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Dynamical decoupling of spin qubits in silicon can increase fidelity and can be used to extract the fre-
quency spectra of noise processes. We demonstrate a full-permutation dynamical decoupling technique
that cyclically exchanges the spins in a triple-quantum-dot qubit. This sequence not only suppresses both
low-frequency charge-noise-induced and magnetic-noise-induced errors; it also refocuses leakage errors
to first order, which is particularly interesting for encoded exchange-only qubits. For a specific construc-
tion, which we call “NZ1y,” the qubit is isolated from error sources to such a degree that we measure
a remarkable exchange pulse error of 2.8 x 107>, This sequence maintains a quantum state for roughly
18,000 exchange pulses, extending the qubit coherence from 75 = 2 s to 7, = 720 us. We experimen-
tally validate an error model that includes 1/f charge noise and 1/f magnetic noise in two ways: by direct
exchange-qubit simulation and by integration of the assumed noise spectra with derived filter functions,
both of which reproduce the measured error and leakage with respect to a change of the repetition rate.

DOI: 10.1103/PRXQuantum.5.020356

I. INTRODUCTION

Dynamical decoupling (DD) sequences suppress
dephasing in quantum systems by periodically inverting
interactions between the qubit and its environment [1,2].
Applied to qubits based on electron spins in silicon, DD
can extend qubit coherence times to more than 1 s in donor-
bound spins [3] and to more than 20 ms in quantum dots
[4]. For nuclei in silicon, dynamically decoupled coher-
ence times have been shown to be at least hours long for
ensembles [5] and more than 30 s for a single nucleus
[6]. While extended qubit memory is one motivation for
DD experiments, the present work focuses on another
key function: DD can expose features of noise processes
relevant to qubit performance in quantum information pro-
cessing systems. Specifically, periodic DD sequences act
as frequency-domain filters applied to the noise spectrum
witnessed by spins. By using this filter-function formalism,
one can invert time-domain DD data to extract frequency-
domain noise spectra [7—14].
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A standard DD process is the Hahn spin echo [15], in
which the effective interaction between a spin and its local
magnetic field is periodically reversed by application of
spin-flipping 7 pulses. In this work, we demonstrate a
somewhat different application in our system, beginning
by preparing three spins as a decoherence-free subsystem
(DES), for which the total spin projection is a degree of
freedom that is removed from initialization, control, and
readout [16—18]. The DFS is insensitive to global fields
that couple to the total spin projection, but is sensitive to
local sources of noise: magnetic field gradients and charge
noise. Our decoupling sequence then relies on the princi-
ple of periodically and symmetrically permuting the three
spins, which causes local noise to average into a global
term to which the encoded DFS is impervious [19,20].
We refer to this process as “full-permutation dynamical
decoupling.” Unlike electron shuttling techniques [21],
this form of DD exchanges only the electron spin state,
and it is particularly well suited to exchange-only qubits
as the DFS subspace also serves as a basis for encoded
universal control using the voltage-controlled exchange
interaction [17,18,22-26]. In this paper, we demonstrate
that full-permutation DD can suppress error rates to
2.8 x 10™° per control pulse, which is a reduction by
a factor of almost 50 compared with the error rate of
the same qubit obtained from randomized benchmarking
(1.3 x 1073 per exchange pulse). Furthermore, we show

Published by the American Physical Society
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that this decoupling sequence can be used to verify our
understanding of qubit noise sources by comparing exper-
imental results with simulation across regimes of magnetic
noise and charge noise dominance, accessed by our vary-
ing the repetition rate. We show that the sequence we use
is robust with regard to low-frequency noise as well as
miscalibration, and it therefore allows us to validate a 1/f
spectral character of each of these noise sources to greater
precision than is possible with methods such as random-
ized benchmarking, which elucidates design trade-offs for
future device iterations.

We begin by describing our triple-quantum-dot qubit
in Sec. II. We then detail the structure and noise-filtering
capability of full-permutation DD in Sec. III, followed
by the experimental results in Sec. IV. As we discuss,
this decoupling strategy is highly effective at eliminating
dephasing due to local magnetic fields that vary slowly
compared with the timescale of the qubit control pulses.
This provides a key gauge of operational noise for the DFS
system.

I1. THE Si/SiGe EXCHANGE-ONLY
TRIPLE-QUANTUM-DOT QUBIT

A. Device description

In this paper, we explore the performance of a full-
permutation DD sequence applied to an exchange-only
triple-quantum-dot qubit within an isotopically enhanced
silicon quantum well [24,25,27,28]. The quantum dots
are formed by the electrostatic potential created by pat-
terned metal gates on a SiGe/?8Si/SiGe heterostructure,
in which the quantum well is 3 nm thick and the ?°Si
content is reduced to 800 ppm. In contrast to recent
devices fabricated by the single-layer etch-defined gate
electrode (SLEDGE) technique [29], this device uses an
Al overlapping gate design [25,27,30]. A false-color scan-
ning electron micrograph of a representative device is
shown in Fig. 1(b), where the plunger gate (P) voltages
are adjusted to trap a single electron, and the exchange
interaction between neighboring electrons is controlled by
voltages applied to the exchange gates (X). Readout is
achieved with use of charge sensors (M) and a signal chain
described in Ref. [31]. The device geometry and methods
of calibration and control are the same as in Ref. [18].

In this device, we focus on gates P1, P2, and P3, each
of which traps a single spin. The eight basis states for
these three spins may be written as [Sip,S;m), where
S =1/2,3/2 is the total spin quantum number across all
three quantum dots, corresponding to S = S; + S, + S3,
m=—S,1—25,...,Sisthe total spin projection, and S, is
the combined spin of the electrons in quantum dots 1 and 2,
corresponding to S = S; + S;. This assignment of spin
quantum numbers is shown in cartoon form in Fig. 1(f)
and discussed in Ref. [32]. The encoded DFS qubit lives in
the subsystem where S = 1/2. Encoded |0) = |0, 1/2; m)
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FIG. 1. Full-permutation DD (NZ1 sequence) in an exchange-
only triple-quantum-dot qubit. (a) Three-dimensional sketch of
the Si/SiGe heterostructure and gate stack, including three elec-
tron spins occupying quantum dots in the quantum well confined
laterally by the gate stack above. (b) False-color scanning elec-
tron micrograph with plunger gates (P), exchange gates (X),
bath-tunnel-barrier gates (T), and electrometer gates (M) labeled.
(c) The decoupling sequence. (d) Bloch sphere showing 7 rota-
tion on Jy; (or Z operation) resulting from a pulse on the X1
gate. (¢) Bloch sphere showing 7 rotation on J,3 (or N operation)
resulting from a pulse on the X2 gate. (f) Illustration showing
randomly oriented spinful nuclei of the lattice (gray arrows), the
slow fluctuations of which may be dynamically decoupled.

is the singlet state of the first two spins, and encoded
[1) = |1,1/2;m) is a superposition of the triplet states of
the first two spins; both of these “states” are doublets for
m = +1/2. A random selection of the two |0) states is
initialized by our preparing the first two spins in a sin-
glet ground state, leaving the third spin unpolarized [24],
ie., po= Zm:ﬂ/z |0,1/2; mX0,1/2;m| /2. The S, quan-
tum number is directly read out via singlet-triplet readout
using Pauli spin blockade, which provides no information
about S or m. The four states |1,3/2;m) (which we refer
to collectively as “|Q),” for “quadruplet”), are outside the
DFS and are referred to as “leaked states.” Since all |Q)
states have S|, = 1, they appear as encoded |1) during
measurement.

This qubit is universally controllable via exchange inter-
actions alone [17,18,22,32], i.e., with the control Hamilto-
nian

Heonrol () = J12(0S1 - S2 + J23(6)Sy - S3, (1

where S; is the single-spin operator for spin j and Jy(?) is
the time-varying exchange energy between spins j and k.
Each exchange interaction is activated by our pulsing the
voltage of an X gate above a tunnel barrier between quan-
tum dots; enhanced tunneling reduces the energy of the
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singlet state between those two spins for the duration of
the pulse. The symmetry of this exchange-only Hamilto-
nian means it has no impact on quantum numbers S or
m; it impacts only the S1, quantum number. For the single
qubit we study here, we may therefore provide a geometric
analogy for exchange gates. In the Bloch-sphere represen-
tation of the DFS, Figs. 1(d) and 1(e), exchange between
quantum dots 1 and 2 drives rotations about the z-axis,
and exchange between quantum dots 2 and 3 drives rota-
tions about the n-axis, which is 120° separated from z in
the x-z plane (according to Clebsch-Gordan coefficients.)
Full control is therefore possible with use of calibrated
exchange pulses on these axes. For full-permutation DD,
the only calibrated exchange pulse needed is the 7 pulse,
which enacts a full spin swap. A 7 pulse about the z-axis,
abbreviated Z, is a swap of spins 1 and 2. A 7 pulse about
the n-axis, abbreviated N, is a swap of spins 2 and 3.

