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In ab initio electronic structure simulations, fermion-to-qubit mappings represent the initial encoding
step from the problem of fermions into a problem of qubits. This work introduces a physically inspired
method for constructing mappings that significantly simplify entanglement requirements when one is
simulating states of interest. The presence of electronic excitations drives the construction of our map-
pings, reducing correlations for target states in the qubit space. To benchmark our method, we simulate
ground-states of small molecules and observe an enhanced performance when compared with classical
and quantum variational approaches from prior research using conventional mappings. In particular, on
the quantum side, our mappings require a reduced number of entangling layers to achieve accuracy for
LiH, H,, (H,),, Hf stretching, and benzene’s 7 system using the RY hardware-efficient ansatz. In addi-
tion, our mappings also provide an enhanced ground-state simulation performance in the density matrix

renormalization group algorithm for the N, molecule.
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I. INTRODUCTION

Ab initio electronic structure simulations play a piv-
otal role in various fields, including drug development
[1,2], computational catalysis [3], and materials science
[4]. Given the significance of this domain, numerous tech-
niques have evolved over the years, enabling simulations
of increasingly complex systems. In the context of our
research, it is worth mentioning three specific methods:
classical simulations, variational quantum algorithms exe-
cuted on current and near-term noisy quantum devices,
and fault-tolerant quantum computing. Classical simula-
tions in the form of the density matrix renormalization
group (DMRG) algorithm [5—8] and Monte Carlo methods
[9] are state-of-the-art methods and are readily available.
Variational quantum algorithms are executed on proof-of-
concept scales on contemporary noisy quantum computing
devices, and have the potential for achieving simulations
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of useful system sizes soon. Finally, quantum algorithms
on fault-tolerant quantum computers are expected to yield
useful applications in the further future when such comput-
ers are available and the gate counts and runtimes of these
algorithms are reduced to practical numbers.

Central to all approaches is the transformation of the
physical problem into units of information. This involves
the selection of an appropriate basis consisting of a set of
spin-orbitals (SOs), on top of a fermion-to-qubit mapping.
In this work, we focus on the choice of fermion-to-qubit
mappings, which leads to potential advantages in all three
formerly mentioned avenues.

Fermion-to-qubit mappings represent the initial encod-
ing step of fermionic problems into qubits, faithfully
replicating the algebra of fermionic operators on a qubit
system [10]. Given the nonlocal nature of the fermionic
state space, these mappings introduce a nonlocal structure
into qubit systems, which are typically characterized by a
limited connectivity. It is crucial to emphasize that these
mappings are not unique, as there are numerous possible
solutions to the encoding problem. Consequently, depend-
ing on the qubit topology and the technique applied, some
mappings may prove more advantageous than others for
simulation tasks. In this context, the reduction of Pauli
weight, locality of mapped operators, entangling gate over-
head, and number of qubits has played a leading role in
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the design of novel mappings, all while one considers the
practical constraints imposed by experimental hardware
[11-18]. Here we follow a different path and choose entan-
glement as the relevant figure of merit: our goal is to design
fermion-to-qubit mappings that reduce the entanglement in
the target qubit state.

Given an initial fermionic Hamiltonian, its energy spec-
trum remains invariant under any valid fermion-to-qubit
transformation. However, the eigenstates of the result-
ing qubit Hamiltonian, and consequently the target state
[v) to be simulated, differ across the mappings. In par-
ticular, the target state can exhibit substantial variations
in its entanglement properties in a qubit representation,
which is a critical factor influencing the quality of the
simulations, both in the classical case and in the quan-
tum case. For instance, it is not clear if the Pauli weight
has any impact on DMRG simulations, while they are
known to be affected by the entanglement structure of the
target state. In general, identification of mappings yield-
ing states with reduced entanglement requirements could
substantially enhance simulation performance.

In this work, a physically inspired method is proposed
to construct tailored entanglement-aware fermion-to-qubit
mappings with reduced entanglement requirements on the
state being simulated. For small molecular systems, we
show enhanced ground-state preparation performance with
respect to paradigmatic mappings. In the quantum compu-
tation framework, we use the variational quantum eigen-
solver (VQE) with an RY hardware-efficient ansatz (HEA)
to demonstrate increased accuracy for LiH, H,, (Hj),,
Hf stretching, and benzene’s 7w system. Additionally, we
extend the applicability of our method to the tensor net-
work framework, where we simulate N, using the DMRG
on a matrix product state (MPS) representation.

II. FERMION-TO-QUBIT MAPPINGS

The problem of designing beneficial qubit representa-
tions of electronic systems is rich and can be tackled from
different angles. As already mentioned, in this work we
are focusing on the fermion-to-qubit mapping alone. Other
studies have used different strategies to reach this goal,
such as optimizing the spatial orbitals [19-21] or regu-
larizing the electronic Hamiltonian [22-28], as well as
other strategies [29—32]. Note that these are separate strate-
gies that can be combined with optimized fermion-to-qubit
mappings.

The proposed mappings can be related to recent studies
aiming to find optimal Clifford circuits for entanglement
reduction [33—35]. These studies can be interpreted as find-
ing a beneficial mapping through a transformation included
in the quantum circuit, while in this work we aim to find
a suitable mapping directly. Our results therefore apply to
both classical and quantum approaches.

A. Fock space to qubits

The antisymmetrized Fock space F_ encompasses all
conceivable states from a many-body fermionic system.
In electronic structure problems, solving for the spectrum
of an operator O € Lin[F_] has significant importance,
a particular case being the electronic Hamiltonian. The
fermionic algebra consists of a set of creation {aj}?zl
and annihilation {g;}?_, operators in Lin[F_], satisfying
canonical anticommutation relations (CARs):

{(a,a;} =6;1, {apa)}=1{a,a}=0 (1)
i>7] g—= L) 27y '
When applied to the fermionic vacuum [vac), such ladder
operators define the orthonormal Fock basis spanning F_,
in the so-called occupation number vector notation:

fiofos- - ofo) = @@ @yrvac). (2

Here, f; € {0,1} is called the “fermionic occupation of
mode i,” (a:f)o = 1, and # is the total number of fermionic
modes available. Note that the ladder operators are applied
in descending order, as a phase factor could apply other-
wise. Equivalently, ladder operators can be decomposed as

1 , 1
4 =Sy +ivy-1), =3

(ryy —ivy-1)  (3)
into a self-adjoint part (y»;) and an anti-self-adjoint part
(iy2j—1). They are uniquely identified by a Majorana basis
{yj}fd: 1> satisfying both being self-adjoint (y; = ij) and
the associated CAR for Majorana operators

{vi» vi} = 28 1. 4)

Operators in Lin[F_] can be expressed as linear combi-
nations of products of a set of ladder operators. In par-
ticular, the electronic Hamiltonian is expressed as a linear
combination of one-body and two-body operators as

He=")"hyalay + ) hydjaad, — (5)
ij i k.l

with h;; and h;; being the one-body and two-body terms,
respectively, available from classical computation meth-
ods.

