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A noiseless linear amplifier (NLA) performs the highest-quality amplification allowable under the rules
of quantum physics. Unfortunately, these same rules conspire against us via the no-cloning theorem, which
constrains NLA operations to the domain of probabilistic processes. Nevertheless, they are useful for a
wide variety of quantum protocols, with numerous proposals assuming access to an optimal NLA device
that performs with the maximum possible success probability. Here we propose the first linear-optics NLA
protocol that asymptotically achieves this success probability bound by modifying the Knill-Laflamme-

Milburn near-deterministic teleporter into an amplifier.
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I. INTRODUCTION

A general definition for an amplifier is a device that
increases the amplitude of a signal. The most-well-known
types are electronic amplifiers, which act on current or
voltage; through transistors, they played an important cen-
tral role in the recent digital technology revolution. The
more recent types are quantum amplifiers, which act on
quantum states; it remains to be seen whether they will play
a similar role in the upcoming quantum technology revolu-
tion. In this respect, it is important to properly investigate
what is physically achievable with quantum amplifiers.

In this paper we consider quantum amplifiers that per-
form the best quality amplification. To understand the
properties that such amplifiers would satisfy, consider
a scenario where we want to amplify a coherent state
|a), with o the complex amplitude. Recall that coher-
ent states have minimum noise profiles according to the
uncertainty principle. A noiseless amplifier with gain g €
(0, 00) should produce another coherent state |ga) since it
introduces no extra noise. Furthermore, a noiseless linear
amplifier (NLA) can do this without any prior knowledge
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of «; in other words, it acts like the operator g”T“, since
g"la) o |ga).

This NLA operation is so powerful that construction of
a deterministic NLA is understood to be impossible [2].
However, it is possible to make probabilistic NLAs [3],
with a success probability bound P, shown by the dashed
black lines in Fig. 1(a). Intuitively, this is because using
|gar) with g > 1 and a balanced beam splitter, one can pro-
duce up to g? clones of an unknown |a) [4], as shown
for g = +/2 in the inset in Fig. 1(a). Therefore, to ensure
that the no-cloning theorem [5,6] is not violated, we
require that no extra clones are produced on average,
g*P, = 1; this gives us the no-cloning bound P, (g > 1) =
g7 % [7]. One can apply the reverse logic and the no-
deleting theorem [8] to produce the bound Py (g < 1) = g2
for deamplification. Note that there are more formal meth-
ods for deriving this bound, such as via quantum state
discrimination [9].

Despite NLAs being nondeterministic, the unrivaled
quality of noiseless amplification means they are often
the only path forward for many quantum protocols.
This includes for applications in quantum communication
[10-23], quantum repeater networks [24—32], quantum
entanglement distillation [33—37], quantum improved
sensing [38—42], and quantum error correction [43—46].
These protocols either presuppose the use of or can be
enhanced by a maximally efficient NLA with a success
probability equivalent to the bound. However, it is not
apparent how to implement such an efficient NLA in
optics, the natural platform for many of these schemes,
without strong nonlinear interactions. It was shown in

Published by the American Physical Society
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FIG. 1. The best quality quantum amplifiers (i.e., NLAs) must

be probabilistic. They are bounded in probability Py(g) by the
dashed black lines in (a), which depends on the amount of
amplification (deamplification) gain g. This prevents the viola-
tion of the no-cloning (no-deleting) theorem on average. The
inset explains this for P,(g = V2) =1 /2, as this NLA could
be used to produce two |o) coherent state clones via a balanced
beam splitter S,. (b) The first linear optical NLA device, with
a size parameter n, whose success probability P, can saturate
the bound. The input can be any arbitrary single-photon qubit
state |¥) = ¢|0) + c1|1). Our proposal is the Knill-Laflamme-
Milburn near-deterministic teleporter [1], but with the resource
state |g,) (consisting of n single photons entangled among
2n modes) being weighted to also amplify the output |gy) =
c0l0) + gc1]1) with gain g. The symmetrical (n + 1)-splitter
means nearly all measurements (2| = (mi|(ma] - - - (m,; 1] at the
photon number—resolving detectors are successful outcomes,
except when the total photon number m = Z;’:ll m; measured is
0 orn 4+ 1. We plot P, for sequentially increasing protocol sizes
n as solid blue lines in (a), for the input state |1) that minimizes
success probability.

Ref. [7] that a maximally efficient NLA could be con-
structed if we could somehow cause the input light
to nondestructively interact with a qubit system, which
requires large experimental overheads. It was also claimed
in Ref. [7] that for all known linear optical NLAs the suc-
cess probability is only (1 4+ g?)~'. We will prove that lin-
ear optical interactions can achieve the success probability
bound.

There are various methods that can perform the NLA
operation [47—58], with suboptimal success probability. In
particular, there has been a recent resurgence of research on
NLAs [59—65] that work via quantum teleportation [66],
which are called “teleamplifiers.” We highlight this type of
NLA because if we want a teleamplifier that can saturate
the probability bound, then clearly it should also be able
to act like a deterministic teleporter since P,(g = 1) = 1.
Fortunately, there already exists a deterministic tele-
porter as part of the well-known Knill-Laflamme-Milburn
(KLM) linear optical quantum computing protocol [1].
This inspired the simple idea behind this work: modify the
KLM teleporter to operate as a teleamplifier, and then ver-
ify that it is the first linear optical NLA proposal that can
actually saturate the maximum probability bound P, for
all g.

