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We propose to use a quantum spin chain as a device to store and release energy coherently and we inves-
tigate the interplay between its internal correlations and outside decoherence. We employ the quantum
Ising chain in a transverse field and our charging protocol consists of a sudden global quantum quench in
the external field to take the system out of equilibrium. Interactions with the environment and decoherence
phenomena can dissipate part of the work that the chain can supply after being charged, measured by the
ergotropy. We find that overall, the system shows remarkably better performance, in terms of resilience,
charging time, and energy storage, when topological frustration is introduced by setting antiferromagnetic
interactions with an odd number of sites and periodic boundary conditions. Moreover, we show that in a
simple discharging protocol to an external spin, only the frustrated chain can transfer work and not just
heat.
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I. INTRODUCTION

In recent years, there has been a global surge of inter-
est in harnessing quantum phenomena at the microscopic
level, driven by the rapid advancement of new quan-
tum technologies [1,2]. One of the fundamental questions
that have been addressed is that of energy storage and
transfer at the quantum level, keeping in mind possible
adverse effects that can interfere. Within the context of
energy storage, an intriguing area of exploration that has
attracted considerable attention recently is the study of
“quantum batteries” [3–11], which are quantum mechan-
ical systems designed for energy storage. Quantum batter-
ies (QBs) utilize quantum effects to achieve more efficient
and rapid charging processes compared to classical sys-
tems, by circumventing the need to physically move the
energy carriers through driven diffusion. This burgeon-
ing field of research encompasses numerous intriguing
questions, ranging from the stabilization of stored energy
[12,13] to the investigation of optimal charging protocols
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[14–21]. One of the first practical implementations of this
type of device is the quantum Dicke battery in Ref. [6],
where the energy from a photonic cavity mode (acting as
a charger) is transferred to a battery comprising N quan-
tum units, each described by a two-level system. Such a
model exhibits a collective speed-up [22] in the charging
process. The Dicke battery has garnered significant interest
due to its versatility in various implementation platforms
(e.g., superconducting qubits [23], quantum dots [24,25],
coupled with a microwave resonator, Rydberg atoms in a
cavity [26], etc.), leading to the exploration of numerous
variations of this model [27–36].

To have a practical application, QBs must, however, not
only rapidly store energy but also be able to provide use-
ful energy (i.e., work) once charged [9,37–39]. A crucial
aspect of the problem is to assess the stability of these
models in realistic scenarios where they are subject to envi-
ronmental noise. Preliminary studies in this direction have
been obtained in Refs. [12,40–54] where various schemes
have been proposed to stabilize QBs in the presence of
specific types of perturbations. In Refs. [14–17], a general
theory of work extraction for noisy QB models composed
of large collections of noninteracting subsystems (quantum
cells) have been presented. The fundamental theoretical
tool for this type of study is provided by the ergotropy
[55,56], a nonlinear functional that gauges the maximum
amount of energy that can be extracted from an assigned
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input state of a quantum system under reversible—i.e.,
unitary—operations that do not alter the system entropy.

Inspired by this whole activity, with this work we would
like to contribute to the field of quantum energy stor-
age and transfer. However, while in the literature part of
the interest around QBs has been directed toward provid-
ing energy to macroscopic systems, more recently some
efforts have also been directed toward situations in which
quantum fluctuations play a dominant role with respect to
thermal fluctuations [19,43,57–60]. Following this line, we
specialize on devices operating purely in a quantum set-
ting. We present a many-body system that can be charged
through a change in the external magnetic field and used
to transfer energy onto a second target system. Most of
all, we consider the effect of certain dephasing to show the
resilience of the energy stored in the battery against time.
In our investigation, we are driven by the observation that
in the future it might be hard to design a universal quan-
tum machine able to withstand any type of decoherence
and dephasing and it will be necessary to combine sev-
eral devices able to perform different tasks, while being
optimized for resilience against different external condi-
tions. Thus, we propose a protocol to start the development
of such a cluster of devices, starting with the most basic
quantum thermodynamic task. We introduce a sort of an
activator for a series of quantum devices with which it
exchanges energy. Since this device will share most of the
properties of a QB, in the following we will also refer to it
as a quantum battery. However, we would like to stress that
while QBs based on the Dicke model have already shown
some important results in terms of scalability [36], we will
defer the investigation of these properties for our device to
a subsequent work, since now we are focused on describ-
ing the merit of its energy exchange with other quantum
devices, not with macroscopic systems.

In particular, we analyze the work extraction from a
system made of N interacting spins which, once charged,
undergo complete dephasing in the energy eigenbasis of
the associated Hamiltonian. More precisely, our analysis is
focused on many-body models that exhibit exotic behav-
ior when proper frustrated boundary conditions (FBCs) are
imposed. A typical example is represented by a linear chain
of an odd number of spins arranged in a ring geometry
(i.e., with periodic boundary conditions): when classi-
cally paired with antiferromagnetic (AFM) interactions,
such a system cannot realize the perfect Néel ordering
[61–63] and hence exhibits topological frustration due to
the presence of a ferromagnetic (FM) kink along the chain.
At the quantum level, the introduction of such frustration
radically modifies the structure of both the ground-state
manifold [64–66] and the low-energy spectrum [67], lead-
ing to a whole set of novel forms of behavior [68–71],
which are potentially interesting for technological applica-
tions. One important example is that while in nonfrustrated
models (at least, far from critical points) the ground-state

manifold is separated by a finite energy gap from the rest
of the spectrum, for the topologically frustrated systems it
belongs to a band (in fact, for the ring geometry discussed
above the gap closes as N−2).

As a charging mechanism, we consider a simple (and
relatively easy to implement) global quantum quench.
Moreover, we show how topological frustration enhances
the robustness to decoherence of a quantum battery: while
in the nonfrustrated case, the ergotropy of the battery can
be reduced to less than 30% of its initial value by deco-
herence phenomena, we observe that a frustrated battery
manages to retain more than 90% of the original ergotropy
in all the parameter ranges analyzed. Finally, we propose
a simple discharging protocol that shows how it is possi-
ble to transfer energy from a many-body quantum battery
charged with our protocol to an ancillary spin. Surpris-
ingly, we observe that only frustrated batteries can transfer
work efficiently, in the form of ergotropy, while the non-
frustrated battery only manages to heat up the ancillary
system.

The paper is organized as follows. in Sec. II, we intro-
duce the quantum spin models and the charging protocol
that we consider to realize a quantum battery, as well as
introducing the role of decoherence in these systems. In
Sec. III, we compare the performance of frustrated and
nonfrustrated batteries under the assumption of fast charg-
ing, i.e., considering a purely coherent charging protocol.
In Sec. IV, we drop this assumption and analyze the effect
of decoherence during the charging protocol, introduc-
ing nonunitary dynamics during the quantum quench. In
Sec. V, we present a protocol for energy transfer from
a many-body quantum battery to a single ancillary spin.
Finally, we discuss our results and possible developments
in Sec. VI.