The abstract Fock space spanned by # fermionic modes
is isomorphic to the Hilbert space spanned by n qubits
F_ ~ (C*®", with dimension 2". Hence, it is always pos-
sible to transform the Fock space to a qubit space through
a so-called fermion-to-qubit mapping:

A Fo — (CHE (6)

These mappings also transform ladder operators into oper-
ators in Lin[JF_] satisfying the CAR. After application of
any such mappings, any electronic Hamiltonian A, is fully
reconstructed in the qubit space.
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B. Ternary tree encodings

The relation between ternary trees (TTs) and mappings
was introduced in Ref. [11]. In Ref. [12], a TT mapping
was proven to be optimal to minimize the Pauli weight of
the derived operators in Lin[F_]. This ignited the research
reported in Ref. [18], where the flexibility of generating
TT mappings was implemented favorably on experimen-
tal hardware. Moreover, Ref. [18] includes a thorough
discussion on TT mappings, a detailed pairing scheme
preserving a fermionic vacuum, and analysis of occupa-
tion localization. Overall, the TT formalism provides a
large framework of fermion-to-qubit mappings based on
Pauli strings, including the representation of traditional
mappings such as Jordan-Wigner (JW) [36], parity, and
Fenwick tree—based mappings such as Bravyi-Kitaev map-
ping [10]. Such a TT formalism enables the retrieval of a
Majorana basis set in the qubit representation from a TT,
satisfying Eq. (4).

We briefly introduce a TT as a graph 7 = (V, E) con-
sisting of a set of m vertices V' = {v;}’, and (m — 1)
connecting edges E C {(x,y) € V?|x # y} (Fig. 1). In the
upper part of the TT, there is the root node, which rami-
fies the graph iteratively up to three labeled descendants
per node. For two connected nodes v;, v;, a kinship rela-
tionship is set between them. With respect to v;, the node
v; can take the relationship of parent (v}), x child (v), y
child (v}), or z child (v?). The same applies for v;. Except
for the root node (which has no parent), every node has
one and only one associated parent, and up to three labeled
children. If a node is missing some x, y, or z child, then for
each missing child a leg from the ternary tree is defined.
Formally, a “leg” refers to an edge that is connected to a
single graph node, with no connection at its other end. In
total, there are 2m + 1 resulting legs on the ternary tree.
Each leg / has an associated Pauli string S; (Table I), which

8 9
] I
I I
I

\ / \ \
\ /71N 2 BN AN Y 2N A /
58 S9 S2 510 511 53 S12 513 S0 S14 S15 S1 S16 S17 S7 S18 S19

FIG. 1. Ternary tree example, corresponding to a fermion-
to-qubit mapping of ten fermionic modes. Each node holds a
fermionic mode, an ascending parent node (except from the root
node at the top), and three descending labeled branches x, y, z
(from left to right, respectively) indicating the child nodes. The
dashed lines correspond to legs of the tree, each retrieving a sin-
gle Majorana string S; in red. The leg associated with z paths
forming the root node is marked in gray, and its Majorana string
is unpaired.

can be retrieved by one tracing the ascending path back to
the root node. Initially, the node v; on top of the current leg
x,y or z denotes respectively an X, Y or Z Pauli operator to
be applied to the ith qubit. Subsequently, as we progress to
the parent node v; = v/, the relationship between v; and v;
delineates vy, vf or v7, signifying respectively an X, ¥ or Z
Pauli operator to be applied to the j th qubit. By our redefin-
ing v; = v7, the process is repeated iteratively, where each
iteration retrieves the operators to be applied to each par-
ent node. In the final step, v/ becomes the root node of
the ternary tree, having no associated parents, and termi-
nating the process. The associated Pauli string S; for leg /
results from tensoring the Pauli operators of the aforemen-
tioned progression. The resulting set of Pauli strings from
the TT are defined as Majorana strings (S; = S,T). These
replicate the fermionic CAR for Majorana operators from
Eq. (4) in qubit space. Ultimately, the Majorana strings
may be paired to preserve the fermionic vacuum through
the pairing algorithm (Algorithm 2).

For further details about the TT formalism, we refer the
reader to the detailed explanations in Refs. [11,18]. In this
work, the TT formalism was implemented with use of the
TEQUILA [37] PYTHON library.

C. Fermionic permutation and qubit permutation

In this section, we discuss a fundamental yet often mis-
understood distinction between fermionic permutation and
qubit permutation. The former refers to the relative permu-
tation of fermionic modes encoded within the TT mapping,
directly affecting the transformation and further simula-
tion requirements [38]. The latter involves a reordering of
qubits, leaving the transformation intact but having sig-
nificant implications when one is conducting simulations
with algorithms or devices with restricted topologies. To
ensure clarity, we elaborate on the distinction between both
permutations through explicit and illustrative examples.

We draw special attention to the resulting effects of
encoding parity locally. In the literature, parity mappings
are often referred to as a unique parity mapping. How-
ever, the specific order in which the fermionic occupation
is encoded results in nonequivalent mappings.

Encoding locally in parity involves encoding in either
the x branch or the y branch of a ternary tree. To simplify
our discussion, we focus on the former case and consider
an x-branch mapping of four fermionic modes labeled “0,”
“1,” “2,” and “3” onto four qubits labeled “A,” “B,” “C,”
and “D” in standard order [Fig. 2(a)]. We explore another
x-branch parity mapping where modes are encoded in the
order 1, 3, 0, 2 [Fig. 2(b)]. Lastly, we present the JW map-
ping in the standard order for the purpose of comparison
[Fig. 2(c)].

The fermionic modes held by each node from the tree
do have relevant implications for the mapping, and lead
to different fermion-to-qubit mappings. We say that the

030333-3



TEODOR PARELLA-DILME et al.

