
PRX QUANTUM 5, 030312 (2024)

Quadrature Squeezing Enhances Wigner Negativity
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Generating macroscopic nonclassical quantum states is a long-standing challenge in physics. Anhar-
monic dynamics is an essential ingredient to generate these states, but for large mechanical systems,
the effect of the anharmonicity tends to become negligible compared with the effect of decoherence.
As a possible solution to this challenge, we propose using a motional squeezed state as a resource to
effectively increase the anharmonicity. We analyze the production of negativity in the Wigner distribution
of a quantum anharmonic resonator initially in a squeezed state. We find that initial squeezing increases
the rate at which negativity is generated. We also analyze the effect of two common sources of decoher-
ence—namely, energy damping and dephasing—and find that the detrimental effects of energy damping
are suppressed by strong squeezing. In the limit of large squeezing, which is needed for state-of-the-art
systems, we find good approximations for the Wigner function. Our analysis is significant for current
experiments attempting to prepare macroscopic mechanical systems in genuine quantum states. We
provide an overview of several experimental platforms featuring nonlinear behaviors and low levels of
decoherence. In particular, we discuss the feasibility of our proposal with carbon nanotubes and levitated
nanoparticles.
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I. INTRODUCTION

Quantum theory has revolutionized our understand-
ing of the microscopic world. As of today, however,
quintessential quantum phenomena remain elusive in
large-scale systems. One possible explanation is the break-
down of quantum mechanics at large scales, as predicted
by collapse models [1,2]. Bringing macroscopic systems
to the quantum regime is thus of notable interest in quan-
tum science. A unique feature of nonclassical quantum
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states is a region of negative values in their Wigner phase
space distribution, termed “Wigner negativity” [3,4]. Cur-
rent research is attempting to generate and observe this
Wigner negativity in the motion of mechanical systems
of ever-larger size. Wigner negativity has, so far, been
observed in elementary systems such as single atoms [5].
For larger systems, negativities have been created by cou-
pling of the mechanical oscillator to highly nonlinear
systems, such as qubits [6,7], but not in bare mechanical
systems.

One of the challenges opposing the generation of non-
classical states is to avoid decoherence—that is, the loss of
quantum coherence due to the unwanted interaction with
an environment (comprising, e.g., air molecules, acoustic
phonons, and thermal photons) [8]. Recently, researchers
have developed novel techniques that have enabled
excellent isolation of macroscopic mechanical resonators
from their environment, thereby minimizing decoherence
[9,10]. Simultaneously, the field of optomechanics has
refined paradigms to control the mechanical motion at
the level of single quanta. These efforts culminated in
ground-state cooling of a variety of mechanical systems
[11–15]. These states are, however, regarded as semiclas-
sical because they have Gaussian Wigner functions, which
have no negativity.
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To go beyond Gaussian physics requires anharmonic
dynamics, such as those generated by a nonlinear crys-
tal in quantum optics [16], by Josephson junctions in
superconducting circuits [17], or by a diffraction grating in
matter-wave interferometry [18]. In the context of mechan-
ical resonators, the anharmonicity usually comes from the
nonlinear contributions to the restoring force. Such con-
tributions are, in general, small, so throughout this paper
we retain only the first correction, which scales cubically
with the displacement from the equilibrium. This nonlin-
ear force is known as “Duffing nonlinearity” and, in the
absence of decoherence, is sufficient to generate negativ-
ity in a driven system [19]. The typical signature of this
anharmonicity is an amplitude-dependent resonance fre-
quency [20]. Roughly speaking, the quantum effects of this
nonlinearity become significant when the frequency shift
induced by the typical quantum motion [e.g., the zero-
point fluctuations (ZPFs) for a resonator in its ground state]
exceeds the decoherence rate.

Mechanical systems typically have only weak non-
linearities in the quantum regime, and overcoming the
decoherence is thus highly challenging. There are two
approaches to overcome this limitation: engineering sys-
tems with larger anharmonicity, as compared with deco-
herence effects, or increasing the size of the typical
quantum motion. While several theoretical proposals to
demonstrate negative Wigner functions [21–25] have
assumed large anharmonicity with comparatively weak
decoherence effects, no existing mechanical platforms
meet this requirement and, thus, generating negativity via
an intrinsic nonlinearity in such a system remains a daunt-
ing task. Hence, in this work, we propose and analyze the
alternative approach. The position of a mechanical res-
onator in the ground state is not well determined but has
residual fluctuations as required by the Heisenberg uncer-
tainty principle. One can increase these fluctuations while
simultaneously reducing, or squeezing, the fluctuations in
momentum. We consider such a squeezed state as the ini-
tial state of a Duffing resonator. The increased position
fluctuations generate both a larger Duffing frequency shift
and a greater decoherence rate. Nevertheless, we show
that the negativity generated scales more favorably with
the initial squeezing than the decoherence. Finally, we
present an overview of existing Duffing systems and ana-
lyze the feasibility of our proposal with carbon nanotubes
and levitated nanoparticles.

II. UNITARY ANHARMONIC DYNAMICS

We first analyze the unitary dynamics of an anhar-
monic mechanical resonator with a Duffing nonlinearity.
The respective Hamiltonian is given by

Ĥ = p̂2

2m
+ 1

2
m�2

mq̂2 + β

4
q̂4, (1)

FIG. 1. Protocol concept. A system is prepared in an initial
squeezed vacuum state |ξ 〉. Subsequently, the system evolves in
a Duffing potential. The anharmonicity bends the state’s Wigner
function W and generates fringes and negativity. Regions where
W is negative are shown in blue.

where q̂ and p̂ describe the position and momentum of
the mechanical resonator, m denotes its mass, �m denotes
its resonance frequency, and β is the Duffing parameter,
which describes the change in stiffness for a given dis-
placement amplitude. By changing to a rotating frame with
a frequency ω0 ≈ �m and discarding fast-oscillating terms
(see Appendix A), we arrive at the simplified Hamiltonian

Ĥ = �g(n̂2 − n̂), (2)

where g = 3�β/8m2�2
m is a parameter quantifying the

nonlinear coupling, n̂ = q̂2/4q2
ZPF + p̂2/4p2

ZPF − 1/2 is the
phonon number operator, and qZPF = √

�/2m�m and
pZPF = √

�m�m/2 are position and momentum zero-point
fluctuations, respectively. The Hamiltonian in Eq. (2),
despite its simple appearance, describes a nonlinearity that
is able to generate nonclassical correlations for a quan-
tum system and thereby introduce negative values in the
Wigner function if given an appropriate initial state, as
sketched in Fig. 1 [26].

The rotating-wave approximation made above is
valid when g � �m, which is an excellent approxi-
mation for most relevant optomechanical systems. In
the following, we work with the dimensionless quadra-
ture operators in the interaction picture, defined as
X̂ = (2qZPF)

−1ei��mn̂ q̂ e−i��mn̂ and Ŷ = (2pZPF)
−1ei��mn̂p̂

e−i��mn̂ and satisfying the commutation relation [X̂ , Ŷ] =
i/2. To characterize the property of the state, we com-
pute the Wigner quasiprobability distribution in the same
interaction picture. We label with x and y the coordinates
corresponding to the quadratures X̂ and Ŷ, respectively.
The vacuum state is an eigenstate of Eq. (2), and thus a
system prepared in that state will not show any negativ-
ity during the evolution. Instead, a coherent state obtained
by displacement of the vacuum state will develop fringes
with negative areas in the Wigner function. However, this
process is highly sensitive to decoherence, resulting in a
limit to the amount of displacement that can be used [26].
To overcome this limitation, we study the dynamics for a
different initial state. In particular, we focus our attention
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on squeezed vacuum states and show that they are more
robust regarding decoherence.