II. THEORETICAL FRAMEWORK

A. The model

While the phenomenology of topological frustration has
already been described in detail for more general models
such as the XYZ chain [66], without loss of generality, here
we will focus on the simplest case, i.e., a ring of an odd
number N of spin-1/2 particles coupled via the quantum
Ising chain in a transverse magnetic field. The Hamiltonian
of such a model is

H(J , h) = J
N∑

l=1

σ x
l σ

x
l+1 − h

N∑

l=1

σ z
l , (1)

where the σαl (α = x, y, z) are Pauli operators acting on
the lth spin, σαN+1 = σα1 enforces the periodic boundary
conditions, and h is the strength of the external field. The
constant J governs the nature of the couplings among the
spins: its modulus |J | determines the strength of the Ising
interactions, while its sign allows us to tune from an AFM
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frustrated system, for J > 0, to a nonfrustrated FM one for
J < 0. In the rest of our analysis, we will fix |J | = 1, so
that all the energies and times are measured in units of |J |
and 1/|J |, respectively.

Regardless of the sign of J , the model is analyti-
cally integrable and a detailed solution can be found in
Appendix A. Due to this, it is possible to observe how
while some properties of the system are not affected by
the presence or absence of topological frustration, others
assume very different forms of behavior. An example of
the latter is the existence of an energy gap between the
ground-state manifold and the closest set of excited states
in the ordered phase |h| < 1. If, in the nonfrustrated case,
in the thermodynamic limit the twofold ground-state man-
ifold is separated from the band of excited states by a finite
energy gap equal to �FM = 1 − |h|, this disappears com-
pletely in the presence of frustration. In fact, for J = 1,
at finite sizes, the ground state is part of a band made of
2N states in which the gap between the two lowest-energy
elements closes according to the law

�AFM = |h|
2(1 − |h|)

π2

N 2 + O(N−4). (2)

Hence, the frustrated AFM model presents a gap that van-
ishes quadratically with the system size in the frustrated
phase. While this expression is correct for |h| < 1, as we
approach the critical points hc = ±1, new corrections grow
on the right-hand side of Eq. (2) and eventually the gaps of
the frustrated and nonfrustrated models tend to coincide
and both close as N−1 near to criticality.

B. The charging protocol

To store energy in a spin system as the one described
in Eq. (1), i.e., to use such a system as a QB, we pro-
pose a simple protocol based on quenches of the external
magnetic field sketched in Fig. 1. The starting point is the
ground state |ε0〉 with associated energy ε0 of the Hamil-
tonian H0 = H(J , h0). Such a Hamiltonian admits a set
of eigenstates that we denote as {|ε�〉}, ordered in such a
way that the associated eigenvalues εl satisfy the condi-
tion ε� ≤ ε�+1. At time t = 0, we perform a sudden global
quench to the Hamiltonian H1 = H(J , h1), the eigenstates
of which we denote by {|μk〉}, ordered in such a way that
μk ≤ μk+1. The system then evolves unitarily under the
action of H1 for a certain time interval τ , after which
the system Hamiltonian is quenched back to H0 to close
the charging cycle. Note that h1 can also be greater than
|J | = 1 crossing the Ising quantum critical point and thus
the charging process can also happen in a different phase,
before we return to h0. In the absence of external interfer-
ence, the QB at the end of the charging process is described
by the vector |ψ(τ)〉 = e−ıH1τ |ε0〉 and the energy stored is

FIG. 1. A schematic overview of the charging process: the
QB is represented by a collection of an odd number N of spin-
1/2 particles, initialized in the ground state |ε0〉 of the Ising
Hamiltonian H0 = H(J , h0) with local field h = h0 and coupling
J , the modulus of which is equal to 1. Setting J = −1 corre-
sponds to considering a nonfrustrated ferromagnetic (FM) QB
model, while setting J = 1 corresponds to a frustrated AFM QB.
Energy is pumped into the system by quenching the local field
from h0 to h1 at time t = 0. The system then evolves during the
time interval [0, τ ] via the unitary evolution associated with the
Hamiltonian H1 = H(J , h1). Finally, the external field is restored
to its original value h0 at t = τ .

given by

Ein = 〈ψ(τ)|H0|ψ(τ)〉 − ε0 =
∑

�

P�(τ )(ε� − ε0), (3)

where the populations P�(τ ) are

P�(τ ) =
∣∣∣∣∣
∑

k

e−iμkτ 〈μk| |ε0〉 〈ε�| |μk〉
∣∣∣∣∣

2

. (4)

Due to the integrability of the Hamiltonian in Eq. (1), it is
possible to derive analytically the populations P�(τ ) (for
details, see Appendix B). In Fig. 2, we plot P�(τ ) for both
the frustrated and nonfrustrated cases, for a specific choice
of the system parameters. From the figure, it is possible to
observe that at the level of the populations of the eigen-
states of H0, there is no clear difference between the two
cases. As a further consequence, the amount of energy
stored in the system is almost the same, with small differ-
ences that can be made to vanish by increasing the system
size.

C. The role of decoherence

As long as the evolution of the system remains uni-
tary, it is always possible to reverse it, hence completely
recovering the stored energy Ein. But in the presence of
decoherence, the dynamics of a quantum system become
nonunitary and hence there is no unitary transformation
that can bring the system back to its initial state, thereby
reducing the amount of energy that can be extracted from
it [55,56]. However, one of the main problems in the
study of decoherence is that the results obtained are, in
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(a) (b)

FIG. 2. A plot of the distribution P�(τ ) of Eq. (4), which
defines the populations of the energy eigenspaces of the QB
Hamiltonian H0 = H(J , h0) after a cyclic quench from h0 = 0.1
to h1 = 0.8 and back to h0, for the (a) nonfrustrated (J = −1)
and (b) frustrated (J = 1) systems. The dashed lines represent
the partial energy contributions to Ein, defined in Eq. (3), due to
the occupied states up to that spectral energy. These results are
obtained for a chain of N = 13 spins, setting τ = 0.5.

general, strongly dependent on the nonunitary-dynamics
model taken into account which, in turn, depends on the
specifics of the experimental apparatus in which the model
is tested. To carry out our theoretical analysis, we have
chosen to consider, as a source of decoherence, purely
dephasing dynamics such as that induced by the master
equation proposed by Milburn [72]:

ρ̇(t) = −i[H(t), ρ(t)] − 1
2ν

[H(t), [H(t), ρ(t)]]. (5)

Here, ρ(t) and H(t) are the instantaneous system den-
sity matrix and Hamiltonian, ρ̇(t) is the derivative of the
density matrix, and ν parametrizes the characteristic deco-
herence rate of the model. Note that in principle, the latter
could depend on the parameters of the Hamiltonian and the
system size.