PRX QUANTUM 5, 030333 (2024)

FIG. 2. Ternary trees of fermion-to-qubit encodings with four
fermionic modes (0, 1,2, and 3) into four qubits (A, B, C, and
D). (a) Parity encoding of fermions in standard order (0, 1, 2, 3).
(b) Parity encoding of permuted fermions in order 1, 3, 0, 2. (c)
JW encoding in standard order.

two parity mappings presented differ due to a permutation
in the fermionic space. For the first mapping [Fig. 2(a)],
qubit D holds the occupation of fermionic mode 3, qubit
C holds the total occupation sum modulo 2 of modes 2
and 3, qubit B holds the total occupation sum modulo 2 of
modes 1, 2, and 3, and qubit A holds the total occupation
sum modulo 2 of all four modes. However, in the case of
the second mapping [Fig. 2(b)], qubit D holds the occu-
pation of fermionic mode 2, qubit C holds the occupation
modulo 2 of modes 0 and 2, qubit B holds the occupation
modulo 2 of modes 3, 0, and 2, and qubit A holds the occu-
pation modulo 2 of all four modes. Both mappings have
qubits that encode different occupation information from
any other qubit in the other mapping. For instance, in the
first mapping, there is a qubit holding occupation informa-
tion from mode 3, or a qubit holding occupation modulo 2
of modes 2 and 3. However, in the second parity mapping,
there are no such qubits; instead they are different. They
are essentially nonequivalent fermion-to-qubit mappings,
leading to alternative representations of the Fock space in
the qubit space.

On top of this fermionic permutation that changes the
mapping, one can define the physical qubit permutation,
related to the relative order of qubits A, B, C, and D. Such
physical permutation matters when the order of entangled
subparties is relevant within an optimization method. For
instance, physical permutation is important within a VQE
optimization in a device with restricted qubit connectiv-
ity, or in a specific topological decomposition of a tensor
(such as in a linear MPS). We remark that the physical
permutation does not modify the representation of a state,
but it has implications for optimization methods with finite
resources.

II1. SIMPLIFYING ENTANGLEMENT BY
ENCODING OCCUPATION NONLOCALLY

The study of many-body electronic ground-states
involves dealing with complex correlations. Typically, a
Hartree-Fock (HF) self-consistent field approach is used
in the first instance to identify an optimized separable

state. However, to account for correlations, it is essential
to consider electronic excitations, which entail promoting
electrons from occupied SOs to virtual ones. Currently,
widely used methods such as configuration interaction (CI)
[39] and coupled cluster [40] methods aim to represent
these excitations through parameterizations. The principle
remains similar in its unitary variant [unitary coupled
cluster (UCC)] (see Sec. [V) [41].

In this section, we propose an approach to streamline
the treatment of correlations during the fermion-to-qubit
encoding process. To illustrate this idea, we initially exam-
ine idealized fermionic scenarios involving pure states.

A. Double electronic excitation

We first consider a scenario involving four SOs related
to a generalized double excitation, which corresponds to
the simultaneous promotion of two electrons from two
occupied fermionic modes to two unoccupied ones. An
example is a simultaneous promotion of two electrons
occupying the two SOs from the same molecular orbital
(MO) to the two SOs from a virtual MO. In the context
of the JW encoding [Fig. 2(c)], the occupation information
for the initially filled fermionic modes 0 and 1 is locally
encoded in qubits A and B, respectively. Similarly, the
occupation of the two virtual fermionic modes 2 and 3 is
locally encoded in qubits C and D, respectively. In this
context, the state resulting from the double excitation is
represented as follows:

¥ ) hep = @l1100) 50 + BIOO11)Y ep.  (7)

An alternative approach may be explored by one encod-
ing locally in parity. We call P the parity mapping from
Fig. 2(a), where qubits A, B, C, and D hold, respectively,
the occupation modulo 2 of the last four, three, two, and

ALGORITHM 1. Algorithm used in this work to find reduced-
entanglement fermion-to-qubit mappings.

Require: A Hartree-Fock |1 r) approximation of the target
state in JW encoding, and a decision protocol D to select
the relevant excitations from UpCCGSD analysis.

1: Compute UpCCGSD optimization over |¢pr).

2: Retrieve the absolute values for the converged angles
{1671, 102; Y-

3: Through the decision protocol D, select relevant exci-
tation/s with large value/s of {|6;,,|6¢,|}:,;, involving
modes with relevant electronic occupation.

4: For each selected excitation, encode the associated
fermionic modes in a z-branch of a T'T mapping 7, repli-
cating Eqs.(10, 14).

5: Complete T by encoding the remaining fermionic modes
occupation locally in the qubits. This is achieved by stem-
ming a z-branch from the root node.

6: return A tailored mapping 7 having the target state rep-
resentation with reduced entanglement requirements.
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Simplification of correlations for the six MOs involved in the 7 system of benzene (Fig. 7). Red labels indicate the cost func-

tion value from Eq. (16) of the corresponding mutual information matrices. Red and pink squares indicate the elements associated with
the most relevant double excitations. (a) TT corresponding to JW encoding. (b) Absolute values |6} | after UpCCGSD, corresponding
to single excitations between MOs 7r; and 7;. (c) Absolute values |95| after UpCCGSD, corresponding to double excitations between
MOs 7; and ;. (d) Mutual information matrix between qubits for the JW exact ground-state. (¢) Reordered mutual information matrix
minimizing the correlation cost function C (final value shown). (f) Constructed mapping encoding the most relevant double excitation
subspaces locally in parity. (g) Exact ground-state mutual information matrix for the adapted mapping that reduces entanglement on
the double excitations between qubits 2, 3, 6, and 7 and qubits 4, 5, 8, and 9. (h) Reordered mutual information matrix for the adapted

mapping.

one fermionic modes. The basis elements from the JW
transformation

{11100))%p, 10011)1% )]
are, under the encoding P, represented as
{10100) 5cp, 10001)5 5 ). 9)

That is, the parity map goes from left to right, encoding the
occupation modulo 2 of the qubits on the right in the JW
encoding. Ultimately, the doubly excited state in Eq. (7)
transformed from the JW encoding to the P encoding is
expressed as

V) iscp = @10100)5cp, + B10001)5c =

= 100);c ® (105, + BIO1)E,) . (10)

The entangled double-excitation subspace in the JW repre-
sentation involving four qubits from Eq. (7) is effectively
reduced to two entangled qubits in Eq. (10) with use of the
P encoding.