The Wigner function of such a state, squeezed along the
x quadrature, is given by

W(x, y, 0) = 2
π

e−2x2s2−2y2/s2
, (3)

where s quantifies the amount of squeezing, and the
quadrature variances are given by 〈X̂ 2〉 − 〈X̂ 〉2 = (s/2)−2

and 〈Ŷ2〉 − 〈Ŷ〉2 = (s/2)2, where 〈·〉 indicates a quantum
expectation value. Because of the rotational symmetry
in phase space, we can assume s ≥ 1 without loss of
generality. In Fig. 2(a), we show the initial state with
s = 4.5.

We compute, in a Fock state basis, the time-evolved
state, from which we then calculate the Wigner function
using the software QuTiP [27] (see Appendix E). We also
show these states in Fig. 2(a) for the times gt = 0.002 and
gt = 0.005. We notice that the Wigner function exhibits
characteristic fringes with negative values during this short
period of the evolution. This is the quantum signature we
seek [3].

While Eq. (2) is easily solvable in the number state
basis, we can gain more insight into the appearance of
negative values in the Wigner function by studying the
equation of motion for the Wigner function instead. The
evolution of the Wigner function is described by a partial
differential equation (PDE) derived from the Hamiltonian
[28]. The PDE corresponding to Eq. (2) is

∂tW(x, y, t)

= 2g(x2 + y2)
(−y∂x + x∂y

)
W(x, y, t)

+ g
8

(
−y∂3

x + x∂3
y + x∂y∂

2
x − y∂x∂

2
y

)
W(x, y, t).

(4)

The details of this derivation are given in Appendix B. The
first line of Eq. (4) describes a radially varying phase space
rotation with an angular rotation proportional to x2 + y2,
leading to a shearing of the Wigner function around the
origin [the S shape visible in Fig. 2(a)]. This shearing is
also present in the classical Duffing oscillator, and cannot
by itself produce a negative Wigner function. The classi-
cal nature of the first line of Eq. (4) can be highlighted by
one considering the limit � → 0. According to their defini-
tions, the nonlinear coupling parameter g is proportional to
�, whereas the coordinates x and y are both proportional to
�−1/2. Thus, only terms in the second line are proportional
to �, and Eq. (4) reduces to the Fokker-Planck equation for
a classical nonlinear oscillator in the limit � → 0. Terms
in the second line of Eq. (4) describe a nonclassical effect,
which can lead to negative values of W(x, y, t) after finite
evolution. We quantify the degree of nonclassicality of the

(a)

(b)

(c)

FIG. 2. Unitary evolution of the Wigner function. (a) Phase
space plot of the Wigner function W(x, y) of an initial squeezed
state with s = 4.5 (left panel) and phase space plots showing the
S shape formed by unitary evolution under the Hamiltonian of
Eq. (2) at times gt = 0.002 (center panel) and gt = 0.005 (right
panel). This corresponds to the scaled times τ = gts4 = 0.82 and
τ = 2.05. The inset in the right panel shows the details of the
negative fringes of W(x, y), the integral of which is denoted the
“negativity” N . (b) Time evolution of negativity N for different
initial degrees of initial squeezing. (c) Time evolution of N as
in (b) but with a rescaled time axis, τ = gts4. The dotted black
line shows the negativity obtained from the solution in Eq. (8)
corresponding to the limit of infinite squeezing, s → ∞.

oscillator state by calculating the volume of the negative
part of the Wigner function, i.e.,

N = −
∫∫

dx dy min{W(x, y), 0}, (5)

integrating over the whole phase space. This figure of
merit has already found use in previous work [3,29]. For
brevity, we simply refer to it as “negativity.” For instance,
for Gaussian states, we find N = 0. In the sense of this
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definition, Gaussian states are classical states [30]. The
evolution of N depends on the squeezing of the initial
state. Figure 2(b) shows the initial evolution of N for
squeezed initial states with various squeezing parame-
ters s. From N = 0 for the initial state, the initial evolution
has N growing as the fringes form. Notably, initial states
with more squeezing generally exhibit a faster increase
in N .

To understand the dynamics leading to the formation of
negativity, we make some approximations to Eq. (4). We
introduce a set of rescaled coordinates x̃ = sx and ỹ = y/s.
The rescaled Wigner function is W̃(x̃, ỹ, t) = W(x̃/s, sỹ, t),
and the rescaled differential operators are ∂x̃ = (1/s)∂x and
∂ỹ = s∂y . Making the substitutions in Eq. (4), we arrive at

∂tW̃(x̃, ỹ, t)

= 2g
(

−x̃2ỹ∂x̃ − s4ỹ3∂x̃ + 1
s4 x̃3∂ỹ + x̃ỹ2∂ỹ

)
W̃(x̃, ỹ, t)

+ g
8

(
−s4ỹ∂3

x̃ + 1
s4 x̃∂3

ỹ + x̃∂ỹ∂
2
x̃ − ỹ∂x̃∂

2
ỹ

)
W̃(x̃, ỹ, t).

(6)

The derivation is given in Appendix C. In terms of
these rescaled coordinates, the initial state Wigner func-
tion has no dependence on the squeezing parameter s,
and becomes symmetric in x̃ and ỹ, taking the form
W̃(x̃, ỹ, 0) = (2/π) exp

(−2(x̃2 + ỹ2)
)
. In other words, we

have moved the explicit dependence on initial squeezing
from the state to the system dynamics. In many disparate
systems, the nonlinear coupling parameter g is weak (see
discussions in Sec. VI). We are interested in the regime
of large initial squeezing, to eventually increase this rate.
Assuming s 	 1 and noticing that the coordinates x̃ and ỹ
are O(1), at least during the initial evolution, we retain
only terms proportional to s4 in Eq. (6). The resulting
approximated equation is

∂tW̃(x̃, ỹ, t) ≈ −2gs4ỹ3∂x̃W̃(x̃, ỹ, t) − gs4

8
ỹ∂3

x̃ W̃(x̃, ỹ, t).

(7)

All right-hand-side terms have as a common factor the fre-
quency gs4. This parameter dictates the rate at which the
system evolves and, especially, the rate at which negativity
builds up. Figure 2(c) shows the negativity N as a func-
tion of the rescaled time τ = gts4. In these units, all the
curves overlap for large squeezing and for short time, sug-
gesting that the negativity indeed depends on the rescaled
time only. We can introduce a parameter-free model that
captures this universal behavior. We notice that Eq. (7) has
been reduced to a PDE in x̃ and t only. For a given ỹ coor-
dinate, the solution can be expressed in terms of the inverse

Fourier transform as

W̃(x̃, ỹ, τ) = 1√
2π

∫ ∞

−∞
dk h̃ỹ(k) e−2kτ ỹ3−τk3 ỹ/8eikx̃, (8)

where

h̃ỹ(k) = 1√
2π

∫ ∞

−∞
dx̃W̃(x̃, ỹ, 0)e−ikx̃ (9)

is the Fourier transform of the initial state at a given ỹ
coordinate. The value of N calculated from this approx-
imate solution (8) is shown with the full solutions in
Fig. 2(c). The good agreement with the numerical solutions
shows the validity of our approximations. In particular, it
shows that the nonlinear coupling parameter g is effec-
tively increased by the factor s4, the main finding of our
analysis. This represents a favorable scaling especially
when compared with one of the decoherence processes, as
we show in the next section.