Taking into account the charging process that we have
introduced, and hence the dependence on time of the
Hamiltonian, the second term on the right-hand side of
Eq. (5) implies that the off-diagonal terms of the den-
sity matrix in the energy eigenbasis, characterized by
finite oscillation frequencies, are exponentially suppressed
with a characteristic decoherence time equal to τk,l ≈
(2ν/(�E2

k,l)), where�Ek,l is the energy difference between
the states |εk〉 |εl〉 (or |μk〉 |μl〉 when we consider a slow-
charging process). While each entry decays at its own rate,
it is possible to characterize some general collective behav-
ior. In order to do so, let us remark that the global quench
H0 ↔ H1 preserves all the symmetries of the Hamiltonian,
most importantly the translational and the parity symmetry
along z, with the parity operator, defined as�z = ∏N

l=1 σ
z
l .

Therefore, since the initial state |ε0〉 is an eigenstate of the
momentum operator with zero momentum and fixed parity,
the occupied states ε� with P�(τ ) �= 0 are also eigenstates

with the same parity as the ground state and vanishing
momentum [70] and they are never degenerate, implying
that all the relevant �Ek,l values always differ from zero.
As a consequence, after a sufficiently long time, due to
the effect of the nonunitary dynamics, the state of the QB
will be well approximated by a diagonal density matrix
with zero coherence in the eigenbasis of the Hamiltonian
[for a formal solution of Eq. (5), see Appendix C]. From
Fig. 2, we can see that states with a nonvanishing popula-
tion are distributed across different energy bands and thus
their energy difference can be classified as either intraband
or interband. The energy differences �Ek,l between states
belonging to different bands scale as 2(J − h) (with only
subleading corrections dependent on N ): if an off-diagonal
term ρk,l is related to two states coming from different
bands, the time scale of its exponential suppression, which
we call the fast decoherence time τ1, has a functional
dependence of the type ν/(J − h)2 on the parameters of
the system, with subleading finite-size N -dependent cor-
rections. On the contrary, if the two states |εk〉 and |εl〉
belong to the same energy band, their energy difference
is smaller, dependent on their relative position within the
band, and also changing with the chain length N . Accord-
ingly, their decoherence time scale will be much larger,
resulting into an overall slow decoherence time τ2 � τ1.
The existence of two different time scales in the nonuni-
tary dynamics induced by Eq. (5) can be appreciated by
looking at Fig. 3, in which we depict the behavior of the
relative entropy of coherence for the state ρ(t), i.e., the
CRE(ρ(t)) [73], and provide an estimate of τ1,2 for some
choice of parameters. The relative entropy of coherence is
defined as

CRE(ρ(t)) = S(ρD(t))− S(ρ(t)), (6)

where S(x) = −∑
i λi log λi is the von Neumann entropy

of the density matrix x, with eigenvalues {λi}, and ρD(t)
is the diagonal matrix obtained by ρ(t) artificially sup-
pressing all the off-diagonal elements in a given basis (the
Hamiltonian eigenbasis in our case). From the plot, it is
easy to see the existence of two very different time scales.
A heuristic fit on our numerical data shows that, indeed,
τ1 shows a subleading dependence on N , while the linear
growth of τ2 with the system size can be interpreted as aris-
ing from the average intraband energy difference, which
should go as 1/N , since each band hosts of the order of N
states in a finite width. Note that these estimates and fits
are highly heuristic and valid only for system sizes of the
order of those for which we have data, since a straightfor-
ward extrapolation to the thermodynamic limit would yield
absurd projections. Nonetheless, since we are interested in
finite systems, they suffice for our purposes.

The estimation of these times allows us to identify dif-
ferent operating regimes for the QB. Since, ideally, a QB
should be able to store energy for a long time, we have
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FIG. 3. A plot of the entropy of coherence in Eq. (6) as a func-
tion of time under the decoherence dynamics of Eq. (5). We
observe the emergence of two distinct decoherence time scales: a
fast one, characterized by a short time τ1, which is weakly depen-
dent on N , and a slower one with characteristic time τ2 � τ1,
which instead is proportional to N . Data have been obtained
for J = 1, h0 = 0.1, �h = 0.5, and ν = 10. The results are the
same for the frustrated and nonfrustrated systems. Quantitatively,
from a best-fit analysis we find that τ1 ≈ 0.048(ν/((J − h0)

2))+
0.001N , while τ2 ≈ 80.8N − 688.

determined that, in this paper, we will focus on the worst-
case scenario, i.e., one in which an attempt is made to
extract work after a time T � τ2 has passed since the end
of the charging process, and we leave a detailed analy-
sis of the time scales τ1,2 and of the forms of behavior
for intermediate times for future work. In this long-time
scenario, the decoherence leads to the complete collapse
of the QB density matrix into a diagonal ensemble in the
energy eigenbasis of the system. On the other hand, with
regard to the charging process, we will specifically exam-
ine two distinct charging regimes. The first of these is the
so-called fast-charging regime, in which the charging time
τ is considered to be much faster than that of any decoher-
ence time τ 	 τ1. As a consequence, the charging process
can be considered a unitary process. On the other hand,
in the slow-charging regime, in which τ1 and τ are com-
parable, partial dephasing also occurs during the charging
process.

III. FAST-CHARGING REGIME

In the fast-charging regime (i.e., for τ1 � τ ), we can
neglect the effect of the dephasing during the charging pro-
cess. Under this hypothesis, the asymptotic state of the QB

that emerges from Eq. (5) at time T � τ2 corresponds to
the completely incoherent (in the basis of the eigenstates
of H0) diagonal density matrix state

ρ(T) =
∑

�

P�(τ )|ε�〉〈ε�|, (7)

where the P�(τ ) are the populations defined in Eq. (4).
Following the prescription of Refs. [55,56], the lowest-

energy state that can be reached with (reversible) unitary
processes acting on the density matrix ρ(T) is its passive
counterpart

ρ̃(T) =
∑

�

P̃�(τ )|ε�〉〈ε�|, (8)

where the P̃�(τ ) are the eigenvalues of ρ(T) rearranged in
decreasing order (P̃�(τ ) ≥ P̃�+1(τ )). The energy that we
can recover from the system via unitary operations can
then be computed in terms of the system ergotropy, i.e.,
the difference between the energy of ρ(T) and the mean
energy of ρ̃(T),

W = Tr(ρ(T)H0)− Tr(ρ̃(T)H0)

=
∑

�

(P�(τ )− P̃�(τ ))(ε� − ε0)

= Ein −
∑

�

P̃�(τ )(ε� − ε0) = Ein − Eloss. (9)

The quantity Eloss = ∑
� P̃�(τ )(ε� − ε0) represents the

amount of energy that we can no longer be extracted from
the battery. Since Eloss is a positive quantity, we have that,
due to the nonunitary dynamics acting after the end of the
charge phase, the work W that we can extract from the bat-
tery is less than the energy Ein stored in it. To quantify how
robust the QB is toward decoherence, we compute the ratio
between the amount of work that we can extract from it at
time T � τ2 and the energy initially stored in the QB, i.e.,

η = W
Ein

. (10)

The results obtained with a semianalytical approach (see
Appendix B) are shown in Fig. 4. The results are obtained
by maximizing η throughout the charging time τ in the
interval [0, 50] in units of 1/|J |. In Fig. 4(a), we depict the
behavior of η for a fixed value of �h = h1 − h0 as a func-
tion of h0, while in Fig. 4(b), we plot the result obtained
keeping h0 fixed and changing �h.