B. Single electronic excitation

Although double excitations represent the major source
of correlations in electronic structure problems, it is worth
investigating the single electronic excitation case, involv-
ing the promotion of a single electron. The resulting state

is symmetric in terms of spin, and single excitations may
be computed between two MOs, involving a total of four
SOs.

We explore this concept further by introducing an ideal-
ized scenario that revolves around the excitation subspace
in the JW representation [Fig. 2(c)]. To better understand
this, we take the state |1100),5cp and possible single
excitations acting on it symmetrically in terms of spin.
The resulting subspace is then spanned by [1100)zcp,
|0110) 43¢cp, and |1001) 4pcp. This implies that the state can
be represented as follows:

|w>f4\gCD - a|1100>ABCD + 18|0110 ABCD + :B|1001 ABCD*
(D

On closer examination, the single excitation seems to be
more intricate than initially expected, involving entangle-
ment among all four qubits. We can consider again the
mapping P from Fig. 2(a). The basis elements

{11100) % cp, 0110) % . [1001) % -} (12)
are transformed, respectively, into
{10100)% 5p, 10010) 5, [0110) 5 ). (13)
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FIG. 4. Evqe — Ercr as function of the RY-HEA entangling
layers for the 7 molecular orbital subsystem of benzene. Com-
parison of the JW mapping (red) and tailored mapping (blue).

The singly excited state from Eq. (11) in the JW represen-
tation is transformed in the P representation to

) isep = 100), ® (1050 + BIOL)S. + BITDEL) .
(14)

Most importantly, the requirement of entangling four
qubits in the JW encoding for Eq. (11) is again reduced
to entangling two qubits in the P encoding for Eq. (14).

Note that we used a Cl-like scenario in the previous
example, where a potential single electron excitation acts
linearly on the initial state |1100)’%5 .. In a typical quan-
tum computing scenario, the single excitations will be
introduced via a unitary coupled cluster—type operator (see
the next section) that will also produce the state [0011)% -,
where both single electrons are excited at the same time.
The corresponding amplitude will be on the order of @8, so
the effect of the now imperfect compression under the par-
ity mapping will become negligible for small amplitudes.
As single electron excitations can be identified with orbital
rotations [see Eq. (12) in Ref. [42]] this provides moti-
vation for future combinations with orbital optimization
techniques.

In complex quantum chemistry scenarios with multiple
SOs and correlations, the reduced density matrices may
exhibit a high degree of mixed states. This arises from
the possibility of multiple excitations affecting the same
SOs, thereby introducing complexity in the previously ide-
alized cases, even in a potential orbital-optimized variant.
Although we are constrained in the number of excitations
we can simplify using the aforementioned methods, we
can still deal with excitations that contribute the most to
correlation effects.

In the following sections, our focus is on identifying
relevant excitations and exploring how the entanglement

map transforms under the fermion-to-qubit mapping cho-
sen. Our objective is to investigate the potential to mitigate
correlations by using a clever mapping strategy in complex
scenarios.

IV. REDUCING ENTANGLEMENT ON SMALL
MOLECULAR SYSTEMS

To simplify qubit space entanglement as outlined in
the previous section, we first identify the primary sources
of correlation based on single and/or double excitations.
Then we replicate the entanglement streamline procedure
by locally encoding the parity of the fermionic modes asso-
ciated with the selected excitation(s). To achieve these
objectives, the algorithmic steps implemented in this work
are detailed in Algorithm 1.

For clarity, we provide a detailed implementation of
Algorithm 1 along with the illustrative example of ben-
zene’s w system (Fig. 7). We depart from the associ-
ated Hartree-Fock uncorrelated reference state |ygg) in
the STO-3G basis (Table II), computed in JW encoding
[Fig. 3(a)]. In this scenario, the m system is represented
within an active space of six electrons, occupying the
lowest-energy MOs 1, 75, and 3 in the HF state. Our
initial objective is to identify the most relevant electronic
excitations, a task that can be accomplished through an
initial simulation using reduced resources. This can be

01 JW mapping two entangling layers
—— JW mapping eight entangling layers
14097 /O e Tailored mapping two entangling layers
—— Tailored mapping eight entangling layers
120 4 HF energy
_ Chemical accuracy
° 1
g 100
™
£ 804
w 60 @ b Y UGS °
40 1
20 1
0 T y r y ! y
0.75 1 1.25 15 175 2 2
Vve-@ €€ ‘I_‘T 6¢-¢ %-¢ v
. ||
[ ] i, —€1 E 4 3 | I
T ¢ [ €€ 6—€ 6y
Stretching parameter d
FIG. 5. Difference between Evqr and Ercr as a function of the

stretching parameter d in the stretching of the Hf Paldus system.
A comparison is made between VQE results for JW mapping
(red) and tailored mapping (blue). Results are shown for the VQE
RY HEA with two entangling layers (dotted lines) and eight
entangling layers (solid lines). The tailored mappings used for
each stretching parameter d are depicted in Fig. 12.
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spin-orbitals associated with the two double excitation subspaces (4, 5,12, 13) and (6, 7, 10, 11). (d) Converged Epmrg compared with
Ercr as a function of the maximum bond dimension used. The proposed TT mapping is compared with the JW mapping. The converged
energy for the reordered MPS is also plotted for both mappings. (e) Block entropies for the converged MPS after use of the DMRG.

achieved through various approaches, including classical
computational methods or the computation of the commu-
tator of the corresponding operators with the Hamiltonian.
A notable example of the latter is used in the building of the
ansatz in the adaptive derivative-assembled pseudo-Trotter
VQE [43]. Additionally, coupled cluster methods can be
used, which are versatile and can be implemented with the
use of classical or quantum computing techniques. In this
work, we proceed with the unitary coupled cluster of sin-
gles and doubles (UCCSD), consisting in an optimization
of the following parameterized state:

[Yucesp) = €712 |[Yrpr)
T = 29’“’ (azak - a,taa>
ka

. i Pt
L= Ouaw (al:a,,akaz - @ aaab> ,
klab

(15)

where indices k and / represent occupied fermionic modes
and indices a and b represent unoccupied ones. More

specifically, we consider the paired generalized version
(UpCCGSD) [44], which considers only double excitations
promoting two electrons from two filled modes of the same
MO into two other modes of another virtual MO. Addition-
ally, single excitations are considered only between modes
of equal spin, being equivalent between different spin ori-
entations of the same MOs. From now on, we define the
parameterized angles 6;; and 95 , respectively, as the ones
involved in the single and double excitations between MOs
m; and m;. Following the UpCCGSD analysis, we can
identify relevant excitations by examining the absolute val-
ues of the optimized angles {161} and {|9§l|} for single
excitations [Fig. 3(b)] and double excitations [Fig. 3(c)],
respectively.

