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Optical quantum information processing relies critically on Bell-state measurement, a ubiquitous oper-
ation for quantum communication and computing. Its practical realization involves the interference of
optical modes and the detection of a single photon in an indistinguishable manner. Yet, in the absence
of efficient photon-number-resolution capabilities, errors arise from multiphoton components, decreasing
the overall process fidelity. Here, we introduce a hybrid detection scheme for Bell-state measurement,
leveraging both on-off single-photon detection and quadrature conditioning via homodyne detection. We
derive explicit fidelities for quantum teleportation and entanglement-swapping processes employing this
strategy, demonstrating its efficacy. We also compare with photon-number-resolving detectors and find a
strong advantage of the hybrid scheme in a wide range of parameters. This work provides a new tool for
linear-optics schemes, with applications to quantum state engineering and quantum interconnects.
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I. INTRODUCTION

Quantum networks and interconnects [1] rely heavily
on Bell-state measurement (BSM), a cornerstone operation
in linear-optical quantum information processing. Bell-
state measurement is a key step for quantum teleportation
[2—5] and more generally at the core of quantum connec-
tivity [6,7] by enabling entanglement heralding between
distant systems [8—12] and long-distance quantum com-
munication via entanglement swapping [13,14] performed
at each node of a network [15—17]. BSM also serves as a
central operation in quantum computing, either for modu-
lar approaches in which small quantum processors can be
interconnected [1] or for computing architectures such as
measurement- or fusion-based approaches [18-20].

Bell-state measurements rely on the interference of two
optical modes followed by photon detection [3]. Central

*Contact author: julien.laurat@sorbonne-universite.fr

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license. Fur-
ther distribution of this work must maintain attribution to the
author(s) and the published article’s title, journal citation, and
DOL

2691-3399/24/5(3)/030331(10)

030331-1

to this operation is the capability to detect a single-photon
state. However, a two-photon component is present in most
photon-creation processes and inherently in the BSM, as
more than one photon can interfere on the beam split-
ter. Commonly used on-off detectors, such as avalanche
photodiodes or superconducting detectors, cannot distin-
guish photon numbers and are thus unable to discriminate
one- from two-photon contributions [21]. This two-photon
error is a strong limitation for achieving high-fidelity
Bell-state measurements. A potential alternative to on-
off detectors consists of using superconducting photon-
number-resolving (PNR) detectors [22], which are still
under intense development and of limited availability, or
a large number of multiplexed on-off detectors that would
require extremely high efficiencies.

In this paper, we investigate a method to mitigate the
detrimental effect of multiphoton components: the hybrid
Bell-state measurement (HBSM). This approach combines
on-off single-photon detection with homodyne condition-
ing, as illustrated in Fig. 1. The addition of homodyne con-
ditioning enables a more accurate discrimination between
single- and two-photon states, reducing potential errors
and thereby boosting the measurement projectivity. This
hybrid approach has been used in our recent experimental

Published by the American Physical Society
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FIG. 1. A sketch of the hybrid Bell-state measurement
(HBSM), consisting of on-off single-photon detection (SPD) and
quadrature conditioning via homodyne detection (HD) in a net-
work configuration. At a network node, two optical modes are
mixed on a balanced beam splitter. One of the output modes is
tapped via a beam splitter with reflectivity R and this part is sent
to an SPD. The transmitted mode is directed to a HD, which
is used for conditioning on quadrature values in a window A
around ¢ = 0. The HBSM success is heralded by both detection
events.

realizations of heterogeneous swapping and of an optical-
qubit-encoding converter based on entanglement between
wavelike and particlelike qubits [23—25], where it has
proved instrumental for successful demonstrations. Here,
we provide the theoretical formalism and first thorough
characterizations of the HBSM properties as a function of
the tunable experimental parameters. We then apply this
approach to the key examples of quantum teleportation and
entanglement-swapping protocols. We finally compare the
performance with that of challenging PNR detection and
show that the HBSM beats it over a very large range of
parameters.