B. Noise description

Here we classify noise in our system as coming from one
of two forms. The first is magnetic field noise, described by
the Hamiltonian

Hy=—gus ) Bi(0-S;+) Aili-S;, (2
J Jk

where g is the gyromagnetic ratio (approximately 2 in
Si), up is the Bohr magneton, B; is the magnetic field
at quantum dot j, I is the spin of the kth nuclear spin
(*’Si or 7Ge) in the Si/SiGe heterostructure, and A4 is
the contact hyperfine coupling energy, which is propor-
tional to the probability of finding spin j at the location
of nucleus k [9]. For simplicity, we define an effective-
field angular frequency b; = (—gusB; + >, 4ylr) /I, so

Our DFS encoding ensures that neither a static value
nor random fluctuations in Zj b; () have any measurable
effect on our qubit, since global fluctuating magnetic fields
couple to only the S degree of freedom, which impacts
only m, but not our qubit degree of freedom S;,. However,
gradients such as b; — b, do not conserve the S5, S, and
m quantum numbers, and thus cause decoherence by both
impacting subsystem qubit states and causing leakage out
of the DFS.

The noise vectors b; () have both static and dynamic
microscopic contributions. Static contributions to b; arise,
especially at high applied magnetic field, from magnetic
field gradients originating from screening of any applied
magnetic field and from spin-orbit effects, as discussed in
Ref. [9]. In the present case, these static noise terms are
negligible, both because we apply no significant field (only
Earth’s field is present) and because static fields are well
decoupled by our permutational dynamical decoupling
procedure, as we discuss. The most important contribu-
tions to gradients in b; are dynamic, resulting from the

spatially random fluctuating 2°Si and *Ge nuclear spins
present in our devices. The dynamics of the nuclear spin
vector in a quantum dot, (I;(¢)), are governed by nuclear
dipole-dipole interactions, by the nutations resulting from
the interplay of Zeeman and quadrupolar internal dynam-
ics for ?Ge nuclei [9] and by the nuclei’s contact hyperfine
interactions with electrons. A detailed quantum treatment
of this bath including nuclear-nuclear entanglement as well
as entanglement to electron spins is a deeply challeng-
ing theoretical problem, but we find that, at least for the
timescales of the present experiments, these dynamics may
be treated as a classical Gaussian noise source character-
ized by noise power spectral density (PSD) Sp(v). Prior
direct measurements of singlet-triplet oscillation frequency
fluctuations [24] or double-quantum-dot exchange echo
noise spectroscopy [9] in samples highly similar to the
present device has indicated that Sp(v) has a strongly 1/f
character, with two notable exceptions. At high field, mea-
sured 1/f “ spectra take on values of o greater than 1; the
present experiments do not access these field regimes. At
very low fields, the transverse (or flip-flop) terms of the
contact hyperfine interaction [the part of Eq. (2) expressed
as spin-raising and spin-lowering operators as I, S+
I,/ S;"] may be roughly understood as oscillating at the sum
or difference of the electron Larmor frequency (gug/h)
and the nuclear Larmor frequency (which is small enough
to ignore). In a classical-bath description of the nuclear
noise, this introduces sidebands of an otherwise single-
lobed 1/f spectrum Sz(v) at Sg(v = gupg/h); the detail of
this effect is connected with the definition of a noise filter
function, which we discuss in the next section and elabo-
rate in Appendix A. In the present work, we rely on these
prior measurements of the shape of the noise spectrum, as
well as direct calibrations of its amplitude, to hypothesize a
classical magnetic noise spectrum Sg(v) of 1/f shape with
Larmor sidelobes and validate this noise model against
direct decoupling measurements.

A second form of relevant noise besides magnetic
sources comes from imperfect exchange operations. When
we apply a 7 pulse of duration #,u5. on spins 2 and 3, the
integrated angle is

1 I+1pulse
. / (Uos(1) + 8 () = 7 + 86,0, (3)

where the noise 8./,3(f) may result from various sources,
including miscalibration, local charge noise, and noise
from control instruments. As a result, when we attempt
to perfectly swap spins 2 and 3, we deviate from this
ideal by exp(—i§6,S; - S3), which is interpretable as over-
rotation or under-rotation about the n-axis. Likewise, noise
on Ji,(f) causes an integrated angle deviation of §6,(¢).
Such deviations cause qubit error, but they conserve S and
m and consequently do not cause leakage.
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As for magnetic noise, significant prior work on the
direct low-frequency measurement of exchange noise
8Jjk(1) has been performed by us [24,25] and others [14]
and indicates that this noise may be well described as clas-
sical Gaussian noise with a strongly 1/f spectrum Sg(v)
(the PSD of 8J(¢)/h) over many decades of frequency v.
As with magnetic noise, we rely on these prior measure-
ments of the shape of the noise spectrum, as well as direct
calibrations of its amplitude, to hypothesize a classical
electric noise spectrum Sg(v) of 1/f shape and we validate
this noise model against direct decoupling measurements,
the nature of which we now detail.

II1. FULL-PERMUTATION DYNAMICAL
DECOUPLING

A. Average Hamiltonian description

The theory of full-permutation DD was established in
Ref. [19], and was elaborated in Ref. [20] to include the
development of sequences of higher order than we apply
here. Full-permutation DD homogenizes the gradient mag-
netic field across the three spins by successively swapping
pairs of spins in the triple-quantum-dot qubit. In the Bloch-
sphere picture for the exchange-only qubit, the sequence
applies alternating rotations around the n-axis and the
z-axis, and hence we use a shorthand to refer to full-
permutation DD as an “NZ” sequence. The NZ sequence is
illustrated by the braid in Fig. 1(c), which shows that over
the duration of three repetitions of NZ, each spin spends an
equal amount of time localized within each quantum dot
before returning to its initial position. Thus, the six-pulse
sequence NZNZNZ forms the base decoupling block. As
this is a first-order sequence relative to the constructions in
Ref. [20], we refer to it as “NZ1.”

Analogously to the analysis of the Carr-Purcell-
Meiboom-Gill sequence developed half a century ago in
the context of nuclear magnetic resonance [33,34], the
operation of the NZ1 sequence on qubit states in the pres-
ence of low-frequency noise and static inhomogeneities
may be understood via average Hamiltonian theory. For
this, we consider our total noise Hamiltonian discussed in
Sec. 1I,

Hioise (1) = Z hb; () - S; + 8J12()S1 - So + 8J3()S; - S,
J
“
modulated by the “toggling frame” or interaction picture:
I:Inoise(t) = ULZI(t)Hnoise(t)UNm(t)' (5)

Here Ungz;(¢) is the periodic unitary corresponding to
application of exchange swaps, alternating between N and
Z square pulses of duration #,us. interspersed by periods

of duration #g., where exchange is negligible. This uni-
tary is straightforward to calculate for any exchange pulse
shape Jj (1), as long as the pulses for Ji,(7) and Jo3(f)
never overlap in time. If the time dependence of Eq. (4) is
either very slow relative to the period of Unz; (¢) or has the
same periodicity (as in the 8J;(f) terms), then Floquet’s
theorem ensures that Hyoise () generates a unitary of the
form U, (1) exp(—iFt), where U, () has the same period-
icity as Unz1(#), so U,(MT) = 1 for an integer M number
of repeated sequences each performed with period time 7.
F is the Floquet Hamiltonian, which, if measured at each
full period of six pulses, captures the slow dynamics of the
spins due to Hppjse.

F may be calculated perturbatively with use of the
Magnus expansion over a full period of Uyxz(f) as F' =
>, H™, with each term nth order in Hyoise. For the present
analysis of NZ1, we consider only the lowest-order term:

_ 1t
HO = ?/ dt Hyoise (7). (0)
0

The result of this calculation (with period 7 = 6f,y1s +
6tidle) is

ll:[(o)z 59n+802 (_l)S_l/2+b]+b2+b3 S
h 16l‘pulse + 16fid1e 3
tpulse
+ —P (b —b3)Ca3 4 (by —b))C
12tpulse+1zlidle {[( 2 3)C3 + (b ) 12]
“[S1 xS+ Sy x S5+ 83 x S11}, (7)
where

1 Ipulse 1 t
Ci = / sin (— / J; (t’)dz’) dt. 8)
s 2l‘pulse 0 h 0 7 (

From this expression, the exchange noise terms (i.e., con-
taining 86, ) provide only a phase shift to leakage spaces,
and the average magnetic field ), b;/3 couples only to S,
which impacts only m. Notably, neither of these effects is
detectable or impactful on the encoded qubit. The remain-
ing terms depend on magnetic gradients b; — by and finite
pulse widths. To see the impact of these terms, we find that

Si xS, +S xS3+83 xS,
=4(S; x S+ S3)S = V30”8,

where ¢” is the Pauli y operator on the Sj, degree of free-
dom of the encoded qubit [32]. Again S impacts only m,
and so this remaining term is proportional strictly to o”
in the encoded subspace and, remarkably, does not cause
leakage. Hence, if we ignore gauge and overall phase,
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effectively
H? « o”. )

When one is initializing |0), the 67 dependence results in
oscillations of the final singlet return probability with fre-
quency proportional to #,us and to field gradients, which,
due to nuclear dynamics, undergo slow fluctuations, result-
ing in an apparent decay. These oscillations could be
refocused with use of higher-order sequences such as the
NZ2 sequence NZNZNZZNZNZN [20]. Here we use an
alternative method, similar to the reduction of static puls-
ing errors in Ref. [34]: we choose to prepare our qubit
along the y-axis of the Bloch sphere such that 7¥ causes
no evolution except on the ignored m degree of freedom.
We do this by including composite single-DFS-qubit rota-
tions so that the evolution becomes, ignoring gauge and
overall phase, effectively
UMT) ~ HSTe # MRS o e~ onT  (10)

where wj, is some frequency resulting from the third term
of Eq. (7), S = diag(1,i) in the qubit basis, and H is the
Hadamard gate (see Ref. [18] for calibration and construc-
tion of these single-qubit gates). This operator is effectively
identity on the prepared and measured singlet |0, S},; m)
state, regardless of any first-order static field gradient or
exchange angle offset. Since this NZ sequence is first order
and applied in the y basis, we refer to this construction as
“NZly.”

