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We propose and analyze deterministic protocols to generate qudit photonic graph states from quantum
emitters. We show that our approach can be applied to generate any qudit graph state and we exemplify it
by constructing protocols to generate one- and two-dimensional qudit cluster states, absolutely maximally
entangled states, and logical states of quantum error-correcting codes. Some of these protocols make use
of time-delayed feedback, while others do not. The only additional resource requirement compared to the
qubit case is the ability to control multilevel emitters. These results significantly broaden the range of
multiphoton entangled states that can be produced deterministically from quantum emitters.
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I. INTRODUCTION

Entanglement is a uniquely quantum property that plays
an important role in almost all aspects of quantum informa-
tion science, including quantum computing [1], quantum
error correction [2,3], quantum sensing [4], and quan-
tum networks [5—7]. Many of these applications require
the generation of large multiphoton entangled resource
states upfront, especially in the context of measurement-
or fusion-based quantum computing [8—10] and quantum
communication [11—14].

However, the creation of entangled states of many
photons is challenging because photons do not interact
directly. Standard ways of circumventing this issue make
use of either nonlinear media [15] or quantum interfer-
ence and measurement [16,17]; the former approach is
made challenging by low coupling efficiencies, while the
latter is intrinsically probabilistic. Approaches that rely
on interfering photons are usually based on linear optics
and postselection [16,17] and consequently the success
probability decreases exponentially with the number of
photons [16,18]. Despite a number of conceptual and
technological advances, the probabilistic nature of this
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approach continues to severely limit the size of multipho-
ton entangled states constructed in this way [19,20].

An alternative approach is to use coupled controllable
quantum emitters with suitable level structures to deter-
ministically generate multiphoton entanglement [21-23].
There now exist several explicit protocols for creating
entangled states of many photonic qubits, either by using
entangling gates between emitters and transferring entan-
glement to the photons in the photon-emission stage
[23-29], or by sending the photons to interact again with
emitters to potentially create entanglement beyond what
is generated from the emission process [30—33]. Proof-of-
principle experimental demonstrations of such determinis-
tic protocols have been performed in both the optical and
microwave domains [34—37].

To date, the vast majority of theoretical and experimen-
tal efforts toward the deterministic generation of multi-
photon entangled states have focused on photonic qubits.
These are based on using either polarization, spatial path,
or time bin as the logical encoding. However, photons can
naturally encode not only qubits but also multidimensional
qudit states; e.g., by using more than two spatial paths or
time bins. This can allow for novel approaches to quantum
computing, communication, sensing, and error correction
in which quantum information is stored in a more compact
way [38—40]. Such states can, in particular, provide bene-
fits in quantum networks and repeaters [41,42]. Although
there have been recent experimental demonstrations of
entangled-qudit-state creation, these have been limited
thus far to two photons [38,43]. An outstanding question
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is whether multiphoton entangled qudit states can be gen-
erated deterministically from a small number of quantum
emitters.

In this paper, we propose and evaluate deterministic
methods to generate multiphoton qudit graph states from
multilevel quantum emitters. We present several different
explicit protocols that can produce various states either
using a single emitter together with time-delayed feed-
back or using multiple coupled quantum emitters. We
first show that any qudit graph state can be produced
from multilevel quantum emitters with an appropriate level
structure using a small set of gates on the emitters. We then
focus on constructing one- and two-dimensional (1D and
2D) cluster states, as well as highly entangled multipar-
tite states called absolutely maximally entangled (AME)
states. These states are defined by the property that they
maximize the entanglement entropy for any bipartition
[44,45] and they have applications in quantum error-
correcting codes (QECCs) and secret sharing [2,44-50].
In addition, we present protocols for constructing logical
states of QECCs the code spaces of which are spanned
by AME states of qutrits. Our approach to qudit photonic
graph-state generation incurs only a small resource over-
head compared to the qubit case, primarily in the require-
ment of multilevel control of quantum emitters, which has
been achieved experimentally in atomic and defect-based
systems [51-54].

The paper is organized as follows. We begin with a brief
review of qudit graph states and basic qudit operations
(Sec. II). In Sec. 111, we describe how to produce photonic
qudits from quantum emitters. In Sec. IV, we illustrate our
basic approach to multi-qudit-state generation and show
that any qudit photonic graph state can be generated from
quantum emitters using a small set of operations. We also
present examples of generating 1D and 2D qudit graph
states. In Sec. V, we present protocols for generating var-
ious AME states. In Sec. VI, we show how to generate an
explicit example of a QECC the code words of which are
all AME states of qutrits. Section VII discusses possible
physical implementations. We conclude in Sec. VIII.

