Here n0 corresponds to the light frequency
ω = ωc + n0ωs. δac is the ac Stark shift for the resonant
Dicke state. In Figs. 9(a) to 9(d), we plot these globally
optimized parameters from N = 50 to 500. Based on these
information, we can extrapolate the optimized SSS param-
eters for a large N , and the result for large N is consistent
with the scaling of the ξ 2

R for small N , as shown in Fig. 4.
For 87Rb atoms, we consider two 5S1/2 hyperfine ground

states |↓〉 = |F = 1〉 and |↑〉 = |F = 2〉, and an excited
state |e〉 in 5P3/2. Fixed parameters are shown in Table I.
The hyperfine splitting is 6.8 GHz, and the light coupling
between |↓〉 and |e〉 must also be included. Therefore, the
detuning � between |↑〉 and |e〉 must be optimized to bal-
ance this additional contribution. Then the Hamiltonian
becomes a form like following:

Hexp = H↑
ac + H↓

ac. (F3)

Here H↑
ac and H↓

ac corresponds to the ac Stark shift con-
tributed from the states |↑〉 and |↓〉.

In order to maintain a better scaling of SSS, the opti-
mal parameters n0, δac, t2, and t1 must change under the
spontaneous decay. Additionally, we need to optimize �.

(a) (b)

(c) (d)

FIG. 9. The globally optimized parameters for N ranging from 50 to 100. In (a)–(c), we show trivial rotation time t1, nontrivial
rotation time t2, δac and frequency order parameter n0 for the ideal case and realistic 87Rb case with loss from the spontaneous decay
taken into consideration. (d) corresponds to the optimization of � for the realistic 87Rb case.
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TABLE I. Fixed parameters for spin squeezing in the 87Rb-
cavity case.

Parameters Symbol Number Unit

Spin spontaneous decay rate 	 2π × 6.06 MHz
Cavity decay rate κ 2π × 0.1 MHz
Photon-qubit coupling g 2π × 5.4 MHz
Hyperfine splitting ω0 2π × 6.8 GHz
Trivial rotation angular velocity � 2π × 0.2 MHz
Cooperativity η 200

We still define the ac Stark shift coefficient for the state
|↑〉 with the form of C = �δac(1 − i	/�) to label out the
contribution of light. The influence of |↓〉 can be easily
calculated based on the parameters of |↑〉 according to
the hyperfine splitting. For the contribution of the spon-
taneous decay, we utilize the method in Refs. [92,105]. If
one qubit is scattered randomly by a photon, it will not con-
tribute to the total spin length anymore. Meanwhile, this
randomly reshuffled spin will be in a maximal mixed state
after the scattering. Any further coherent evolution does
not purify this mixed state anymore. Therefore, based on
the evolution of a non-Hermitian Hamiltonian for a final
state ρ, we are expecting [1 − Tr(ρ)] N qubits randomly
scattered. Therefore, the variance contribution becomes
vm + [1 − Tr(ρ)] N/4. The squeezing parameter becomes

ξ 2
R,loss = S

vm + [1 − Tr(ρ)] N/4

|〈Ŝ〉|2
. (F4)

In Figs. 9(a) to 9(d), we show these parameters used in the
calculation in the main text, Fig. 3.

In Table II, we list typical parameters for
superconducting-qubit system, which we summarize from
Refs. [88–91]. Then we calculated the preparations of three
quantum states including W states, GHZ states, and SSSs
with a monochromatic light in superconducting qubits. The
fidelity of a GHZ state with 50 qubits is 0.975 and the
fidelity of a W state with 50 qubits is 0.880. The SSS is
shown in Fig. 10.

All these calculations of entangled states can be
obtained online [113].

TABLE II. Fixed parameters for spin squeezing in the
superconducting-qubit system.

Parameters Symbol Number Unit

Spin spontaneous decay rate 	 2π × 3.8 MHz
Cavity decay rate κ 2π × 0.3 MHz
Photon-qubit coupling g 2π × 78 MHz
Ground state splitting ω0 2π × 47 GHz
Trivial rotation angular velocity � 2π × 0.2 MHz
Cooperativity η 19 000

50 60 70 80 90

0.07

0.08

0.09

0.1

0.11

FIG. 10. The spin-squeezing parameter ξ 2
R for the

superconducting-qubit system where the qubit number N
ranges from 50 to 100 with a scaling ξ 2

R ∝ N−0.68 (black solid
line) and nf = 1. Here each point has a better squeezing than the
results of 87Rb system (red solid line) in the range of N from 50
to 100.