II. HYBRID BELL-STATE MEASUREMENT:
FORMALISM AND ERROR MITIGATION

The hybrid Bell-state measurement is depicted in Fig. 1.
It combines on-off single-photon detection (SPD) and
quadrature conditioning via homodyne detection (HD).
The incoming mode impinges on a beam splitter with a
reflectivity R and the reflected path leads to the SPD. The
transmitted mode is sent to a homodyne detection, where
we define a conditioning window A around the quadra-
ture value ¢ = 0. The success of the HBSM is heralded
by both detection events. The HBSM therefore has two
tunable parameters, the reflectivity R and the conditioning
window A, and also depends on the detection efficiencies.
In the following, A is normalized to the standard deviation
of the vacuum shot noise.

The general principle of the HBSM can be first under-
stood in the limit of small R. In this case, the first detection
is equivalent to a photon subtraction. A two-photon state
then results in a single-photon state at the HD, while a
single-photon state reduces to vacuum. A subsequent HD
can discriminate the parity, as the states have different

probabilities of returning a given quadrature value. In par-
ticular, the probability of a value close to zero is large for
vacuum and negligible for a single photon, as can be seen
in Fig. 1, where the associated white and black marginal
distributions are shown. In the following, we provide the
full theoretical analysis and benchmarking of the HBSM.

A. POVM derivation

The overall detector can be described by its posi-
tive operator-valued measure (POVM) [26]. Each possible
measurement outcome x has a semipositive-Hermitian-
operator POVM element IT*, which can be used to deter-
mine the probability of this outcome for a given impinging
state p as Tr[IT*p]. These operators sum up to the identity,
>, IT* = 1. In the case of the HBSM, there are two possi-
ble measurement outcomes, corresponding to a successful
and an unsuccessful event. Here, we are interested in the
successful POVM element I1°".

The description of this POVM element relies on the
matrices of the beam-splitter operation BS(R), which
depend on its reflectivity, the SPD POVM element ITgp,
which corresponds here to an on-off detection [27], and the
homodyne-detection POVM elements [28] (see Appendix
A), integrated over the detection window A and indepen-
dent of the detection phase 6, i.e.,

A2 2 )
M) = / dqf dotify, (1)
—AJ2 0

where ¢ is normalized to the vacuum noise. The I1°"
HBSM matrix in the Fock basis can then be written as

%" = BS(R) [T}, ® M5 BS(R). 2)

As this measurement is phase independent, the POVM ele-
ment has only diagonal terms that are nonzero. The full
expressions of the first elements are given in Appendix B.
As mentioned in Sec. I, we mostly assume components in
the Fock basis up to |2). The diagonal elements of interest
can be read as

Mg =0,
A
I77 1 = Rnsep erf(3> ,
e, =R f é 2—R
2 = Rusep | erf{ = ( 1spD)

2A _az
+ —Z=mpR—De™ ¥ |, €)

N

where nspp is the detection efficiency of the single-photon
detector and nyp the efficiency of the HD. Many imple-
mentations require a filtering stage before the SPD and its
efficiency can be integrated into an overall nspp.
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FIG. 2. The diagonal elements of the HBSM POVM I1°" ele-
ment. They are given for a fixed reflectivity R = 0.1 and for
different conditioning windows A, from a large acceptance to
a very small one relative to shot noise: (a) A =10, (b) A =1,
(c) A =0.25, and (d) A =0.001. The coloring indicates the
desired green IT}}'}; and undesired red I}y, elements. All matri-
ces have been normalized for comparability, with normaliza-
tion factors N, = 0.824, N}, = 0.156, N, = 0.037, and N; =
0.00015. The detection efficiencies are set to nup = nspp = 0.9.
Diagonal elements with #n > 2 are indicated in gray. In our study,
their contributions will be negligible because the states to be
measured have a very low probability of carrying more than two
photons.

As the ideal HBSM shall project on the single-photon
state, we aim at reducing Iy, while maximizing I},
with the tunable parameters R and A. As shown in Fig. 2,
for a fixed reflectivity R, this is obtained by decreas-
ing the conditioning window A. From a certain value
of A, typically 0.25, decreasing it further has a limited
effect, as can be seen in Figs. 2(c) and 2(d). Furthermore,
we note that we are actually achieving a measurement
that detects odd Fock states with higher probability than
even ones, as expected from quadrature conditioning at
the origin. In our case of interest for BSM, this fea-
ture reduces to a boosted single-photon versus two-photon
detection, which can be more easily seen in the asymp-
totic limit of small R and A, where the POVM elements
reduce to

en RAnSPD
1~ >
Jr @
2RAnspp
Mo ~ BV (1 = nup) -

To further explore the HBSM in this case, a benchmark
needs to be defined, as done in the following.