II. BACKGROUND: QUDITS AND GRAPH STATES

In this work, we focus on the generation of an important
class of entangled states called graph states [55]. Graph
states are pure quantum states that are defined based on a
graph G = (V,T"), which is composed of a set V of n ver-
tices (each qudit is represented by a vertex) and a set of
edges specified by the adjacency matrix I'. I is an n x n
symmetric matrix such that I';; = 0 if vertices 7 and j are
not connected and I';; > 0 otherwise [55-58]. These states
have many applications in measurement-based quantum
computing [9,59], quantum networks [12—14], and QECCs
[60,61].

There are differences between qubit and qudit graph
states. For the qubit case, the graph state is defined by
initializing all qubits in the +1 eigenstate of the X Pauli
matrix, i.e., the state |+) = |0) + |1) (here and in the fol-
lowing, we will not always explicitly normalize states for
the sake of a more compact notation) and then applying
controlled-Z (Cz) gates on all pairs of qubits connected
by an edge. In the case of qubits, the adjacency matrix
I" contains two different elements: I';; = 0 whenever two
vertices i and j are not connected, and I';; = 1 other-
wise. Most of the existing protocols for creating multi-
photon entangled states have focused on the generation of
multiqubit graph states [22-29,31-33].

To define qudit graph states, we first introduce gener-
alized Pauli operators acting on qudits with ¢ levels [58].
The Pauli operators X and Z act on the eigenstates of Z as
follows:

X|iy=1]i+1 mod g), @)
Zli) = o'i). (2

These operators are unitary and traceless and they satisfy
the condition ZX = wXZ, where w = ¢'?"/4 is a gth root
of unity. Each of the Pauli matrices has ¢ eigenvalues and
eigenvectors. The powers of X and Z applied to basis states
give

X%liy = li+a mod gq), 3)
ZPliy = & i), 4)

and X7 = Z9 = 1. Similar to the case of qubits, we can
define controlled-Z# (cz?) gates as

c2Pli,jy =PV ij), VBe{l,....,q—1}. (5
In the above, the special case of ¢ =2 corresponds to
qubits.

One other operator that is essential to studying qudit
graph states is the Hadamard gate. The Hadamard gate H
is a matrix that maps the Z eigenbasis into the X eigen-
basis. For qubits, we have H|0) = |4), and H|1) = |—),
where |—) is the —1 eigenvector of the X Pauli operator.
There is also a useful identity involving the Hadamard and
the Pauli matrices X and Z: HXH = Z.

Similarly to the qubit case, we can define the qudit
Hadamard operator H such that H|i) = |X;), where |.X;) is
an eigenstate of X. In general, we can write

q—1
Hliy =) o) = 1X), Yie{0,l,....¢=1}. (6)
j=0

The relationship between the Hadamard and the Pauli
operators X * and Z“ in the case of qudits takes the form
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HX*H=7°, (7)

where H is the inverse of H:

q—1
HYiy =Y "0 j) = X, modg)s
j=0

Vi=1{0,...,q— 1} )]

Also note that AT acts on the X eigenbasis as HT|X;) = |i).

To understand how we can use these ingredients to
define qudit graph states, we present an explicit example
involving qutrits. A qutrit is realized by a three-level quan-
tum system (¢ = 3), where we denote the Z eigenstates by
|0), [1), and |2). The X eigenstates are then

1Xo) = 10) + [1) +12), 9)
1X1) = [0) 4+ o|1) + &?[2), (10)
1Xa) = [0) + w?|1) + o|2), (11)

where w = € ?"/3. The X operator couples levels as fol-
lows: X|i) = |i+1 mod 3) and X?|i) = |i +2 mod 3).
The Z and Z* operators add different phase factors to
each basis state, i.e., Z|i) = o'|i) and Z?|i) = w*|i), while
X*=1landZ®=1.

In order to obtain qutrit graph states, we first initialize
all qutrits in state |X,). For each edge, we can consider two
possible gates on the corresponding qutrits: ¢z and cz?,
which are defined such that

czli,j) = o' i,j), (12)
cZli,j) = 0¥ i,j), (13)

where i,j € {0,1,2}. Therefore, the adjacency matrix I"
contains three different elements, I';; = 0 when the two
vertices 7 and j are not connected, I';; = 1 when they are
connected via CZ, and I';; = 2 when they are connected
via cZ?.