III. EFFECTS OF DECOHERENCE

In the previous section, we discussed the ideal case
of purely unitary evolution of an anharmonic oscillator.
In practice, however, every system is coupled to some
sort of environment that causes decoherence of the state.
The decoherence usually competes with the generation
of negativity, and eventually gives rise to a semiclassical
steady state. In addition, decoherence affects different ini-
tial states differently; for example, it is faster for a squeezed
state compared than for a coherent state [8]. We aug-
ment the model previously introduced with two common
decoherence mechanisms—namely, energy damping and
dephasing. We show that, in some cases, the use of squeez-
ing to enhance the nonlinearity is advantageous despite
the increased decoherence rates that accompany squeezed
states.

We start by introducing decoherence via energy damp-
ing. This damping arises from a linear coupling between
the oscillator and a thermal bath, which is described by a
mean phonon occupancy n̄th and a coupling rate γ [31].
The equation of motion for the Wigner function, including
damping, is [26]

∂tW(x, y, t) = LW(x, y, t) + 
d

4
∇2W(x, y, t)

+ γ

2
∂x (xW(x, y, t)) + γ

2
∂y (yW(x, y, t)) ,

(10)

where the first term, LW(x, y, t), describes the unitary evo-
lution, i.e., the right-hand side of Eq. (4), the second term,
proportional to the decoherence rate, 
d = γ (n̄th + 1/2),
describes a diffusion, and the last two terms concentrate the
Wigner distribution toward the origin. This damping tends
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to reduce the negativity, N , and, for example, systems that
evolved under damping only, i.e., where LW(x, y, t) = 0 in
Eq. (10), will, in general, evolve to have N = 0 within a
finite time (see Appendix D). For high temperatures and
short times, i.e., n̄th 	 1 and t � 1/
d, we may ignore
the last two terms in Eq. (10) and retain only the diffu-
sive term for the damping. This diffusion is uniform in the
entire phase space, i.e., the coefficient of the second term
in Eq. (10) is constant, as illustrated in Fig. 3(a).

(a) (b)

(c) (d)
d

d

d

d

d

d

d

FIG. 3. Generation of negativity in the presence of damping.
(a) Effect of damping on a squeezed state. Even though the heat-
ing rate is homogeneous in both directions, damping causes a
more pronounced broadening of the state along x, where the state
varies more rapidly. (b) Phase space plots of the Wigner function
for s = 4.5 evolved with decoherence rate 
d/g = 0.5s2 (with
n̄th = 1000). The initial state and the times shown are the same
as for Fig. 2(a). Damping reduces the fringes, which results in
a smaller negativity N [compare with Fig. 2(a)]. (c) Time evo-
lution of negativity for the initial squeezed state with s = 6 as a
function of rescaled time τ for various damping rates 
d between
0 and 0.5s2/g. The damping limits the negativity, with increased
damping causing the maximum negativity maxt N to peak earlier
and lower. The peak negativity is indicated by a circle for each
damped graph. The dashed line shows the approximate analyti-
cal solution given in Eq. (12) corresponding to the limit of large
squeezing, s → ∞. (d) Maximum negativity maxt N achieved
as a function of the ratio between the increased decoherence
and nonlinear coupling rates, 
ds2 and gs4, respectively, for four
finite squeezings s (see the legend). The maximum negativity in
the limit of large squeezing, obtained as in (c), is shown as a
dashed line. The maximum achieved negativity approaches this
limit as the squeezing increases.

We numerically solve the master equation correspond-
ing to Eq. (10) (see Appendix E for details) and show
examples of computed Wigner functions during the evo-
lution in Fig. 3(b). Comparing these plots with the ones
with no damping [see Fig. 2(a)], we notice that fringes and
negativity are still present, but are reduced in magnitude. In
Fig. 3(c), we plot the evolution in the unit of rescaled time
of the negativity for different decoherence rates. The dif-
fusion causes the fringes to die out, eventually eliminating
all negativity. As expected, this effect is more pronounced
and its onset is earlier for higher decoherence rate 
d. We
rescale the coordinates in the same manner as shown in the
previous section. The transformed equation is cumbersome
and does not yield much further intuition, so we provide
it in Appendix B only for completeness. Here, we rather
focus on the limit of large initial squeezing, s 	 1. In this
case, we retain only the terms in the highest power of s and
arrive at

∂tW̃(x̃, ỹ, t) ≈ −2gs4ỹ3∂x̃W̃(x̃, ỹ, t) − gs4

8
ỹ∂3

x̃ W̃(x̃, ỹ, t)

+ 
ds2

4
∂2

x̃ W̃(x̃, ỹ, t). (11)

The system now has two typical timescales: negativity is
produced at the rate gs4, while energy damping destroys
the negativity at the rate 
ds2. In particular, we high-
light that increasing the initial squeezing enhances the
nonlinearity more than the energy damping, leading to
an effectively larger generation of negativity. This is one
of the main results of this work. To further substantiate
this result, we show in Fig. 3(d) the maximum negativ-
ity obtained during the time evolution [see Fig. 3(c)] as
a function of the dimensionless parameter 
d/gs2. Larger
negativity is obtained for a low decoherence rate 
d and
for large squeezing s. Finally, we can write the following
explicit form of the solution to Eq. (11) using a Fourier
transformation:

W̃(x̃, ỹ, t)
1√
2π

∫ ∞

−∞
dk h̃ỹ(k)eikx̃−2kgts4 ỹ3−gts4k3 ỹ/8

× e−
ds2t/8, (12)

with h̃ỹ(k) still defined by Eq. (9). To demonstrate the
applicability of the approximation, we compute the max-
imum negativity on the basis of Eq. (12) as we vary

d/gs2. We show the result in Fig. 3(d) and observe good
agreement with the full numerical analysis.

Energy damping is only one of the possible sources
of decoherence in experimental reality. Another important
source is represented by drifts and fluctuations of the oscil-
lator resonance frequency [32]. We model the associated
decoherence, sometimes referred to as “dephasing,” with
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the following equation of motion:

∂tW(x, y, t) = LW(x, y, t) + γφ

2
(−y∂x + x∂y)

2W(x, y, t),

(13)

where the first term, LW(x, y, t), is again the unitary evolu-
tion as in Eq. (10), and γφ is the dephasing rate. The deriva-
tion is reported in Appendix B. The dynamics generated
by dephasing mathematically corresponds to a diffusion in
the azimuthal coordinate. Effectively, this means that the
effect of dephasing is stronger in the regions of phase space
that are farther from the origin, as is illustrated in Fig. 4(a)
[compare with Fig. 3(a)].

