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Exploiting the power of quantum computation to realize superior machine learning algorithms has been
a major research focus of recent years, but the prospects of quantum machine learning (QML) remain
dampened by considerable technical challenges. A particularly significant issue is that generic QML
models suffer from so-called barren plateaus in their training landscapes—large regions where cost func-
tion gradients vanish exponentially in the number of qubits employed, rendering large models effectively
untrainable. A leading strategy for combating this effect is to build problem-specific models that take into
account the symmetries of their data in order to focus on a smaller, relevant subset of Hilbert space. In
this work, we introduce a family of rotationally equivariant QML models built upon the quantum Fourier
transform, and leverage recent insights from the Lie-algebraic study of QML models to prove that (a subset
of) our models do not exhibit barren plateaus. In addition to our analytical results we numerically test our
rotationally equivariant models on a dataset of simulated scanning tunneling microscope images of phos-
phorus impurities in silicon, where rotational symmetry naturally arises, and find that they dramatically
outperform their generic counterparts in practice.
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I. INTRODUCTION

Stimulated by steady progress in quantum computing
hardware [1], the possibility of using parameterized quan-
tum circuits to carry out machine learning tasks has been
thoroughly investigated in recent years as a near-term
application of noisy intermediate-scale quantum comput-
ers [2–11]. Among the most important discoveries in quan-
tum machine learning (QML) has been the existence of
barren plateaus in the training landscapes of variational
quantum models [12–15], reminiscent of the vanishing
gradients that plagued early neural networks [16]. Barren
plateaus have come to be understood to be linked to the
expressibility of the ansatz being optimized [14,17–19],
with generic, highly expressible models rendered effec-
tively untrainable as the number of qubits increases. This
suggests that the architectures of variational QML models
should be tweaked on a per-problem basis, with domain-
specific knowledge employed to construct ansatzes with
inductive biases compatible with the optimal solution. A
natural approach along these lines is to build models that
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explicitly respect the symmetries of their data, so-called
geometric quantum machine learning (GQML) [20–30].
For example, GQML has been used to classify images
with spatial symmetries [28,29], and more general data
that satisfies permutation symmetries [23,24,31]. By con-
straining the search space of the optimization procedure,
such symmetry-informed models have in a few instances
been proved to be free of barren plateaus [23,32]. Despite
a general theory of the trainability of QML models starting
to emerge [18,19], however, the number of explicit exam-
ples of provably trainable models that have been developed
and benchmarked on real data to test their performance in
practice remains limited [23,32–34].

In this work, we introduce a family of rotationally equiv-
ariant QML models for classifying two-dimensional data
with labels that are invariant to rotations by 2π/2k for
k ∈ N. In particular, these models are applicable to image
data, the consideration of the symmetries of which in the
GQML context has previously been limited to reflections
[28] and 90◦ rotations [29]. Our proposed architectures
allow for the fraction of resources allocated to the pro-
cessing of the radial and angular degrees of freedom to be
controlled, enabling for an interpolation between a model
with no explicit notion of rotational symmetry (k = 0) to
models that respect continuous rotations (k → ∞). This is
facilitated by choosing an encoding strategy that ensures
that the representation of the group action on the encoded
quantum states is that of the regular representation of
Z2k , which can be diagonalized via a (quantum) Fourier
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transform, following which it becomes simple to write
down an equivariant model, without needing to resort to
explicit symmetrization techniques such as twirling [21].
We study the trainability of our models, finding that the
scaling of the variance of the cost function with respect to
the trainable parameters of the model differs qualitatively
depending on the fraction of the qubits used to encode
the radial and angular degrees of freedom. Specifically,
we use recently developed techniques [18,19] that involve
studying the dynamical Lie algebras of quantum circuits
to prove that our models are free from barren plateaus
when the number of qubits devoted to encoding the radial
information grows at most logarithmically with the total
number of qubits.

In addition to our analytical results, we test the perfor-
mance of our models in practice by benchmarking them
against generic, fully expressible models on a ten-class
classification task involving the analysis of scanning tun-
neling microscope (STM) images of phosphorus impurities
implanted in silicon. This dataset was chosen as an exam-
ple of a relatively complicated problem that both possesses
rotational symmetry and has important applications to the
fabrication of spin-based quantum computers in silicon
[35]. We find that our rotationally equivariant models
achieve drastically better results and scale much more
readily to deeper model sizes than the generic models,

which suffer from significant trainability issues. This is
achieved despite the generic models being in principle
capable of finding any solution available to the equivariant
models, and adds to the growing body of evidence support-
ing GQML as a promising pathway for quantum machine
learning.