In Fig. 3(c) it is clear that there exist two critical dou-
ble electronic excitations. The first one (marked by a red
square) involves MOs m, and 74, while the second one
(marked by a pink square) involves MOs m3 and 7s.
Although there exist mild single electron excitations in
Fig. 3(b), the large absolute values from double excitations
are more significant.
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ALGORITHM 2. Pairing algorithm for Majorana strings from
a ternary tree. Adapted from Ref. [18].

Require: A ternary Tree 7 = (V, E).
1: for v; € V do

2: if vy is None then > Construction of S
3: Define [ as the z-downward leg from v;

4: SY =5

5: else

6: s =y

7 while s* is not None do

8: s =s"

9: Define [ as the z-downward leg from s
10: S¥r=5
11: if v} is None then > Construction of SY
12: Define [ as the y-downward leg from v;
13: Sly =5
14: else
15: u =0y
16: while v* is not None do
17: u=u”
18: Define [ as the z-downward leg from u
19: Sy =5

> Paired Majorana strings of

20: return {S7, S}
. all nodes v;

[\
=

It is important to mention that the following process
is scalable and does not require any exact diagonaliza-
tion. However, when considering small molecules as in
the present case, we have the privilege of accessing the
exact ground-state. As part of our analysis, and to illus-
trate how our approach simplifies the correlation structure,
we compute the mutual information (MI) matrix, denoted

as 1, holding as elements /;; the MI between qubits 7 and ;.
This matrix serves as a quantitative indicator of the cor-
relation between SOs i and j [Fig. 8(d)]. An immediate
observation reveals the influence of the double excitation
between MO m, and MO 14, as predicted above, as rele-
vant MI is present between associated qubits 2, 3, 6, and
7 (subspace marked by red squares). The relevant dou-
ble excitation between MOs 5 and 75 is also noticed as
high correlation between associated qubits 4, 5, 8, and 9
(subspace marked by pink squares).

To streamline the state preparation process, the extent
of long-range entanglement among the qubits can be min-
imized. This can be done by different means, such as
minimizing the long-range MI between subparties [45], or
through the exchange matrix [46]. Following the orbital-
reordering DMRG approach in the former case, we con-
sider the cost function on our MI matrix

)= Ijli—jP

ij>i

(16)

which relates to the Fiedler vector of the MI graph. In
essence, the cost function tends to decrease when qubits
with substantial M1 are positioned closer to each other in a
linear order. Considering the set of permutations of » ele-
ments {P} € S,, the permutation P, is defined as the one
that leads to an MI matrix minimizing Eq. (16):

Popt = arg min C(PIP™").
PeSy,

(17)

As discussed in Sec. II, it is important to note that permut-
ing physically the qubits does not alter the ground-state

TABLE 1. Explicit Pauli strings from the ternary tree in Fig. 1.
Label Pauli string Ternary tree
So X0Z1Zg
s, YoZo 7
S, XoX12Z4
83 XoY1Zs
Sy Yoo
Ss Yo,
Se ZyX3
S7 ZyY3Zy
Sg XoX1X;y
So XoX1Y4 S8 S9 S2 S10 S11 S3 S12 S13 S0 S14 Si5 S1 S16 S17 S7 S18 S19 S20
Sio XoY1 X5
T XoY1Ys
Si2 XoZ1 Xs
Si3 XoZ,Ys
Sia Y02, X7
Sis W2 Y,
Si6 ZyY3.Xg
Si7 ZyY3Yg
NE ZyZ3Xg
Si9 ZyZ3Y9y
820 ZyZ3Zy
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TABLE II.
and correlation energy.

Initialization of molecular systems, including their nuclei Cartesian geometry, basis set, number of core orbitals frozen

Molecule Basis Frozen orbitals

E° (kcal/mol) Cartesian geometry (A)

H, 6-31G 0
LiH STO-3G 1
H2)» STO-3G 0

H7 () STO-3G 0
N, STO-3G 2

(073513 STO-3G 6

15.4945 H 0.0000 0.0000 —0.3650
H 0.0000 0.0000 0.3641
Li 0.0000 0.0000 0.0000
H 0.0000 0.0000 1.5472

H 0.0000 0.3674 —2.1264

H 0.0000 —0.3674 — 2.1264

H 0.0000 0.0000 1.7590

H 0.0000 0.0000 2.4939

H 0.5601 0.5601d 0.0000
H —0.5601 0.5601d 0.0000
H —0.5601 — 0.5601d 0.0000
H 0.5601 —0.5601d 0.0000
N 0.0000 0.0000 —0.5669
N 0.0000 0.0000 0.5669
C 0.0000 1.4027 0.0000
C —1.2148 0.7014 0.0000
C —1.2148 —0.7014 0.0000
C 0.0000 —1.4027 0.0000
C 1.2148 —0.7014 0.0000
C 1.2148 0.7014 0.0000
H 0.0000 2.4901 0.0000
H —2.1567 1.2451 0.0000
H —-2.1567 — 1.2451 0.0000
H 0.0000 —2.4901 0.0000
H 2.1567 —1.2451 0.0000
H 2.1567 1.2451 0.0000

12.1869

25.4776

153.6310 (d = 1)

105.2284

7 active space:
67.6796

itself but does affect the geometric constraints between
subparties, which is crucial for upcoming optimization
methods. Although finding the exact P,y is hard, it is a

» m

FIG. 7. Active space of m molecular orbitals of benzene,
expressed in the basis of canonical orbitals.

good approximation P, reducing the cost function from
Eq. (16) as much as possible is sufficient. The search
for P, has demonstrated remarkable benefits in improv-
ing VQE simulations, especially on hardware with a linear
restricted entangling connectivity [47]. Moreover, DMRG
optimization over an MPS has also shown enhanced per-
formance [45]. For the present case, we set P as the
best solution found with a genetic algorithm using DEAP
[48]. The reordered MI matrix associated with Py sig-
nificantly reduces the cost function (16), as shown in
Fig. 3(e).