For the purposes of this paper and specifically the anal-
ysis of NZ1y sequences, we define the error of the NZ1y
sequence as

exgr = lim 1= (I UMT) y)I?) (11)

YT Moo M ’
that is, the probability of not returning to the |y) = SH |0)
state after M repetitions of NZ1 for an ensemble average
(denoted (-)) of noisy unitary processes U(MT), divided
by M for large values of M. We likewise estimate the
per-pulse error epp as simply enziy/6, noting that rela-
tive to low-frequency noise, error cancellations occur only
after full cycles of six pulses, leaving this definition of
epp physically meaningful if there were no time correla-
tions in the noise to a pulse (i.e., white noise), and as
strictly a convenient definition for highly-time-correlated
noise. Likewise, for NZ1 without |y) preparation, which
might be written NZ1z, we consider the error as the proba-
bility of not returning to the |0) state rather than the |y)
state. We acknowledge that we are not performing full
process tomography in the present work, and therefore
these “errors” are not the result of full characterizations
of quantum processes and cannot be rigorously taken as
process infidelities. However, to make some approximate

connection, we note that the error as defined here would
be consistent with the “gate” or “process” infidelity if
the process were a strictly depolarizing channel (although
calculations give no expectations for it to be so).

The average Hamiltonian analysis thus far has consid-
ered the first-order term of F only, and has found that both
static magnetic and exchange noise contributions to exziy
vanish entirely at this order. We may find the impact of
static noise at higher orders by analyzing higher orders
of the Magnus expansion. In doing so, for one repeti-
tion of NZ1, we find that static exchange error angles 66,
and 86, contribute in the next order when initialization is
performed along the z-axis (NZ1z), showing a coherent
error of size (3/64) (893 + 86’22 — 456.86,). For initializa-
tion along the y-axis (NZly), these errors are canceled
even at second order, and to third order

Miscalibration contribution to enziy A

1
6—4(393 + 862 — 486.86,)* (86> + 867 — 86.66,). (12)

The resilience of NZ1y to static miscalibration error makes
it especially effective at exposing noise at higher frequen-
cies.

B. Filter function description

Average Hamiltonian theory has helped us understand
and explain how NZ1 and NZly cancel static magnetic
gradients and miscalibrations; however, it is not effec-
tive at handling noise that dynamically fluctuates during
the sequence. For this, we instead use a filter function
formalism, derived in Appendix A. With this, we find

1 — (KO U(tputses tiaie) [0)/) ~

0
/ dv SB(V)f/%/[ (v, tpulses Lidle)
0
0
+ / dv SE(V)fg(Vs Toulses tidle) (13)
0

where Sp(v), the single-sided noise PSD for each vector
component of b;(#), is assumed independent and iden-
tical on each quantum dot and component, and Sg(v)
is likewise assumed to be independent and identical for
each pair of quantum dots within an exchange axis. As
usual for the filter function formalism, the magnetic and
exchange filter functions for infidelity, ‘7:/%/1 (v, tpulses Lidle)
and F; g (v, tpuise» Lidie)» TEspectively, are oscillatory, with a
central peak dictated by the frequency of pulsing and with
a passband that narrows with the number of pulses, and
somewhat with the shape of the pulses (see Appendix B),
although all calculations reported in the main text use a
square-pulse approximation. Note that b; (#) can describe
noncollinear time-dependent noise, and that 6J; can vary
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from pulse to pulse. In this way, our derivation encapsu-
lates quasistatic noise and white Johnson noise as well as
1/f noise.

Our calculation shows that for charge noise, the NZ1y
filter function is given by

T
fE (Va M, ZLpulse, ZLidle)

_ 2(2+ cos4mnvr) sin? (TVtpuse) sin?(27vT)

w22
sin?(6MvT)

sin?(6mvt) (14)
where T = figle + fpuse and M is the number of six-pulse
NZNZNZ repetitions.

The filter function for F1,(v, M, tyuse, tidle) 1S more
complicated. This function has a “central peak” with
replica sidebands at +gugBy/h, the electron Larmor fre-
quency. The zero frequency (v = 0) limit of this central
peak, for a general state initialized on the Bloch sphere
determined by the polar coordinates 6 and ¢, is given by

A
fM (0> Ma tpulsea tidle)

_18MP13 ., (cos ¢ + cos” 0 sin” ¢)
- —

, (15

which is zero only at +p (ie., 8 = 7/2 = +¢ , NZly)
initializations. This result is consistent with the previous
average Hamiltonian theory calculation. Going to finite
frequency but in the limit of zero pulse width, we find that
the magnetic noise filter function for NZ1y is given by

T
FM(V,M; Tpulse = 0, fide)

_ 64(2 + cos(4nviige)) cos? (vtigie) sin® (Tvtigie)
N 37212

sin? (6M mvtige)

— + Larmor sideband terms. (16)

sin“ (67 Vtigie)
The Larmor sideband terms, as well as finite-pulse-width
expressions, are elaborated in Appendix A. Example filter
functions are shown in Fig. 2, where we plot the mag-
netic noise [Figs. 2(a) and 2(c)] and exchange noise [Figs.
2(b) and 2(d)] filter functions for differing numbers of
repetitions and pulse timings.

The magnetic noise and exchange noise filter functions
in Figs. 2(a) and 2(b), respectively, are plotted for dif-
fering numbers of six-pulse NZ repetitions M but fixed
pulsing timing. Increasing the number of repetitions does
not change the repetition frequency of this filter function,
which is fixed at 1/6(#yuse + figie) = 1/(6 x 20 ns) and
is shown as the dashed gray line. Instead, increasing M
sharpens the filter function peaks. The filter functions in
Figs. 2(c) and 2(d) are plotted with M = 10 and vary in

(@) (b)
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FIG. 2. Filter functions for infidelity of the NZ1y sequence
construction. (a),(b) Magnetic noise and exchange noise filter
functions for an (NZNZNZ)™ sequence with touise = 10 ns and
tige = 10 ns, and different sequence lengths M =1, 10, and
100. The dashed gray line shows the repetition frequency of the
sequence, which does not vary with M. (c¢),(d) Magnetic and
exchange noise filter functions for M = 10 at several different
durations #ysc and fgi.. The dashed red line corresponds to the
repetition frequency when #c = 10 ns and fg = 10 ns. The
repetition frequency is the same for the black and blue curves
and is shown by the dashed gray line.

pulse timing. For the curves in red, the pulse repetition fre-
quency is 1/(6 x 20 ns) and is shown as the dashed red
line. The black and blue curves share the same repetition
frequency since figie + fpuise 1S the same for both filter func-
tions, and its value is shown by the dashed gray line. From
comparison of the magnetic noise and exchange noise fil-
ter functions in Figs. 2(c) and 2(d), respectively, it is clear
that they have very different sensitivities to pulse timing.
For the same value of #,5c + Zdle, the magnetic noise filter
function [the black and blue curves in Fig. 2(c)] is approx-
imately the same amplitude. Magnetic error accumulates
for the entirety of the pulse sequence and is insensitive to
how the total sequence time is distributed between puls-
ing and idle. In contrast, Fig. 2(d) shows that while the
central peak of the exchange noise filter function changes
its frequency with #ns + fidie, the amplitude of the filter
function is dominated by the value of #,ys.. This is because
exchange error accumulates only while a pulse is on.
When decoupling pulses are applied to a qubit, this
analysis predicts an exponential decay in the probability
of recovering the initial state upon repeated applications
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of the decoupling block. The rate of decay of the return
probability with the number of decoupling pulses defines
the NZ1y error, whose experimental measurement we
discuss in the next section.

IV. EXPERIMENTAL RESULTS

We apply the two forms of first-order NZ sequences dis-
cussed above to our qubit, with results shown in Fig. 3.
The experiments begin with initialization of spins to either
the |0) state or the |y) state and culminate with a measure-
ment of the |0) or |y) return probability upon ensemble
average. In half of the experimental runs, a final X rota-
tion is applied so that the ideal expected state is |1) or
|—y), respectively. The sequence uses calibrated voltage
pulses of duration fyyc = 10 ns, with time between pulses
tisle = 10 ns. The initialization, measurement, and calibra-
tion methods are identical to those described in Ref. [18].
For the qubit in this work, a prepared state decays in
T; =2 us when device voltages are held in idle and no
decoupling sequence is applied.

The first experiment aims to measure the NZ1 or NZ1z
error by observing the decay in fidelity when the qubit is
subjected to repeated applications of the decoupling block.
For these experimental data, we track » = 3M, the number
of repetitions of pairs of N and Z pulses; a full decou-
pling repetition occurs when 7 is a multiple of 3. Figure
3(a) shows the |0) and |1) return probabilities after (NZ)"
pulses for » = 0 (mod 3).