As can be seen, in Fig. 4(a), well below the critical point
h0 = 1, the frustrated AFM battery is very resilient to the
decoherence processes and, for a wide range of h0, η is
close to 1 and well above 0.9. On the contrary, in the same
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(a)

(b)

FIG. 4. The maximum value of η defined in Eq. (10), com-
puted (a) as a function of h0 for �h = 0.01 and (b) as a function
of�h (lower panel) for h0 = 0.001. Data are obtained for charg-
ing times τ ∈ (0, 50), for a chain of N = 25 spins. These plots
show how, after decoherence, the frustrated chain has retained
most of its charge, while the nonfrustrated one typically loses the
majority of the initial charge.

range of parameters, the loss in the work-extraction capa-
bility for an FM nonfrustrated QB can increase to 80%.
Moreover, in Fig. 4(b), the value of η for the frustrated bat-
tery is strikingly close to 1 in the whole range, while being
considerably smaller for its nonfrustrated counterpart.

To understand the difference between the frustrated and
nonfrustrated systems, we have to consider the different
characteristics of their energy spectrum. In the magneti-
cally ordered phase of nonfrustrated systems such as the
one we are considering, the energy spectrum is character-
ized by two quasidegenerate states separated from the first
band of excited states by a finite energy gap. Conversely, in
frustrated systems, the ground state belongs to a band made
of 2N states, the width of which is related to the value of
the external field. By comparing these behaviors, taking
into account the definition of Eloss, it is easy to explain the
difference in behavior. Indeed, in the case of nontopolog-
ically frustrated models, the third term of the summation
in the definition of Eloss already provides a non-negligible
contribution to the loss of extractable energy and, likewise,
all the others that follow. Conversely, in frustrated systems,

FIG. 5. The maximum value of η in Eq. (10), computed for τ ∈
(0, 50), for the frustrated (red squares) and nonfrustrated (blue
dots) Ising chain. Data are obtained for chains of size N ∈ [7, 45],
for h0 = 0.751 and fixed h1 = 0.7.

since all states belong to the same band, the contribution of
the first 2N terms to Eloss is small and it decreases as |h0|
decreases. This greatly reduces the loss of energy that can
be extracted from the battery and, consequently, increases
η. However, when |h0| increases, the bandwidth of the frus-
trated model increases, reducing the value of W and hence
of η while the gap of the ferromagnetic model narrows,
resulting in an increment of η. These two different depen-
dencies on |h0| explain why, close to the quantum critical
point, the performance of the two systems becomes compa-
rable. Moreover, since the number of states in the first band
of the frustrated systems is proportional to the system size
itself, it is natural to expect that the effect of reduction of
the relative weight of Eloss increases with N . This expected
behavior is confirmed by the results shown in Fig. 5. In
varying the system size, the value of η of the frustrated
system remains approximately constant, while it decreases
with the system size for the nonfrustrated model.

A further parameter that is useful in characterizing the
performance of the QB is the time needed to complete the
charging process. For our protocol, there is a certain degree
in arbitrariness in this choice. We have chosen to define the
charging time as the one for which the first local maximum
of the Ein as a function of time is reached. This choice has
been motivated by the empirical observation, supported
by the plots presented in the Supplemental Material [74],
that this time does not seem to scale with the system size
and that subsequent maxima do not necessarily bring a
significant improvement in energy. Moreover, this choice
seems quite natural considering the necessity, inherent in
the current status of quantum technologies, of keeping the
charging time as short as possible. In Fig. 6, we show the
results of an analysis of the charging time obtained varying
�h for a fixed value of h0. From the figure, we observe that
regardless of the presence or absence of topological frus-
tration in the system, the charging time generally decreases
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FIG. 6. The position of the first local time maximum τ ∗ and
the corresponding value of W (inset) for the frustrated (red) and
nonfrustrated (blue) Ising chain. Data are obtained for a chain of
N = 25 spins, for h0 = 0.001 and h1 − h0 ∈ (0.01, 1.2).

with increasing �h, while the energy stored in the sys-
tem increases. This fact gives rise to a virtuous circle in
which the time required for this storage decreases as the
energy stored by the system increases. Moreover, for frus-
trated systems, the ratio η always remains greater than
0.8 and significantly higher than that of the nonfrustrated
counterparts. This means that by increasing the jump in
the external magnetic field, it is possible to charge the
battery more, faster, and with higher resistance to decoher-
ence. While this behavior is valid for both frustrated and
nonfrustrated QBs, the data witness the fact that the per-
formance of the former is always better than that of the
latter.

IV. SLOW-CHARGING REGIME

The results presented so far have been obtained under
the hypothesis that the charging protocol is so fast that
we can completely neglect any decoherence effects during
charging. However, such a hypothesis is quite strong and
an analysis of what happens when the charging process is
affected by decoherence is mandatory. Therefore, in this
section, we study the performance of our QB model in the
slow-charging regime, in which the fast decoherence time
τ1 and the charging time τ are comparable. To this end,
we numerically integrate Eq. (5) during the charging time
up to τ . Even if, in this regime, the analysis is more com-
plex, the basic concepts are the same as in Sec. III and we
recover that, after the end of the charging process, wait-
ing for a time T � τ2, the state of the QB reduces to a
completely incoherent state of the form

ρ(T) 
∑

�

P′
�(τ )|ε�〉〈ε�|, (11)

where the populations P′
�(τ ) are

P′
�(τ ) =

∑

k,k′
〈ε�|μk〉〈μk|ε0〉〈ε0|μk′ 〉〈μk′ |ε�〉

× exp[− (μk−μk′ )2
2ν τ − i(μk − μk′)τ ], (12)

(for details, see Appendix C), which correctly reduces to
Eq. (4) when all the exponential decays can be neglected.
Note that although the derivation of Eq. (5) in Ref. [72] is
not valid in the ν → 0 limit, we can take this limit of fast
dephasing by instantaneously removing all off-diagonal
contributions. However, one must be aware that taking the
limit in this way implies the assumption that the quench
that brings h0 → h1 is instantaneous, i.e., �tquench 	 ν. If
this was not the case, then we might incur in a quantum
Zeno effect [75], which would prevent the battery from
charging. Since our protocol is based on instantaneous
quantum quenches, we leave the investigation of the inter-
play between a finite quench speed and the decoherence
speed to future work.