II. ROTATIONALLY EQUIVARIANT QUANTUM
MACHINE LEARNING

We begin by briefly introducing the basic ideas of
GQML needed to motivate our rotationally equivariant
architectures. Much more detail can be found in the lit-
erature, e.g., Refs. [21,22]. In the standard supervised
learning setting we are given data x drawn from a set
X , and attempt to determine associated labels y(x) ∈ Y =
{1, 2, . . . , nclasses}. The quantum models we employ for this
task here are composed of three main components—an ini-
tial data encoding layer, a trainable variational section, and
a final set of measurements [see Figs. 1(a) and 1(b)]. In the
final stage nclasses operators {Mj }nclasses

j =1 are measured, with
prediction ŷ of the model on input x defined to be the class
corresponding to the operator with the highest expectation
value, i.e.,

ŷθ (x) = arg max
j

〈0| E(x)†U†
θMj UθE(x) |0〉 , (1)

(a)

(b)

(c)

FIG. 1. Rotationally equivariant quantum machine learning. (a) A generic fully expressible QML model, consisting of arbitrary
parameterized single-qubit rotation gates and nearest-neighbor CZ gates. At deep depths, models such as these are known to suffer
from barren plateaus, regions in their training landscape where the gradients of the cost function vanish exponentially, rendering the
models untrainable [18]. (b) The architecture of our rotation-equivariant models, which are less than fully expressible, having been
restricted to the subspace of the full Hilbert space that respects rotation symmetry. The combination of our encoding choice Ẽ [see
Eq. (4)] and the quantum Fourier transform ensures that the induced representation of the rotation symmetry group will commute
with any operation on the first nrad qubits, and operations on the last norb qubits that are diagonal in the computational basis. Thus, by
employing an arbitrary circuit on the first nrad qubits and CZ gates only on the remainder, we construct an equivariant model. (c) Our
choice of encoding leads to pixels being sampled from images at the vertices of 2nrad regular 2norb -gons (top row), with examples of
the resulting reconstructed images for a 128 × 128 pixel image with 2norb = 8 (i.e., octagons) and 16 ≤ 2nrad ≤ 2048 (bottom row).
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where E(x) denotes the data encoding unitary for input x,
and Uθ the variational component evaluated with param-
eters θ ∈ �. Now, if G : X → X is a symmetry of the
data at the level of the classification labels, i.e., y[g(x)] =
y(x) for all x ∈ X , g ∈ G [but not necessarily g(x) =
x], then we wish to build models with inductive biases
that automatically enforce respect for this symmetry, i.e.,
ŷθ (x) = ŷθ [g(x)] for all x, θ . The encoding map E : X →
H induces a unitary representation R of the symmetry
group G on H, making the following diagram commute:

.

The prediction of the model on a data point acted upon by
g ∈ G becomes

ŷθ (g(x)) = arg max
j

〈ψ(x)| R†
gU†

θMj UθRg |ψ(x)〉 (2)

with |ψ(x)〉 = E(x) |0〉 the encoded state of the data. For
the predictions of our model to be invariant with respect to
the action of the symmetry, then, equating Eqs. (1) and (2)
we find a condition for equivariance,

[R(g), U†
θMj Uθ ] = 0

for all g ∈ G, θ ∈ �, j ∈ {1, . . . , nclasses}, (3)

i.e., U†
θMj Uθ ∈ comm(R), and the representation of the

symmetry group enforces constraints on the architecture
of the model. The subspace comm(R) will depend on the
nature of the encoding map E , to which we now turn for
our specific application.

Our encoding strategy Ẽ is a slight modification of the
standard amplitude encoding method. For an image, this
would typically involve flattening the image into a one-
dimensional vector x and then mapping the elements of
that vector to the amplitudes of a set of basis states, i.e.,
x 	→ 1/‖x‖∑

i xi |i〉. This, however, would lead to com-
plicated and nonlocal elements R(g) of the representation
of the symmetry group. In principle, this is not a fun-
damental issue, and one could construct an equivariant
model via (for example) “twirling” (i.e., explicitly pro-
jecting onto the invariant subspaces of the representation)
[21], but here we instead opt to implement an encoding
method more amenable to rotational symmetry, which will
allow us to easily write down an equivariant model in
terms of familiar quantum gates. Expending some effort
modifying the initial data encoding stage in order to sim-
plify the equivariance constraints has previously been suc-
cessfully employed in the context of reflection symmetry