APPENDIX G: EXPERIMENTAL
IMPERFECTIONS

Imperfections occur when we consider a real exper-
iment, including inhomogeneous coupling, photon shot
noise, and cavity instability. Inhomogeneous coupling
caused by cavity standing wave can be avoided by using a
double-frequency laser. Such as in 87Rb systems, one can
use a 780-nm laser to induce the ac Stark shift of Dicke
states and a 1560-nm laser to trap atoms. Then, all atoms
are trapped to the antinodes of lattice as well as the 780-
nm light for entanglement. The photon shot noise and the
cavity-frequency instability randomly change the intracav-
ity light intensity, and thus bring fluctuations to ac Stark
shifts. Here we simulate this effect with 5% intensity noise
in Fig. 11(a), and there is almost no influence from this
imperfection.

Then we also consider the relative time-accuracy
requirement for t1 and t2. As shown in Fig. 11(b), we find
that the temporal region corresponding to an SSS becomes
narrower as N increases. When N increases, the relative
width of a CSS on the Bloch sphere becomes narrower
with a scale of 1/

√
N . Only when the CSS starts to overlap

with the barrier, the squeezing effect appears. Therefore,
we have to accurately control the time t1 and t2 to exactly
force ξ 2

R sitting at the minimal point. For the scenarios in
the main text, any relative time uncertainty below 0.1%
can help us to resolve and locate the minimal point of
ξ 2

R , which corresponds to 1 ns. To our knowledge, the
current microwave atomic clock can safely satisfy these
time-accuracy requirement.

Other noises may include the relative intensity and
frequency noise in the multifrequency scheme. We thus
experimentally test these noises with optical and rf
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(a)

(b)

FIG. 11. (a) One sequence squeezing with the squeezing
parameter ξ 2

R versus the qubit number N under 0 or 5% inten-
sity noise. The other parameters are the same as the nf = 1 line
in Fig. 3. (b) The evolution of ξ 2

R with time for different N under
optimized parameters.

components. The test setup is shown in Fig. 12(a). We beat
two individual 780-nm lasers (red, DL-pro from Toptica;
blue, frequency doubled from 1560 nm a fixed exter-
nal cavity diode laser from Precilaser) to test the relative
intensity and linewidth of a phase modulated laser. The
1560-nm laser [blue in Fig. 12(a)] serves as a reference and
has a narrow linewidth of 6.1 kHz tested with 50-km fiber
delayed self-heterodyne linewidth measurement. The Tot-
ica laser [red in Fig. 12(a)] is modulated by an EOM driven
by multifrequency rf signals to serve the multifrequency
scheme. The multifrequency rf signals are generated by
an arbitrary waveform generator (AWG, M4i.6631-x8 by
Spectrum) with tested narrow bandwidth of 1.4 Hz shown
in Fig. 12(b) and signal-to-noise ratio as high as 76 dB
for eight frequencies shown in Fig. 12(c), which decays
to around 71 dB after rf amplifier (ZFL-500+ by Minicir-
cuits).

After modulating the Toptica laser with an EOM (ixBlue
NIR-MPX800-LN-20), we measure the beatnote of two
lasers experimentally and find it is sufficient to generate
a multifrequency laser with adequate modulation depth,

as shown in Fig. 12(d), where we show that the relative
intensity among different frequency parts can be adjusted
by changing the relative intensity of the rf tones from
the AWG in spite of the existence of intermodulation by
the EOM. The relative intensity between the beat signals
remain steady with a standard deviation of 0.74% without
intensity locking, and the phase noise, which reflects on the
linewidth of the beat signal, shows no sign of degradation
(below the measurement accuracy). It supports that the rel-
ative intensity noise and frequency noise is negligibly low
and can be ignored during the theoretical calculations. Fur-
thermore, our nontrivial rotation stems from the ac Stark
shifts of a multifrequency laser to the qubits, which are
only sensitive to whether the state is shifted away or not by
the laser intensity. The relative phase noise between those
frequencies are thus not so important.