We begin in Sec. II, where we describe our scalable
teleamplifier and prove that it operates as a NLA. We
then calculate the success probability of our teleamplifier
in Sec. III, and we show that it asymptotically saturates
the probability bound. In Sec. IV, we investigate the
experimental resource requirements of our protocol at the
smallest sizes. We describe how to extend the results to
multiphoton input states in Sec. V. Finally, we conclude
this work in Sec. VI.

I1. OUR NOISELESS LINEAR AMPLIFIER

Suppose we start with an unknown quantum input state
|[Y/) containing up to a single photon (i.e., a single-rail
qubit). Then a NLA operation g"T“ should result in the
following output:

[¥) = col0) + c1ll) — 1g¥) = col0) +gaill), (1)

where g € (0,00) is the amount of gain. We propose a
scalable linear optical NLA protocol, with a size param-
eter n € N, as shown in Fig. 1(b). We later show it can
saturate the maximum success probability bound at asymp-
totically large sizes n — oo. However, we first verify that
our device actually performs the claimed NLA operation
in Eq. (1) and produces the correct amplified output state.

Our protocol requires the following resource state of »n
single photons entangled over 2n modes:

1 < o o .
&) = —= Y_g" 7Y 10" [0y 1), (2)
N =

with a normalization factor N' =}, g%. We use the

notation |s)* = ®j’.‘:1|s) to mean that there are & modes
each occupied by s photons. For g = 1, this |g,) state
reduces to the entangled resource state used in the KLM
near-deterministic teleporter [1]. We also require an (n +
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1)-splitter S, with scattering matrix

G—-Dk-1)
n+1 = e—i27‘[/(n+1), (3)

(§n+l)j,k5 Nl Wyt

whose phase w,,; configuration follows the quantum
Fourier transformation. This operation scatters photons
linearly as (aI, .. .,aZH)T — §,,+1(ai, . ,aZH)T. Hence,
this (n + 1)-splitter could be thought of as an (n + 1)-
mode generalization of a balanced beam splitter.

As shown in Fig. 1(b), the first step of our protocol is
to mix the unknown input and the first » modes of the
resource state on the (n + 1)-splitter as

COSn-H 10)[1) ]0)"™

n+1|w |gn Z
+ClSn+1|1)|1>j|0)"7j]|0>"|1)"7j- “4)

There are 2(n+ 1) terms in this summation, but recall
we ultimately want just a pair of terms (i.e., two terms)
of the form ¢(|0) + gc;|1). We select particular terms by
performing measurements that give us the total number
of photons m that exit the (n 4 1)-splitter. Notice that the
co terms S,41]0)|1)Y |0)*~ have m = j photons, while the
cy terms S,41|1)[1Y |0)"~ have m = j + 1 photons, where
j €1{0,...,n}. Therefore, the outcome of m € {1,...,n}
photons exiting the (n + 1)-splitter is associated with a
pair of terms in Eq. (4). There is also a single (cy,j = 0)
term with m = 0 photons and a single (¢;,j = n) term with
m = n + 1 photons; measuring these m values will produce
a single state output that is an error. We now verify that the
rest of the m values give the correct amplified output state.

We perform photon number measurements (m| =
(my|(my] - - - (m,+1| immediately after the (n + 1)-splitter,
in which we measured m = Z:’Jrll m; total photons. From
our previous discussion, it is clear that this outcome must
be due to either the (¢y,j = m) term or the (c|,j =m — 1)
term, as all other terms do not have the correct number of
photons. These two terms have nonzero probability ampli-
tudes and, as discussed in the supplementary information
for Ref. [1], due to the symmetry of S,,;| they are related
as follows:

(1S, 111)"10)" " = p, ()
=l Vp (6)

(mS,+110)[1) 1 P

|0n m

which we formally prove in Appendix A. In other words,
these probability amplitudes differ only by a correctable
phase that depends on the known measurement outcome
f(m) = Z"H(k — 1)my. Using these results and Eq. (4),

we find the output state will be

(m) m
fcod+1p|0 )"

n—m+1

VN

g”"”p
= Loy o] o)

+ ga [ D)™™ (7

(M1 Sui11¥)1gn) =

+ g Clp|0>m_1|1>n_m+l

. , . ion ¢ (Paman
Finally, by applying a simple phase correction w), || to
the mth output mode, we get the final output state

w{,i”?”'"“"’ (1S 1¥)120)

_ ) [ gnmp,
VN

Thus, we have verified that on the mth output mode we get
the required NLA output state |gi) = ¢¢|0) + gc1]1) for
any (m| given we measured m € {1,...,n} total photons.
By tracing over all output modes but the mth mode and
renormalizing Eq. (8), we obtain |gy) as expected.