After identifying the qubits involved in the most
relevant double excitations of the system [Fig. 3(c)],
we proceed to transform the four-qubit entangled sub-
spaces resulting from the double excitations described in
Eq. (7) into two-qubit entangled subspaces, as described
in Eq. (10). To do so, we introduce the ternary tree from
Fig. 3(f), in which we have taken a decision protocol
D that selects the modes associated with the most rele-
vant excitations present in the UpCCGSD analysis. The
qubits associated with the red (pink) double excitation are
included in the red (pink) x branch. Such tailored transfor-
mation encodes occupation nonlocally between the qubits
involved in each x branch (similar to a parity mapping),
while occupation remains locally encoded in the qubits
from the z branch (similar to JW mapping).
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FIG. 8. Simplification of LiH entanglement spectrum on a five-MO active space with two electrons. Analogous to the benzene
 system in Fig. 3. An analysis in the JW encoding is performed in the first instance. The information obtained is then used to
construct a tailored mapping. (a) TT corresponding to JW encoding (b) Absolute values |6}; | after UpCCGSD, corresponding to single
excitations between MOs i and ;. (c) Absolute values |0{f| after UpCCGSD, corresponding to double excitations between MOs i and ;.
(d) Mutual information matrix between SOs for the JW ground-state. (e) Reordered mutual information matrix minimizing Eq. (16).
(f) Constructed mapping encoding the most relevant double excitation subspace locally in parity. (g) Ground-state mutual information
matrix for the adapted mapping that reduces entanglement on the double excitation between SOs 0, 1, 2, and 3. (h) Ground-state
reordered mutual information matrix for the adapted mapping. Red labels indicate the cost function value of the corresponding mutual
information matrices, and red squares indicate the four qubits directly involved in the most relevant double excitation.

To visualize the effects of the tailored mapping, we  Eq. (7) correspond, respectively, to qubits 2, 3, 6, and
examine the MI matrix of the associated ground-state 7 (marked by red squares). Notably, qubits B (3) and D
obtained by exact diagonalization [Fig. 3(g)]. In particu-  (7) exhibit significant entanglement in accordance with
lar, we analyze the double excitation marked in red. Qubits ~ Eq. (10), as indicated by the mutual information elements
A, B, C, and D defined in the idealized scenario from /37 = I73. The same argument holds for the pink double

(b) 1.25
0 1.00
1 0.75
2 0.50
3 0.25 0.06
0o 1t 2 3 Uooo 0.04
(c) 0.25
0.02
0 0.20
1 0.15 0.00
2 0.10
3 0.05

FIG. 9. Entanglement reduction process for H,. Analogous to the benzene 7 system in Fig. 3. (a) JW mapping. (b) Absolute values
IQ;. | after UpCCGSD. (c) Absolute values Iégl after UpCCGSD. (d) MI matrix between SOs for the JW ground-state. SOs involved in
the most relevant double excitation are marked in the red square. () Reordered JW MI matrix minimizing Eq. (16). The cost function is
indicated in red. (f) Tailored mapping proposed from the excitation analysis. (g) Ground-state MI matrix for the tailored mapping that
simplifies entanglement on the qubits involved in the relevant double excitation (marked in the red square). (h) Ground-state reordered
MI matrix for the tailored mapping. The cost function is indicated in red.
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0.04

w\w ﬁ 1 0.03
2 0.02

3 0.01

(c)

FIG. 10. Entanglement reduction process for square Hf. Analogous to the benzene 7 system in Fig. 3. (a) JW mapping. (b) Absolute
values |6 | after UpCCGSD. (c) Absolute values |9§ | after UpCCGSD. (d) MI matrix between SOs for the JW ground-state. SOs
involved in the most relevant double excitation are marked in the red square. (e¢) Reordered JW MI matrix minimizing Eq. (16).
The cost function is indicated in red. (f) Tailored mapping proposed from the excitation analysis. (g) Ground-state MI matrix for the
tailored mapping that simplifies entanglement on the qubits involved in the relevant double excitation (marked in the red square).
(h) Ground-state reordered MI matrix for the tailored mapping. The cost function is indicated in red.

excitation. While the transformation has simplified the
entanglement structure, it is important to remark that not
all qubits have been perfectly disentangled. This is due to
additional single and double excitations contributing to the
overall entanglement. Most importantly, the MI matrix for
the new mapping can be now rearranged, minimizing the
cost function from Eq. (16), yielding [Fig. 3(h)]. When we

(b)

Yoo °
<

-

(a) ’

(c)

FIG. 11.

compare the value of the cost function for the reordered
tailored mapping (C = 8.965) with that of the JW map-
ping reordered matrix (C = 19.632), it becomes evident
that we have achieved a significant reduction in correlation
requirements.

This method was successfully applied to other small
molecular systems (Figs. 8-11). For LiH, the method was

0.06
0.04
0.02

0.00

Entanglement reduction process for (H;),. Analogous to the benzene 7 system in Fig. 3. (a) JW mapping. (b) Absolute

values |0 | after UpCCGSD. (c) Absolute values |05 | after UpCCGSD. (d) MI matrix between SOs for the JW ground-state. SOs
involved in the most relevant double excitation are marked in the red square. (e¢) Reordered JW MI matrix minimizing Eq. (16). The
cost function is indicated in red. (f) Tailored mapping proposed from the excitation analysis. Note that the two double excitations
involving SOs (0, 1, 4, 5) and (2, 3, 6, 7) are included contiguously in the resulting parity order, on top of the (0, 1, 2, 3) SOs involved
in the single excitation. (g) Ground-state MI matrix for the tailored mapping that simplifies entanglement on the qubits involved in
the relevant double excitation (marked in the red square). (h) Ground-state reordered MI matrix for the tailored mapping. The cost
function is indicated in red.
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FIG. 12. Ground-state mutual information of the Paldus rectangle-to-square transition of Hff. Each row represents a distinct relation-
ship d between side lengths, with a fixed horizontal length of 1.1203 A. The first two columns depict the MI matrices of the JW map
(unordered and reordered, respectively). The third and the fourth columns represent the MI matrices from the tailored map (unordered
and reordered, respectively). The tailored map is built from the double excitation analysis for each case in the fifth column, and is
explicitly shown in the last column. The cost function for each MI matrix is indicated in red. Single excitation angles are omitted from
display as they hold reduced significance within the analyzed system.

used to disentangle the 0-4 double excitation. For H, in
the 6-31G basis (four MOs), the 0-1 double excitation
was simplified. In the case of the highly correlated Hf
square system, which also features four MOs and poses
a four-electron problem, we used the same approach to
simplify the double excitation involving MOs 1 and 2. In
the scenario of (H,),, we encountered two different dou-
ble excitations, each involving distinct MOs. To tackle this
situation, the decision protocol D was to select both exci-
tations, which introduced a TT encoding scheme with a
unique parity x branch encoding both excitations at the
same time.