A general graph state of n qudits can be expressed as

l_‘..
[ ez, | 1X0)®"

i<j

q—1

- (Mesr) ¥

i<j k1. skn=0

lkiky .. k)

g—1

- Z ]‘[wkfkﬂw‘ \kiky ... k). (14)

bt =0 \ i<j

L. EMITTING PHOTONIC QUDITS

In addition to qudit operations, another key ingredi-
ent we need to generate qudit photonic graph states is a
“pumping” operation that produces photonic qudits from
quantum emitters. In this section, we explain how such
operations can be realized in systems containing mul-
tilevel emitters with the appropriate level structure and
selection rules. Later on, in Sec. VII, we give explicit
examples of such systems, which include color centers
in solids, trapped ions, and neutral atoms. In the present
section, we also illustrate how photon pumping, together
with qudit operations on emitters and photons, can be used
to deterministically create entanglement between photonic
qudits.

As a warm-up example illustrating how this works, in
Sec. 1V, we present protocols for generating 1D qudit
graph states using a single quantum emitter with an appro-
priate level structure. This example is closely related to
Ref. [62], which has shown how to produce a qubit 1D
graph state from an emitter comprised of a single elec-
tron spin in an optically active quantum dot. That work
has introduced a protocol in which each photon emis-
sion is preceded by a Hadamard gate. Repeating the basic
sequence of Hadamard gate followed by optical pump-
ing or photon emission 7 times results in a n-qubit linear
graph state. Because each photon emission can be viewed
as a controlled-NOT (CNOT) gate acting on the emitter and
emitted photon, this operation together with the Hadamard
gates effectively generates the requisite CZ gate between
neighboring photonic qubits.

Although the original proposal of Ref. [62] focused on
using photon polarization as the qubit degree of freedom,
it is important to note that one can also generate a linear
graph state based on time-bin qubits by using circularly
(rather than linearly) polarized light to pump the emit-
ter and by including a few additional operations during
each cycle of the protocol [63]. In this protocol, only one
of the emitter ground states—say, |0)e—can be optically
excited by the pump, so that an initial superposition state
|0)e + |1)c becomes |0)|0), + |1)c|vac) after the first pho-
ton emission, where |0), corresponds to a photon in the
first time bin, while |vac) represents the vacuum. If we
then apply an X gate on the emitter and perform a second
optical-pumping operation, we obtain [1)¢|0), + [0)c[1),,
where |1), corresponds to a photon in the second time bin.

The above protocol for time-bin qubits naturally extends
to time-bin qudits with local dimension ¢, provided that
we have at our disposal a quantum emitter with g energy
levels comprising the ground-state manifold, one of which
is optically coupled to an excited state. As in the qubit
case, upon emission these photonic time-bin qudits will
be entangled with the emitter. In general, the cyclic tran-
sitions commonly used for optical readout of various qudit
systems can be used to optically pump photonic time-bin
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qudits with ¢ levels through a straightforward generaliza-
tion of the pumping procedure described above for qubits.
For example, consider a three-level quantum emitter with
states |0)e, |1)e, and |2).. We can initialize the emitter in
the equal superposition state |0)e + |1)e + |2)e and then
alternate between pumping the system and performing an
X? gate [Eq. (3)]. Repeating this two-step cycle 3 times
yields the state [0)¢]0)p + |1)c]1)p + [2)c|2)p, Where |0),
|1)p, and |2), are three different photonic time-bin states
in chronological order. Denoting this net photon-pumping
operation by Pyump, we have

2
PR p(10)e + [1e + 12)e) = Py D lie
i=0

= |0)e|0>p + |1>e|1)p + |2)e|2>pa (15)

where Ppimp produces photon p from emitter e. This can
be generalized to qudits with arbitrarily many levels g:

q—1 q—1
Pl D lide= > Iidelidy
i=0 i=0

=10)e|0)p + [T)e[L)p + -+ lg = T)elg — 1)p.
(16)

This state is obtained by applying X¢~! to the emitter
after each of the g pumping operations. The full photon-
pumping operation is depicted in Fig. 1. If we use the
convention that photons that have not yet been emitted are
initialized in state |0),, then we can express this operator
as

q—1
Pobp = D lielile ® X;. (17
i=0

Note that we can modify the pumping operation to obtain
different emitter-photon entangled states by changing the
gates on the emitters. For example, in the qutrit case
described above, if we replace X2 by X, then we obtain the
state [0)e]0)p + [1)e|2)p + [2)e[1)p. In Sec. IV, we show
that having access to these multiple versions of Ppymp is
important for generating the various types of edges that
qudit graph states can have. We will also see that Pyymy is
the key ingredient needed for the deterministic generation
of qudit graph states.