APPENDIX H: INFORMATION LEAKAGE FROM
CAVITY PHOTONS

In cavity-QED systems, qubits are entangled with pho-
tons, and then the leakage of the photons from a cav-
ity may bring information about qubits and make the
qubit state becoming a mixed state. For example, for a
state in the form of |m1〉|k1〉 + |m2〉|k2〉, where mi is the
qubit’s angular momentum and ki is the photon num-
ber, then the state of qubits becomes a mixed state
|m1〉〈m1| + |m2〉〈m2| after tracing out photons when k1 �=
k2. This information leakage destroys the entanglement.
On the other hand, if k1 = k2, the entanglement can be
preserved.

Fortunately, the quantum states discussed here are unaf-
fected by this mechanism for the following reasons. The
major reason is that only the resonant state at the bar-
rier will be populated by many photons. For the other
states, the photon occupation is very small due to the fact
that off resonance and the photon states are almost the
same as a vacuum state. Meanwhile, when we create the
entanglement, the resonant state is off coupled from the
qubits’ energy level. Therefore, the entangled states cre-
ated from nontrivial rotations are carrying almost the same
wave function of photons (very close to a vacuum state).
Therefore, our scheme is not influenced by the information
leakage from photons.

Now we build a more quantitative model to describe
this leaking process. Let us consider the quantum state
as |mz〉 ⊗ |ψi〉|ψr〉|ψt〉, in which |ψi〉 corresponds to an
intracavity photon state, |ψr〉 corresponds to a photon state
at the cavity-reflection side, |ψt〉 corresponds to a photon
state at the cavity-transmission side, and |mz〉 corresponds
to qubits’ states. Our target is to create an entangled state
of qubits in a form of

∑
mz

cmz |mz〉. During the preparation,
we create a state with a form of

∑
mz

cmz |mz〉 ⊗ |αmz 〉|0〉|0〉
and |αmz 〉 is a coherent state. After the cavity ring down,
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(a) (b)

(c) (d)

FIG. 12. Experimental testing of a multifrequency laser. (a) The testing setup. Two individual 780-nm lasers is beaten for the
measurement of relative intensity and linewidth. One of the lasers (red one) is phase modulated by an EOM, and is combined with
another reference laser (blue one) and detected by a photodetector. The beatnote signal is then filtered by a bias tee, and sent to
a spectrum analyzer. (b) The linewidth measurement of the multifrequency rf signal generated by the AWG. We pick one of the
rf signals for demonstration. Inset shows the enlarged figure of the dashed region. The signal is fitted with a Gaussian function
f (x) = 10 ∗ log10(e

−((x−a)/b)2)+ c shown by the red line, with fitted width parameter b = 1.424 Hz. (c) The eight-frequency mixed rf
signal with equal spacing of 20 MHz. (d) The beatnote signals. The red, green, and blue lines are three individual demonstrations with
different relative intensity. The relative intensity noise is below 0.74% over several times of measurement and the linewidth shows no
degradation after phase modulation.

the intracavity photons escape and the state becomes

|�〉 =
∑

mz

cmz |mz〉 ⊗ |0〉|R(mz)αmz 〉|T (mz)αmz 〉, (H1)

where R(mz) (or T (mz)) is the reflection (or transmission)
amplitude. Here we find during the W-state creation shown
in Fig. 6(c) (the scheme with a monochromatic light), |αmz 〉
contains around 0.099 photons for off-resonant states while
these states occupy 99.92% population in the desired W
state.

For a GHZ state shown in Fig. 6(d), |αmz 〉 contains
0.0025 photons for off-resonant states while these states
occupy 99.99% populations, because the desired states
are further far away from the barrier. The overlap of a
weak coherent state and the vacuum state is 0.9975. Then,
the GHZ-state fidelity changes from 0.9 to 0.899 and the
W-state fidelity (0.96) does not change within a 0.1% accu-
racy. It supports the previous qualitative argument that
the tracing out of photons does not hurt the scheme. For
SSSs, we test the qubit numbers at 50, 100, and 5000,
and the squeezing parameters drop as 0.0786 → 0.0801,

0.0435 → 0.0448, and 0.00160 → 0.00168, this barely
hurt the scale. In the next section, we will use the mas-
ter equation to calculate the dynamics and confirm that the
fidelity of the qubit states will not be hurt.