10)"~ [eol0) + ger | DI ™. (8)

II1. SUCCESS PROBABILITY ANALYSIS

We now determine the success probability for this NLA
protocol P,. We could calculate this by using the out-
put state given in Eq. (8) and summing over all relevant
success measurements {Vim|m € {1,...,n}}. However, it is
easier to infer the success probability P, = 1 — Px from
the failure probability, since there are just two failure cases
Px = P,—0 + P,—,41. Recall that the m = 0 case with
(m| = (0]"*! has nonzero overlap only with the isolated
(co,j = 0) term in Eq. (4), which gives the output

n

g Co

On—HSn ) =
(0] +11¥)1gn) N

" ®

Thus, the probability of measuring m = 0 is given by

2, 2
g”"|col

+ (0

Puo = KOI"' Sy |¥) g))* =

Likewise, the m = n + 1 case with (m, (| where m, | €
{Vm|m = n+ 1} has nonzero overlap with the isolated
(c1,j = n) term in Eq. (4), which gives the output

(”;ln+1 ISnr11¥)1gn) = <ﬁ7n+1 [Sn1l 1)n+1 [0)". (11)

4
VN
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Thus, the probability of measuring m = n + 1 is given by

Poewpr = Y 1#lSu|¥) g

= (12)

The explanation for the third equality is that > ;..
|m)(m| is the identity operator for states made from
n+1 photons in n+ 1 modes. For example, the n =
1 operator Y.,y ) (i = 10)12)(01¢2] + [L)[1)(1[(1] +
[2)]0)(2](0] acting on any two photons in the two-
mode state cgz|0)[2) + ¢11|1)[1) + ¢20]2)]0) will leave it
unchanged. Since S,,1|1)"*! is a state with n + 1 photons
in n + 1 modes, it will remain unchanged by the operator
> 1 1) 1.

By considering the complement of these failure out-
comes, we can calculate the success probability as follows:

IP)'/ =1- (szo + IP)m=n+l)

g% lcol® +le1l?

7 . (13)

The closed expression for the normalization factor N\ is
given by the geometric series

=1-

n | —g2nt1) 21
N=Yg’={ = 57 a4
i n+1, g=1

Using this expression and the input normalization condi-
tion |co|> + |c1]? = 1, we can get a simple closed expres-
sion for the success probability as

15)

T g=1

2n 2, ,2 2

b, {(1 g l)ilgg(\nirfg; ler 1) g # 1,
As expected for g = 1, this n/(n + 1) expression matches
the success probability for the KLM near-deterministic
teleporter [1]. We plot the success probability P, in
Fig. 1(a). Since the input state (i.e., the value of ¢y) chosen
by the user can have any value, in the graph we therefore
practice caution by assuming that we have the input state
that gives the lowest success probability. From Eq. (15),
the probability is proportional to (1 — g?)|co|> + g? for
g # 1 with the normalization |c||> =1 — |co|*. If g > 1,
then the factor (1 — g?) is negative; therefore, the smallest
probability is when the term (1 — g?)|co|? is most nega-
tive or |co|? = 1. The same logic can be applied in reverse
for g < 1. In other words, the input state that minimizes
the success probability is essentially a vacuum |co|? ~ 1

for amplification, g > 1, and essentially a single photon
lco|> 2 0 for deamplification, g < 1. Note we say “essen-
tially” because one cannot amplify a single number state.
The solid blue lines in Fig. 1(a) show that the success prob-
ability will always increase as we increase the size n of
our teleamplifier. By the derivative test, one can also ana-
lytically verify that the factor (1 — g%")/(1 — g>"*+1) and
hence P/, always increases with n for all g.

If we consider the asymptotic limit of n — oo, we get
the following expression for the factor:

g L& et 2>,

n—oo | — g2t ) g < 1. (16)
Hence, the maximum achievable success probability of
our teleamplifier depends on whether we are considering
amplification, g > 1, teleportation, g = 1, or deamplifica-
tion, g < 1, as summarized below:

g %col? + e’ g>1,
limP, =11, g=1, (17)
n— 00 2 b 2

lcol” +g%le1l”,  g< 1.

This is a very nice expression, as we can see how the
gain g affects the success probability through the differ-
ent input components. At g = 1, we have the deterministic
teleporter, and if we move away from g = 1, we generally
have a reduction in success probability. In the amplification
regime g > 1, this reduction acts on the |c|> vacuum com-
ponent in the input. This makes sense, because if |co|> =~ 0,
then our input is essentially already completely amplified
[1); hence, this should be deterministic. Even in the worst-
case scenario with an input of |cy|? =~ 1, our teleamplifier’s
success probability saturates the no-cloning bound Py
(g > 1) =g~%. This same analysis can be applied in
reverse for the deamplification regime, which shows
our teleamplifier can also achieve the no-deleting bound

Py(g < 1) = g°.

IV. EXPERIMENTAL CONSIDERATIONS

What we demonstrated has theoretical significance; that
mere linear interactions, with entanglement and measure-
ments, are sufficient to perform amplification with the
highest quality and efficiency allowed by quantum physics.
We now consider the experimental requirements of our
protocol in practice.