To extract both the error rate in the encoded space and
the leakage to the |Q) state, we apply the same method
as in “blind” randomized benchmarking [18], analyzing
the sum and difference of the data traces for experiments
with expected final states of |0) and |1) (see Appendix C).
This is shown in Fig. 3(b), where we find that the NZ1
sequence results in an infidelity per exchange pulse epp =
7.8 x 10™* and decay time 7, = 13 ps. We attribute the
extracted error per pulse to magnetic gradient noise that is
accumulated during the finite-duration pulses, which may
be reduced by use of the NZ1y sequence as discussed in
Sec. III.

Hence, we apply the NZ1y sequence to the same qubit
using the construction SH(NZ)"HS' and sweeping » with
r =0 (mod 3) [Figs. 3(c) and 3(d)]. We find that the NZ1y
sequence maintains qubit coherence for about 18000
exchange pulses, equating to an infidelity per exchange
pulse epp = 2.8 x 107>, The decay time 7> = 360 us is
about 28 times longer than that of the NZ1 sequence with
the same pulse and idle durations. Additionally, as demon-
strated by the sum curve, the NZ1y sequence does not
exhibit any leakage into the |Q) state even for more than
200 000 exchange pulses, far after the encoded qubit has
decohered. In comparison, blind randomized benchmark-
ing performed on this qubit exhibited an error rate about
50 times higher (1.3 x 10~ per pulse, with 2.7 pulses

(@) (l?())
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FIG. 3. Full-permutation DD of an encoded qubit. (a) NZ1

experiment results, plotting |0) return probability after the decou-
pling sequence of various lengths is applied. The ideal result is
either 1 (]0) state, blue points) in half of the runs or 0 (1) state,
red points) in the other half due to an optionally applied X rota-
tion. (b) Difference and sum curves. (c) NZ1y experiment results,
in which the same decoupling sequence is applied to a state that
is rotated by SH after preparation and HS' before measurement,
again with both |0) and |1) expected final states. (d) The differ-
ence and the sum of the NZ1y data traces indicate error within
and leakage out of the encoded subspace, respectively. A single-
exponential fit to the difference curve yields a total error rate of
7.8 x 10™* per pulse for the NZ1 sequence and 2.8 x 107> for
the NZ1y sequence, with an indiscernible leakage rate for both
sequences. Gray lines are fits to a single exponential constrained
to probability < 1.

per Clifford operation), with magnetic noise contributing
to half of the total error and a per-pulse leakage error of
6 x 1074 [18].

These results highlight how randomized benchmarking
and the NZ 1y experiments respond very differently to noise
sources, allowing the latter to be a distinct, sensitive, and
targeted probe of error contributions. In particular, we now
study the effects of increasing the magnetic error contribu-
tion by increasing the idle duration in the NZ1y sequence.
Although the passband locations of the magnetic noise and
exchange noise filter functions depend on the total NZ1
block duration, the magnitude of the exchange noise filter
function is insensitive to f#g. This stems from the large
on-off ratios achieved with the exchange interaction, with
the result that the qubit suffers exchange noise from charge
fluctuations only during fyyee. Examining Figs. 2(c) and
2(d), we see that the magnetic noise and exchange noise
filter functions have peaks in frequency space that are
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determined by the total 7pyise + figle, and that an increase in
either #yyse OF %gle 1S accompanied by an increase in mag-
nitude of the magnetic noise filter function, whereas the
exchange noise filter function amplitude is very sensitive
to fpulse only. Thus, sweeping #qie can dramatically change
the magnetic noise contribution, while having a smaller
effect on the exchange noise contribution.

To this end, we perform a suite of NZ1y experiments,
varying fiq. from 5 to 100 ns while keeping the pulse dura-
tion fyuse constant at 10 ns. In doing so, we effectively
sweep the primary NZ1y passband from 11 to 1.5 MHz,
referring to the filter functions shown in Figs. 2(c) and 2(d).
For each #4., we perform the experiment as in Fig. 3(d),
extracting the total error and leakage error rates. The result-
ing rates are plotted in Fig. 4(a), and show that the error
rate increases by about a factor of 5 over the range of the
sweep. At short #q., the leakage error is less than 1/30 of
the total error. At #q. = 100 ns, leakage error is signifi-
cantly higher and magnetic noise contributes to 30% of the
total error rate. In Fig. 4(b), we show the total decay time
across the range, calculated as 75 = (fyuse + fidic) /2€pp,
where epp is the per-pulse error (see Appendix C). The
arc in this plot elucidates a crossover between an exchange
noise—dominated regime at short idle times and a magnetic
noise—dominated regime at long idle times, where the filter
function extends to include lower frequencies. We find a
maximum 75 of 720 s at #;g. = 80 ns.

To validate that the noise sources contributing to decay
show the expected PSD frequency dependence of 1/f, we
also performed time-domain Monte Carlo simulations [18]
of these NZ1y experiments across the range of differing
tigqle. The simulation, with additional details described in
Appendix E, includes a constant global magnetic field, Bj,
and two noise sources: Magnetic noise [9,24,35] is com-
posed of randomly oriented classical effective vector fields
[nuclear polarization b; in Sec. IlI, Eq. (2)] drawn from a
1/f power spectral density out to 10 kHz, beyond which
it rolls off to 1/f2. This roll-off fits reasonably well with
the data, although our data cannot determine its location
with high accuracy. Charge noise is simulated by relative
exchange fluctuations 6J(¢)/Jix drawn from a 1/f distri-
bution with high-frequency roll-off at >1 GHz. For both
noise sources, low-frequency cutoffs to noise are selected
to be lower than the inverse of the full experiment aver-
aging time. The noise source amplitudes are calibrated via
simulation of free-evolution [24] and triple-quantum-dot
Rabi [25] experiments to reproduce the measured qubit
parameters of 75 = 2 s and 25 Rabi oscillations at 1/e.
Finally, we assume there is a global magnetic field Bj near
the approximate value of Earth’s field in Malibu, Cali-
fornia. The experimental data show that both error and
leakage increase near the Larmor resonance condition, and
our simulation and filter function calculations capture this
effect (the first-order average Hamiltonian analysis in Sec.
IIT A does not).

Error rate

e measured error

— FF calculated error

; - simulated error

107k e measured leakage
N — FF calculated leakage

- - simulated leakage

(®) oo 1,;/14—\@
k] b 1

al ;

m
E
N g e measured
02 simulated
0.0 } — T, filter function
20 40 60 80 100 120 140
tigle (NS)

FIG. 4. NZly sequence with variable idle time. (a) Measured,
simulated, and calculated error and leakage per pulse as a func-
tion of swept fiqe. Simulation results (dotted lines) are shown at
three different values of B to show the effect of Larmor reso-
nance. Analytic calculations [solid lines, Egs. (D14) and (D17)]
integrating the filter functions (FFs) with the assumed noise spec-
tra are performed at B) = 50 wT, matching the experimental data.
(b) Extracted T, decay time for each measured sequence reveals
a maximum 75 of 720 s at f;g. = 80 ns.

The simulation results for several field values are shown
as dashed lines in Fig. 4 and have good correspondence
with the experimental data for the case of B = 50 uT.
An increase in measured error seen near fig. = 95 ns is
ascribed to pulsing near resonance with the electron Lar-
mor frequency, gupBj/h. In addition to the simulation, an
analytic calculation (solid line) integrating the filter func-
tion with the assumed noise spectra was also performed
(see Appendix D), with the best match to the experimental
data also found at Bj = 50 wT. The extended coherence of
this sequence allows validation of our noisy exchange sim-
ulator (and its assumed noise spectra) at greater values of
the operating fidelity than were accessible by randomized
benchmarking [18].

V. CONCLUSION

We have experimentally demonstrated the full-
permutation dynamical decoupling sequence in an
exchange-only triple-quantum-dot qubit. The NZly
sequence features an exceptionally low error rate of
2.8 x 107 per pulse when applied to our qubit, which is
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attributed to effective echoing of magnetic noise and sup-
pression of low-frequency fluctuations in both exchange
and local magnetic fields. Additionally, because of strong
insensitivity to pulse miscalibration, the sequence allows
the 1/f noise tail and any high-frequency noise processes
to be examined independently of calibration accuracy. The
resulting maximum coherence time 7, = 720 ws is com-
parable to that previously measured at high magnetic field
via double-quantum-dot permutation [9], as well as to
the 870 ws shown with multipulse double-quantum-dot
exchange decoupling in AlGaAs/GaAs [36], which itself
extended a prior AlGaAs/GaAs result of 200 ws [37].
The result we have presented here differs operationally
from the results in both these prior studies not only for
its full permutation in a triple quantum dot, but also in
being obtained in the low external field regime of By =
50 uT provided only by Earth. Although our key goal
here is validation of our noise model, coherence time can
be an important metric by itself, for example, for quan-
tum memory, and further increases of the coherence time
relative to the present result could be achieved by oper-
ation at higher external fields, with devices exhibiting
lower exchange noise, or with increased isotopic enhance-
ment.