This has the effect of concentrating the negativity toward
the phase space origin as shown in Fig. 4(b). Figure 4(c)
shows the initial evolution of negativity under differing
rates of dephasing γφ . We can analyze this effect by trans-
forming Eq. (13) to the rescaled coordinates and dropping
all terms except for the leading terms in s. In this way, we

(a) (b)

(c) (d)

FIG. 4. Generation of negativity in the presence of dephas-
ing. (a) Effect of dephasing on a squeezed state. Compared
with linear damping [Fig. 3(a)], the diffusive effect of dephas-
ing increases with the distance to the origin. (b) Phase space
plots of the Wigner function for s = 4.5 evolved with dephas-
ing rate γφ/g = 1. The initial state and the times shown are
the same as for Fig. 2(a). Like damping, dephasing reduces the
fringes, although dephasing has a smaller effect on fringes closer
to the origin. (c) Time evolution of negativity for different initial
degrees of squeezing in the presence of dephasing as a function
of rescaled time τ . (d) Maximum values of negativity from (c)
as a function of the ratio between the increased dephasing and
nonlinear coupling rates, γφs4 and gs4, respectively.

approximate Eq. (13) with

∂tW̃(x̃, ỹ, t) ≈ −2gs4ỹ3∂x̃W̃(x̃, ỹ, t) − gs4

8
ỹ∂3

x̃ W̃(x̃, ỹ, t)

+ γφs4

2
ỹ2∂2

x̃ W̃(x̃, ỹ, t). (14)

Apart from the increased nonlinear coupling parameter
gs4, the squeezing also increases the dephasing rate to
γφs4. Since both rates scale identically with the squeezing
parameter s, we expect the negativity to remain constant
as we increase squeezing. In other words, the effects of
dephasing are not exacerbated by increased squeezing.
Also in this case, we can solve Eq. (14) via a Fourier-
transform solution, which is obtained by amending Eq. (8)
with the dephasing terms:

W̃(x̃, ỹ, t) = 1√
2π

∫ ∞

−∞
dk h̃ỹ(k)eikx̃−2kgts4 ỹ3−gts4k3 ỹ/8

× e−γφs4 ỹ2t/2, (15)

where h̃ỹ(k) is still defined by Eq. (9). We again verify the
validity of this approximation by using Eq. (15) to com-
pute the negativity and compare this with the results from
the numerical solution of the full master equation. This is
shown in Fig. 4(d).

We have so far considered two decoherence effects in
isolation, but they may be combined by summing the deco-
herence terms from Eqs. (10) and (13). The transformation
to the x̃, ỹ frame and the discarding of insignificant terms
yields an approximate equation of motion for W̃(x̃, ỹ, t)

FIG. 5. Maximum achieved negativity for systems experienc-
ing both damping and dephasing. Colors and black lines con-
stitute a contour plot showing the maximum negativity maxt N
for an initial squeezed state (s = 6.0) evolved with damping
rate 
d and dephasing rate γφ . The dotted white lines show
selected corresponding contours extracted from the solution in
Eq. (16) corresponding to the limit of large squeezing, s → ∞.
The contour values have been overlaid.
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that inherits the three characteristic timescales seen in
Eqs. (7), (11), and (14). We now solve the full equation
numerically with both mechanisms for differing damping
and dephasing rates and compute the resulting maximum
negativity, which is shown in Fig. 5. The corresponding
Fourier-transform solution is written as

W̃(x̃, ỹ, t) = 1√
2π

∫ ∞

−∞
dkh̃ỹ(k)eikx̃−2kgts4 ỹ3−gts4k3 ỹ/8

× e−
ds2t/4−γφs4 ỹ2t/2. (16)

Using this, we compute the maximum negativity for both
decoherence effects combined and overlay the contours
on top of those resulting from the solution of the master
equation in Fig. 5.

IV. READOUT OF NEGATIVITY

In systems where the damping 
d is much greater than
the nonlinearity rate g, implementation of the protocol will
require a large amount of squeezing. The resulting negative
Wigner functions will have high mean phonon number,
〈n〉, and narrow negative phase space features, necessitat-
ing quantum state tomography at high resolution. To avoid
this requirement, one can apply equivalent tests for non-
classicality that are specialized to squeezed states [33].
With these methods, the difficulty of resolving the negativ-
ity of a squezeed state is not greater than for an unsqueezed
state, provided that we have good phase stability, which
is effectively what is quantified by our requirements for
the dephasing rate. An alternative is to apply the initial
squeezing in reverse as illustrated in Fig. 6(a). The optimal
parameters for this reverse squeezing (strength and phase-
space angle) can be optimized according to the system
parameters. An example highly squeezed state is shown
in Fig. 6(b). The state is the result of nonlinear evolution
for time gt = 0.005 with nonzero damping 
d/g = 0.25s2

and dephasing γφ = 0.5g. As with the initial squeezing,
the reverse squeezing operation leaves the negative vol-
ume, N , of the state invariant, as can be seen by one
combining Eq. (5) with the squeezing coordinate transfor-
mations, x → x/srev and y → srevy (where, for simplic-
ity, we have assumed a squeezing angle of θ = 0 with
the x axis). Figure 6(c) shows the mean phonon num-
ber, which is suppressed below unity with proper choice
of reverse squeezing parameters. The Wigner functions
resulting from reverse squeezing are shown in Fig. 6(d).
Instead of applying an exact reversal of the squeezing
operation, one can also optimize the operation to ease the
tomographic reconstruction. This is explored in Fig. 6(c),
where we vary the squeezing strength srev and angle θ

to minimize the mean phonon number. By minimizing
the phonon number, we create a Wigner function that is
centered at the origin with minimal radius as shown in
Fig. 6(d). This means that the interesting area in phase

(a)

(b)

(i) (i)

(iii) (ii)

(ii) (iii) (iv)

(iv)

(c)

(d)

FIG. 6. Reversing the initial squeezing. (a) Reversing the
squeezing of the initial state. An inverse squeezing operation
is applied with strength srev and angle θ relative to the initial
squeezing. This creates a less elongated state, which is more
compatible with typical tomographic measurements, which sam-
ple the phase space with a similar resolution in both directions in
phase space. (b) Example of a highly squeezed Wigner function
computed from an initial state with squeezing s = 4.5 evolved
to rescaled time gt = 0.005 with both damping 
d/g = 0.25s2

and dephasing γφ = 0.5g. (c) Mean phonon number 〈n̂〉 for the
reverse-squeezed state as a function of the reverse squeezing
strength srev. The blue line shows θ = 0, and with “(i),” “(ii),”
and “(iii),” we mark, respectively, the initial state, the fully
inverted state (srev = 4.5), and the state of minimum phonon
number (srev = 2.4). The red curve shows the angle θ = 2π ×
0.04, which is the angle that reaches the smallest minimum
phonon number at srev = 2.8 [labeled “(iv)”]. We expect a low
mean phonon number to be desirable as it reduces the size of
the density matrix that needs to be reconstructed by tomography
when one is probing the state. (d) Wigner functions computed for
the points labeled“‘(ii),” “(iii),” and “(iv)” in (c).

space is well contained without too many small features
and we thus avoid the problem of having to resolve small
areas in phase space in the tomographic reconstruction.
We also expect that minimizing the mean phonon num-
ber 〈n〉 means that there will be fewer relevant entries
in the density matrix we are trying to reconstruct when
expressed in the number basis, again indicating a reduction
of the requirements for the tomography. In Fig. 6(d) we
illustrate this idea for only a single value of the squeezing
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strength, but the conclusion that we can undo the squeezing
to avoid small features in phase space applies regardless of
the squeezing and, in particular, for the asymptotic regime
describing strong squeezing.

V. SURVEY OF EXPERIMENTAL SYSTEMS

To identify the most suitable platform for our proto-
col, in Table I we list recently studied mechanical sys-
tems with their corresponding measured anharmonicity
and decoherence rates.

From the mass m, the resonance frequency �m, and
the Duffing constant β, we calculate the nonlinearity rate
g = 3�β/8m2�2

m. For all the systems under consideration,
the rate g is significantly smaller than the resonance fre-
quency and the decoherence rate 
d, corroborating the
assumptions we made throughout in our protocol.

We benchmark the different systems by evaluating the
required amount of squeezing such that the increased
nonlinear coupling parameter equals the increased deco-
herence rate, i.e., gs4 = 
ds2. In this situation, the amount
of negativity produced is about 5 × 10−2 at γφ = 0 (see
Fig. 5). This value is similar to the typical error reported
in the reconstruction of Wigner functions for bulk acoustic

wave resonators [6], indicating the feasibility of observ-
ing the generated negativity. For reference, to the best
of our knowledge, the largest reported squeezing for a
mechanical resonator corresponds to s2 ≈ 6 [55].