B. Projectivity benchmark: Purity of the HBSM

The ideal HBSM should act as a perfect single-photon
detector, having only one nonzero element, i.e., ITj; = 1.
In order to benchmark the HBSM, we propose the purity
P (I1°"), indicating how close the HBSM is to an ideal pro-
jective measurement. The POVM will be truncated such
that we only consider the first diagonal elements defined
in Eq. (3). As above, this is due to the small higher-order
Fock components in the considered input states. The purity
can then be defined as

(I8P )% + (1972
(H([>l,l] [22])2

PII) = (5)

This measure takes values between 0.5 and 1, where 0.5
corresponds to ITpy ), = HE’RI]. In the asymptotic limit of
R — 0and A — 0, the purity approaches

1+ 4(nup — 1)°

Hon ~
Par (3 — 2nup)?

(6)

and only depends on the homodyne-measurement effi-
ciency nyp. For nyp — 1, the purity reaches unity,

corresponding to a projective measurement with
=1L
L] =
1.0 1.0
@ ® o5
5 L — =0.9
= 0.8 B 0.8 =~ ®FP
E \\ \\\
> \ AN
pes ) — N
T 0.6 P\, 0.6 | ~
S . 3~
o —
0.4 ' ' 0.4 '
0 2 4 6  0.00 0.05
Detection window A Probability Pon.
1.0 1.0
— \\(C) \ (d) — nspp = 0.5
=1 \ \
=0.9
= 081N 0.8 IsPD
SN \ \
2 N 3
T 06 NG 0.6 -\
o X B S —
0.4 ' 0.4 '
0.0 0.5 1.0 0.00 0.02 0.04

Reflectivity R Probability P22

max

FIG. 3. The HBSM purity P(I1°"). The purity is given as a
function of (a) the conditioning window A with fixed reflectivity
R = 0.1 and of (c) the reflectivity R with fixed window A = 0.1.

(b),(d) The purity as a function of the detection probability P ..
The homodyne-detection efficiency is set to nup = 0.9 (nup =
1) for the solid (dotted) line, while two values of the single-
photon-detector efficiency nspp are considered. The gray dotted

line depicts the purity of a perfect on-off detector.
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Given this expression, we can now evaluate how the
purity depends on A and R. This is detailed in Figs. 3(a)
and 3(c), respectively, and for two values of the SPD
efficiency nspp. In Figs. 3(b) and 3(d), we provide the max-
imal possible detection probability Pg, ., which is defined
as the maximal detection probability over all states, P" =

max
max, Tr[I1°"p], thereby providing the detection probabil-
ity for the most favorable state. The reflectivity R has a
larger impact on the purity, while A shows a more favor-
able trade-off between the purity and the detection proba-
bility. We also note that a decrease in the SPD efficiency

increases the importance of the two-photon component.
The purity for perfect homodyne-detection efficiency
and small R and A can reach unity. Although for realistic
values the purity of the HBSM decreases, it is still above
the value of ideal on-off detectors. In the case of Bell-
state measurement, even small gains in purity can strongly
boost the measurement. In fact, with R and A well set,
this detector can herald with high probability a single pho-
ton and suppress the detection of two photons. In Sec. I,
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FIG. 4. The effect of the HBSM applied to one mode of a
two-mode state with photon-number correlations of the form
Venlll) + /1T —enl22) or el (1] + (1 —c11)]22)(22,
where ¢y is the single-photon weight. The discrepancy from the
ideal case, in which the HBSM projects the second mode onto
[1), is given by the fidelity F as a function of the weight ¢;;. The
fidelity is displayed for (a) different reflectivities R with fixed
conditioning window A = 0.1 and for (c) different conditioning
windows A with fixed R = 0.1. The black dotted lines indicate
the fidelity without any measurement. (b),(d) The corresponding
success probabilities P°". For the blue case in (d), the probability
for c;; = 0.5 is equal to 2.1073. The detection efficiencies are set
to ngp = 0.9 and nspp = 0.5.

we turn to the output of this hybrid measurement approach
when applied to different input states and detail its use for
networking protocols.