Our simulations accurately account for the measured
error and leakage rates in this experiment. We have
studied how extending #g. increases both error within
and leakage out of the DFS by increasing susceptibil-
ity to magnetic fluctuations, as is clear from the calcu-
lable filter function, and we find agreement with time-
domain simulation. The NZ1y sequence has proven excep-
tionally helpful in validating our error model for this
qubit, and we expect the sequence’s continued utility as
exchange-only qubits improve thanks to advancements
such as the SLEDGE architecture [29,38]. We have also
found that permutational dynamical decoupling can be
combined with exchange-only quantum logic, potentially
enabling new avenues for exchange-only logic robust with
regard to random magnetic field gradients [39,40]. When
qubit swapping has strong enough control fidelity, per-
mutation decoupling may be similarly valuable for pre-
serving coherence and validating error models in other
platforms, such as higher-spin-orbit-coupling materials,
including hole qubits, and superconducting qubits. Quiroz
et al. [41] also demonstrated three-physical-qubit permuta-
tional dynamical decoupling with SWAP gates constructed
from controlled-NOT gates in the IBM superconducting
qubit Montreal device, finding that DD on DFS-encoded
qubits outperforms “bare” physical qubits, DD on physical
qubits, and DFS encoding alone. Finally, bounded control
schemes can also be devised for exchange-only decou-
pling [42], with suitably derived optimal pulse shapes [43],
although the short-w-pulse or nearest-neighbor transposi-
tion implementation presented here has the most straight-
forward interpretation as permuting over Ss.
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APPENDIX A: SEQUENCE FILTER FUNCTIONS

In this appendix, we compute filter functions for the
NZ sequences discussed in the main text. Filter functions
are computed in first-order Magnus-expansion perturba-
tion theory, which is sufficient to compute state preserva-
tion and orthogonal state transition probabilities to second
order in the noise.

We mathematically separate noise by first defining the
noiseless Hamiltonian Hy(¢) to include H.onwor(f), as in
Eq. (1), under the assumption of perfectly calibrated,
nonoverlapping square pulses for Jj,(¢) and J,3(¢), as well
as a uniform, constant applied magnetic field, By, explicitly

Hy(t) = Heontrol () — gl‘LBBO .S, (Al)
with total spin S=}_S; as before. We further intro-
duce the shorthand Larmor frequency vy = |gugBo|/A. As
all terms in Eq. (Al) commute, it is straightforward to
integrate

Up(t) = exp (—%/0 dtHo(‘c)> R (A2)

which we use to classify terms in the time integral of the
interaction picture noise Hamiltonian His (f) from Eq. (4)
as

1 t
E@) = }—1/0 dt Ug(f)Hnoise(T)Uo(T) = § :SJ "Wy ®
J

— ) "Say X Suy + Vay (1) + S, - Sey ey (). (A3)

o

Here we use the vector of subscripts a for enumer-
ation over the ordered sets of quantum dot indices
{[1,2,3],12,3,1],[3, 1, 2]}. We have thus sorted terms into
error phase angle integrals given by

t
u () = fo dt Y fir(R(T) - bi(2), (Ad)
k

t
V() = fo dr Y gi(DeunR@) by(),  (AS)

ktm

w; (f) = fo AT Y 8wy (Dhjay (7). (A6)

The error phase angle expressions have straightforward
physical explanations: the magnetic error phases u; (?),
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for example, include external magnetic field—generated
Larmor precession through the spatial rotation matrix

cosQmvgt)  sin(Rmvpt) 0
R(@) = | —sin(2mvgt) cosmvpt) 0 (A7)
0 0 1

and 7 pulse—induced permutations through the “switch-
ing” matrices fj(#), which in the zero-width-exchange-
pulse limit are natural permutation representation matrices
of the symmetric group S; corresponding to a particular
sequence of N and Z pulses. For finite-width exchange
pulses, the f(¢) also include transitional matrices giving
the time dependence of the mapping of Pauli spin matrices
from one quantum dot to another as exchange is applied.
The finite exchange pulse width additionally gives rise to
a weight-2 Pauli term reflected as v; (¢), with gj; (s) another
set of switching matrices that can be determined from
Jix(s) through a masking procedure, and € is the Levi-
Civita tensor. Exchange error phases w; () similarly have
switching matrices /;;(f) that are determined from f (¢).

Using our previously introduced basis notation
|S12,S; m), we enumerate the eight-state basis as follows.
The encoded states (duplicated twice due to gauge free-
dom) are the first four states:

0 9 .
1) = cos 10, 1/2:4+1/2) +sin Z€* |1,1/2:41/2),
0 .0,
|2)ECOSE|0,1/2;—1/2)+Sln§el¢|1,1/2;—1/2),
.0 9 .
13) = sin > 0,1/2; 4+1/2) — cos Ee"f’ 11,1/2;+1/2),
.0 0 .
|4)ESIH§|0,1/2;—1/2>—COS§el¢|1,1/2;—1/2),

where 6 and ¢ specify the Bloch-sphere polar angles of the
encoded state, which we alter according to the experiment
we choose to analyze. The remaining four states are the
leakage quadruplet,

15) =11,3/2,+3/2),
16) = [1,3/2;+1/2),
17) =11,3/2,-1/2),
18) =11,3/2;,-3/2),

collectively abbreviated as |Q). Assuming that the initial
encoded state is totally mixed in gauge, all probabilities of
interest can be written as

1 2 N
P(t) =5 <ZZ | (/1 Uo(®) Unoise (1) |,~>|2>, (A8)
fooi=l

where Upise(?) is the interaction propagator for Hpgise (7)
under Hy(f), and the outer brackets (-) refer to ensem-
ble averaging over noise terms. We define the “state
preservation probability” P;(z) for which the final states
to be summed over are |f) € {|1),]2)}; we also define
the “encoded error probability” for which | f) € {|3), |4)}.
The “leakage error probability” would have |f) e
{15),16),17),|8)}. Assuming that the sequence of N and
Z pulses results in the identity, Uy(¢) acts trivially to the
left on (f| states, so all probabilities depend only on
the interaction propagator. Therefore, to lowest order in
the Magnus expansion, all probabilities take the form

P(t) ~ <Z (f][1 —ig@) — %Ez(t)]|,~)|2>’ (A9)
if

which is correct to second order in the noise.

Substituting Eq. (A3) into Eq. (A9), with the assump-
tions that the noise has zero mean and that magnetic and
exchange errors are uncorrelated, we arrive at quadratic
terms of the form

Q=Y 00 0.0 (w - w)+ 0\ 0.0) (w - vi)
Jk

x O 0,8) (v; - wi) + QR0 0, 0) {v; - vi)
+ QS,/k(Q, ¢) (W/Wk>’ (Alo)

where the error phase angles are given in Eqs. (A4)-(A6),
and the angle brackets are noise averages. The Q matri-
ces are dependent on the encoded initial state parameters
6 and ¢, and they differ for each of the three probabilities
of interest. For state preservation probability, Ps = 1 — Q;
for encoded and leakage error probabilities, Pz, = Q,
with suitable substitutions for the different QO matrices.
The quadratic magnetic-error-phase-angle noise average,
under the assumption that random noise fields at differ-
ent quantum dots and along different axes are uncorre-
lated and identically distributed with correlation function
(b(11)b(12)), is given by

(- ug) = /0 e /0 Lty S e () (o)
Im
R7(1)) - R(12) - b (1))
= /0 tdﬁ /0 rdrz Tr[R” (z))R(12)1{b(11)b(12))
X Y fe@) e ()
4
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t t
= / dr / dtn [1 4+ 2 cosmvy(t) — 1))]
0 0

X /OO dvSz(v) cos[2mv(T] — 1)]
0

< Y fre(@fie(1). (A11)
I

The final equality uses the Wiener-Khinchin theorem,
with Sp(v) the one-sided magnetic noise power spectral
density for any component b; (f) in any quantum dot. We
now define the Fourier-like transform of the switching
matrices:

fr(w,0) = / dr e 7V (7). (A12)
0

Performing the sum over the Larmor rotation matrices and
using the symmetry property of the Qﬁ\l,ll)jk matrix, we may
write

o0
11 11
e lw - w) = Qﬁw,)/k/() dv Sp(v)

x 3 [fe 0.0/ 0.0 +fe 0+ w0,
t

X fif (v 4 vo, ) +

+ fie 0 =00 0= vo,n]. (A13)

All terms to the right of Sz(v) are the (weight-1 Pauli)
magnetic error phase contribution to the magnetic noise

J

FL /2,7 /2 0, M, f1, (1 = f)7) = 1

filter function. As with other filter function analyses [9],
the filter function is the squared magnitude of the Fourier
transform of a switching function, with geometric factors
arising from the initial state. The finite external magnetic
field introduces sideband contributions to the filter func-
tion; in the limit of large field, these contributions go to
zero. The remaining quadratic-error phase-average terms
in Eq. (A10) all have the same structure as Eq. (A13) with
different quadratic combinations of f , &g, and h, and include
the effects of weight-2 Pauli finite-pulse-width magnetic
errors as well as exchange errors.