IV. GRAPH-STATE GENERATION

Any graph state of n photonic qudits with g levels each
can be generated from a collection of coupled g-level
quantum emitters using the operations described above.
The simplest way to see this is to note that any photonic
graph state can be generated in a conceptually straight-
forward manner by first preparing the target graph state

IE)e

W,. -

v

11)e 12)e lg —1)¢

[0)e

FIG. 1. The photon-pumping operation Ppyyp. Time-bin pho-
tonic qudits with g levels are generated from a quantum emitter
with ¢ ground states (|0)e,...,|qg — 1)), one of which (]|0).)
couples to an optically excited state (|E).). A time-bin pho-
tonic qudit is created by applying optical 7 pulses and X4~!
gates in alternating fashion. Each X9~! gate rotates the ¢ ground
states cyclically as shown. By applying the 7-pulse-X9~! gate
sequence ¢ times, one obtains a photonic time-bin qudit with ¢
bins that is entangled with the emitter.

on the emitters and then performing one photon-pumping
operation on each emitter. If we then apply Hadamards
on the emitters, measure the emitters, and finally apply
measurement-adapted single-qudit gates on the photons,
we can arrive at the target photonic graph state.

To see how this works in more detail, we can first pre-
pare the graph state on the emitters by preparing each

o . Ty
emitter in the |Xo) state and then applying the gate CZ%;
on each pair of emitters e; and e;, where I' is the adjacency
matrix of the graph:

[T | k.. ka)e.  (18)
ki degdin=0 \ i<j

Because sz;g;'p and CZ;’;’Q/. both leave the Z-basis states on
emitter e; invariant, it follows that these two operations
commute. Therefore, the state after we apply the photon-
pumping operation on each emitter can be rewritten as

follows:

n g-1
(1_[7’;?51%%> [Tz | > k.. ke
=1

i<j k1 ke kn=0

r n q—1
ij s
- (Mo ) (Mmn) 5wk
i<j =1 k],k2 ..... kn:()
q—1
F..
=[Tczt] D. Ihk.. ke ®lkiky.. Ky
i<j k1.ky,....kn=0
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q—1
= > (T | k... k)e®
k1.kp,....kn=0 i<j
kiky . . )
qg—1
Iy
= l_[CZPi:;’j Z lkika .. k) e®
i<j k1.ko,....kn=0
ks . . )
Ty -
= [1ewn, ®Zlk ® [k (19)
i<j i=1 k=0

If we now apply the Hadamard operation on each emitter
and then measure it in the Z basis, the state becomes

1_[ CZp,p;

i<j

R,

® |X0 Pi° (20)

where o; is the outcome from measuring emitter e;. If we
then perform the operation Z?~% on each photon p; and use
that

VAR |Xo,-> = |Xoi+q70imodq> = |X0>a (21)
the state becomes
n
[en | e @ @2
i) i=1

We see that the final state of the photons is precisely the
target graph state.

The above analysis shows that arbitrary graph states of n
photonic qudits can be generated using at most #» multilevel
quantum emitters. However, for most (if not all) resource
states of practical interest, far fewer than »n emitters are
actually needed. This is because, in the above analysis, all
the entanglement in the final resource state is created from
emitter-emitter entangling gates. However, the emission
process provides a second source of entanglement, since an
emitted photon shares a maximally entangled link with the
emitter it emerges from, as is evident from Eq. (16). If this
entanglement can also be channeled into the target pho-
tonic graph state, then fewer emitters and emitter-emitter
entangling gates will be needed. In this section, we show
an extreme example of this, namely the 1D linear graph
states. Figure 2 shows two small examples. Such states
can be produced using only one emitter, regardless of how
many photons they contain. In Appendix A, we show how
to construct a ladder state and more general 2D graph
states referred to as cluster states (see Fig. 3). In partic-
ular, we show that a ladder state containing 2 x n photons

(a
*—o—@

(b)
*—0—=0

FIG. 2. The 1D linear graph states of three qudits. (a) A linear
graph state in which both edges correspond to €z gates. (b) A
linear graph state in which both edges correspond to Cz? gates.

can be generated using two quantum emitters, while a more
general 2D cluster state of size m x n with m < n can be
produced from m emitters. Unlike in the qubit case, in the
case of qudits there are multiple types of 1D or 2D clus-
ter states, depending on whether we use Cz or cz? or CZ3,
etc., for each edge. For example, two different linear graph
states of three qudits are shown in Fig. 2, where we use
single edges to denote CZ and double edges to denote cz?.
We can of course also have graph states that contain both
types of edges, triple edges, etc.

We now show how to generate 1D linear photonic g-
level qudit graph states comprised of only CZ edges [as
in Fig. 2(a)] from a single g-level quantum emitter. Here,
the only nonzero components in the upper triangle of the
adjacency matrix are along the superdiagonal, I';;; = 1,
and so the target graph state with n photons is [using Eq.