I11. APPLICATION TO HYBRID BELL-STATE
MEASUREMENT

In the following, we will consider the general scenario
of a two-mode input state and the HBSM applied on one
of the two modes. The performance of the HBSM can be
characterized by calculating the fidelity F of the condi-
tioned mode with the ideal projection if a perfect single-
photon measurement were to be performed. We will first
consider the case of an input state with single- and two-
photon components and then consider the use of the HBSM
for two typical examples, namely, quantum teleportation
and swapping.

A. The HBSM as a single-photon detector

We will first investigate the effect of the HBSM on
two-mode states with photon-number correlations, i.e., of
the form /ci(|11) + /1 —c11122) or ¢y [11){11] + (1 —
c11)122)(22]. These two cases are identical, as the HBSM is
phase insensitive. An ideal measurement on one mode will
project the other one onto a single-photon state |1). Specif-
ically, we want to evaluate how the fidelity F between the
conditioned mode and the target single photon depends on
the HBSM settings, i.e., A and R.

In Fig. 4, we provide the fidelity F and the associated
success probability P°" of the measurement as a function
of the single-photon component ¢;;. Figures 4(a) and 4(b)
correspond to a given conditioning window and differ-
ent reflectivities. A large reflectivity R > 0.5 results in a
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0.03

0.02

Conditioning window A
Probability Po"

0.01

. 0.00
0.0 0.1 0.2 0.3 0.4

Reflectivity R

FIG. 5. A detailed map of the HBSM success probability P°"
for an impinging two-mode state with a single-photon weight
c11 = 0.5. P°" is given as a function of the conditioning win-
dow A and the reflectivity R. The isolines correspond to fidelity
values. The detection efficiencies are set to nyp = 0.9 and
nsep = 0.5.
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FIG. 6. The teleportation protocol and hybrid Bell-state measurement. (a) A qubit to be teleported, |¢);,

Input single-photon weight ¢

= 4/¢0l0) + /c1]1), under-

goes a BSM with one mode of a Bell state. The remaining mode is ideally projected onto the input state upon successful detection.

(b) The fidelity Fr between the input and teleported states and (c) the success probability P°" are given as a function of the input
single-photon weight ¢, for different reflectivities R of the HBSM. The black dashed line indicates the SPD case, i.e., using an on-off
detector with perfect efficiency, and without homodyning. The conditioning window is fixed at A = 0.1 and the detection efficiencies

are set to nyp = 0.9 and nspp = 0.5.

projection that is worse than simply tracing out the sec-
ond mode without a measurement. As expected, the suc-
cess probability P°" is increasing with the single-photon
weight, except when the reflectivity is very large (here,
R = 0.9), due to SPD events corresponding more and more
to a two-photon detection.

In Figs. 4(c) and 4(d), the reflectivity is fixed to R =
0.1, while the conditioning window A varies. It can be
observed that a large conditioning window has a stronger
detrimental effect than a high reflectivity. This leads to
the conclusion that the conditioning window is the more
critical parameter, whereas the reflectivity can act as fine
tuning. This effect strongly depends on the SPD efficiency
nspp, Which here is set to nspp = 0.5.

The tuning of both R and A enables us to achieve a
large fidelity with the target single photon but reduces the
success probability P°". This trade-off is shown in Fig. 5,
where the success probability is given as a function of the
reflectivity and of the conditioning window. At the cost
of a low success probability, arbitrarily high fidelities can
be achieved, even if the SPD efficiency is set as here to a
moderate value nspp = 0.5.

As we have shown, for some sets of parameters, the
HBSM is thereby able to efficiently discriminate a two-
photon contribution from a single-photon one, at the cost
of the success probability. For linear BSM, the usual
detection schemes do not enable this discrimination and
two-photon errors are one of the limiting factors, hin-
dering faithful quantum teleportation and entanglement
swapping. We will now focus on the performance when
an HBSM is used for these two operations.

B. The HBSM in a teleportation protocol

Quantum teleportation as shown in Fig. 6(a) considers
an input qubit of the form |g);, = /col0) + /cill)

and one of the four entangled Bell states |¢)T
— (1//2)(100) £ [11)) or [y)* = (1/+/2)(I01) = [10)) in
the photon-number basis as a resource. A Bell-state mea-
surement between one mode of the Bell state and the input
state will then project the remaining mode into the input
state up to a local unitary, as recalled here [29]:

10)in ® 1¥) Toc |y) ™
)" (7

Any linear BSM consists of a balanced beam splitter after
which one detector can be placed at each output arm:

® Z|¢>out+
® Z‘Xka)out'

® |(p>out + W)_
®X|§0)out + |¢>_

BS(0.5)|y)* = |01),

BS(0.5)|y)™ = [10), (8)

1 1
BS(0.5)|¢)* = —=100) + 5 (102) — [20)).