Of the systems listed, we identify clamped carbon nan-
otubes and levitated nanoparticles as the two most promis-
ing platforms for implementing our protocol. Clamped
carbon nanotubes exhibit a large nonlinearity at the levels
of a few tens of mechanical quanta [35], which makes them
an attractive option. However, they also suffer from high
decoherence rates, necessitating a high level of squeez-
ing (s2 around 60 dB). Whether carbon nanotubes allow
such high levels of squeezing remains an open question.
In contrast, levitated nanoparticles can be isolated effec-
tively from the environment, but the nonlinearity generated
by the trapping potential is usually very weak. Therefore,
while similar levels of squeezing are required as for car-
bon nanotubes, the absence of physical clamping allows
the possibility of achieving such high levels of squeezing.
Moreover, the high degree of control over the potential
energy permits the generation of squeezed states based
on parametric modulation or inverted harmonic dynamics
[56,57]. Finally, we expect further reduced decoherence
for levitated particles trapped in a dark potential in a
cryogenic environment [58].

TABLE I. Overview of measured anharmonicity in various mechanical resonator systems. Comparison of the mass m, mechanical
frequency �m/2π , Duffing parameter β, derived nonlinear coupling parameter g, and damping rate 
d of reported mechanical resonator
systems sorted by the squeezing in decibels, s2, required for parity between damping and the nonlinear parameter, gs4 = 
ds2.

System m (kg) �m/2π (Hz) T (K) γm/2π (Hz) β (N/m3) g/2π (Hz)

d/2π

(Hz) Squeezing
s2

(dB)

C nanotube [34,35] 8 × 10−21 2.5 × 108 5 1 × 104 6 × 1012 1.5 4.2 × 106 1.7 × 103 64
SiO nanoparticle [14,36] 3 × 10−18 1.3 × 105 3 × 102 1.2 × 107 7.9 × 10−5 1 × 103 3.6 × 103 70
SiC beam [37] 7.0 × 10−16 9.0 × 106 4 2.2 × 102 6.3 × 1014 1.6 × 10−5 2.0 × 106 3.6 × 105 110
Si nanobeam [38] 2.0 × 10−13 1.6 × 106 6 8.0 × 102 1 × 1020 9.8 × 10−4 6.3 × 107 2.5 × 105 110
AlN beam [39] 3 × 10−16 9.3 × 107 4.3 1.3 × 104 3.6 × 1014 4.6 × 10−7 1.3 × 107 5.2 × 106 130
SiN membrane [40,41] 1.5 × 10−11 1.5 × 106 0.03 1.0 × 10−3 1.5 × 1013 3.0 × 10−14 4.2 × 10−1 3.8 × 10−6 130
Si plate [42] 7.0 × 10−10 7.3 × 104 4 8.0 × 10−2 4.2 × 1019 1.6 × 10−8 9.2 × 104 2.4 × 106 130
2D material drum [43] 6 × 10−17 1.5 × 107 300 1.5 × 105 1.2 × 1015 1.5 × 10−3 6.3 × 1010 6.5 × 106 140
SiNx/graphene

membrane [44]
6.0 × 10−16 2.0 × 106 300 2.5 × 104 6 × 1013 4.2 × 10−5 7.8 × 1010 4.3 × 107 150

SiN/Nb beam [45] 7.0 × 10−15 1.5 × 106 0.4 2.0 × 102 2.1 × 1011 1.9 × 10−9 1.1 × 106 2.4 × 107 150
GaAs nanowire [46] 5 × 10−16 1.33 × 106 4.2 3 × 101 5 × 107 1.1 × 10−10 2 × 106 1.3 × 108 160
Si nanoelectromechanical

system [32]
8.0 × 10−16 4.5 × 107 300 7.5 × 103 6.4 × 1013 5.0 × 10−8 1.0 × 109 1.5 × 108 160

SiN/Al beam [47] 1.0 × 10−14 9.0 × 105 4.2 1.5 5 × 108 6.2 × 10−12 1.5 × 105 1.5 × 108 160
Si nanowire [48] 7 × 10−17 1.9 × 106 300 3.8 × 102 1.4 × 107 7.9 × 10−10 1.3 × 109 1.3 × 109 180
Nanoelectromechanical

system [49]
1.0 × 10−14 1.0 × 107 300 1.0 × 104 1 × 1014 1.0 × 10−8 6.3 × 109 7.9 × 108 180

InP membrane [50] 1.0 × 10−13 8.0 × 105 300 1.6 × 102 2 × 1013 3.1 × 10−9 1.3 × 109 6.3 × 108 180
Si nanowire [51] 7 × 10−17 2 × 105 300 6.7 × 101 7 × 104 3.6 × 10−10 2.1 × 109 2.4 × 109 190
SiN/Au cantilever [52] 9.0 × 10−14 6.84 × 106 300 2.5 × 103 7.2 × 1012 1.9 × 10−11 2.3 × 109 1.1 × 1010 200
GaAs beam [53] 2.0 × 10−11 6.1 × 105 300 1.5 × 102 8 × 1013 5.4 × 10−13 1.35 × 109 5.4 × 1010 210
Si wheel [54] 2.0 × 10−8 1.4 × 105 4.3 1.4 × 10−1 8 × 1011 1.0 × 10−19 9.0 × 104 9.4 × 1011 240
Double paddle [54] 3.3 × 10−5 5.6 × 103 293 6.0 × 10−2 9.9 × 1010 2.9 × 10−24 6.6 × 107 4.8 × 1015 310
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VI. CONCLUSION

In this study, we have investigated the generation of
negativity in the Wigner function of a Duffing oscilla-
tor, which is initially prepared in a squeezed state. Our
results demonstrate that the rate of generation of negativity
is significantly enhanced through squeezing of the initial
state. We have further explored the impact of two common
sources of decoherence—namely, energy damping and
dephasing—and found that initial squeezing also increases
the decoherence rates. Remarkably, the energy damping
rate scales quadratically with the squeezing, which leads to
an effective reduction in the thermal decoherence rate com-
pared with the quartic scaling of the nonlinearity. Mean-
while, the dephasing rate scales with the quartic power
of squeezing, which means that the reduction effect is not
present. A related technique to analyze a similar problem
can be found in Ref. [59].