One major source of experimental complexity is the
required entangled resource state |g,), as defined in Eq. (2).
The smallest size |g;) can be made deterministically with
a single photon and a beam splitter; this is equivalent to
the single-photon quantum scissor NLA [3]. However, |2,)
cannot be made from only two single photons and a lin-
ear optical network. One suggestion [67,68] is to use a
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FIG. 2. Simulated performance of our NLA proposal with
experimental imperfections. These imperfections are pure loss
with transmissivity n = 0.7, applied independently before all
detectors and on all resource modes. We amplify a coherent state
|a) with o = 0.1, and we calculate the infidelity of the amplified
output state in comparison with a perfect amplified state |go).
The solid yellow lines are this infidelity, which depends on the
type of photon number measurement (i2|. The dashed black line
is the infidelity with no loss, n = 1.0.

Gaussian-boson-sampling-like device [69], which we opti-
mized via machine learning [70] to produce |g;) with very
high fidelity F' > 0.999. This is a shotgun approach with
low efficiency. Instead we can draw inspiration from tai-
lored approaches from past studies on the KLM resource
state [71]. In particular, we propose a construction method
like that in Ref. [72] for all |g,) using n — 1 controlled
beam splitters, which can be implemented with linear-
optics tools with 1/16"~! postselection probability [71].
The details are given in Appendix B. One could factor in
this resource generation probability to the overall proba-
bility of our amplifier. However, since |g,) is always a
known fixed state, it can be prepared off-line and stored
beforehand. In this manner, our claim for achieving the
probability bounds for amplifiers is analogous to the claim
of Knill et al. [1] for achieving determinism for teleporters.

Another major consideration is experimental error. The
(Vn,g = 1) edge case is the KLM teleporter, which is
known to be fault tolerant from photon loss and detector
inefficiencies. Furthermore, the (n = 1,Vg) edge case is
the single-photon quantum scissor NLA, which has been
experimentally implemented [47] and is also known to be
loss tolerant [27]. Therefore, one would expect that larger
n is also loss tolerant. We verify this in Fig. 2, which is
from a numerical simulation of our protocol with pure loss,
for small sizes n € {1,2} and with a coherent state input
|ae). This loss is characterized by a transmissivity n of 0.7
on all resource modes and detectors (i.e., simulating detec-
tion inefficiencies). The graph lines are of infidelity 1 — F/,
where the fidelity F is the output state compared with the

perfectly amplified coherent state |ga). The dashed black
line is the ideal no-loss situation, where the source of
the infidelity is due to our basic protocol outputting only
single-photon states. Our protocol with loss is still close
to this ideal (i.e., loss tolerant), although this depends on
what was measured in our protocol (m|. The most likely
outcome is detection of a single photon (which increases in
probability as the gain g increases), while the second most
likely outcome is detection of two bunched photons. Thus,
our proposal can work well right out of the box despite
inefficient detectors and lossy components. There is also
the possibility of improvement by leveraging existing error
correction schemes made for the KLM protocol [73].

The predominant type of error in optics is loss, which
especially affects multiphoton states. This is why numer-
ous quantum optical protocols rely on just single-photon
qubit states. For example, it was shown in Ref. [27] that
while a multiphoton NLA could distill a larger magnitude
of entanglement through a lossy channel, a single-photon
NLA has much higher entanglement rates (which takes
into account success probability). Therefore, our current
proposed NLA with single-photon output will be useful for
achieving the highest possible entanglement rates and key
rates for quantum communication purposes.

V. EXTENSION TO MULTIPHOTON STATES

There are instances where we may want to amplify
unknown quantum states of light that contain multiple
photons |¢) = Zf.io ¢j|j). Intuitively, any physical state
should be bounded in energy, where r > (¢|a’al¢). There-
fore, if we split up |¢) using a large-enough r-splitter S,
as shown in Fig. 3, we can always manufacture a situ-
ation where each rail has much less than one photon on
average. We can then apply our NLA to amplify each rail
almost ideally. Finally, we apply the inverse r-splitter st ,
which should recombine the light into a single rail |g¢).
This extension method was proposed in Ref. [47] using
the single-photon quantum scissor NLA. We now formally
verify that this physical intuition is true using our proposed
NLA.

) —- —NLA— — |99)
0) = | - I 0
‘ > . -splitter . NI:JA . -splitter <|
P 5 : HE gt : Do
|0y — " —NLA — e - (0]
FIG. 3. Our results can be extended to unknown input states

containing multiple photons |¢). Intuitively, the input light is
split by S, into r rails, such that each rail has less than one photon
on average. Each rail goes through our proposed NLA and is then
recombined with use of S} into a single output rail.
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Instead of a superposition of number states, it is equally
valid to represent any arbitrary quantum state as a super-
position of coherent states |¢) = Zjoio cjla). This is
because coherent states |o;) form an overcomplete basis.
However, for simplicity, for now we just calculate how a
single coherent state input

(18)

a) = e o2 a—[])
2

is transformed by Fig. 3. One reason we moved to the
coherent state basis is so we can exploit a mathematically
convenient property, where a coherent state can be split
into multiple dimmer coherent states, as follows:

7

S/1)[0) " = Ja/V/A)" = e 2 Z

“ 'rJ
(19)