V2

Only the states |)* can be detected with this scheme
and this detection relies on the fact that one can detect
exactly a single photon. For simplification, we will only
consider |)". The probability of measuring a single pho-
ton is 0.25, while the probability of measuring two photons
is ¢ /4, and therefore depends on the single-photon weight
¢ of the input qubit. In the usual BSM scheme, an on-off
detector is used. As it detects single-photon and two-
photon components equally, we can define the worst-case
scenario of the teleportation fidelity Ft by using an on-off
detector with perfect efficiency.

In Figs. 6(b) and 6(c), we provide the teleportation
fidelity Ft and the probability of success when using
an HBSM, for a fixed conditioning window and various
values of the reflectivity R. The HBSM leads to fideli-
ties larger than those obtained with the usual BSM for all
possible single-photon input weights.

030331-5



BEATE E. ASENBECK et al.

PRX QUANTUM 5, 030331 (2024)

(a) (b) (c) x107?
BSM -
3 0.8
& -
> o
= a
rg 0.6 >
= b=
0 — R=0.01 N 2
£ 04 N &
a — R=0.10 \ S
g — R=1020 o
# 02— R=050
== SPD case
0.0 . 0 .
0.0 0.5 0.0 0.5 1.0
Input entanglement weight co1 Input entanglement weight co1

FIG. 7. Swapping protocol and hybrid Bell-state measurement. (a) Two Bell states of the form ‘wi“) = 4/c01|01) 4+ /c10/10) are
created and the second mode of each undergoes a BSM. This operation ideally entangles the two remaining modes onto |1/f°“‘) x
|01) 4 |10). (b) The fidelity Fs between the ideal }w"‘“) and the projected state and (c) the success probability P°", given as a function
of the input weight ¢ for different reflectivities R of the HBSM. The coincidence window is fixed at A = 0.1 and the detection

efficiencies are set to nyp = 0.9 and nspp = 0.5.

C. The HBSM in a swapping protocol

We now turn to the case of entanglement swapping, as
sketched in Fig. 7(a). Here, the input states are both the
same Bell state. A Bell-state measurement between one
mode of each then projects the remaining modes once
again into a Bell state. We assume that the two input

entangled states are of the form W Jcorl01) +
/€10/10), such that their tensor product can be written as

WL @ [y oclw ® v/eorcio(101) + [10)+
= ® Jencio(110) — [01)+
|q>> ® (co1100) + c1ol 1))+
@)~ ® (c10l11) — ¢01100)),  (9)

where the BSM is applied between each second mode.
After one mode of each interacted on a balanced beam
splitter, a projection onto a single-photon state will lead
to a Bell state |y)*, dependent on the detector. We will
again consider the detection on only one output port, pro-
jecting the final modes into (l/ﬁ)(IOI) 4+ 110)). Equal
detection of single photons with probability cg; (1 — co1)
and two photons 0.5¢2, leads to the worst case of the swap-
ping fidelity Fgs between the ideal output state |w°“t) and
the actual output state, defined by the use of an ideal on-off
detector.

In Figs. 7(b) and 7(c), we provide the swapping fidelity
Fs and the probability of success when using an HBSM,
for a fixed conditioning window and various values of
the reflectivity R. Similarly to the teleportation case, the
HBSM leads to fidelities larger than those obtained with
the usual BSM for all possible single-photon input weights.

We note that the swapping fidelity drops to zero for
the extreme cases cg; = 0 and ¢y; = 1. Compared to the

teleportation fidelity of Fig. 6(b), this might seem peculiar
at first glance. However, here entanglement between two
remote states is verified, which cannot be created at all if
the input states are not entangled, i.e., at the extreme points
of co;. For decreasing cg;, the swapping state becomes
closer to the target state [y)" as the two-photon-detection
probability is decreasing steadily. This improvement in
fidelity drops abruptly to zero for ¢o; = 0, corresponding
to no entanglement in the system that could be swapped.
This differs from teleportation, where the theoretical min-
imum is not zero. Depending on the reflectivity R, the
two-photon-event probability reduces more slowly or more
quickly. Those false two-photon-detection events shift the
maximum of the success probability P°" toward higher
input weights cg;, as shown in Fig. 7(c).