Similarly to what was done in Sec. III, we have com-
pared the performance of the frustrated and nonfrustrated
QB models using the ratio η and the velocity of charging.
We show the outcomes of the analysis in Fig. 7. For several
values of the decoherence frequency ν, we have charged
the battery as a function of �h, maximizing the robust-
ness parameter η = W/Ein over time. As expected, by
decreasing the decoherence frequency ν, hence making the
decoherence stronger and faster in destroying the coher-
ence of the QB state, η decreases but does not disappear
completely—even in the limiting case ν = 0, where all the
off-diagonal elements of the density matrix are instanta-
neously suppressed soon after the quench of the external
field from h0 → h1. However, once again, the frustrated

FIG. 7. The maximum in time of the robustness parameter η
for the frustrated (red) and nonfrustrated (blue) for a decoherent
charging protocol, for different values of the decoherence fre-
quency: ν = 10, 1, 0.1, 0 (squares, triangles, circles, and dashed
line). ν = 0 corresponds to full decoherence, i.e., instantaneous
convergence to the diagonal ensemble. Data are obtained for a
chain of N = 15 spins, for h0 = 0.001 and h1 − h0 ∈ (0.02, 1.1).
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FIG. 8. The position of the first local time maximum τ ∗ and
the corresponding value of W for the frustrated (red) and nonfrus-
trated (blue) Ising chain. Data are obtained for a chain of N = 15
spins, for h0 = 0.001 and h1 − h0 ∈ (0.01, 1.2) and ν = 1.

battery shows a higher robustness with respect to its non-
frustrated counterpart. Even in the limiting case of ν = 0
(dashed line), the value of η is above 0.9 for a frustrated
battery, while it drops below 0.5 for the nonfrustrated one.
These drops in η are more pronounced for larger values
of the quench jump �h. Indeed, for smaller quenches, the
most populated state is still the ground state. Hence, at least
in principle, one could still try to get as close as possible to
the initial state when discharging the battery. However, this
becomes more difficult when increasing �h, as the num-
ber of excited states that are macroscopically populated
increases and therefore the loss of quantum coherence has
a stronger impact on the value of the ergotropy and hence
of η.

The decoherence also affects the charging time, making
the charging slower for both the frustrated and the non-
frustrated batteries. Therefore, we also extend the analysis
carried out in Sec. III to the case of the slow-charging pro-
cess. The results in Fig. 8 confirm the fact that the charging
processes for both frustrated and nonfrustrated systems are
comparable but that the virtuous circle we have seen in the
fast-charging regime has disappeared. Indeed, while in the
fast-charging regime by increasing the quench amplitude
�h we would increase the ergotropy of the battery and
observe a reduction of the charging time τ , in the slow-
charging regime it is still true that the ergotropy increases
with the quench amplitude but, instead, the charging time
tends to increase, reducing the performance of the quantum
battery.

V. DISCHARGING THE DEVICE

Up to now, we have mainly focused on the ergotropy
of the system and how much it could be affected by the
presence of an unavoidable nonunitary dynamic that con-
tinues to act even after the end of the charging process.
However, such a quantity represents an upper bound of
energy that can be extracted from a QB, which is hard to

approach when this last is represented by a many-body sys-
tem. Therefore, in this section, we have chosen to analyze
a more realistic situation in which the battery can act as
an activator for a second quantum device. We take into
account a situation in which a QB, after ending the charg-
ing process and waiting a time T � τ2 such that its state
can be considered completely incoherent, is made to inter-
act with an ancillary two-level system. The Hamiltonian of
the total system will therefore read as

HW = J
N∑

k=1

σ x
k σ

x
k+1 − h

N∑

k=1

σ z
k + λHint + ωσ z

S , (13)

where {σαk }N
k=1 and {σαS } (α = x, y, z) are, respectively, the

spin operators of the kth site of the QB and the ancillary
spin, while ω is the characteristic energy of the ancillary
spin.

To simulate a realistic condition, we consider that only
one of the spins of the battery directly interacts with the
ancillary system. Moreover, for the same reason, we do
not try to optimize the kind of interaction between the QB
and the ancillary system, which can give rise to couplings
that are extremely hard to simulate, but we directly take
into account a realistic interaction terms such as a hopping
term. Accordingly, with these assumptions, Hint reads

Hint = σ+
1 σ

−
S + σ−

1 σ
+
S , (14)

where σ±
1 = σ x

1 ± iσ y
1 and σ±

S = σ x
S ± iσ y

S and the strength
of the interaction is parametrized by λ. Therefore, the
ancillary spin is interacting with a single spin in the bat-
tery. The interaction that we have chosen breaks both the
translational invariance and the parity symmetry of the bat-
tery, increasing the number of states accessible during the
discharging process. Moreover, it can be experimentally
realizable in Rydberg-atom systems [76]. Before going
further, let us emphasize that, ideally, one would want
an interaction term that commutes with the rest of the
combined battery-system Hamiltonian. However, since our
battery is a many-body system in which the eigenstates
are delocalized, this would require an interaction term
that interacts with the battery as a whole. However, such
an interaction, even if theoretically achievable, would be
unrealistic from an experimental point of view.

In our simulation, we consider that, at time zero, the bat-
tery and the ancillary system are brought into contact by
turning on the interaction in the equation. Before this, the
two systems have been prepared. As far as the QB is con-
cerned, we have at first charged it with the unitary protocol,
stopping at the time of the first peak in η, for h0 = 0.018
and h1 = 1.5, and then let it relax to the diagonal ensem-
ble. On the contrary, the ancillary system is initialized in its
lowest-energy state ρS, i.e., the spin-down configuration,
for ω = 2|J | = 2. This value of ω is chosen in such a way
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as to resonate with the band gaps of the battery spectrum,
which, for h0 close to the classical point (i.e., h0 = 0), are
proportional to J . The strength of the interaction between
the spin and the battery has been chosen small enough that
the interaction does not carry too much energy into the
system but strong enough to allow for energy transfer. We
have established numerically that λ = 0.02 is a good com-
promise that ensures that no appreciable energy is absorbed
or released from the interaction term.