[28]. Our strategy is parameterized by two hyperparam-
eters, nrad and norb (respectively the number of qubits
assigned to encoding radial and orbital degrees of free-
dom, with n = nrad + norb the total number of qubits), and
involves constructing 2nrad regular 2norb -gons [see Fig. 1(c)
for examples with norb = 3 and 4 ≤ nrad ≤ 11]. The image
is sampled from at each vertex of each polygon, and,
indexing the polygons by r ∈ {0, 1, . . . , 2nrad − 1}, and the
angular coordinate describing the position on the poly-
gon by φ = 2πk/2norb , k ∈ {0, 1, . . . , 2norb − 1}, the cor-
responding pixel values xr,φ are used to construct the
state

|ψ(x)〉 = 1
‖x‖

∑

r,φ

xr,φ |r,φ〉 . (4)

With this choice of data encoding, representation R(g) of
the operation of rotating by 2πg/2norb simply acts as

R(g) |ψ(x)〉 =
∑

r,φ

xr,φ
∣
∣r,φ + 2πg/2norb (mod 2π)

〉
. (5)

Explicitly, with respect to this basis we have (in the case
norb = 2, for example)

R(0) = Irad ⊗

⎛

⎜
⎝

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎞

⎟
⎠ ,

R(1) = Irad ⊗

⎛

⎜
⎝

0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0

⎞

⎟
⎠ ,

R(2) = Irad ⊗

⎛

⎜
⎝

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

⎞

⎟
⎠ ,

R(3) = Irad ⊗

⎛

⎜
⎝

0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0

⎞

⎟
⎠ ,

where Ir is the identity matrix acting on the radial degrees
of freedom. Thus, the rotations act on the angular degrees
of freedom as the regular representation of the additive
group Z2norb , and can be diagonalized by the Fourier
transformation over that group [36]. With Z2norb being an
Abelian group, this is simply the familiar discrete Fourier
transform, and can be implemented efficiently on a quan-
tum computer by means of the quantum Fourier transform
(QFT). Operators O ∈ comm(R) are then also block diago-
nalized by the QFT (in fact, fully diagonalized in this case
as the irreducible representations of Abelian groups are
one dimensional), and so following the initial operations
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(Irad ⊗ QFT†
orb) ◦ Ẽ(x) we construct our equivariant model

from components that are diagonal on the angular degrees
of freedom and unconstrained on the radial degrees of free-
dom. In this work, for simplicity, we take the diagonal
component to be chains of nearest-neighbor controlled-Z
(CZ) gates [see Fig. 1(b)] and employ a fully expressible
ansatz on the radial component, More generally, one could
allow gates generated by Pauli strings that contain a Z
at exactly k locations (all in the angular register), and I
everywhere else, increasing the dimension of the dynami-
cal Lie algebra (DLA) by

(norb
k

)
, i.e., a polynomial of degree

k in norb. All such gates are diagonal in the computa-
tional basis, thus preserving the symmetry properties of the
model. Allowing parameterized Z rotations on the angular
register, for example, would only linearly increase dim g,
while simultaneously allowing strings with all values of
0 ≤ k ≤ norb would constitute an increase of 2norb , allowing
for full expressibility while remaining symmetry preserv-
ing. Alternately, in the other direction, one could decrease
dim g by introducing additional constraints on the radial
register. A potentially significant drawback of our encod-
ing scheme, requiring as it does (in general) the preparation
of highly entangled states, is that the time required to do so
scales exponentially with the number of qubits. Moreover,
as amplitude encoding creates a state of the same dimen-
sion as the input data vector, which we can presumably
store and handle classically, simulating the entire quantum
circuit is at most within a polynomial factor of what can
be done with classical resources. With respect to the time
taken necessary for state preparation, however, the situa-
tion may in practice be considerably more favourable than
the worst case, as the data that one is interested in clas-
sifying can be highly structured (indeed, by assumption
in the case considered here, containing nontrivial sym-
metries), potentially significantly lessening the difficulty
of constructing the corresponding states. State preparation
techniques can, for example, prepare approximations to
amplitude encoded images with sufficiently high fidelity
to allow for machine learning using drastically shallower
circuits than a direct implementation [37]. Nonetheless,
it would be interesting to attempt to generalize the tech-
niques presented here to include encoding strategies that
can be carried out more efficiently.