Combining the algebra and definitions above, we now
summarize the total approximate state preservation proba-
bility, given by

o0
PS ~ 1 _/ dv SB(V)f/l\—/[(Ga d’, V,M, tpulseatidle)
0

- / v S5 () FLO, 6, v, M, fpuses hae)s (A14)
0

where F%, is the magnetic noise filter function for state
preservation infidelity, which is dependent on the initial
state parameters 6 and ¢, as well as the frequency v, the
number of repetitions M of the six-pulse NZ1 sequence,
and the pulse width 7,y and idle time between pulses
tidie; Sg(v) is the exchange noise power spectral density;
and FZ is the exchange noise filter function for state
preservation infidelity. Writing the pulse width and idle
time in terms of the fractional pulse width =t/
and pulse repetition time T = fyuise + fide, We have the
NZ1ly magnetic noise filter function for state preservation
infidelity:

sin?(6Mmvt)

X {7 +32r*%v** + 16 (4f2v2t2 —

X (—«/gfvr sin(rvt) + cos(mwvt) + 2 cos(Ber))

6m2v? (1 — 4f21)2‘[2)2 sin?(67rv1)

1) sin® (77v7) cos® (mv1) (2 cos(4vt) + 1) sin(2mfvt)

+ fvt [ VT <2fvt (—16fvt cos(12nvt) — 4«/§sin3(2m)t)(2 cos(4rvt) + 1))

+ cos(2mvt) — 8cos(4nvt) + 6 cos(6mrvt) — 4 cos(8mwvt) — 7 cos(10mvT) 4+ 12 cos(12mvT))

+ 2+/3sin’ 2rvt)(—16 cos(2rvt) 4+ 6 cos(4mvt) + 7)]

+ 2sin’(2nvT) cos(2rfvr) [fvf <2fvr <—2\/§fv1' sin(6rvt) + 8 cos(2mvT)

+ 12 cos(4mvt) 4+ 7 cos(6mrvt) +4 cos(8mvt) + 14) + \/5(4 sin2rvt)

— 8sin(4nvt) + 3 sin(6m)t))> — 10cosQmvt) — 2 cos(6mrvt) — 2 cos(8nvt) + 5]

— 4cosRnvt) — 4cos(dnvt) + 3 cos(6mvt) — 2cos(8nvt) + cos(10vt) — cos(12mvt)} + sideband terms,

(A15)
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where the sideband terms are determined from the displayed expression by the substitutions v — v &£ vy. The NZ1y
exchange noise filter function for state preservation infidelity is given by

2(2 + cos4mvT) sin’ (7TVipulse) sin?(2mvt) sin®(6M 1)

,7-‘1712,71 2,\),M,l ,t‘ = 5
E( / / pulse idle) 1202 sin2(6m)r)

(A16)

which has no sideband contributions and t = fgie + #puise. The main (not sideband) NZ1y magnetic noise filter function
at zero frequency (v = 0) is zero, consistent with the average Hamiltonian theory result in the main text.
In general, the arbitrary initial state magnetic noise filter function at v = 0 is given by (ignoring sideband terms)

1 8M2 tﬁulse

(cos2 ¢ + cos? 0 sin’ ¢)

Fj{/{(ea ¢3 OnMa tpulseatidle) = 7_[2

: (A17)

which is zero only for y-axis initialization (i.e., § = w/2 = +¢). Initializations in other directions quadratically
(coherently) accumulate finite-pulse-width, zero-frequency magnetic noise errors under NZ pulsing.
In the limit of zero pulse width, the magnetic noise filter function for NZ1y is as follows:

64(2 + cos 4mvtigie) cos (TVtigie) sin® (Tvtigie) sin® (6M Tvtigie)

3m2v? Sil’l2 (67TVvtigle)

Frim/2,7/2,0,M,0, tiqre) = + sideband terms. (A18)

The corresponding zero-pulse-width exchange noise filter function is, of course, zero.
The approximate encoded error probability for NZly, i.e., the probability of flipping between encoded qubit states
(without leakage), is given by

oo oo
PE = / d‘) SB(V)?_/{A(O, ¢3 V’MJ tpulse: tidle) + / d‘) SE(U)fEI(OJ ¢7 UaMn tpulse: tidle)v (A19)
0 0
with the encoded error magnetic noise filter function given by
1 sin®(6M v )

FE(w/2,7/2,v, M, fT,(1 —f)T) =

1272202 (1 — 4f2v2f2)2 sin? (67v7)

x [74 32 * = 32f*v*rt cos(12vT) — 12707 1% + 62012 (cos(2mvT) — cos(10mvT) + 2 cos(127vT))
+ 2sin’2nvT) {(4f2v21:2 - 1) (2 sin(4mvt) — sin(6rvt) + 2 sin(8xvt)) sinRrfvT)

+ (4f2v2r2(6 cos(2rvt) + 4 cos(dmvt) + 3cos(6vt) + 2 cos(8mvt) + 3)

— 10cos2mvt) — 2 cos(6rvt) — 2 cos(8nvt) 4+ 5) cos(2mfvT)}

— 4cos2rvt) — 4 cos(4mvt) 4+ 3cos(6vt) — 2 cos(8mvt) + cos(10wvt) — cos(12vt)] + sideband terms.

(A20)

Notice that the encoded error exchange noise filter function is the same as the exchange noise filter function for state
preservation infidelity since exchange errors do not cause leakage. The remaining leakage error magnetic noise filter
function is the difference of the state preservation infidelity and encoded error filter functions.

APPENDIX B: NONRECTANGULAR PULSES

We now discuss the effect of nonrectangular exchange pulses on the NZ1 filter function response. For simplicity, we
consider here the case of exchange noise, 7. Nonrectangular pulse shapes correspond to varying noise sensitivity over
the duration of the exchange pulse, which can qualitatively modify the filter function envelope. The exchange pulse shape
enters the filter function expression in Eq. (A16) via the switching terms 4 (7) defined in Eq. (A6), which encode the
time-dependent mapping of Pauli spin matrices over the NZ1 sequence. Assuming all pulses have the same shape, the
integral over these switching terms is separable into two components corresponding to the pulse shape and the pulses’
relative time shifts over the NZ1 sequence. Specific to NZ1y, we find that
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]—"g = 2| hputse @, tpulse)l2 (2 + cos 4nvT) sin® 2mvT)

sin?(6Mmv)
— - (Bl
sin“(6rvT)
For a rectangular pulse with duration 7y,
Prrect (V, tpulse) = L (e_iznvtp“lse — 1) (B2)

2y

and we recover the results of Eq. (A16). For a trapezoidal
voltage pulse with ramp time 7z, full-width-half-maximum
fpulse, on-off ratio o between minimum and maximum
sensitivity values, and an exponential scaling between
exchange energy and voltage,

1 i

- : (e—iZJT(U+iUR)tR _ 1)
o 2w (v + ivg)

hirapez (V» tpulse) =

+ L (e—i2m)tpulse

_ e—th)tR)
2wy

- —i2mut,
le pulse (e—iZJ'r(v—ivR)tR _ 1)
27 (v — ivg) ’

(B3)

where 27vg = (1 — 1/) /tg. Compared with rectangular
pulses, this filter envelope has a higher frequency cutoff
but with a faster decay rate.

APPENDIX C: FITTING ERROR AND LEAKAGE
RATES

To fit our data and extract the error rates, we follow
the same procedure as outlined in Ref. [18]. We construct
two different NZ1 sequences with expected return to the
|0) state and the |1) state, in the case of NZ1 and NZlz,
and with expected return to |y) and |—y) in the case of
NZ1y. The probability of returning to |0) or |y) when so
expected is given by yo(M). To detect leakage, we also
examine the sequences with expected return to |1) or [—y),
constructed by our simply appending a composite X gate,
implemented as in Ref. [18]. The |0) return probability of
such an inverted sequence is assigned to y; (M). We use the
ansatz

yoM) =4+ B(1—p)" +C - 9",

(CDH
M) =4—-B(1-p"+ i -qg",

where M is the number of repetitions of the six-pulse NZ1
sequence, and we fit separate exponentials to yo — y; and
(vo + y1)/2 to estimate the parameters 4, B, C, p, and gq.
At M — 0, yy — y; approaches 2B. As this difference rep-
resents the probability of measuring |0) or |1) immediately
after preparation (and noting that leakage states |Q) also
measure as S;; = 1), this quantity would be unity were it

not for state preparation and measurement error. Therefore,
we take 2B as the probability that a singlet state or a triplet
state in the two measured spins measures correctly, and we
divide by this probability to get the total error. Our total
error per definition equation (11) would be

1 4 1 C
=lim —|1l—-——=(1=-pM - —1 =¥
€ im [ 7B 2( p) 2B( q)]

(C2)

The approximation is under both the assumption of p, ¢ K
1 and the accuracy of the ansatz, the latter of which we
discuss shortly. For the leakage rate, an unleaked state
would always be inverted and hence yy + y; would sum
to unity. The probability that it does not after M six-pulse
repetitions is approximately 1 — (2C(1 — ¢)™)/2B, again
with normalization by the probability that we measured
correctly, leading to the limiting rate at ¢ < 1 of

_ G
==

r (C3)
These definitions are consistent with those in Ref. [18],
with the notable difference in interpretation that in Ref.
[18] an average process infidelity under a depolariza-
tion error model enforced by Clifford twirling is sought,
whereas the expressions above correspond to a state return
error per Eq. (11) without our imposing or assuming a
depolarization error model.