After this splitting, each rail is individually amplified by
our amplifier 4, where we must take into account that it
can output only single-photon states as follows:

eIl 2 (|o> + %|1>)
(1 n %>r/2
.
—|e|? r 84, r
PR (1 N 7,) 0)

= (1 N @)W . (20)

A"S/|)|0) " =

where the denominator is the normalization factor. For
now, we have assumed that all NLAs 4 succeeded, and we
will remember to account for this in the overall success
probability. Next, we apply the r-splitter S to recom-
bine all the rails. Recall from Eq. (3) that an r—splitter

scatters photons linearly as aj tw a,) YN
However, we are postselecting (0]"~! on all rails except
for the first rail; therefore, only the vacuum and aI terms
remain relevant. In other words,

e—lal?/2 (1 + gaal) 10)

(1 n ¢>r/2

— (af

0SS e} |0) ! = 21

is our final output state for this extension protocol.
We now consider what this output state means physi-
cally. If we take the asymptotic limit in large numbers r of

splitting rails, our output state is

lim (01"~'STA"S ) |0) " = e~ +&DlaP 2 gaai g

r—>00

e s @)
=e(1+g)||/2ZO WU>

_ e*l()llz/2 (22)

lga).

As expected, we can see that the output is an amplified ver-

sion of the input coherent state. There is a factor e~1%I/2
due to our postselection on zeroes. Any quantum state
can be represented as a continuous superposition of coher-
ent states on a circle in phase space since they form a
complete basis [74]. In this regard, consider amplifying a
superposition of N coherent states that lie equidistant on a
circle:

—i27‘[/N. (23)

wy =€

N
¢) =Y clwja),
j=1
With Eq. (22), our extended amplifier will output

lim (0]"~'STA4"S,|$)|0)"~

r—00

Zce oyl /2|a) ga)
j=1

N
a2 ‘
= e7loI/2 E cjlayga)

Jj=1

—la]?

e 2 |gg). (24)
This holds for an infinite sum of these coherent states,
which form a complete basis [74]. Thus, we showed
that any arbitrary multiphoton state |¢) can be amplified
using Fig. 3, which applies the ideal NLA transformation

g“+”|¢) x |g¢) for asymptotic 7 rails.
We show in Appendix C that for finite 7 rails, this exten-

sion only approximately performs g‘ﬁ“ on the multiphoton
terms. This is because the output [g¢p) = N Z;:O digcili)
has distortions d;; however, they are negligible (i.e., d; ~
1 for small j) if r is large enough. We also show in
Appendix C the success probability of this extension pro-
tocol is lim, .o, P, = ~2 for g > 1. This beats the (1 +
g%)~" success probablhty for other linear optical designs
[7]. Note there is a recently discovered method for teleam-
plifying multiphoton states with perfect fidelity (i.e., with-
out these distortions d; = 1 for all j ) in Ref. [60]; however,
this is not done at the multiphoton success probability
bound Py, = g% [7]. We leave as an open question
whether it is possible to combine the method in Ref.
[60] with our current proposal to construct a maximally
efficient, perfect-fidelity multiphoton NLA.
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VI. CONCLUSION

We have presented a scalable method for constructing a
quantum amplifier that performs the best quality amplifi-
cation, using only linear optical tools. We verified that it
is the first amplifier of its kind that saturates the quantum-
limited bounds of success probability. There are numerous
quantum optics protocols that assume access to such a
maximally efficient amplifier. Therefore, our proposal pro-
vides a clear method to do this purely in optics, without the
experimental difficulties of switching platforms or strong
nonlinearities. Instead, our method relies on an entangled
resource state, which we showed can be prepared before-
hand with high fidelity and also with use of just linear
optical tools. Finally, we demonstrated how we can extend
our proposed method to allow multiphoton inputs, with
much greater success probabilities than any other linear
optical amplifier.

It is easy to conceive situations where the input quantum
signal is very important or costly, and we want to do all
we can to maximize our chances of correctly amplifying
it. This is especially the case if we are considering using
amplifiers in each node of a large quantum network (i.e.,
the quantum internet), whose success probabilities will
multiply together. In these situations, it is likely that the
benefits of our proposal outweigh the experimental costs of
implementing it. These costs have been rapidly decreasing
of late due to large investments in quantum optical pro-
tocols, which has resulted in improvements in integrated
linear optical circuits, photon detectors, and generating
photonic entangled cluster states.

More broadly, this research reveals that experimentally
challenging nonlinear optical effects can be unnecessary.
Instead, linear optical effects, with entanglement and pho-
ton detections, are sufficient to perform useful operations
even at the maximum limits allowed by quantum physics.
In this regard, it is fitting that a tool from the KLM scheme,
the first linear optical universal quantum computing proto-
col, provided the necessary scaffolding to reveal this for
quantum amplification.
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APPENDIX A: AMPLITUDE USING
PERMANENTS PROOF

In this appendix, we prove the following relations:

(M]S,111)"10)" ™ = p, (A1)

- m n—m Zn;rl(kil)m
(1S 110)1)"0)" ™ = w2kt

(A2)

In other words, we want to verify that these two probabil-
ity amplitudes are related by just a correctable phase shift,
for any given photon number measurement outcome {in| =
(my|(my] - - - (myy1| with Y75 'm; = m total photons. As
an aside, we also show that the probability amplitude is

given by

p = 2l (A3)

l_lzr‘irll m;!

where Per is the permanent matrix function, which is cal-
culated like the determinant but without the alternating
negative factor.