Soon after t = 0, the global system, initialized in the
product state ρB ⊗ ρs, is allowed to evolve under the action
of global Hamiltonian HW and the energy starts to flow
from the QB to the ancillary system. As for all systems,
when some energy is provided to the ancillary spin, a part
of it will be stored as work, while the rest will be dissipated
as heat. Hence, a crucial question is whether and how much
of this energy can be seen as work performed by the QB on
the ancillary spin. One way to respond to this question is to
analyze the ratio κ between the ergotropy WS acquired by
the ancillary spin (which is initialized in a zero-ergotropy
state, i.e., its ground state) and its maximal ergotropy, i.e.,

κ = WS

2ω
. (15)

In other words, κ is the amount of energy that can be used
later by the ancillary spin to perform some work.

The results obtained through exact diagonalization for
κ , for both the frustrated and nonfrustrated battery, are
shown in Fig. 9, for different values of �h and of the
size of the chain. The plot shows that none of the energy
transferred from the nonfrustrated battery is translated into
ergotropy for the ancillary spin. On the contrary, the frus-
trated battery manages to charge the ancillary spin up to
42% of its maximal ergotropy. This percentage decreases
with increasing size of the battery, due to the very local
nature of the interaction between the battery and the ancil-
lary spin. Motivated by these impressive results, we have
analyzed what happens when we change some conditions
such as the values of h0 orω. The results of this analysis are
presented in the Supplemental Material [74] and they show
that in most situations it is possible to find a window of val-
ues of λ in which the frustrated QB has good performance
and manages to transfer ergotropy to the ancillary spin.
This is not the case for the nonfrustrated battery, which
is never able to charge the ancillary qubit with more than
heat. Thus, while a certain fine tuning of the interaction
strength λ is needed to ensure that the energy transferred
is not due to the interaction itself, the results presented
in Fig. 9 seem quite generic. At this stage, the origin of
this striking difference between the frustrated QB and the
nonfrustrated one is not clear. While the energy resilience
against decoherence can be correlated to the battery energy
spectrum, with a higher density of states at low energy in
the frustrated case, the data that we have collected, and

K

N

FIG. 9. The ergotropy charged in the ancillary spin from the
frustrated battery (full red) and nonfrustrated (empty blue) bat-
teries of N = 5, 7, and 9 spins. The results are obtained for
h0 = 0.02, ω = 2, λ = 0.02, and h1 = 1.72, 2.72, and 3.72.

that we partially report in the Supplemental Material [74],
indicate that a gapless spectrum is not sufficient to transfer
ergotropy during our discharging protocol. We are thus led
to speculate that the better performance of the frustrated
battery in this respect is due to the peculiar quantum cor-
relations that are characteristic of topological frustration
[64,65].

VI. DISCUSSION AND CONCLUSIONS

Quantum batteries are a critical and rapidly advanc-
ing technology, holding the promise of revolutionizing
energy storage. While they show great potential and sig-
nificant progress has been made in terms of scalability,
it is essential to acknowledge that quantum batteries are
still in their early stages of research and development. In
this context, our goal has been to establish the founda-
tion for an alternative approach to QBs that can be used
to realize quantum devices that can work as energy activa-
tors in quantum technologies, by transferring energy to the
quantum devices with which they are interacting. In par-
ticular, we have proposed a quantum battery based on a
quantum many-body system—namely, the quantum Ising
chain—designing a cyclic charging protocol based on a
global quench in the external magnetic field to store energy
in the battery. We have used different figures of merit to
characterize the efficiency of such devices. In every case,
we have observed that the frustrated batteries present a
very strong resistance to decoherence effects. This remark-
able result is related to the fact that the ground state of
the frustrated system belongs to a gapless band, allow-
ing for a more efficient energy extraction with respect to
the nonfrustrated models, where the presence of a finite
gap between the ground state and the rest of the spectrum
increases the energy of the final equilibrium state of the
battery, therefore reducing the fraction of energy that it
is possible to extract. Thus, our results show that topo-
logically frustrated systems can represent a much more
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efficient option for the realization of a quantum battery
with respect to their nonfrustrated counterparts.

For the ergotropy, we have tested the stability of these
results by varying the parameters governing the model
(N , h0) and the charging protocol (�h). In all the mea-
sured ranges, we have always observed a higher robustness
to decoherence for the frustrated model. In the range of
parameters that we have considered, the charging times
of the frustrated and nonfrustrated batteries are compara-
ble, even though for some values of the parameter we have
observed shorter charging times for the nonfrustrated case.
However, even when the nonfrustrated battery is charged
a little faster, the frustrated battery still possesses a higher
ergotropy and a larger value of η. We expect these results
to be valid even after increasing the system size. Moving
toward the thermodynamic limit, one might expect that the
value of η might decrease, since the system will start pop-
ulating states in higher-energy bands (this requires more
thorough investigation). However, at the same time, the
density of states within a band will increase as the gaps
tend to close as N−2 and for the frustrated system, the
degeneracy will always be larger than for the nonfrustrated
one. Therefore, also in the thermodynamic limit, we expect
the frustrated model to be more robust to decoherence than
the nonfrustrated one.

Moreover, we have analyzed what happens in a dis-
charging process in which we connect an ancillary spin to
the battery. We have defined a protocol that allows energy
transfer from the battery to the spin and measured the
level of charge acquired by the spin, as a fraction of its
maximal ergotropy κ . The results show that the energy
transferred from the nonfrustrated battery is not translated
into ergotropy for the ancillary spin, while, within the
considered parameters, the frustrated battery charges the
spin up to 42% of the maximal ergotropy, which is 2ω.
Therefore, topological frustration emerges as a very useful
resource to enhance energy transfer from a QB. While the
results obtained in Secs. III and IV are solely related to the
spectral properties induced by topological frustration, the
extent to which the structure of the internal correlations
in topologically frustrated chains also plays a role in the
energy transfer to an additional system is still unclear. We
leave this investigation to future work.

As a final remark, we would like to point out that
spin models such as the one-dimensional quantum Ising
chain can be experimentally realized with Rydberg atoms.
In the currently available experimental platforms, typi-
cal values of the couplings are J̃ ≈ � × 672 MHz, h̃ ≈
� × 25 MHz and the system can be stabilized for times
of the order of 20–70 µs. The fastest decoherence time
scale of the system can be estimated as the time it takes
for the oscillating coherences to average out, i.e., τd ≈
�/(J̃�E), where �E is the largest dimensionless energy
difference between the energy eigenstates populated after
the quantum quench for the Ising chain described by the

dimensionless Hamiltonian H(1, h̃/J̃ ). Since �E is of
order unity, the typical decoherence time will be of the
order of a few tenths of nanoseconds. For the parame-
ters mentioned above, we would have τd ≈ 1.4 ns. Since
this time is considerably smaller than the time for which
the system can be stabilized, decoherence effects might
become relevant for a quantum battery realized on these
platforms. Therefore, because of their high robustness to
decoherence, topologically frustrated quantum batteries
might represent a valid alternative for the realization of
these quantum devices. We leave a more detailed study of a
realistic design on Rydberg-atom platforms and of different
discharging protocols to future work.
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APPENDIX A: SOLUTION OF THE ISING
MODEL—FRUSTRATED VERSUS