We now turn to the trainability of our rotationally equiv-
ariant models. Our main analytical result is that, under
some conditions, the models are free from barren plateaus.
These results utilize the recent insights of Ragone et al.
[18] and Fontana et al. [19], who analyzed the mean and
variance of the cost function of QML models by studying
the Lie closure of the generators of the circuit. In brief,
given a layered quantum circuit of the form

U(θ) =
L∏

i=1

U(θ i) =
L∏

i=1

J∏

j =1

e−iθij Hj , (6)

one can relate the cost function mean and variance
to the dimension of the dynamical Lie algebra g =
span 〈iH0, iH1, . . . , iHJ 〉Lie, where 〈G〉Lie is the set formed
from repeated nested commutators of the elements of G.
In particular, if dim g grows exponentially with the num-
ber of qubits then the model necessarily exhibits barren
plateaus [18,19]. Intuitively, the relevance of the nested
commutators of the generators can be seen by applying the
Baker-Campbell-Hausdorff formula to Eq. (6). In this work
we show that the dimension of the dynamical Lie algebra
of our models is exponential in nrad, but only linear in norb.

Proposition 1. The dynamical Lie algebra g of our
rotationally equivariant model has a decomposition

g ∼= su(2nrad)⊕ su(2nrad)⊕ R
norb+1,

and thus dimension

dim g = 2 · 4nrad + norb − 1,

where nrad (norb) is the number of qubits used to encode the
radial (angular) degrees of freedom.

The exponential dependence on nrad is a result of us
employing a fully expressible ansatz on the radial register;
one could replace it with a variational structure possessing
a DLA growing only polynomially in nrad, but this con-
straint is not forced by rotational equivariance. Combined
with the results of Ref. [18], our main result follows.

4 6 8 10 12 14 16

10−1

10−2

10−3

10−4

10−5

nqubits

Generic
Rot. equi. three-qubit QFT
Rot. equi. �n/2�-qubit QFT
Rot. equi. (n−3)-qubit QFT

FIG. 2. Gradient scaling. The variance of the derivative of a
measured observable with respect to a parameter in the middle of
the model under different assignments of the qubits to encoding
radial and rotational information. In all cases the variances are
estimated by averaging over 1000 randomly initialized 50-layer
models. When the number nrad of qubits not involved in the quan-
tum Fourier transform grows faster than nqubits/2 + o(nqubits),
the model suffers from a barren plateau, as exhibited by the
exponential vanishing of the cost function gradients.
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Corollary 1. Our rotationally equivariant models are,
in the absence of noise, free from barren plateaus if and
only if 4−nradPgs(ρ) /∈ O(1/bn) for any b > 2, where ρ =
|ψ(x)〉 〈ψ(x)| is the initial state and Pgs(ρ) its purity with
respect to the semisimple component of the dynamical Lie
algebra g.

Here ρg denotes the orthogonal projection of ρ onto g
(with respect to the Hilbert-Schmidt inner product) with
purity Pg(ρ) := tr[(ρg)

2]. Proofs of Proposition 1 and
Corollary 1 are given in Appendix A. Corollary 1 gives
the constraint within which the rotationally equivariant
models must operate in order to not suffer from barren
plateaus, and has several immediate consequences. Firstly,
regardless of the choice of nrad, the purity Pgs(ρ) can-
not vanish faster than 2−n. Secondly, as Pg(ρ) ≤ 1, the
number of qubits used in the radial register is bounded
by nrad ≤ n/2 + o(n). These restrictions respectively cor-
respond to requirements on (a generalized notion of) the
initial state entanglement [15] and the circuit expressibil-
ity [14], and are linked through the unifying Lie-algebraic
theory of Ref. [18]. In Fig. 2 we plot empirical results for
the cost function gradient scaling under various choices
of nrad/nqubits, the conclusions of which are consistent
with our analytical findings. Under the constraints of
Corollary 1, then, our rotationally equivariant models join
the (short) list of QML architectures provably free from

barren plateaus [23,32]. This is an extremely encouraging
finding, but nonetheless the true test of machine learning
models is to benchmark their performance in practice on a
real dataset, which is the task to which we now turn.

III. NUMERICAL RESULTS

We test our models on a ten-class dataset consisting of
STM images of phosphorus (P) donor impurities implanted
in silicon (Si), with the classification task being to iden-
tify, with lattice-site precision, the location of the donor
that produced the STM image (see Fig. 3). This is enabled
in principle by the remarkable sensitivity of the images to
the precise location of the donor in the Si lattice [35,38],
and has important applications to the construction of high-
fidelity spin-based quantum computers in silicon [35]. This
problem has previously been tackled with machine learn-
ing approaches [39,40], under the assumption of a fixed
orientation of the Si crystal with respect to the direction of
motion of the STM. Relaxing that assumption leads nat-
urally to STM images that are randomly rotated, forming
the classification task we consider here.