Our findings provide a promising experimental approach
for using squeezing as a resource to boost the generation of
nonclassicality in macroscopic systems and could enable
new gates for quantum information processing [60]. While
squeezing can increase nonlinearity relative to damping,
it will be desirable to start with a system with a large
nonlinearity in the first place. Various methods exist that
could potentially increase the anharmonicity, e.g., by static
displacement [61,62]. Our work should be seen as comple-
mentary to these ideas since it will be applicable regardless
of the underlying method to achieve a favorable ratio
between anharmonicity and decoherence rate. A differ-
ent method to achieve strong nonlinearities is by coupling
to highly anharmonic systems [63–65]. A recent preprint
reports the use of such an approach to generate negative
Wigner functions by use of squeezing along the lines con-
sidered here [65]. Our results demonstrate that squeezing
can be a powerful resource to counteract damping in such
systems, and it will be very interesting to explore this in
further detail.
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APPENDIX A: DERIVATION OF THE
INTERACTION-PICTURE HAMILTONIAN

We model a nonlinear mechanical oscillator with the
Hamiltonian, as given in the main text,

Ĥ = p̂2

2m
+ 1

2
m�2

mq̂2 + β

4
q̂4, (A1)

where q̂ and p̂ describe the position and momentum of
the mechanical degree of freedom, m describes the mass,
and �m describes the resonance frequency. The Duffing
parameter β here has dimensions of force divided by length
cubed and describes the change in stiffness with displace-
ment. For context, we note that the derived Heisenberg
operator equations of motion are as follows:

˙̂q = p̂
m

(A2)

and

˙̂p = −m�2
mq̂ − mγ ˙̂q − βq̂3, (A3)

where we have additionally introduced a linear damping
term with damping rate γ . Introducing the ladder oper-
ators â and â† by a transformation of the position and
momentum operators,

â =
√

1
2�m�m

(
m�mq̂ + ip̂

)
(A4)

and

â† =
√

1
2�m�m

(
m�mq̂ − ip̂

)
, (A5)

we can rewrite the Hamiltonian as

Ĥ = ��m

(
â†a + 1

2

)
+ �2β

16m2�2
m

(
â + â†)4

. (A6)

Since the nonlinear dynamics are generally weak
(defined below), we transform the Hamiltonian to the inter-
action picture and apply the rotating-wave approximation.
To change to a frame rotating with frequency ω0, we make
the substitutions [66]

â → âI = eiĤ0tâe−iĤ0t = âe−iω0t, (A7)

â† → â†
I = eiĤ0tâ†e−iĤ0t = â†eiω0t, (A8)

while subtracting the base Hamiltonian, H0 = �ω0(â†a +
1/2), to obtain the following interaction-picture Hamilto-
nian:

Ĥ I = 3�2β

8m2ω2
0

(
â†â†ââ + 2â†â + 1

2

)

+ �2β

8m2ω2
0

[(
2â†â3 + 3â2) e−2iω0t + H.c.

]

+ �2β

16m2ω2
0

(
â4e−4iω0t + H.c.

) + �(�m − ω0)
(
â†â

)
,

(A9)
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where “H.c.” denotes the Hermitian conjugate of the other
terms within its innermost containing parentheses.

For a weak nonlinearity, we have �m 	 g, i.e., the
dynamics investigated are slow compared with the sys-
tem base oscillator frequency �m. From this, we see
that by choosing ω0 as the real root of the polynomial
4m2ω2

0(�m − ω0) + 3�2β and omitting constant terms, we
arrive at the sought-after Hamiltonian used in the main
text,

Ĥ = �gâ†â†ââ = �g(n̂2 − n̂), (A10)

with the nonlinear coupling parameter identified as

g = 3�β

8m2�2
m

. (A11)

This final equation, along with the condition that �m 	 g,
defines whether the nonlinearity is weak in relation to β,
as used above.

APPENDIX B: DERIVATION OF THE WIGNER
FUNCTION EQUATION OF MOTION

We consider in the main text a system described by
the Hamiltonian (A10) subject to differing selections of
the decoherence processes of linear damping and dephas-
ing. The most general master equation that describes the
evolution of the density matrix ρ̂ under the system dynam-
ics described by the Hamiltonian (A10) and both linear
damping and dephasing is given by [67,68]

˙̂ρ(t) = −ig
[
n̂2 − n̂, ρ̂(t)

]

+ γ (n̄th + 1)D [
â
]
ρ̂(t) + γ n̄thD

[
â†] ρ̂(t)

+ γφD
[
n̂
]
ρ̂(t), (B1)

where

D [
â
]
ρ̂(t) = âρ̂â† − 1

2
â†âρ̂ − 1

2
ρ̂â†â, (B2)

D [
â†] ρ̂(t) = â†ρ̂â − 1

2
ââ†ρ̂ − 1

2
ρ̂ââ†, (B3)

D [
n̂
]
ρ̂(t) = n̂ρ̂n̂† − 1

2
n̂†n̂ρ̂ − 1

2
ρ̂n̂†n̂. (B4)

Equation (B1) describes a nonlinear oscillator that experi-
ences linear damping through coupling to a thermal bath of
mean occupancy n̄th with coupling rate γ and dephasing at
rate γφ . The parameter g is introduced in Appendix A and
describes the strength of the nonlinearity.

1. General procedure

A procedure used to derive the Fokker-Planck-like
equation of motion for the Wigner function from the cor-
responding master equation is given in Ref. [28]: The

characteristic function corresponding to the density matrix
ρ̂ is defined as

χ(λ, λ∗, t) = Tr
[
ρ̂(t)D̂(λ)

]
, (B5)

and relates to the Wigner function by the complex Fourier
transformation,

W(α, α∗, t) = 1
π2

∫

C

dλ dλ∗ eλ∗α−α∗λχ(λ, λ∗, t), (B6)

where D̂(λ) denotes the displacement operator, D̂(λ) =
eλâ†−λ∗â. Starting from Eq. (B1), we derive an equation of
motion for W(α, α∗, t) as

∂tW(α, α∗, t) = 1
π2

∫

C

dλ dλ∗ ∂tχ(λ, λ∗, t)

= 1
π2

∫

C

dλ dλ∗ Tr
[ ˙̂ρ(t)D̂(λ)

]
, (B7)

in which the equation of motion for ∂tχ(λ, λ∗, t) is
derived as

∂tχ(λ, λ∗, t) = Tr
[ ˙̂ρ(t)D̂(λ)

]
. (B8)

After substituting ˙̂ρ(t) using the desired master equation,
e.g., Eq. (B1), into Eq. (B7), we use the following identities
to express the right-hand side in terms of spatial derivatives
of χ(λ, λ∗, t):

âD̂(λ) =
(

−∂λ∗ + λ

2

)
D̂(λ), (B9)

â†D̂(λ) =
(

∂λ + λ∗

2

)
D̂(λ), (B10)

D̂(λ)â† =
(

∂λ − λ∗

2

)
D̂(λ), (B11)

D̂(λ)â = −
(

∂λ∗ + λ

2

)
D̂(λ). (B12)

Finally, a partial differential equation for W(α, α∗, t) is
obtained by our rewriting each term on the resulting
right-hand side of Eq. (B7) according to the prescription

1
π2

∫

C

dλ dλ∗ eαλ∗−α∗λλm (
λ∗)n

∂
p
λ ∂

q
λ∗χ(λ, λ∗, t)

= 1
π2 (−1)m∂m

α∗∂n
α

∫

C

dλ dλ∗ eαλ∗−α∗λ∂
p
λ ∂

q
λ∗χ(λ, λ∗, t)

= 1
π2 (−1)m+p+q∂m

α∗∂n
α

×
[∫

C

dλ dλ∗ ∂
p
λ ∂

q
λ∗eαλ∗−α∗λχ(λ, λ∗, t)

]

= (−1)m+q∂m
α∗∂n

α

[(
α∗)q

αpW(α, α∗, t)
]

. (B13)
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Since the procedure is linear with respect to the terms of
the master equation, we may consider terms separately and
combine them later. Here, we recast the equations obtained
in terms of the quadrature coordinates, x and y, using the
coordinate transformation given by

α = x + iy and α∗ = x − iy. (B14)

2. Unitary evolution

We consider first the unitary evolution given by

˙̂ρ = −ig
[
n̂2 − n̂, ρ̂

]
. (B15)

Using Eqs. (B8)–(B12), we find

∂tχ(λ, λ∗, t) = 2ig
(−λ∂λ∗∂2

λ + λ∗∂2
λ∗∂λ

)
χ(λ, λ∗, t)

− ig
2

(
−λ2λ∗∂λ + λ

(
λ∗)2

∂λ∗
)

χ(λ, λ∗, t),

(B16)

to which our applying Eq. (B13) yields

∂tW(α, α∗) = 2ig
(
α2α∗∂α − α

(
α∗)2

∂α∗
)

W(α, α∗)

− ig
2

(
α∂α∗∂2

α − α∗∂α∂2
α∗

)
W(α, α∗). (B17)

Expressed in the quadrature coordinates given by
Eq. (B14), the equation of motion for W, subjected only
to unitary evolution, becomes

∂tW(x, y) = 2g
(
x2 + y2) (−y∂x + x∂y

)
W(x, y)

− g
8

(−y∂x + x∂y
) (

∂2
x + ∂2

y

)
W(x, y).