NONFRUSTRATED CASE

It is well known that the Ising model in Eq. (1) can be
diagonalized exactly. For the sake of simplicity, we limit
our analysis to the case with 0 ≤ h < 1 but our results can
also be easily extended to the other regions of parameter
space. We will consider the case of an odd number of spins
N and periodic boundary conditions, i.e., we apply FBCs.
In such a way, we can easily switch from the frustrated
to the nonfrustrated model by setting J = 1 or J = −1,
respectively. In particular, in the first case, in the pres-
ence of an antiferromagnetic interaction between nearest-
neighbor spins, frustration has been proven to produce
nontrivial modifications to the ground-state properties of
the model. The standard procedure prescribes a mapping of
spin operators into fermionic ones [63], which are defined
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by the Jordan-Wigner transformation:

σ−
j =

∏

l<j

σ z
l ψ

†
l , σ+

j =
∏

l<j

σ z
l ψj , σ z

j = 1 − 2ψ†
j ψj ,

(A1)

where the ψl (ψ†
l ) are fermionic annihilation (creation)

operators. In terms of such operators, taking into account
the periodic boundary conditions and discarding constant
terms, the Hamiltonian thus becomes

H = J
N−1∑

j =1

[
ψ

†
j +1ψj + ψ

†
j ψj +1 + ψ

†
j ψ

†
j +1 + ψj +1ψj

]

+ 2h
N∑

j =1

ψ
†
j ψj − J�z

[
ψ

†
1ψN + ψ

†
Nψ1 + ψ

†
Nψ

†
1

+ ψ1ψN

]
, (A2)

where �z = ∏N
j =1 σ

z
j = ∏N

j =1(1 − 2ψ†
j ψj ) is the parity

operator along z. The latter expression is not quadratic
itself but reduces to a quadratic form in each of the par-
ity sectors of �z. Therefore, it is convenient to write it in
the form

H = 1 +�z

2
H+ 1 +�z

2
+ 1 −�z

2
H− 1 −�z

2
,

where both H± are quadratic. Hence we can bring the
Hamiltonian into a free-fermion form by means of two
final steps. First, we perform a Fourier transform

ψq = e−ıπ/4

√
N

N∑

j =1

e−ıqjψj . (A3)

It is worth noting that due to the different quantization
conditions, the H± are defined on two different sets of
fermionic modes, q ∈ �− = {(2πn/N )}N−1

n=0 in the odd sec-
tor and q ∈ �+ = {(2π/N )(n + 1

2 )}N−1
n=0 in the even one,

respectively. Finally a Bogoliubov rotation in Fourier
space,

bq = cos θqψq + sin θqψ
†
−q, (A4)

with momentum-dependent Bogoliubov angles

θq = 1
2

arctan
(

sin q
h + J cos q

)
q �= 0,π , θ0,π = 0, (A5)

leads to the Hamiltonians

H− =
∑

q∈�−/{0}
�(q)

(
b†

qbq − 1
2

)
+ ε(0)

(
b†

0b0 − 1
2

)
,

(A6a)

H+ =
∑

q∈�+/{π}
�(q)

(
b†

qbq − 1
2

)
+ ε(π)

(
b†
πbπ − 1

2

)
.

(A6b)

Here, bq (b†
q) are the Bogoliubov annihilation (creation)

fermionic operators. The dispersion relation �(q) for
q �= 0, π obeys

�(q) =
√
(h + J cos q)2 + J 2 sin2 q, (A7)

while for the two specific modes q = 0 ∈ �− and q = π ∈
�+, we have

ε(0) = h + J , ε(π) = h − J . (A8)

It is important to observe that all the fermionic modes
are associated with a positive energy except for the 0 and
π modes, which carry negative energy for J = −1 and
J = 1, respectively, since we have chosen h < 1. Let us
start by considering the FM case J = −1. In this case, for
0 ≤ h < 1, the only mode that carries negative energy is
the 0 mode in the odd sector, while all the modes in the
even-parity sector carry positive energy. Therefore, in this
case, the ground state is given by a state with a 0-mode
populated b†

0 |∅−〉 in the odd-parity sector. One can observe
that the vacuum states in each sector can be written in
terms of the fermionic states |0, 1〉q and of the Bogoliubov
angles θq, and read

|∅+〉 = |0π 〉
⊗

q∈�+
2

(
cos θq |0〉q |0〉−q − sin θq |1〉q |1〉−q

)
,

(A9a)

|∅−〉 = |00〉
⊗

q∈�−
2

(
cos θq |0〉q |0〉−q − sin θq |1〉q |1〉−q

)
,

(A9b)

where �+
2 (�−

2 ) is the subset of momenta q ∈ �+ ( q ∈ �−)
that lives in the interval q ∈ (0,π). One can explicitly
check that the ground-state energy is given by

E−
0 = − 1

2

∑

q∈�−
�(q). (A10)

Let us now focus on the analysis of the AFM model
obtained for J = 1. In this case, we observe that the π
mode is the only one that can be characterized by a neg-
ative excitation energy. However, the π mode only exists
in the even-parity sector, where the addition of a single
excitation is forbidden by the parity constraint.
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For this reason, the lowest-energy state of the even sec-
tor in this region is still its Bogoliubov vacuum |∅+〉. In
the odd sector, states with a single excitation are allowed
but all fermionic modes hold positive energy and it is easy
to check that each state that can be defined in this sector
has an energy greater than the one associated with |∅+〉.
Despite this, the lowest admissible states in this sector,
those with one occupied mode with momentum closest to
π (exactly π is not possible because of the quantization
rule of this sector), have an energy gap closing as 1/N 2

compared to |∅+〉. The ground-state energy is given by

E+
0 =�(π)− 1

2

∑

q∈�+
�(q). (A11)

Finally, let us discuss the behavior of the energy gap
more quantitatively. The two lowest eigenvalues of the
Hamiltonian in Eq. (1), for J > 0 and odd N , are given
by

ε0 = �(π)− 1
2

∑

q∈�+
�(q) (A12)

and

ε1 = �
(
π − π

N

)
− 1

2

∑

q∈�−
�(q). (A13)

For any value of N and h, the exact expression of the
energy gap is thus given by

�AFM = ε1 − ε0

= �(π)−�
(
π − π

N

)
+ 1

2

⎡

⎣
∑

q∈�+
�(q)−

∑

q∈�−
�(q)

⎤

⎦ .