APPENDIX I: NUMERICAL APPROACH BASED
ON THE MASTER EQUATION IN LINDBLAD

FORM

In the main text, we use the effective Hamiltonian Hac
to describe the evolution of the qubit states. To further
support the validity of our scheme, we quantize the intra-
cavity light and use the photonic Fock states to describe
the dynamics in this appendix. Here we use the Lindblad
master equation to calculate the dynamics of the nontrivial
rotation where both quantum states of qubits and photons
are counted. Then we find the barrier state is still work-
ing and tearing the Hilbert space into two parts, while
any wave functions can hardly penetrate this barrier. We
also confirm that the effective Hamiltonian Hac provides
consistent results with the master equation.
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The Lindblad master equation is written as

dρ
dt

= −i[Ĥ/�, ρ] + κ

(

ĉρĉ† − 1
2

{
ĉ†ĉ, ρ

}
)

. (I1)

Here the Lindblad term κ
(
ĉρĉ† − 1

2

{
ĉ†ĉ, ρ

})
corresponds

to the process that photons continuously leak out from
cavity, which also describes the process of information
leakage, ρ is the density matrix including both qubits and
photons, ĉ and ĉ† are the annihilation and creation operator
of the photonic Fock state, and H is the Hamiltonian with
a form as

H/� = �Ŝx + ωs

(
Ŝz + S

)
ĉ†ĉ − δĉ†ĉ

+ κ

2
√

npump
(
ĉ† + ĉ

)
. (I2)

The first term �Ŝx in the Hamiltonian describes the
rotation connecting different Dicke states. The last term
κ/2√npump

(
ĉ† + ĉ

)
is the pumping term describing that

there is an incident light sent into the cavity and it can cou-
ple the vacuum state to the other Fock states of photons.
If the light is resonant with the cavity, the mean intracav-
ity photon number will be npump. The middle term H0/� =
ωs

(
Ŝz + S

)
ĉ†ĉ − δĉ†ĉ describes the energy of each state

including both qubits and photons. Here δ = ωl − ωc is the
frequency difference between the light frequency ωl and
the cavity resonant frequency ωc. When δ = nωs, only the
particular Dicke state |−S + n〉 will make the cavity reso-
nant with the external incident light, and this Dicke state
will serve as a barrier, which we will show later. Here we
use n = 2 and S = 5 as an example to plot the energy of
each state |Sz〉 ⊗ |k〉 under H0 in Fig. 13(a), where |Sz〉 is
the Dicke state of qubits and |k〉 is the Fock state with k
photons.

First, we would like to give a qualitative discussion
about why the state | − S + n〉 ⊗ |0〉 can serve as a barrier.
In Fig. 13(a), we plot the energy of each state and we can
find the states of |Sz〉 ⊗ |0〉 and | − S + n〉 ⊗ |k〉 are degen-
erate, which are labeled by red color. Then, the rotation
term�Ŝx can couple the states |Sz〉 ⊗ |0〉 together as shown
in Fig. 13(b) (n = 2 and S = 5 as an example). However,
the particular Dicke state | − S + n〉 ⊗ |0〉 is strongly cou-
pled to the other states of | − S + n〉 ⊗ |k �= 0〉 via the
pumping term κ/2√npump

(
ĉ† + ĉ

)
. When npump becomes

larger, this coupling is stronger. Due to this coupling to
other states, the state |−S + n〉 ⊗ |0〉 is shifted and can-
not serve the original role in the angular-momentum ladder
anymore. Therefore, this particular Dicke state is a barrier
and it makes the rotation term �Ŝx unable to transfer the
wave functions through this particular angular momentum
−S + n anymore.