Additionally, a stretching analysis of the Hf Paldus
system was conducted (Fig. 12). The MI matrix was
reconstructed for the exactly diagonalized ground-state
across various configurations, ranging from rectangular to
square ones. The stretching parameter d captures this vari-
ation. One side of H] is fixed at 1.1202 A, while the other
side is determined by our multiplying this fixed distance by
the stretching parameter d. Across all cases explored, the
tailored map yields a reduced value of the cost function,
with both unordered and reordered qubits. For the square
configuration (d = 1), a single excitation from the UpC-
CGSD suggests the encoding of a parity branch spanning
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spin-orbitals 2, 3, 4, and 5. Conversely, in other configura-
tions, three relevant double excitations emerge, reflecting
the rich entanglement patterns when canonical orbitals
out of equilibrium are used. In this cases, we choose to
encode the two double excitations from MOs 0 and 2,
and from MOs 1 and 3, within distinct parity branches.
Overall, our observations indicate that a suitable mapping
may vary across different configurations, underscoring the
importance of executing UpCCGSD for each configuration
individually.

The use of canonical orbitals instead of localized atomic
orbitals disrupts the connection between resonant struc-
tures and the tree structure of the mapping. This occurs
because the tree structure is linked to the correlation
between canonical orbitals, whereas resonant structures are
associated with the correlation between localized orbitals
centered on atomic nuclei. This is particularly evident in
benzene: Kekulé resonant structures relate to localized
electrons on the atoms, while canonical spin-orbitals delo-
calize electrons across the entire molecule. A similar phe-
nomenon is observed in Hff, where the resonant structures
of horizontal and vertical bonds do not correspond to the
correlations of delocalized canonical orbitals.

It is important to emphasize that the use of MI as a post-
analysis tool was introduced in previous work. Although
it is a powerful tool, its use is not strictly necessary to
observe the entanglement reduction resulting from our
mappings. This is evident in any of the cases studied.
The MI cost function value of the nonreordered ground-
state for the tailored mapping [see, for instance, Fig. 3(g)]
is smaller than that for the nonreordered JW mapping

[Fig. 3(d)].

V. ENHANCING VQE PERFORMANCE

On the molecular Hamiltonians considered, VQE per-
formance was evaluated for JW and tailored TT mappings.
VQE simulations were implemented in TEQUILA with use
of the COBYLA optimizer [49] and the QULACS simulator
[50]. We compare the lowest VQE energy (Evqg) obtained
after ten VQE executions with the full CI (FCI) energy
(Ercr), with respect to the number of entangling layers used
in an HEA consisting of RY gates. The RY HEA used con-
sists of alternating layers of parameterized RY rotations
and entangling controlled NOT gates (Fig. 13).

In Fig. 4, we display the VQE simulations for the =
system of benzene [51]. The tailored mapping derived in
the previous section shows enhanced performance with
respect to JW mapping. With the JW approach, ten entan-
gling layers on the RY HEA achieve a precision within
40 kcal/mol of the exact solution. In contrast, the tailored
mapping achieves the same level of precision with only
four entangling layers and offers even greater accuracy
when expanded to ten layers.

VQE simulations for small molecular systems are shown
in Fig. 14, including LiH, H;, (H;),, and square H’é; the
benchmarked data for the JW mapping extracted from
Ref. [47] are included. We conducted a replication of the
method using our own hyperparameters and number of
runs, both for the JW mapping and and for the tailored
mapping derived in the previous section. Overall, the pro-
posed mappings demonstrate superior performance across
all systems studied, leading to faster attainment of chem-
ical accuracy at 1 kcal/mol for the small molecules. For
LiH, our tailored mapping achieves chemical accuracy
with just four layers, in contrast to the eight layers required
by the JW mapping. For the H, and (H;); cases, the
selected mapping achieves accuracy with only six layers,
whereas JW mapping fails to reach this level of preci-
sion even with ten layers. For the highly correlated Hf
square system (Eyr — Epcy = 153.640 kcal/mol), chemi-
cal accuracy is attained with the tailored mapping with
eight entangling layers, while the JW mapping falls short
again when ten entangling layers are used.

In addition, the stretching of the Paldus Hf system was
simulated with use of the VQE for various values of the
stretching parameter d and various numbers of RY-HEA
entangling layers (Fig. 5). The tailored mappings, which
differ for each stretching, are detailed in the correlation
study for the Paldus system (Fig. 12). As we transition to
nonequilibrium geometries (such as for d = 2), the signif-
icance of static correlations becomes evident, as demon-
strated by the correlation analysis. However, the method
proves to be efficient along the binding curve of Hff.
When eight entangling layers are used, the tailored map-
pings accurately simulate any stretching up to chemical
precision. In contrast, the JW mapping with an equivalent
number of entangling layers fails to attain a similar level
of precision.

@

© 0 N O Ot = W N =

FIG. 13. Example of parameterized RY HEA of four entan-
gling layers, assembled from parameterized R, rotations and
static controlled NOT gates, used for the VQE optimization.
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FIG. 14. Eyqe — Ercr as a function of the number of RY-HEA entangling layers for the molecular systems of (a) LiH, (b) H7,

reordered (blue).

Entangling layers

(c) Hy, and (d) (Hy),. Comparison of the benchmarked JW mapping with reordered qubits (red) in Ref [47], JW mapping with

reordered qubits executed with our optimizers, backends, and hyperparameters for fair comparison (purple), and tailored mapping

The motivation for using an RY-HEA primitive circuit
design is to provide a balanced ground for comparisons
between standard and tailored fermion-to-qubit mappings.
When compared with targeted circuit designs in the JW
representation [21], we reach competitive circuit depths
(9 vs 12 for LiH, and 17 vs 130 for Hf). Note that by
the design of the RY HEA, this comes with an increased

parameter count (46 vs 5 for LiH, and 64 vs 10 for Hy)
in addition to substantially greater iteration counts. Since
the techniques from Ref. [21] do not strictly require a
JW representation, we estimate significant improvements
in combination with the fermion-to-qubit mappings devel-

oped in this work.