We have seen that the HBSM enables substantially
improved output state fidelity of both swapping and

FIG. 8. A sketch of Bell-state measurement implementations
(a) with a single-photon on-off detector in an HBSM scenario
as studied before and (b) with N multiplexed single-photon
on-off detectors with equally distributed splitting. This multi-
plexed implementation leads to photon-number resolution in the
limit of a large number N of detectors. We compare the two
configurations.
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teleportation operations. We will now compare the HBSM
to PNR detectors, which are another option to improve
linear BSM.

IV. BENCHMARKING THE HBSM AGAINST PNR
DETECTORS

An obvious but daunting solution to two-photon errors
consists of using PNR detectors. Those detectors are
under intense development and promising candidates
are transition-edge sensors or superconducting-nanowire
detectors that are multiplexed or where the number res-
olution is based on different dynamics [22]. There is a
maximum number of N photons that can be distinguished
in realistic detectors [22,30].

Independent of the technology, all PNR detectors can
be described via the same underlying POVM elements
[31,32], equivalent to N multiplexed detectors. In order
to compare PNR detectors to the HBSM, as sketched in
Fig. 8, we will only consider the POVM element of a
single detection event with a photon resolution up to N,
N All PNR POVM elements are phase independent,
such that their matrices only have diagonal elements and
can be written as

(LN) _
H[O,O] =0,
(IN)
I}y = nsep, (10)
LN 11sPD
My = nsen [2 (1 —nsep) + T] :
1.0 1.0
09— A=o05 :
9 o
S o8t - e
b Z 05 7
L B
[f 0.7 £ vV 1 SPD
o -
0.6 2 2 SPD
...... A — oo SPD
0.5 F SR eneell 0.0 ,
0.0 0.5 1.0 0.0 0.5 1.0
SPD efficiency nspp SPD efficiency nspp
FIG. 9. A comparison of the hybrid BSM with BSM imple-

mentations based on N-multiplexed single-photon detectors. The
POVM success element of the HBSM II°" is benchmarked
against the POVM elements of N-multiplexed single-photon
detectors TI"N)_ (a) The purity P, given as a function of the
SPD efficiency nspp. (b) The corresponding success probabil-
ity Pmax. TWo values of conditioning window A are considered
for the HBSM and compared to implementations with N = 1,
N =2,and N = oo that emulates perfect photon-number resolu-
tion. All POVM elements are truncated at » = 2. For the HBSM,
the homodyne-detection efficiency is set to nyp = 0.9 and the
reflectivity is fixed at R = 0.1.

We note that even in the limit of perfect PNR N — oo,
imperfect detection efficiency ngpp < 1 will lead to an
unavoidable two-photon error with

)

. 1N
Nhgl)o I—Ifz,z]) = 2nsep(l — nspp).

This trend is to be compared to the HBSM in Fig. 9(a),
where the purity of either the HBSM POVM element I[1°"
or the PNR POVM element TT"N is shown as a func-
tion of nspp. We can observe that for a PNR detector with
N =1, the HBSM with small A has a higher purity for all
nspp. This is indeed also true for N = 2, even if here we
can observe that toward larger SPD efficiency the purity
recovers, still staying below that of the HBSM.
Remarkably, even the ideal PNR (N — o0) only sur-
passes the HBSM purity with A = 0.1 from ngpp = 0.85
onward, a very stringent condition. Indeed, if we compare
the limits of the HBSM purity of Eq. (6), we can see that
it is independent of the efficiency nspp, while the purity of

) 0.4 _(b)
3 R R
5 Q; et =
> - el
RS 5 R
= = 0.2 %
= 8 A=0.1
& S -
& A=05
0.0 .
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n e

RS o el

> e v~
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= = 0.2 25
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= ,_.é A=0.1
o — A=0.5
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0.0 0.5 1.0 0.0 0.5 1.0

SPD efficiency nspp SPD efficiency nspp

FIG. 10. A comparison of BSM implementations for quantum
teleportation and entanglement swapping. (a),(b) The (a) fidelity
Jr and (b) success probability P°" for the teleportation of a bal-
anced qubit. (c),(d) The (c) fidelity Fs and (d) success probability
P°" for the swapping of two balanced |¢>+) states. Two values of
the conditioning window A are considered for the HBSM and
compared to implementations with N =1, N =2, and N = oo,
the latter of which emulates perfect photon-number resolution.
All POVM elements are truncated at » = 2. For the HBSM,
the homodyne-detection efficiency is set to ngp = 0.9 and the
reflectivity is fixed at R = 0.1.
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the PNR depends on it as

477ng — 8nspp + 5
(3 — 2nspp)?