The (n+ 1)-splitter splits a single beam into (n+ 1)
equal beams. This operation S, is therefore associated
with the unitary matrix

n+1 columns

1 1 - 1
~ 1 L opr o wpyy
Sn+1 = . n+1 rows,
Vn+1 :
Loy oy
(Ad)

which describes the scattering of photons as fol-
lows: (al...,aiJrl)T—) Sn+1(a_i',...,aj,+l)T. For exam-
ple, injection of a single photon into the cth input port

az |0y"*! is related to the cth column of §,,+1, where
(c=De=1)
f 1,3 1o,
a. — Y (S,Hrl)r,ca;r =" ﬂlﬁaj. The proba-
bility amplitude for a particular single-photon input and

output combination is given by

(c—=1)(r—1)
(01" @S, 1af10)" ! = —2

NS

which is the (r,c¢) element in §,,+1. For a more general
multiple-photon input, the scattering probability ampli-
tudes are related to multiple elements of S, 1. Suppose we

have an arbitrary m-photon input state |77') = ®"*'|m}) =

[T/ T(a})" /w1110y, where 31! m; = m. Then we

i=1

have the following probability amplitude:

(A5)

Per($2;,7)

n+1 /
[Ty mitm;!

(|Sy1|m') = (A6)

This is a well-known relation from boson sampling stud-
ies [75—77]; for example, Eq. (7) in Ref. [77]. ;. 1s an
m X m matrix constructed by one taking the elements of
S,+1 by repeating column ¢ m/, times and row r m, times.
This is more easily understood by considering a specific
example, as outlined in the next paragraph.

020359-7



JOSHUA J. GUANZON et al.

PRX QUANTUM 5, 020359 (2024)

Let us consider the n = 2 amplifier case. This requires
the three-splitter S3, associated with the following scatter-
ing unitary matrix:

1 1 1
o= |1 w3 (A7)
N

ﬁ 1 a)g a);t

Suppose we want to calculate the probability amplitude
for the input m’' = (1,1,0) and output m = (0,2,0). This
means we need to consider the elements of S; made from
the first two columns and repeating the second row twice,
as follows:

1 1 w3
Q = — . A8
(0,2,0),(1,1,0) 7 [1 ws] (A8)

Taking the permanent of this matrix, we can now calculate
the probability amplitude as

Per(£20,2,0),(1,1,0)

V2

using Eq. (A6). Similarly, for a different input m’ =
(0,1,1) but same output m = (0,2,0), we construct the
following matrix:

P’ =(01(2[{0|S5|1)[1)]0) = (A9)

1 w3 (1)3
Q020,011 = E |:a)3 w2i| , (A10)

whose permanent is used to calculate the probability
amplitude (0[(2](0]S3]0)|1)|1). However, there is a prop-
erty of permanents where

auy,  au uy u
per | 4411 2] _ gpper |11 112
buy;  buy Uyt U

which we can use to connect the two permanents under
investigation:

1 w3 CUZ )
Per(Q = Per p
(R02.0.0.1.1) ( /3 [an 3

(5 2]

2
= w3Per(2(0,2,0),(1,1,0))-

(All)

(A12)

Thus, we have shown that these two amplitudes are related
by just a phase

(01€21{01S310) [1) 1) = 3(01(2[(0]S3]1)|1)10)

P, (A13)

Il
o W

(%)

w

which agrees with Eq. (A2), since ZZ:} (k— 1)my = 2 for
this m = (0,2, 0) example.

We consider generalizing this result to more modes,
with inputs of the form [1)”]0)*~"*+! and |0)|1)™|0)"~",
and arbitrary measurements (m|. For the amplitude
(] Sy41|1)™0)—m+1, we require the matrix be made from
the first m columns of S, as follows:

m columns
7 (m—1)r
1 Loy, - o
Qi = : : : m rows.
vt (m—)rm
Bty Gy

(Al4)

Here 7 = {r1,...,r,} is the row power contribution to
the phase, associated with measurement outcomes m =
(my,...,m,11). We have m, repeats of row », which have a
row power contribution of » — 1. For example, for the mea-
surement outcome m = (1,2,1), we have 7 = {0, 1, 1, 2}.
The order of the multiset 7 does not matter since the perma-
nent is invariant under row permutations. By the definition
of how 7 and m are related, we also have the useful identity

m n+1
D = (k= my. (A15)
j=1 k=1
Thus, using Eq. (A6), we have the case that
g m n—m PCT(Q%)
p = (mlSy11)"0)" " = ——— (Al6)
H?:ll m;!
Similarly, for the probability amplitude (m|S,.]0)

[1)™]0)"~™ we require the matrix be made from the second
to (m + 1)th columns of S, 1:

m columns

71 2r1 mry
1 Wy Wupy o Gy
Q;?z = : . : m TOWS.
Vi + 1 rm 2rm mry
@Opr1 Opp ' Wy

(A17)