We consider for convenience the error and leakage per
pulse, epp and ['pp; the error and leakage for the NZly
experiment are enxziy = € and I'nziy = I" when the ini-
tial state is |y). They are simply related by the number
of pulses per constituent sequence, i.e., enziy = 6€pp and
I’'nziy = 6I'pp. A final definition used is 7> under repeated
NZ1 sequences, which is, by standard definition of 75, the
total time it takes for the return probability of the initial
state to fall to 1/e. From the definition of y, and for small
enough error, this is easily seen to be

T = (tpulse + tidle)/zePP

(C4)
= 3(l‘pulse + tidle)/ENZIy-

Equations (C2) and (C3) should be considered a definition
of leakage and total error as measured by our “blind” pro-
tocol. Theoretically, we use a noise model with each inter-
val’s noise static and independent, i.e., evolution within
an interval is coherent but is Markovian from interval to
interval. (A white magnetic noise model cannot be used for
the analysis as zero magnetic noise correlation time elim-
inates Larmor precession effects—the noise is infinitely
faster than the Larmor frequency.) Each exchange gate’s
noise is assumed to be independent and identically dis-
tributed as is each component of each quantum dot’s
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magnetic noise. Computing noise-averaged process matri-
ces for this model and taking components corresponding to
NZ1y probabilities, we obtain

YoMy = 5+ (=P 21— g™ + (1= )",
11 y o o] Ny
N = 3= 0= 4 (=g + (- g,
1o yo 1 y
Y2(M)=Z—§(1—(J1) +E(1—612) ,
J’3(M)=l—l(1—Q2)M,
4 4

where y, would, analogously to y;, be the singlet proba-
bility measured if we could append a pulse sequence that
converted the |Q) leakage states with m = +1/2 to |0)
before measurement, and y; would be the singlet proba-
bility measured if could append a sequence that converted
the |Q) states with m = £3/2 to |0). As these sequences do
not exist, y, and y; are theoretical, to give a more compre-
hensive picture of probabilities. Matching the Markovian
noise model theory at low error rates with the filter function
theory gives

p =6 x (2eppr + 3(Tppo + Tepy + Tep.-))
1

g =6x3 (rpp,o + E(FPP,+ + l_‘PP,—)>

¢ =6x3 (Fpp,+ + FPP,—) )

where eppr and I'pp are defined with use of the filter
functions in Appendix A:

o0

eppr = lim — dvSe (V) FE (v), (C5)
M—o00 6 0
oo L
Ipps = Mll_I};o o7 ), dvSg(V)Fro(v +s10),  (C6)

where F /[\:/1,0 is the magnetic leakage filter function with-
out sideband terms. Approximate analytic expressions for
epp i, Eq. (DY), and I'pp 5, Egs. (D15) and (D16), are com-
puted in Appendix D. Recall that the Larmor sideband
terms at s = %1 ultimately arise from gradients in the mag-
netic field direction, i.e., from the S*5*(¢) + S”b’ (f) terms
of the magnetic noise Hamiltonian, which precess in the
interaction picture at the Larmor frequency vy. These lead
to additional modified leakage rates I'pp . At very high
magnetic field, in which vy is large, the filter function’s
1/v? dependence makes I'pp + small. At low field, depend-
ing on the pulse period 7, I'pp 1. are generally comparable
to or, at Larmor resonances, much larger than I'pp .

At high magnetic field, g, = 0 = I'pp 4, our theoreti-
cal expressions for yy and y; match our ansatz equation
(C1), with A =1/3,B=1/2,C=1/6, total error € =

6epp s + 2T, and leakage rate I' = 6I'pp . High magnetic
field prevents spin flips, restricting evolution to the three-
dimensional m = £1/2 subspaces, giving a survival prob-
ability asymptotic value of 4 = 1/3 and a leakage rate
from collinear magnetic noise alone. Our NZ1 experi-
ments, however, are not in the high-field regime. At low
magnetic field and for short pulse periods, i.e., small Lar-
mor phase 2wyt <« 1 corresponding to the left part of
Fig. 4(a), I'pp4 4+ I'pp— = 2I'ppy 50 g2 = g1 = 36ppy,
and again the theoretical expressions for yy and y; match
our ansatz equation (C1) with4 = 1/4,B =1/2,C = 1/4,
total error € = 6eppr + 2I', and leakage rate I' =3 x
6I'ppo. In the low-field limit, both m = £1/2 and m =
+3/2 leaked states are accessible, giving a survival prob-
ability asymptotic value of 4 = 1/4. Without a large
external field, all three independent and identically dis-
tributed magnetic noise components contribute equally to
the leakage rate.

When vyt approaches an antinode of fff"c (v), the
sideband terms become pronounced, and lead to a “Larmor
resonance” peak as evident in Fig. 4. Physically, this cor-
responds to a combination of the precessing electron spins
and our NZ1 pulse sequence in the presence of nonparal-
lel magnetic gradient fields together inducing electron spin
flips, which ultimately populate the m = +3/2 leakage
states. In this case our ansatz equation (C1) is insuffi-
cient, as yp + y; would be a double exponential, since the
m = *1/2 and m = £3/2 leakage events occur at differ-
ent rates. Such a double exponential in (yy + y1)/2 would
be difficult to decompose from curve-fitting alone, and
so we accept that in the region of the Larmor resonance
peak, the measured leakage rate is some kind of mixture
of the I'ppy and I'pp+ terms resulting from fitting to a
single-exponential decay.

Figure 5 shows the fitting procedure to generate the data
point in Fig. 4(a) with #,qe = 85 ns. Like the data presented
in Fig. 3, in Fig. 5(a) we plot the |0) return probability
for both the standard NZ1y sequence ()9) and the NZly
sequence with the appended X gate ();). We then calculate
the difference and sum curves, plotted in Fig. 5(b), and we
fit them to separate exponential decay curves. We fit

yo —y1 =2B(1 —p)M,
o +y)/2=4+C(1—g"

(C7)
(C8)

and extract epp = 6.65 x 107> and I'pp = 1.06 x 107>
using Eqgs. (C2) and (C3).

Since the leakage rate for small #4; can be several orders
of magnitude smaller than the total error, the accuracy of
the leakage fit is limited by the range of » = 3M in the
experiments. For data shown in Fig. 4(a), the error in the fit
becomes greater than or equal to the fit value for ;g < 40
ns and at fge = 60 ns.
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FIG. 5. NZly example dataset from Fig. 4(a), where fig. =

85 ns. (a) The return probabilities for sequences with expected
return to |0) are in blue and labeled yy. The red points labeled
1 are sequences that are expected to return |1). (b) The cal-
culated yg —y; (red) and (yo 4+ y1)/2 (blue) curves are fitted
to separate exponential decay curves (gray) to extract the error
and leakage parameters. The fit gives epp = 6.65 x 10~° and
I'pp = 1.06 x 107, For this dataset, 7> = 714 ps.

APPENDIX D: APPROXIMATE EXPRESSIONS
FOR ERROR RATES

Asymptotic expressions for the total error rate epp and
the leakage error rate ['pp are given by

l o0
]l/[lgnoo W (A dv SB(U)

pp =
x Fri0,¢,v,M, fT,(1 —f)7)
+ [T v srFE. e s —f)r)) ,
O (D1)
Pep = lim Ooo dv Sp(v)

XffA(Q,d),U,M,ff,(l _f)f)5 (Dz)

where the leakage error magnetic filter function is F%, =
Fi— F5, and 6M is the number of pulses in M repe-
titions of the basic NZ1 sequence. In this appendix, we
determine analytic approximations to the integrals in the
above error rate expressions.

For ease of analysis, we assume that the magnetic noise
and exchange noise PSDs take the form

A, 0<v <y,
VL
S(v) = AT’ vy < v <y, (D3)
VLVH
U2 , Vg =V,

where A sets the PSD size, v, is a low-frequency cutoff,
and vy is a high-frequency cutoff. The PSD has a con-
stant region at low frequency, a 1/f region, and a 1/f?
region. For comparison with experiment, we take for both
magnetic noise and exchange noise vy, = 0.1 Hz, while
for magnetic noise vy g = 10 kHz and for exchange noise
vy e = 1 GHz. The PSD size parameters Az and Ay are
constrained by the frequency cutoffs and the values of 7
in the free-induction decay (FID) experiment and the num-
ber of oscillations Ny in the Rabi experiment [18]. To
relate 75 and Ap, we perform the filter function analysis
for a single idle interval of increasing duration # for a two-
electron state initialized and measured in a singlet state.
The evolution due to magnetic noise in the collinear limit
is integrable and yields the standard FID filter function
of Frip(v, 1) = sin(vr)/(2%v?). The collinear or high-
field limit is sufficiently accurate for the FID experiment
but is insufficient for NZ1 experiments. Evaluation of the
frequency integral of the FID filter function against the
magnetic noise PSD of Eq. (D3) gives the relation

1

Ag = . .
Ty, (2 +In %)

(D4)

Similarly, to relate Nys. and A, we perform the filter func-
tion analysis for a single N rotation of increasing duration ¢
for a DFS state initialized and measured in the |0) state. Up
to a constant factor, the filter function for the Rabi experi-
ment is the same as the FID filter function. In the small-v;
and large-vy ¢ limit, the resulting relation between 45 and
N, 0sc is

1

Ap =
VLB e (5= 27 — 21047 Noge Vi fpuise)

= . (D3)

0sc
where y is Euler’s constant.
We now perform the NZ1 frequency integrations for the
exchange and nonsideband parts of the magnetic noise,
whose filter functions take the form

sin?(6Mmvt)

AEHASEEES D sin® (67rvT)

(D6)

(momentarily suppressing additional parameters in the fil-
ter function arguments). In the limit of large M, the ratio
of squared sines is a series of peaks located at v, = n/67,
n € 7, of height M? and effective width 1 /(6Mt). The
effect of this term in the frequency integral can then be
approximated by a sum of § functions:

oo

sin*(6Mmvr) M

— S(v —vp).
sin?(67v7) 67 ( )

n=—0o0

(D7)
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Specializing to NZ 1y, we find that the exchange noise contribution to the error rate epp £ is given by

eppp = lim 6—M dv Sg(W)FE ()2, 7/2,v,M, fT,(1 —f)7)

22

M i Se(v) 2[2 + cos(4mv,T)] sin (nvnfr) sin (Zm),,r) (D8)

w2v?