(B18)

3. Damping

Secondly, we consider the case of damping through
coupling to a thermal bath of temperature n̄th and with cou-
pling strength γ as introduced in the main text. The master
equation is obtained by our keeping only the second and
third terms on the right-hand side of Eq. (B1):

˙̂ρ = γ (n̄th + 1)

(
âρ̂â† − 1

2
â†âρ̂ − 1

2
ρ̂â†â

)

+ γ n̄th

(
â†ρâ − 1

2
ââ†ρ̂ − 1

2
ρ̂ââ†

)
. (B19)

Again, using Eqs. (B8)–(B12), we find

∂tχ(λ, λ∗, t) = −γ

(
n̄th + 1

2

)
λλ∗χ(λ, λ∗, t)

− γ λ∂λχ(λ, λ∗, t) − γ λ∗∂λ∗χ(λ, λ∗, t),
(B20)

to which our applying Eq. (B13) yields

∂tW(α, α∗, t) = 
d∂α∂α∗W(α, α∗, t) + γ

2
∂α

(
αW(α, α∗, t)

)

+ γ

2
∂α∗

(
α∗W(α, α∗, t)

)
, (B21)

where we have used 
d = γ (n̄th + 1/2). In the quadrature
coordinates, x and y, Eq. (B21) takes the form

∂tW(x, y, t) = 
d

4

(
∂2

x + ∂2
y

)
W(x, y, t) + γ

2
∂x (xW(x, y, t))

+ γ

2
∂y (yW(x, y, t)) . (B22)

For high temperatures, i.e., n̄th 	 1, only the first term in
Eq. (B21) is significant.

4. Dephasing

As an additional decoherence process, we consider
dephasing with rate γφ , whose master equation is

˙̂ργφ
= γφ

(
n̂ρ̂n̂ − 1

2
n̂2ρ̂ − 1

2
ρ̂n̂2

)
. (B23)

Again, using Eqs. (B8)–(B12), we find

∂tχ(λ, λ∗, t) = −γφ

2
λ2∂2

λχ(λ, λ∗, t)

− γφ

2
(
λ∗)2

∂2
λ∗χ(λ, λ∗, t)

+ γφλλ∗∂λ∂λ∗χ(λ, λ∗, t), (B24)

to which our applying Eq. (B13) yields

∂tW(α, α∗, t) = −γφ

2
(
α∂α − α∗∂α∗

)2 W(α, α∗, t). (B25)

In the quadrature coordinates, dephasing takes the form

∂tW(x, y, t) = γφ

2
(−y∂x + x∂y

)2 W(x, y, t). (B26)

We can think of this as a diffusion of the Wigner function
in the angular coordinate.

5. Equation of motion for a nonlinear oscillator with
decoherence effects

The equation of motion for the Wigner function W given
the master equation (B1) can be determined by one linearly
combining the right-hand-side terms of Eqs. (B18), (B22),
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and (B26). This yields (see Refs. [26,28])

∂tW(x, y) = 2g
(
x2 + y2) (−y∂x + x∂y

)
W(x, y)

− g
8

(−y∂x + x∂y
) (

∂2
x + ∂2

y

)
W(x, y)

+ 
d

4

(
∂2

x + ∂2
y

)
W(x, y, t)+ γ

2
∂x (xW(x, y, t))

+ γ

2
∂y (yW(x, y, t))

+ γφ

2
(−y∂x + x∂y

)2 W(x, y, t), (B27)

where the terms with the factor g describe the unitary
dynamics of a nonlinear oscillator with nonlinearity rate
g, terms including the factors 
d or γ describe the dynam-
ics of linear damping, and the terms including the factor
γφ describe the dynamics of dephasing given a dephasing
rate.

APPENDIX C: APPROXIMATE DYNAMICS FOR A
SQUEEZED INITIAL STATE

We consider in this work as the main problem
the evolution of a squeezed vacuum state under the

dynamics described by Eq. (C3). To derive an approx-
imate solution, the equation of motion for the Wigner
function W is transformed to the rescaled quadrature
coordinates

x̃ = sx and ỹ = y/s, (C1)

where s is the squeezing parameter for the initial state as
described in the main text. This transformation allows us to
ignore several terms on the right-hand side, keeping only
those that are significant for the initial short-time evolu-
tion. Here, we list the exact equations of motion for the
Wigner function W in the scaled coordinates x̃ and ỹ before
the terms are ignored as in the main text. Starting from the
equation of motion (C3), and implementing the substitu-
tions given by Eq. (C1), as well as the substitutions derived
therefrom

∂x̃ = 1
s
∂x and ∂ỹ = s∂y , (C2)

we obtain

∂tW̃(x̃, ỹ, t) = 2g
(

− x̃2ỹ∂x̃ − s4ỹ3∂x̃ + 1
s4 x̃3∂ỹ + x̃ỹ2∂ỹ

)
W̃(x̃, ỹ, t)

+ g
8

(
−s4ỹ∂3

x̃ + 1
s4 x̃∂3

ỹ + x̃∂ỹ∂
2
x̃ − ỹ∂x̃∂

2
ỹ

)
W̃(x̃, ỹ, t)

+ 
ds2

4
∂2

x̃ W̃(x̃, ỹ, t) + 
d

4s2 ∂2
ỹ W̃(x̃, ỹ, t) + γ

2
∂x̃

(
x̃W̃(x̃, ỹ, t)

) + γ

2
∂ỹ

(
ỹW̃(x̃, ỹ, t)

)

+ γφ

2

(
s4ỹ2∂2

x̃ + s−4x̃2∂2
ỹ − 2x̃ỹ∂x̃∂ỹ − x̃∂x̃ − ỹ∂ỹ

)
W̃(x̃, ỹ, t). (C3)

We consider in this work the regime of large squeezing,
i.e., s 	 1. Thus, we retain only terms with the highest
power of s in combination with each of the coefficients g,

d, and γφ separately. Ignoring other terms, we arrive at
the following equation of motion given large s:

∂tW̃(x̃, ỹ, t) = −2gs4ỹ3∂x̃W̃(x̃, ỹ, t) − gs4

8
ỹ∂3

x̃ W̃(x̃, ỹ, t)

+ 
ds2

4
∂2

x̃ W̃(x̃, ỹ, t) + γφs4

2
ỹ2∂2

x̃ W̃(x̃, ỹ, t).

(C4)

Since γ = 
d/(n̄th + 1/2), terms prefixed by γ have also
been ignored with reference to the term prefixed by 
ds2.

The equations presented in the main text are special
cases of Eq. (C4) and can be obtained by one set-
ting selected coefficients to zero: set γφ = 0 to obtain

the equation of motion for the system that experiences
only nonlinear dynamics and damping and set 
d = 0 to
obtain the equation of motion for the system that expe-
riences only nonlinear dynamics and dephasing. Using
Eq. (C4) or the derived equations, we can directly inspect
the relative scaling between the different parts of system
dynamics—namely, that the nonlinear unitary dynamics
and dephasing scale as s4, while damping scales only as s2.