We simulate the STM images resulting from P donors
implanted at ten different positions between 3a0 and 4.5a0
below the surface (with a0 ≈ 0.54 nm the Si lattice con-
stant) using a multimillion-atom tight-binding simulation
implemented within NEMO-3D [41] (see Appendix B for

T
es

t 
ac

cu
ra

cy

1.0

Rot. equi. (20)
Rot. equi. (50)
Rot. equi. (100)

(a) (b)

FIG. 3. Pinpointing atomic impurities with symmetry-informed QML. In order to numerically test the performance of our models in
practice, we consider a classification task that involves determining the locations of phosphorus donor atoms implanted into silicon by
analyzing their STM images. (a) P donors in Si create remarkably rich STM images that strongly depend on their precise locations in the
lattice. Here we consider the problem of determining the correct lattice site from ten possibilities corresponding to positions between
3a0 and 4.5a0 beneath the surface (with a0 ≈ 0.54 nm the silicon lattice constant) given a (simulated; see Appendix B) STM image. (b)
We randomly initialize and train each model configuration five times, plotting the mean accuracy achieved on a validation set of 500
examples throughout training, and shading the area between the best and worst performing of the training runs. The architecture and
number of layers in each model are indicated. Our rotationally equivariant models drastically outperform their generic counterparts on
this task, despite possessing fewer trainable parameters and having access to only a fraction of the total Hilbert space. Moreover, we
find that increasing the depth of the generic models actually adversely affects their performance in practice, due to the increasing issues
with trainability and given only a finite set of training examples, namely 7500 STM images equally distributed amongst the classes.
Although one would expect, given enough data, the accuracy of the generic models to eventually match their symmetry restricted
counterparts, their decreased efficiency in doing so is a clear disadvantage in practice.
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details). This results in 128 × 128 pixel grayscale images,
to which we add Gaussian noise and rotate, before encod-
ing them into quantum states by means of Eq. (4) with
nrad = 10 and norb = 3. This results in us sampling from
the images at the vertices of 1024 octagons [see Fig. 1(c)
for the general strategy and Fig. 3(a) for reconstructions
of the resulting STM images (without noise)]. We also
consider a generic model that employs standard amplitude
encoding (x 	→ 1/‖x‖∑

i xi |i〉) and a maximally express-
ible ansatz [see Fig. 1(b)]. The models are implemented
via a noiseless statevector simulation in Pennylane [42]
and trained with the ADAM optimizer [43] (with a learn-
ing rate of 1 × 10−3, β1 = 0.9, β2 = 0.99, ε = 1 × 10−8)
on a dataset of 7500 images over ten epochs, with their
accuracy on a validation set of 500 examples recorded
throughout the training process. The loss function 
θ

for an input state ρ = |ψ(x)〉 〈ψ(x)| with true label y ∈
{1, 2, . . . , nclasses} is given by


θ (ρ, Zy) = −tr[UθρU†
θZy], (7)

where Zy denotes the Pauli-Z gate acting on the yth qubit.
The results, for models with 20, 50, and 100 layers,
are plotted in Fig. 3(b). We train each model five times
from different random initializations, and plot the aver-
age over the training runs. The shaded areas are bounded
by the best and worst of the runs. We find that the rota-
tionally equivariant models drastically outperform their
generic counterparts, which suffer from trainability issues
that only worsen within increasing model depth. Combined
with our analytical results, we conclude that these mod-
els offer a significant advantage over a generic ansatz for
two-dimensional data with rotational symmetry.

IV. SUMMARY AND OUTLOOK

Much as early classical neural networks suffered from
significant trainability issues [16] that were solved only
after considerable experimentation and a sequence of
increasingly optimized architectural decisions, early QML
models based on generic circuits look likely to be replaced
by carefully designed constructions. In the absence of
large-scale fault-tolerant quantum computers on which
to easily experiment with different types of QML archi-
tectures in the many-qubit regime, symmetry principles
represent a promising guide to current research [20–30]
that has now led to the discovery of multiple architectures
that are provably trainable [23,32], including in this work.
Our results have been facilitated by the increased under-
standing of the nature of QML models afforded by their
rapidly developing Lie-algebraic theory [18,19], through
which we can study the complexity of our models as they
interpolate between the trainable and untrainable regimes,
as characterized by the dimensionality of the dynamical
Lie algebra.