The permanent property in Eq. (A11) holds in general for
matrix U of any size, where multiplying any row or col-
umn by a scalar a changes its permanent from Per(U) to
aPer(U). Thus, we can show the relationship between the
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two permanents is

71 2r1 mry
Wy WOpyyp o Oy
Per($2;;) = Per : : :
Vi + 1 m 2rm mrmy
@y Opypr 0 Oy
Ypt e=1ymy
ok Per(Qi),

where we used the identity in Eq. (A15) to simplify

1
DY S k= Dmy
the phase factor as [, o, | = 0, T"" = 0,75

Hence, with use of Eq. (A6) the two amplitudes are related
by a simple phase factor

. e Per(2%.)
(m]S,4110)[1)"0)"™" = —F=
HZ”f m;!
Yt e-nmy; Per(€25)
Hn+11 m;!

n+1
Yt te—Dm
ok D, (A19)

as needed to be proven.

APPENDIX B: GENERATING THE RESOURCE
STATE

The main challenge for implementing our protocol is the
required entangled resource state |g,,), as defined in Eq. (2).
The smallest size n = 1 requires

_ 1)10) +g10)[1)

lg1) = ﬁ,

which can be generated easily enough by sticking a sin-
gle photon through an unbalanced beam splitter S, () with
transmissivity T = g?/(1 + g?). This gives us

V1=17|D)]0) + V7I0)1) = |g1),

(B1)

S2(1)[1)]0) = (B2)
which makes our n = 1 protocol equivalent to the single-
photon quantum scissor teleampifier protocol [3]. How-
ever, the resource complexity increases for size n = 2,
which requires the entangled state

_ [DI1)]0)]0) +g[1)]0)|0)[1) +g2|0)|0>|1)|1>_

lg2) =
V1i+gr+gt

(B3)

Even though each term has the same number of photons, it
is not apparent how one could generate this entangled state

71 (m—1)ry
m 1 I o, o o,
i
= w,.,  Per : : : :
,1:1[ " vkl =D
n+1 n+1
(A18)

(

from two single photons. We will describe two different
methods for generating these states via postselection. Note
that we are imagining a situation where this resource state
is prepared off-line, or before the unknown input state has
arrived at our amplifier.

1. Using Gaussian boson sampling

There are methods based on Gaussian boson sampling
[69] that allows us to generate these |g,) entangled states
with high fidelity using squeezed displaced light, a linear
optical network, and photon detection [67,68]. It is known
that by postselecting on a particular measurement on some
output modes (m| - - - (my|, we can herald a wide variety
of quantum states in the remaining output modes [67,68].
In particular, this procedure was used in Ref. [79] to create
similar quantum states as |g,), consisting of multiple single
photons entangled over numerous modes.

We optimized all the parameters in Fig. 4 for fidelity
with |g,) with gain g = +/2, and we heralded on the
photon measurement (1|> (hence in this case n = 2 and
s = 5). We optimized all the parameters using a machine
learning algorithm called “basin hopping,” as described
in Ref. [70]. We were able to find a configuration that
makes this resource state with high fidelity /' > 0.99, with
success probability of approximately 1078, Our code that
implements this algorithm is provided in Ref. [80].

) —— n o — .

: : L Linear : 1900
|0) =22 1, I o — optical >

|0) 20l 7y, —{ Qi —  metwork > (]
|0> 2nts Ton s |mmi| Qg 4 |t > <m‘5|

FIG. 4. We can optimize the device parameters to herald the
entanglement resource state |g,) with high fidelity. The first
column contains squeezers with r; squeezing parameters. The
second column contains displacement operators with ¢; displace-
ment parameters. The network U, is decomposed into beam
splitters [78], whose transmission and phase parameters are also
optimized. The photon detection pattern (m;| - - - (my| is chosen
beforehand.
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2. Using controlled beam splitters

We can consider a much more tailored approach for
constructing these resource states, using a similar method
as Eq. (B2), where we can generate |g;) using a single
photon and a beam splitter. In Fig. 5, we show how to
generate |g) using two single photons, a beam splitter
S5.4(71) with transmissivity 7; = (g2 +g*) /(1 + g* + g%,
and a photon number—controlled beam splitter C»S 3(72)
with transmissivity 7, = g2/(1 + g%). C2S13(ty) imple-
ments the beam-splitter operation only if the control mode
contains zero photons, which can be done with linear opti-
cal tools with 1/16 postselection probability (since it can
be done with two nonlinear sign gates with 1/4 success
probability [71]). For clarity, we include mode numbers

1 _n2

as subscripts to the operators and kets, if the modes are
unordered.