VI. ENHANCING DMRG PERFORMANCE

The method from the previous sections has direct
applicability to tensor networks. To showcase this,
we performed a DMRG optimization over a simple
low-dimensional MPS ansatz using TeNPy [52]. The
molecular system of N, was initialized in the STO-3G
basis with two core orbitals frozen, resulting in an active
space of 16 SOs (Table II). Again, a UpCCGSD opti-
mization was performed, resulting in converged angles
{16;1} and {|05 |} for single excitations [Fig. 6(a)] and dou-

ble excitations [Fig. 6(b)], respectively. We immediately
appreciate the relevant contributions of double excitations
between MOs 2 and 6 and between MOs 3 and 5, and
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propose a TT mapping encoding such excitations in parity.
In this case, we encode each double excitation in a different
parity x branch of the TT, as depicted in Fig. 6(c).

Subsequently, a study using the DMRG was undertaken
to assess the effectiveness of the proposed mapping. The
energy obtained (Epwmrg) was compared with Epcp for
different maximum bond dimension cutoffs (xmax ), keeping
for each bond dimension the best result after ten optimiza-
tions to avoid convergence of local minima [Fig. 6(d)]. For
the DMRG, an exponentially decaying mixer was applied
for 30 sweeps, allowing a maximum number of 500 sweeps
for the optimization. Several scenarios were computed to
study the dependency on xmax. First, the best JW result
was plotted in the standard spin-orbital ordering (red dots).
Orbital reordering was then performed by our minimizing
the cost function from Eq. (16) for the MI matrix, and the
DMRG was executed again in the optimized order (red cir-
cles) [45]. The DMRG was also performed on our tailored
mapping (blue dots), and the same reordering process was
applied to permute the MPS sites and execute the DMRG
again (blue circles).

An improvement of the DMRG performance is observed
with the tailored TT mapping. For a given ymax, the DMRG
algorithm achieves lower converged energies, leading to

(b)

10
12

14

FIG. 15.

a more accurate simulation of the quantum state. We
relate such improvements to the reduced entanglement
requirements. A decrease in block entropy is observed for
the tailored mapping, in the cases of both standard ordering
and reordered systems. This is visualized by our studying
the block entropy for the best converged MPS at xy.x = 50
[Fig. 6(e)]. The final MI matrices for the converged states
at xmax = 50 are displayed in Fig. 15.

VII. OPTIMALITY

The algorithm presented is heuristic and based on an
intuitive understanding of the role of excitations in the
generation of correlations in fermion-to-qubit mappings.
An enhanced performance is observed in the examples
studied; however, it is not expected that our algorithm
systematically provides the optimal mapping in terms of
resources, say, the number of layers or bond dimension in
the quantum and classical variational approaches consid-
ered, needed to obtain a given energy value. For H,, we
studied how our construction compares with other possi-
ble mappings. In particular, we sampled all possible tree
structures, globally optimized over the mutual informa-
tion with use of a brute force search of all permutations,

r0.16

r0.14

-0.12

0.10

0.08

0.06

0.04

0.02

0.00

2 4 6 8 10 12 14

N, MI matrices for the converged MPS after use of the DMRG for maximum bond dimension 50 in Fig. 6. The cost function

is indicated in red. The qubits involved in the two relevant double excitations are marked in red and pink squares. (a) JW encoding.
(b) JW with reordered qubits. (c) Constructed mapping after excitation analysis in Fig. 6(c). (d) The same constructed mapping

reordered.
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FIG. 16. Distribution of MI cost function for the sampling of
mappings for the H, molecule.

and then tested the resulting mapping with both the single-
layer VQE and the double-layer VQE. For Hj, our tailored
mapping has an optimal MI cost function of 0.611, ver-
sus the 1.28 of the JW mapping or the 1.92 of the parity
mapping in standard orbital ordering. Of all the optimized
MI of all tree shapes, our tailored mapping has lower MI
than 81% of all mappings sampled (Fig. 16). This study
also led to the discovery of trees with lower MI; how-
ever, each of these displayed worse performance than the
tailored mapping when tested with the single-layer VQE
and the double-layer VQE. Although the general trend was
that lower MI correlates with better few-layer VQE perfor-
mance, it is shown not to be guaranteed. It should be noted
that this is a heavily restricted VQE, so perhaps it is not so
surprising that random mappings do not suppress the four-
body correlations sufficiently in order to be expressible in
the fewer-than-four-layer VQE.

VIII. CONCLUSIONS

In this study we have introduced a novel physically
inspired perspective in the design of fermion-to-qubit map-
pings. Previous efforts predominantly focused on reducing
the average Pauli weight or the number of qubits used,
which is undeniably important for quantum simulations.
However, by focusing on the major sources of correlation
in the physical problem, we have shown that transforma-
tions can be tailored in the qubit space to significantly
simplify simulations. Our formalism can be used in both
classical and quantum computing.

Our work points at several research directions that
deserve further investigation. First, it remains to con-
sider the extension of our results to higher-order fermionic
excitations, on top of fermionic systems with larger spin
number. Another critical aspect to investigate revolves

around the correlation-mitigating capabilities of our map-
pings, when scaling to larger systems is done. Additionally,
it is important to note that our method reduces circuit depth
while not focusing on the Pauli weight. This suggests that
our method might manifest a greater Pauli weight in com-
parison with alternative composable low-depth TT map-
pings. Subsequent efforts could be focused on optimizing
this aspect while simultaneously diminishing the entangle-
ment. In the context of a noisy VQE, the question emerges
of how advantageous can this trade-off be, which can be
studied in future work.

Although in this work we used archetypal simulation
methods, it remains to be seen how powerful a combi-
nation of inspired mappings with other ansatzes can be.
That is, in the tensor network framework, more general
ansatzes differing from the linear MPS could possibly ben-
efit widely from the reduced entanglement. In the quantum
computing framework, the simple but generic RY HEA
was used for VQE simulations. The synergy of differ-
ent ansatzes with our method could be studied. These
could include not only the widely recognized adaptative
family, but also other approaches informed by chemical
valence-bond arguments [53]. Finally, while our formalism
has been applied to electronic structure systems found in
quantum chemistry, we anticipate possible adaptations of
the method to fermionic systems of different nature, such
as those found in nuclear structure or condensed matter
simulations.
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