O\

(

samples the exchange noise PSD only in the 1/f and
1/f? regions. Making the additional approximation that
vy g — 00 (so that the 1/f region of the exchange noise
PSD is extended to infinity), performing the sum, and
keeping only the lowest order term in fractional pulse
width £, we obtain

where we have made the §-function substitution and
restricted the sum to positive frequency values. (By design,
the zero-frequency contribution at n = 0 is zero since the
decoupling sequence and resultant filter function remove
static noise.) The pulse periods t of experimental inter-
est are in the 10-1000-ns range, so all v, > v;; the sum

Ag f2v12 (3 +1n27 — 2In(f))

2 )
3 +1In27 — 21H7Tfpulse/(tidle + tpulse)
T 8N2, (5 — 2y — 247 NoseVifpuise)

0sc

€ppE ~

(D9)

For parameters in our experiments, these approximations introduce relative errors in the exchange error rate of less
than 1%.

For NZ1y magnetic error rate computations, we take the fractional pulse width /= 0 approximation immediately (this
cannot be done in the exchange error rate computation as the f=0 limit gives zero exchange noise). In this limit, the
magnetic leakage and encoded error filter functions are identical, and the magnetic infidelity filter function is twice the
leakage filter function. The asymptotic leakage error rate due to the nonsideband term I'ppy is then

1 o0
Tppo ~ lim A dvSp(W)Fryo(/2,7/2,0,M,0,7)
—00 0 ’
_ o L o deB(v)32(2+cos4m)t)cosz(nvr)sin4(nvt) sir.12§6Mm)t)’ D10)
M—o0 6M J, 322 sin” (677vT)

where F f/t o 1s the magnetic leakage filter function without sideband terms. Using the same large-M §-function approxi-
mation as in the exchange noise case and noting that v, > vy 3 for all n so that the sum samples the magnetic noise PSD
only in the 1/f? region, we obtain

1 ABvaH,B 32[2 + cos(47mv,)] cos? (mv,7) sin* (v, 1)
Pppo ~ — 3 353
36T = v} 3mev;
= gABn%LvH,Bﬁ. (D11)

The sideband parts of the magnetic filter functions take the form

sin’[6M 7 (v = vp)7]
FEvg,M)=F@Evg,M=1 ’ o
(v Vo ) (V Vo ) Sin2[6ﬂ(v 4 vO)T] ( )
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with vy the electron Larmor frequency. In the large-M
limit, the sidebands’ §-function peaks are shifted by the
Larmor frequency +vgy. Notice that the shifting of the §-
function peaks has the effect of “unshifting” the M =1

oo
im —

Cppy + Ipp— &~ Ml sy
- 0

1 i Apvrvygp 32[2 + cos(4mv,T)] cos? (v, T) sin4(7wnf)

part of the sideband filter functions, so Larmor shifts
appear only in the sampling of the noise PSD. The asymp-
totic leakage error rate contribution from the sidebands is
then given by

dvSp(v) (Fiyo(r/2,7/2,v +v0,M,0,7) + Fry o(/2,7/2,v — v0,M,0,7T))

T36r A~ (v, —w)?

where we have again sampled the magnetic noise PSD
only in the 1/f? region. (This is incorrect very near res-
onance, when |v, — V| = |n/6T — vy| < vy p, since the §
functions begin to sample the PSD in the 1/ and constant
regions. For the first resonance n = 1, with By = 50 nT
and vy p = 10 kHz, this occurs when the pulse period t
is within 270 ps of the resonance at 7z = 119.080 ns, at

J

Ipp = I'ppo + I'pp+ + I'pp —,

JTZ\)H,B‘E3

3757 (24 22t )

I'ppo ~

D13
3n2v2 ’ (D13)

(

which point the lowest-order perturbative filter function
theory is already inaccurate.)

Performing the sum in Eq. (D13), combining the side-
band and nonsideband contributions, and substituting for
the magnetic noise PSD amplitude Ag from Eq. (D4), we
obtain an approximate per-pulse leakage error rate

(D14)

(D15)

Ipp+ +T'pp— ~ I'ppyo (

The effect of the sidebands relative to the nonsideband
leakage is determined completely by 6, = 2wy, the accu-
mulated Larmor phase in a pulse period. Compared with
direct numerical integration of Eq. (D2) at M = 10%, the
approximate leakage error rate expression has a mean rel-
ative error of 5% across the experimental #4,. sweep, over
which the leakage error rate increases by 4 orders of mag-
nitude. The approximate per-pulse total error rate is given
by

epp ~ epp g + 20pp. (D17)

The leakage error rate equations (D14)~+(D16) and total
error rate equations (D9) and (D14)(D17) are plotted in
Fig. 4 with 75 =2 s, Nosc =25, vy = 0.1 Hz, vy p =
10 kHz, By = 50 uT, vy = 1.4 MHz, t,us = 10 ns, dif-
fering fiqie, and T = fpyise + tigle. For these parameter val-
ues, the leakage error rate sideband contributions always

4 (—4sin26y + 2sin36, — 4sind6, + 6, (11 — 4cos b, + 8 cos 20, 4+ cos 30, + 2 cos46,))
607 (1 +2cos26;) '

(D16)

(

dominate the nonsideband contributions, ranging from 2
times at ;g = 10 ns to 143 times at f,ge = 100 ns as fgie
approaches the first Larmor resonance.

APPENDIX E: MONTE CARLO SIMULATIONS

Numerical simulations of noise qubit dynamics during
pulse sequences use a simple eight-dimensional complex
vector for the three-spin DFS qubits, implemented with an
in-house code written in C++ and PYTHON entitled “Python
Quantum Exchange Simulation Toolsuite” (pyQUEST).
These three spins experience a piecewise constant Hamil-
tonian including only pairwise interactions consisting of
exchange operations and noisy magnetic fields. For all sim-
ulations here, these noisy magnetic fields are represented
by identical, independent distributions for each vector
component interacting with each of the three spins. The
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distribution used is Gaussian noise with a 1/f power spec-
tral density. Charge noise is simulated similarly to mag-
netic noise, with identical, independent distributions for
fluctuating miscalibration of both exchange pairs. Hence,
each simulation uses 11 independent 1/f variables in total:
nine for three-dimensional magnetic fields on each of three
quantum dots, plus charge noise on each of two exchange
axes.

To simulate 1/f noise, we use a modified version of
the Voss-McCartney algorithm [44] wherein we take the
sum of multiple random numbers, updated at different fre-
quencies, to get an overall 1/f spectrum. Specifically, each
noise variable is the sum of 100 Gaussian random fluc-
tuators, with update frequencies logarithmically spaced
between the low-frequency and high-frequency cutoffs.
The PSD for such a variable goes as 1/f between its cut-
offs, and rolls over to white at lower frequencies or 1/f2
at higher frequencies. Each fluctuator also gets a random
phase offset to desynchronize their updates and produce
a smoother spectrum. When sampling our noise variables,
we sample their integrated value over some finite time win-
dow, so we need compute only one sample per simulated
pulse or idle. Since the sum of multiple Gaussian variables
is itself a Gaussian variable, this can always be done effi-
ciently and exactly, even for time steps much longer than
the inverse update frequency.

Empirically, we find that charge noise tends to have a
1/f dependence over the full, experimentally accessible
range of frequencies, so for our simulation noise genera-
tors, we set its high-frequency cutoff to more than 1 GHz.
Magnetic noise results from relatively slow, nuclear pro-
cesses, and so we set its high-frequency cutoff to 10 kHz.
Neither high-frequency cutoff is known exactly (or possi-
bly even physically meaningfully); however, simulations
of the present experiments are insensitive to this num-
ber when it is set to a reasonable value, and when the
total noise power is calibrated to replicate decays for free-
evolution and triple-quantum-dot experiments as described
in the main text.

For each value of external magnetic field and #g. in
Fig. 4, we simulate a full NZ1ly experiment, except that
instead of an ensemble of single-shot measurements, we
take the singlet probability directly from the numerical
spin-state vector and advance the simulator clock (rele-
vant to 1/f noise generators) so as to account for the time
those single-shot measurements consume. The duration of
piecewise constant intervals in our simulation is set by
events, i.e., by pulses (intervals of time ) and idles
(intervals of time #qp). Since the Larmor evolution and
the high-frequency noise cutoffs are so slow relative to
pulsing speeds, entire pulses and idle times can be col-
lapsed into single constant-evolution segments with use
of the averaged integrated noise over that segment; addi-
tional time segmentation adds a negligible difference in

accuracy. For tige < 100 ns, we average each NZ experi-
ment (at repetition number ») 250 times, and then sweep 7,
maintaining continuity of the 1/f noise generation across
repetitions. For #ge > 100 ns, we reduce the averaging to
100 instances. More averaging is required at smaller #ge
since the leakage rate is so small. The simulated experi-
ment is then fit with use of the same procedure as described

in Appendix C.
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