In future work, it would be extremely interesting to
explore generalizations of the QFT-based technique intro-
duced here to other symmetry groups, which in many cases
admit Fourier transforms that can be efficiently evaluated
on quantum computers [36]. With the encoding set up
so that the induced representation on the Hilbert space is
given as in this work by the regular representation, it would
again be (block) diagonalized by the corresponding Fourier
transform. In the case of a non-Abelian group nontrivial
blocks will appear, and the set of allowable equivariant
operators in the variational ansatz will no longer be arbi-
trary diagonal operators, but instead (as a result of Schur’s
lemma) those operators that are multiples of the identity on
each of the irreducible components in the decomposition
of the regular representation. For any Abelian symme-
try group, arbitrary diagonal operators will continue to be
equivariant. More generally, we conjecture that the deep
connections between Fourier analysis and representation
theory may lead to some very interesting variational algo-
rithms—QFTs play a central role in many fault-tolerant
quantum algorithms with provable speed ups; by con-
necting these to the representation theory (and therefore
symmetries) of groups, it may be possible to convert these
algorithms into geometric QML algorithms that also enjoy
provable speed ups.

Finally, we note that imposing restrictions on the
expressibility of QML models introduces the potential
for efficient classical simulations, which can become pos-
sible, for example, in the case of a small dynamical
Lie algebra [44,45], or in the presence of sufficiently
constraining symmetry [46]. The compromises that can
be explored through families of models such as these,
which can interpolate between easily trainable but effi-
ciently classically simulable circuits through to classi-
cally intractable but barren plateau ridden circuits, then
constitute an interesting research direction in the ongo-
ing search for practical quantum advantage in machine
learning.

The code that supports the findings of this article is
available online [47].
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APPENDIX A

In this appendix we prove Proposition 1 and Corollary 1
from the main text.

Proposition 1. The dynamical Lie algebra g of our
rotationally equivariant model has a decomposition

g ∼= su(2nrad)⊕ su(2nrad)⊕ R
norb+1,

and thus dimension

dim g = 2 · 4nrad + norb − 1,

where nrad (norb) is the number of qubits used to encode the
radial (angular) degrees of freedom.

Proof. The DLA g [17–19] of a layered quantum circuit
of the form

U(θ) =
L∏

i=1

U(θ i) =
L∏

i=1

J∏

j =1

e−iθij Hj (A1)

is given by the Lie closure of the generators G of its layers,

g = span 〈iG〉Lie = span 〈iH0, iH1, . . . , iHJ 〉Lie, (A2)

where 〈G〉Lie is the set formed from repeated nested com-
mutators of the elements of G. In our rotationally equiv-
ariant case generators Hj of the circuit are the operators
that, when exponentiated, produce arbitrary rotations on
the first nrad qubits, and CZi,i+1 gates between nearest-
neighbor qubits. We thus have Xi, Yi, Zi ∈ G for all i ≤ nrad,
as well as czi,i+1, where exp

(−i(czi,i+1)
) = CZi,i+1 for all

i ≤ nqubits − 1. Explicitly, in the computational basis in the
two-qubit case we have

CZ1,2 =

⎛

⎜
⎝

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

⎞

⎟
⎠ = exp

⎛

⎜
⎝

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 iπ

⎞

⎟
⎠

= exp −i(cz1,2),

from which we can readily obtain expressions for the CZ
generators in terms of Pauli operators,

czi,i+1 = −π
4
(I − Zi − Zi+1 + ZiZi+1).

We therefore wish to determine the dimension of the vector
space spanned by the Lie closure of the set

{Xi, Yi, Zi}i=nrad
i=1 ∪ {I − Zi − Zi+1 + ZiZi+1}i=nqubits−1

i=1 .

First we restrict our attention to i ≤ nrad. We have

[Xi, I − Zi − Zi+1 + ZiZi+1] = 2i(Yi − YiZi+1),

[Yi, I − Zi − Zi+1 + ZiZi+1] = −2i(Xi − XiZi+1).

So {XiZi+1, YiZi+1}i≤nrad ⊂ g. By commuting these terms
with appropriate single-qubit operators we can generate
all two-qubit nearest-neighbor operators acting within the
first nrad qubits. It then follows by the argument presented
in Appendix I of Ref. [17] that all 4nrad of the n-body
Pauli strings with support on the first nrad qubits lie within
the DLA [giving complete expressibility on those qubits
as dim u(2nrad) = 4nrad ]. Furthermore, for each of these
operators, we can construct (with the aid of cznrad,nrad+1)
a corresponding operator that also applies Znrad+1, dou-
bling the number of linearly independent operators we
have found within g. Finally, the remaining norb − 1 gen-
erators of the CZ gates commute both amongst themselves
and with all the other linearly independent operators in the
DLA, bringing the total dimension to 2(4nrad)+ norb − 1.