This explains the strong advantage of the HBSM in terms
of purity. As emphasized before, it comes at the cost of a
low success probability, as shown in Fig. 9(b).

We further want to compare the performance of the
HBSM and PNR detectors in the typical use cases of
teleportation and entanglement swapping. The results are
summarized in Fig. 10. Here, all states are balanced,
including the teleportation input state (1/ V2)(10) + |1))
and the swapping input states (1 /ﬁ)(lOO) + [11)). The
achieved fidelities with the HBSM with A = 0.1 are supe-
rior to those obtained with the ideal PNR detector with
N = oo up to an efficiency nspp = 0.79 in the case of tele-
portation and nspp = 0.86 in the case of swapping. Up
to typically N = 5, the fidelities are always larger for the
HBSM whatever the efficiency. These numbers illustrate
the advantage that the HBSM can provide in a variety
of scenarios. Indeed, PNR detectors are not largely com-
mercially available at the moment and the threshold value
that we obtain is comparable to the best values demon-
strated for PNR detectors, reachable at a limited number
of wavelengths.

lim P11 =
N—oo

[ < 1, forall ngpp.

V. CONCLUSIONS

In summary, we have presented a novel hybrid Bell-state
measurement, combining homodyne conditioning with
SPD. This original BSM implementation effectively miti-
gates the two-photon errors in this measurement, thereby
significantly enhancing the quantum teleportation and
entanglement-swapping fidelities. This advantage comes at
the cost of a reduced success rate due to the conditioning
process. We have provided a comprehensive study of the
HBSM properties as a function of the tunable experimen-
tal parameters, including detection efficiencies, the tapping
ratio, and the conditioning window. The effects of these
parameters on protocol fidelities has been characterized.
Notably, we have also found that this strategy outperforms
ideal PNR detectors in fidelity performance for efficien-
cies up to typically 90%, a very challenging value. This
study confirms the relevance of combining detection meth-
ods and calls for a broader exploration of the capabilities
opened up by hybrid detection schemes in the realm of
linear-optical quantum information processing.
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APPENDIX A: DEFINITION OF THE HOMODYNE
POVM

As used in our HBSM POVM derivation, here we recall
the POVM element corresponding to HD, [28]

HD(x,0) = |x,0){x, 0]

[x,0) = {xg|n)

_in® n o (=1/2) —x2/(2k) X
=" (Vmh2"n!) e H, (—) ,
vh

which is the wave function of Fock states projected onto
the quadrature xy. We can account for an imperfect detec-
tion efficiency n by applying a beam-splitter operation,
called Bernoulli transformation B. The resulting homodyne
POVM elements can be written as

My, 0) =Y Busim()Butin(n)

m,n,i

HD(x,0)|n+i){m +1l,
m+41i )
Bm+i,m = \/( )77"’(1 - 77)’-
m

We can therefore interpret this measurement as sampling
from the marginal distribution along x4 of the Wigner
function.

APPENDIX B: HBSM POVM ELEMENTS

We provide the expression for the HBSM POVM ele-
ments up to n = 4 as displayed in Fig. 2:
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Mooy =0,

A
IP7y; = Rnsep erf<5> ,

A
Iy = Rnsep [erf<3) (2 — Rnspp) +

2A R—1) _Af
— — e .
ﬁnHD

A
I35 = Rnsep erf(z) (nsppR(nsppR — 3) + 3)

1
N

A2
3¢ Ansponup(R — DR[(A* — 6) nup(R — 1) + 4nspp R — 8],

on 1 1 —A—z 2
NPy = —nsepR| —=e~  Anup(R — 1) [9 (A% — 6) nup(R — 1) (nsppR — 2)

6 VT

+ (A* = 20A% + 60)np (R — 1)* + 24nsppR(nsppR — 3) + 72]

A
— 6erf <3) (nsppR — 2)(nsppR(NsppR — 2) + 2)>~
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