Then, we use the numerical tool to further quantitatively
support this argument. We choose n = 2 as an example,

Photon number k

(a)

(b)

FIG. 13. The energy-level diagram. Here we choose n = 2 and
S = 5 (ten qubits) as an example. (a) The energy of each state
|Sz〉 ⊗ |k〉 under the Hamiltonian H0/� = ωs

(
Ŝz + S

)
ĉ†ĉ −

nωsĉ†ĉ. The vertical axis is in the unit of ωs. Two horizontal
axes are labeled by the angular momentum Sz and the photon
number k. Here the red color highlights the states of |Sz〉 ⊗ |0〉
and | − S + n〉 ⊗ |k〉, which are degenerate with an energy 0
under H0. (b) Here we plot the degenerate levels under H0. The
states |Sz〉 ⊗ |0〉 with zero photons are coupled via the rotation
term �Ŝx (shown by brown arrows). This rotation can trans-
fer the qubits’ populations in this angular momentum ladder.
Then, a pumping term κ/2√npump

(
ĉ† + ĉ

)
(shown by green

arrows) couples the states | − S + n〉 ⊗ |k〉 with one particu-
lar angular momentum −S + n and different photon numbers k.
Because of this pumping term, it will disturb the original state
| − S + n〉 ⊗ |0〉 in the angular momentum ladder and creates a
barrier for the population transfer.

which corresponds to a barrier at | − 3 = −5 + 2〉 in an
ensemble of ten qubits. We set � = 2π × 0.2 kHz, κ =
2π × 0.1 MHz, ωs = −2π × 1.57 MHz, and npump = 0.33
in the master equation. During the calculations, we cut off
the maximal photon number at 10. In Fig. 14(a), we show
our numerical results for an initial state at | − 5〉 ⊗ |0〉.
The density matrix becomes a mixed state after the time
evolution due to the cavity photon decay. Here we plot
the populations of each state |Sz〉 ⊗ |0〉 versus the evo-
lution time because the populations with nonzero photon
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(a)

(b)

(c)

ten qubits’ W state with pumping

ten qubits’ W state with pumping

W-state Fidelity

FIG. 14. The Lindblad master equation calculation. (a) The
generation of a W state with one nontrivial rotation for ten qubits.
Here we set n = 2 corresponding to a barrier at the state |−3〉.
The initial state is |−5〉 ⊗ |0〉. Circles with different colors cor-
respond to the populations of different Dicke states |Sz〉 ⊗ |0〉
with zero photons. And we find the barrier state at |−3〉 ⊗ |0〉
(yellow circles) can hardly be populated. (b) The same condi-
tion as (a), but without the external incident light. The population
can get through the | − 3〉 state without a barrier. The total time
evolution is described by a Rabi oscillation. (c) Comparison
between the effective Hamiltonian Hac and the master equation.
The two results are obtained using the same parameters with� =
−2π × 0.957 GHz, � = 2π × 0.2 kHz, 	 = 2π × 6.06 MHz,
and κ = 2π × 0.1 MHz in Table I. The barrier state is set at
| − 3〉. Here the red solid line corresponds to the results of Hac
and the blue circles correspond to the master equation. They
show a consistency between each other.

numbers are almost negligible. Then, we find the popula-
tion transfer is limited in the angular-momentum subspace
of |−5〉 and |−4〉. The barrier state |−3〉 and other states
separated by the barrier (such as |4〉 and |5〉) are very
slightly populated. When �t = 0.895, the nontrivial rota-
tion finishes a W-state preparation corresponding to the
state transfer into |−4〉. Therefore, this supports that the
state |−3〉 is a barrier tearing the Hilbert space into two
parts and induces the entanglement under the nontrivial
rotation.

For a comparison, we also show the numerical results
[Fig. 14(b)] with npump = 0, which corresponds to a trivial
rotation with no incident light. And we find that the time
evolution is described by a Rabi oscillation between all
Dicke states, and an initial population in |−5〉 can be fully
transferred into |5〉 without any barriers. This supports that
the barrier in panel (a) is indeed introduced by an external
incident light. Besides these, we also compare the results
of the master equation and the effective Hamiltonian Hac in
Fig. 14(c). Here we use the same parameters for both meth-
ods and calculate the W-state fidelity. The red solid line
corresponds to the fidelity under Hac and blue circles cor-
respond to the fidelity under the master equation. We find
the W-state fidelity drops from 0.820 (the effective Hamil-
tonian) to 0.810 (the master equation). Besides the W state,
we also check the other states and we find the performance
receives only a very slight influence. The squeezing param-
eter drops from 0.44 to 0.48 and the fidelity of a GHZ state
drops from 0.891 to 0.889. These numerical results sup-
port the consistency between the effective Hamiltonian and
the Lindblad master equation. All the detailed calculation
results and codes can be obtained online [113].
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