(A14)

Sufficiently far from the quantum critical point at h = 1,
the second term in this expression is known to vanish expo-
nentially with the system size. Therefore, for sufficiently
large N , the energy gap will scale as

�AFM ≈ π2

2N 2�
′′(π)+ o(N−4)

= |h|
2(1 − |h|)

π2

N 2 + O(N−4), (A15)

which coincides with Eq. (2) when setting J = 1. There-
fore, in the bulk of the AFM phase, the energy gap closes
quadratically with the system size.

As we get closer to the critical point, it is no longer
true that the second term of Eq. (A14) vanishes exponen-
tially in the system size. Therefore, the expansion that we

performed earlier is no longer valid and one expects the
gap to close in the same way as it closes in the nonfrus-
trated critical system, i.e., as 1/N . However, we would like
to highlight the fact that the scaling suggested by Eq. (A15)
holds not just for |h| 	 1 but, for large N , in the whole
bulk of the frustrated region.

APPENDIX B: PROJECTION COEFFICIENTS
AFTER A GLOBAL QUENCH

In this appendix, we compute the projection coeffi-
cients analytically after a global quench from a Hamilto-
nian H0 ≡ H(J , h0) to H1 ≡ H(J , h1). Since the fermionic
structure of the states is the same, the results hold both
for the nonfrustrated (FM) and the frustrated (AFM) case.
The initial state before the quench is considered to be the
ground state of H0. In the FM (J = 1) case, this can be
given by

|G+
0 〉 = |∅+〉0 (B1)

or

|G−
0 〉 = b†

0 |∅−〉0 = |0〉0 , (B2)

depending on the parity sector, while in the AFM
(J = −1), the ground state is always in the even sector and
we have

|G+
0 〉 = |∅+〉0 . (B3)

In both situations, since the global quench in the magnetic
field preserves the translational invariance and parity of the
model, after the quench the initial state will have nonvan-
ishing projection only onto those eigenstates of H1 with its
same parity and momentum, i.e., states with zero momen-
tum. Moreover, since all of the eigenstates are constructed
by the addition of quasiparticles with a certain quasimo-
mentum q to a fermionic vacuum, it turns out that the
projections will be nonzero only onto those states where
excitations are added in couples with opposite momentum,
i.e., applying the operator b†

qb†
−q to the ground state. Using

simple combinatorics, one could hence easily understand
that in a system with N spins, starting from the initial states
|∅+〉 or |0〉, the number of states with nonzero projections
will be

M =
N−1

2∑

l=0

(N−1
2
l

)
= 2

N−1
2 . (B4)

The projections can be computed explicitly by evaluat-
ing scalar products between different states. These are
easily evaluated when the states are expressed in the
fermion basis rather than in the Bogoliubov one, as in
Eq. (A9), since the fermionic operators are independent of
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the parameters of the Hamiltonian, which will only enter
the Bogoliubov angles. Using the notation

|∅k〉 = cos θk |0〉k |0〉−k − sin θk |1〉k |1〉−k , (B5)

we also have that

b†
kb†

−k |∅k〉 = sin θk |0〉k |0〉−k + cos θk |1〉k |1〉−k . (B6)

Therefore, because of the selection rules imposed by the
global quench, we have only four possibilities for the
scalar products after the quench:

〈∅(1)k | |∅(0)k 〉 = cos�k, (B7)

〈∅(1)k | b†(0)
k b†(0)

−k |∅(0)k 〉 = − sin�k, (B8)

〈∅(1)k | b†(1)
−k b†(1)

k |∅(0)k 〉 = sin�k, (B9)

〈∅(1)k | b†(1)
−k b†(1)

k b†(0)
k b†(0)

−k |∅(0)k 〉 = cos�k, (B10)

where �k = θ
(1)
k − θ

(0)
k .

Finally, we can introduce the notation |P0〉 = ∏
p∈P0

b†
pb†

−p |G0〉, to the describe a generic zero-momentum
state, P0 being a subset of �+ \ {π} or �− \ {0} depend-
ing on the parity sector. With this in mind, the projection
coefficient that we are looking for will take the form

〈Q1| |P0〉
=

∏

k1∈�\(Q1∪P0∪{0,π}),
k2∈Q1∩P0,
k3∈P0\Q1,
k4∈Q1\P0

cos�k1 cos�k2(− sin�k3) sin�k4 .

(B11)

for opportune choices of the quasimomenta, these coef-
ficients will correspond to the 〈εk| |μ�〉 appearing in Eq.
(12). Therefore, knowing them allows us to compute the
populations P�.

APPENDIX C: FORMAL INTEGRATION OF
EQ. (5)

In the case in which the system Hamilton H is time inde-
pendent, the master equation [Eq. (5)] admits analytical
integration [72]. To see this, let us write H as

H =
∑

ε

�εε, (C1)

where ε are the eigenvalues of such an operator and
{�ε}ε is the set of orthogonal projectors that decom-
pose the Hilbert space of the system in the associated

energy eigenspaces. Exploiting the fact that
∑

ε �ε =
1, �ε�ε′ = δε,ε′�ε , one can then verify that an explicit
solution of Eq. (5) is provided by

ρ(t) = �
(H)
t [ρ(0)] =

∑

ε,ε′
�ερ(0)�ε′e− (ε−ε′)2

2ν t−i(ε−ε′)t ,

(C2)

where �(H)
t is the dynamical superoperator [77]

�
(H)
t [· · · ] =

∑

ε,ε′
�ε · · ·�ε′e− (ε−ε′)2

2ν t−i(ε−ε′)t. (C3)

Note that for t � τ2, where τ2 is the long dephasing time
identified in the main text, such evolution induces com-
plete suppression of the off-diagonal terms that involves
superpositions associated with energy eigenvectors of dif-
ferent eigenvalues, i.e.,

�
(H)
t [· · · ]

∣∣∣
νt�1

−→ D(H)[· · · ] =
∑

ε

�ε · · ·�ε .

(C4)

For the model we are considering, H is equal to H1 for
t ∈]0, τ [ and to H0 for t ≥ τ . Accordingly, we can write

ρ(t) =
{
�
(H1)
t [ρ(0)], ∀t ∈]0, τ [,

�
(H0)
t−τ

[
�
(H1)
τ [ρ(0)]

]
, ∀t ≥ τ ,

(C5)

which, for t = T ≥ τ such that T � τ2, leads to

ρ(T)  D(H0)
[
�(H1)
τ [ρ(0)]

]
, (C6)

where D(H0) is the dephasing map [see Eq. (C4)] of H0.
Equation (11) finally follows from Eq. (C6), observing that
under the assumption that the initial state of the QB is the
ground state of H0, then all the eigenspaces involved in the
writing of both �(H1)

τ and �(H0)
t−τ only involves eigenspaces

with zero momentum, which turn out to be nondegenerate
(i.e., their associated projectors are all rank 1).
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