We consider how one can use these controlled beam
splitters to construct |g,) for general sizes n. First, recog-
nize that the resource state can be rewritten as

n) = PY 11)"]0)" B4
12) J_Z(gw 10) (B4)

where P is a mode-shifting operator, which simply rotates
the position of the states by one in the clockwise direc-
tion, i.e., Play)|az) - - - |az,) = |az) - - - |azn)|ar). To better
understand the construction method, we can rewrite the last
two termsj € {n — 1,n} of |g,) as

n—2
Z(gP)’Il)"|0>" +2" 1010y 10) 1) 4+ g"10)]0)" 1) 1)
j=0

=—= | D _@PYI1)"10)" +g" 05" 1)) 5, (11)10) + gl0) 1) 1t

j=0

CoS1nt1

g2 )
1+¢2
=——"7 Z(gPyu 100" + " V14 g210)5 " 10h o, 11)110)ur1

W -

2 —
CoSint1 (igz) 2
VN

> @PY I1)"10)" + 2" V1 + g2 1[0y 1)
_j:()

(B3)

We can repeat this process multiple times by contracting this remainder term with the next last j term. Hence, after using
photon number—controlled beam splitters M times, we can rewrite |g,) as

i—1 2k

M+1 >
T3 CiSiztinrioi (Zk—l gzk)
k=08

n—M-—1 M
gnar) = D @PY "0y +g" M | Moy iy, (Be)

\/./T/ j=0 =0

1 2k
1_[?:2 CiSi—l,n+i—1 (gf 11 g2k> f .
|Gnttmn—1) = "0y +g | Y gI1)"'10)"[1)
VN —
2k
—Hcsl L1 Zf‘ ngk Sn,zn<z" 18 )|1> 10)". (B7)
208 2 k=0 8%

Note we have assumed that the normalization factor is
givenby N = 37 g¥. This representation of |g,) shows
how one can construct it using » single photons, one
beam splitter, and » — 1 photon number—controlled beam

(

splitters. Hence, we have shown that we can in theory
construct the required resource states exactly with linear
optical tools, with a success probability of 1/16"~! [71].
Our proposed method is quite similar to the method in Ref.
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1 — >
: i , 05,20 : 195)
10) 4 52,4(71) >

FIG. 5. Protocol for the generation of the resource state |g;)
using two single photons [1)[1)]0)|0), a beam splitter S, 4 (7)),
and a photon number—controlled beam splitter C»S;3(72). The
vertical bar with solid dots represents a beam splitter between
those modes. The empty dot represents the control mode that
implements a beam splitter between the solid dots if it has zero
photons.

[72]; however, the proposal in in Ref. [72] generates two
copies of |g,) using 2(n — 1) controlled gates.

APPENDIX C: FINITE EXTENSION TO
MULTIPHOTON STATES

As explained in Sec. V, we can use r copies of our
single-photon protocol 4 as per Fig. 3 to get multiphoton
outputs. For a coherent state input |«), we get the output
given in Eq. (21). We can rewrite this output state as

|ga,) = (01" STA"S,|a)|0) !

e—\a|2/2 (1 + gaal) 0)
(14 )™

—laf?/2 AT
_EL O

(1+ M)r/z

where we used the binomial theorem. The normalized form
of this output state is given by

>0 () (g—“)" Vi)

lga,) =
\/Zk 0 r )Zk k'
\gotl /2 d got)’ ), (C2)
,ZO il
lgorl?/2 (7Y ;
di = ‘ (J)J . (C3)
v \/Zk o gT)Zk k!

We have written this state in a form close to a coherent
state, except for a distortion factor d; applied to the jth
photon number coefficient and an » photon cutoff.

A comparison between Eq. (C2) and the asymptotic case
given by normalized Eq. (21) suggests that lim,_, o d; =1
for all j. We plot these distortion values d; in Fig. 6 as

12 T B T T T T T T T
J€{0,1}
B T .
<= j’Q
s 08¢ 1
S =D
& )
ENOT T I
: o
Z 041 V7 .
A
02 F -
00 1 1 1 1 1 1 1 1
0 4 8 12 16 20 24 28 32

Size r of multiphoton extension protocol

FIG. 6. Distortion factor d; in the photon number state |j)
coefficient of the output state |gr,.). This state is the output from
the r rails multiphoton extension protocol of our NLA device,
with a given coherent state input |o). Here we have chosen an ini-
tial amplitude o of 0.5 and with gain g = 2. The solid blue lines
shows how the jth distortion factor, associated with the coeffi-
cient of |j), scales with protocol size r. Ideally, the distortion
factors should be d; =1 (i.e., no distortion), as shown by the
dashed black line.

a function of extension protocol size . We can see that
indeed these distortion factors tend toward a negligible
effect d; ~ 1 as r becomes large. We can also see that
higher photon numbers j have larger distortions. Thus, for
good fidelity in higher photon numbers, we need to split the
input by more 7 rails, which matches our physical intuition.

We may calculate the success probability of the exten-
sion component with 7 rails as

L .

NG

We need to include the probability for the » copies of the
NLA 4 to successfully amplify, which gives us an overall
success probability of our protocol as

P, =P,P, (C5)

To understand how success probability scales with our
NLAs, we consider only amplification g > 1 and that our
NLAs A4 are asymptotically large, » — oco. Then we can
apply Eq. (17), as follows:

(872 + laP) e 7 (1) (2)¥ )1

(-

lim ]P),/,r =
n— o0

(Co)
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As explained in Sec. 11, the lowest success probability for
amplification with our NLAs occurs for effectively vacuum
input, or in this case « = 0. This gives us a final success
probability scaling of

lim P/, =g~ %, (C7)

n—0o0

which matches the multiphoton bounds [7,9].
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