We now turn to the task of finding a direct sum decom-
position of g. Being a subalgebra of u (2nqubits), g is a
reductive Lie algebra, meaning that we have a (unique up
to rearrangements of the terms) decomposition [48]

g ∼= g1 ⊕ g2 ⊕ · · · ⊕ gk, (A3)

where the gi are simple Lie algebras for i < k, and gk is
the Abelian centre of g. We have seen that, in our case, g
is spanned by the 2 · 4nrad Pauli strings that apply arbitrary
Pauli operators on the first nrad qubits and either I or Z on
the (nrad + 1)th qubit, along with the generators of the final
norb − 1 CZ gates. Pulling out the operators I⊗(nrad+1) and
I⊗nrad ⊗ Z (which commute with all elements of g), we find
that g consists of an (norb + 1)-dimensional centre, along
with the operators in the set span{A ⊗ I ⊗ I⊗(norb−1) | A ∈
su(2nrad)} ⊕ span{B ⊗ Z ⊗ I⊗(norb−1) | B ∈ su(2nrad)}. This
does not quite give us a decomposition of the form of
Eq. (A3), however, as the second of those summands does
not form a Lie subalgebra of g. Equivalently, however, we
can consider the set

g+⊕g−

:= span
{

A ⊗ (I + Z)√
2

⊗ I⊗(norb−1)
∣
∣
∣
∣ A ∈ su(2nrad)

}

⊕ span
{

B ⊗ (I − Z)√
2

⊗ I⊗(norb−1)
∣
∣
∣
∣ B ∈ su(2nrad)

}

,

which contains the same operators and is written in the
form of a direct sum of two ideals of g [both of which are
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isomorphic to su(2nrad)]. We therefore have the decompo-
sition

g ∼= g+⊕g−⊕gk

∼= su(2nrad)⊕ su(2nrad)⊕ R
norb+1, (A4)

which is what we wanted to show. �

Our next result makes use of the notion of the g-purity
Pg(O) = trO2

g of an operator O with respect to an operator
subalgebra g [18,49], with Og the orthogonal (with respect
to the Hilbert-Schmidt norm) projection of O onto g.

Corollary 2. Our rotationally equivariant models are,
in the absence of noise, free from barren plateaus if and
only if 4−nradPgs(ρ) /∈ O(1/bn) for any b > 2, where ρ =
|ψ(x)〉 〈ψ(x)| is the initial state and Pgs(ρ) its purity with
respect to the semisimple component of the dynamical Lie
algebra g.

Proof. We rely heavily on Theorem 1 of Ref. [18],
which states that, given a DLA g in the form of Eq. (A3),
an input state ρ and a loss function of the form 
θ (ρ, O) =
tr[UθρU†

θO], then, if O ∈ ig or ρ ∈ ig, we have (in the
absence of noise)

Eθ [
θ (ρ, O)] = tr[ρgk Ogk ] (A5)

and

Varθ [
θ (ρ, O)] =
k−1∑

j =1

Pgj (ρ)Pgj (O)

dim gj
. (A6)

Recalling the loss function of our rotation-equivariant
models [Eq. (7)] we see that it is in the required
form to apply this theorem, with O = Zy ∈ ig. Together
with the decomposition of Eq. (A4), we are ready
to apply Eqs. (A5) and (A6) for a given input state
ρ = |ψ(x)〉 〈ψ(x)| with true label y ∈ {1, 2, . . . , nclasses}.
Firstly, Zy ∈ isu(2nrad) has zero projection onto the centre
of g, so Eθ [
θ (ρ, O)] = 0. To calculate the variance of the
loss function, we introduce orthonormal (with respect to
the Hilbert-Schmidt inner product) bases for g±,

{

2−nqubits/2P ⊗ (I ± Z)√
2

⊗ I⊗(norb−1)
}

P∈Pnrad\{I⊗nrad }
,

(A7)

where Pnrad is the set of nrad-qubit Pauli strings. Denoting
these basis operators by {B(±)j }4nrad−1

j =1 , it follows that the

purities of Zy with respect to g± are given by

Pg±(Zy) = tr
[ 4nrad−1∑

j =1

tr(B(±)†j Zy)B
(±)
j

]2

=
4nrad−1∑

j =1

|tr(B(±)†j Zy)|2 = 2nqubits−1, (A8)

where we used the fact that tr(B(±)†j Zy) = 0 for B(±)j �=
I⊗(y−1) ⊗ Z ⊗ I⊗(nrad−y) ⊗ (I ± Z)/2 ⊗ I⊗(norb−1). From
Eq. (A6), then, we have