As noted in the main text, the solution to Eq. (C4) may
be expressed as the Fourier transform

W̃(x̃, ỹ, t) = 1√
2π

∫ ∞

−∞
dk h̃ỹ(k)eikx̃−2kgts4 ỹ3−gts4k3 ỹ/8

× e−
ds2t/4−γφs4 ỹ2t/2,
(C5)
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(a)

(c)

(e)

(b)

(d)

(f)

FIG. 7. Side-by-side comparison between Wigner functions computed with the full-master-equation solution and with the approxi-
mate Fourier-transform solution. (a) Unitary evolution, i.e., 
d = 0 and γφ = 0, of the Wigner function of a squeezed state with s = 4.5
as simulated by the full master equation (B1). (b) Unitary evolution of the Wigner function with parameters as in (a) computed with the
Fourier-transform (C5). (c) Evolution of a squeezed state with linear damping with parameters s = 4.5, 
d = 0.5s2, n̄th = 1000, and
γφ = 0 simulated with the full master equation (B1). (d) Evolution of the Wigner function under linear damping with parameters as in
(c) computed with the Fourier transform (C5). (e) Evolution of a squeezed state with linear damping with parameters s = 4.5, 
d = 0,
and γφ = 1 simulated with the full master equation (B1). (f) Evolution of the Wigner function under dephasing with parameters as in
(e) computed with the Fourier transform (C5).

where hỹ(k) is found from the initial state, W̃(x̃, ỹ, 0), as
h̃ỹ(k) = (2π)−1/2

∫ ∞
−∞ dx̃ W̃(x̃, ỹ, 0)e−ikx̃. To illustrate the

validity of this approximate solution, Fig. 7 shows a side-
by-side comparison of the Wigner functions computed
from the solution of the full master equation (as shown in
the main text) and computed from the Fourier-transform
expression above.

APPENDIX D: DECAY OF NEGATIVITY IN
FINITE TIME

In a system subjected only to linear damping, i.e., gov-
erned by the master equation (B19) or, equivalently, the
Wigner function equation of motion (B22), it can be shown
that all negativity of the Wigner function will vanish after
a finite time. Equation (B22) can be recognized as the
Fokker-Planck equation of an Ornstein-Uhlenbeck process
in two spatial dimensions [69] with diffusion coefficient

d/2 and drift coefficient γ /2. For an initial (unphysical)

Wigner function given by the δ function

Wδ(x, y, 0) = δ(x − x0)δ(y − y0), (D1)

Eq. (B22) is solved by a Gaussian [70] with expectation
values

〈x〉t =
∫

dx dy xWδ(x, y, t) = x0e−γ t/2 with x0 = 〈x〉t=0,

(D2)

〈y〉t =
∫

dx dy yWδ(x, y, t) = y0e−γ t/2 with y0 = 〈y〉t=0,

(D3)

and (co)variances

〈(�x)2〉t =
∫

dx dy
(
x2 − x〈x〉t

)
Wδ(x, y, t)

= 
d

2γ

(
1 − e−γ t) , (D4)
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〈(�y)2〉t =
∫

dx dy
(
y2 − y〈y〉t

)
Wδ(x, y, t)

= 
d

2γ

(
1 − e−γ t) , (D5)

〈(x − 〈x〉t) (y − 〈y〉t)〉t

=
∫

dx dy (x − 〈x〉t) (y − 〈y〉t) Wδ(x, y, t) = 0. (D6)

Equations (D1)–(D6) allows us to express the solution to
Eq. (B22) given an arbitrary initial state W(x, y, 0) with

W(xe−γ t/2, ye−γ t/2, t)

=
∫

dx′ dy ′ W(x′, y ′, 0) exp
(−(x − x′)2 − (y − y ′)2

(
d/γ ) (1 − e−γ t) eγ t

)
.

(D7)

Using the Husimi Q function, defined as

Q(α, α∗) = 〈α|ρ̂|α〉, (D8)

we can establish a finite bound for the time evolved under
Eq. (B22) after which the Wigner function is completely
non-negative. The Q function is related to the Wigner
function through the convolution

Q(β, β∗) =
∫

dα dα∗W(α, α∗)e−2|α−β|2 . (D9)

Comparing Eqs. (D9) and (D7), we see that defining

tdecay = γ −1 ln
(

1 + γ

2
d

)
= γ −1 ln

(
1 + 1

2n̄th + 1

)
,

(D10)

we have

W(xe−γ tdecay/2, ye−γ tdecay/2, tdecay) = Q(x, y, 0). (D11)

(a) (b)

(c) (d) (e)

FIG. 8. Procedure for computing the maximum negativity and convergence analysis. (a) Illustration of consecutive refinement used
to find the point of maximum negativity for damping 
d = 0.5g and s = 6. (b) Close-up of the point of maximum negativity in (a).
(c)–(e) Convergence of the error in the maximum negativity with respect to the grid resolution 1/�x, the grid extent xmax, and the
Fock space size nmax. For any given parameter, the other two parameters are held fixed at their maximum value—namely, �x = 1/40,
xmax = 10, and nmax = 400. The error in maxtN for a given set of parameters is computed as the absolute difference between the
computed quantities, maxtN , for the given parameters and the maximally refined parameters. The error is shown for three different
damping rates, 
d, one of which corresponds to that used in (a),(b).
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From its definition (D8), the Q function is manifestly non-
negative for all states. Thus, the Wigner function must also
be non-negative at the characteristic time tdecay, which is
finite for any nonzero γ . Since the evolution of a non-
negative Wigner function under Eq. (B22) can never lead
to negativity, the Wigner function remains non-negative at
all times greater than tdecay.

APPENDIX E: NUMERICAL EVALUATION OF
THE WIGNER FUNCTION

To compute the Wigner negativity as a function of time
for the full system, we solve the equivalent master equation
(B1) using QuTiP [27]. For the unitary case, the time evo-
lution of an initial state in the number state basis is trivially
solvable:

|�(t)〉 =
∑

n

cne−i(n2−n)t|n〉. (E1)

For the nonunitary evolution, we numerically solve the
master equation (B1) in a truncated Fock basis with the
first nmax states. From the states |�(t)〉 and ρ̂(t), we use
QuTiP to compute the Wigner function using transition
probabilities [71,72]. The Wigner function is evaluated on
a square grid of Nx-by-Nx points, (xi, yj ), centered at the
origin (x, y) = (0, 0), where adjacent points are separated
by the grid resolution, �x, i.e., xi+1 − xi = yj +1 − yj =
�x. The grid extent is derived as xmax = xNx = −x1 =
yNx = −y1 = Nx�x/2. Thus, the Wigner negativity N at
time t is computed as

N (t) =
Nx∑

i=1

Nx∑

j =1

min{0, W(xi, yj , t)}, (E2)

where W(xi, yj , t) is the Wigner function evaluated for the
relevant state, ρ̂(t) or |�(t)〉.

The Wigner functions displayed in Figs. 2(a), 2(a),
and 3(a) are computed in this way. To extract the maximum
negativity as a function of time, the negativity is evaluated
at a sequence of points that is refined around the maximum
in a series of steps until the change in N between neighbor-
ing points is below a tolerance of 10−5. This procedure is
illustrated in Figs. 8(a) and 8(b). Convergence below 10−3

is independently verified for each of the three quantities
�x, xmax, and nmax, while the other two are kept fixed. This
is shown in Figs. 8(c)–8(e).
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