Varθ [
θ (ρ, Zy)] =
∑

j ∈{+,−}

Pgj (ρ)Pgj (Zy)

dim gj

= 2nqubits−1

4nrad − 1

∑

j ∈{+,−}
Pgj (ρ)

= 2nqubits−1

4nrad − 1
Pgs(ρ), (A9)

where gs is the semisimple component of the dynamical
Lie algebra g. This expression vanishes exponentially in
nqubits if and only if 4−nradPgs(ρ) ∈ O (1/bnqubits) for some
b > 2. �

APPENDIX B

In this appendix we discuss the relevant details of the
simulations that produced the STM images considered in
this work. The physical principle upon which STMs rely
is quantum tunneling [50]. A metallic tip is swept across
the surface to be imaged (at a height of the order of about
1 nm), and for a given bias voltage V between the tip
and surface, the current I caused by electrons tunneling
from the surface to the tip is measured, producing a two-
dimensional image of the surface (constant-height mode).
Alternatively, one can adjust the height of the tip during
the sweep so as to maintain a constant tunneling current
and an image can be inferred from the recorded heights
(constant-current mode). The tunneling current is given by
Bardeen’s tunneling formula [51],

I(V) = 2πe
�

∑

μν

f (Eμ)[1 − f (Eν + eV)]|Mμν |2

× δ(Eμ − Eν − eV), (B1)

where the Eμ (Eν) are the eigenenergies of the sample
(tip), f the Fermi-Dirac distribution function, and Mμν the
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tunneling matrix elements,

Mμν = − �2

2m

∫



[χ∗
ν (r)∇ψμ(r)− ψμ(r)∇χ∗

ν (r)] · dS,

(B2)

where  is a surface separating the tip from the surface
being imaged. Expanding the tip wave function in terms
of the spherical harmonics Ylm and the spherical modified
Bessel functions of the second kind kl gives, in the notation
of Ref. [52],

χν(r) =
∑

β

Cνβkβ[κν(r − r0)]Yβ(θ ,φ) (B3)

with κν the vacuum decay constant and β ∈ {s, px, py , pz,
dxy , dyz, dz2−x2−y2 , dxz, dx2−y2}. This decomposition yields
an expression for Mμν in terms of differential operators
acting on the surface wave function due to Chen [53],

|Mμν |2 ∝
∣
∣
∣
∣

∑

β

CνβD̂βψμ(r0)

∣
∣
∣
∣

2

, (B4)

where the D̂β are differential operators. It is known that,
for the Si:P system considered here, the dominant con-
tribution comes from the dz2−x2−y2 orbital [35,38], with
corresponding differential operator [53]

D̂z2−x2−y2 = 2
3
∂2

∂z2 − 1
3
∂2

∂x2 − 1
3
∂2

∂y2 .

The remaining challenge is to calculate the ground-state
wave function of the P impurity, which we do via a
multimillion-atom sp3d5s∗ atomistic tight-binding calcu-
lation implemented with the NEMO-3D system [41,54].
The tight-binding parameters have previously been fitted
to accurately reproduce the donor energy spectrum [55]
and the Si band structure [54], and is capable of accu-
rately predicting important physical quantities, including
the Stark and strain-induced hyperfine shift [56] and the
anisotropic electron g factor in strained Si [57]. The calcu-
lations were performed over a (40 nm)3 domain consisting
of around 3.1 million atoms, and include the effects of cen-
tral cell corrections [55], the formation of Si dimer rows
on the surface due to the 2 × 1 surface reconstruction of
Si [58], and hydrogen passivation [59]. The agreement that
has been demonstrated between experimental STM images
and images calculated using this model is remarkable [35].

[1] S. Bravyi, O. Dial, J. M. Gambetta, D. Gil, and Z. Nazario,
The future of quantum computing with superconducting
qubits, J. Appl. Phys. 132, 160902 (2022).

[2] J. Biamonte, P. Wittek, N. Pancotti, P. Rebentrost, N.
Wiebe, and S. Lloyd, Quantum machine learning, Nature
549, 195 (2017).

[3] K. Beer, D. Bondarenko, T. Farrelly, T. J. Osborne,
R. Salzmann, D. Scheiermann, and R. Wolf, Training
deep quantum neural networks, Nat. Commun. 11, 1
(2020).
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