(14)]

q—1 n—1
> (]_[ wkfkm) ik ... k). (23)

Klkayeofin=0 \i=1

(a)

(b)

FIG. 3. The 2D linear graph states. (a) A ladder state contain-
ing 2 x n photons and (b) a 2D cluster state containing m X n
photons.

020346-5



RAISSI, BARNES, and ECONOMOU

PRX QUANTUM 5, 020346 (2024)

o4l &} (1]~

0
| >e Ppump 6_Ppump 6})1
e e

" —or,
P

3

{1 ]

FIG. 4. The graph-state-generation circuit for 1D graph states
of three photonic qudits like those shown in Fig. 2.

The main operations that we need to produce this state are
the qudit A gate [Eq. (6)] and the photon-pumping opera-
tion Ppump [Eq. (16)]. We first prepare the emitter in the
state |0). and then apply the H gate to convert this to
ZZO_:lO lko)e. Applying Ppump to produce a photon yields
the state ZZO;IO |ko)e ® lko)p, and performing a second H

gate on the emitter converts this to ZZO_,; _o @ K1 kg)e ®
|k1)p,. We can then repeat the two-operation sequence
HPpump an additional n — 1 times to produce the following
state of n photons entangled with the emitter:

qg—1

n
kok1 , kik kn—1k
> WMehR e pftt k) @ (R) kep,. (24)
kO:kl ,,,,, kn=0 =1

We can then measure the emitter in the Z basis to dis-
entangle it from the photons. The postmeasurement state
is

q—1 n
lo)e® Y w0 hefth o Q) k), . (25)
k1y.oskn=0 =1

where o, is the measurement outcome. We can apply the
operation Z77° to photon p, to finally bring the n-photon
state into the form of the target state [Eq. (23)]:

q-1 n
lo)e® Y @R of Q). (26)
k1yeoskn=0 =1

The full graph-state-generation circuit for the case of n = 3
photons is depicted in Fig. 4.

The state shown in Fig. 2(b) can be generated in a similar
fashion but now with a modified photon-pumping opera-
tion in which the X 9~! gates on the emitters are replaced by
X472 gates. Starting from an equal superposition of emitter
states, ?;01 |i)e, this modified version of Pyymp produces
the state YY" |2 mod ¢). ® |i),. Applying an H gate on
the emitter then yields

q—1
> o) ® i (27)

ij =0

Comparing this to Eq. (5), we see that the use of this modi-
fied Pyump effectively generates a Cz* gate between emitter
and photon instead of cZ. When the next photon is emitted,
this becomes a Cz2-type edge in the photonic graph state.
More generally, we can create a CZ°-type edge by using
a modified Ppymp that uses X977 gates on the emitters. In
this way, we can not only create states as in Fig. 2 but also
states that contain multiple different edge types. We also
note that there exists an alternative way to create cz?~!
edges where, instead of modifying Ppump, We can replace
the H gate by H' after each photon-pumping operation, as
follows directly from Eq. (8). This alternative method will
be used to generate various graph states in Sec. V.

In the above examples, we create all the necessary
entanglement via Cz? gates between emitters and via
the emitter-photon entanglement that is created during
the emission process Ppump. We do not make use of
emitter-photon interaction in these examples. Such addi-
tional interaction after photon generation can be used
to perform emitter-photon entangling gates such as Cz,
cz?, ..., cz¢7!. Allowing this third mechanism for entan-
glement generation can lead to even further reductions in
the numbers of emitters needed to produce a target graph
state. We give explicit examples of this in the next section,
where we present protocols for generating AME states of
photons. For example, in Sec. VB and Appendix B, we
present and compare two methods of constructing an AME
state of five qudits for any ¢ > 2. In the first method, the
use of additional interaction to perform emitter-photon Cz
gates makes it possible to generate the entire state using
only a single emitter. The second method does not assume
that interaction post photon generation is an option, in
which case two emitters are needed to create the state.

V. AME STATE GENERATION

Absolutely maximally entangled (AME) states, also
referred to in some works as multipartite maximally
entangled states [64—66], are pure n-qudit quantum states
with local dimension ¢ such that every reduced density
matrix on at most half the system size is maximally
mixed. For example, the Bell state |¢*) = |00) + |11) and
the Greenberger-Horne-Zeilinger (GHZ) state |GHZ) =
[0000) + |1111) are both AME states, because the reduced
density matrices on each half of the system are completely
mixed. More formally, an AME(#n, ¢) state is a n-qudit pure
state in H(n, q) := (C?" if and only if

ps = Trse [Y) (Yl oc 1 VS CHL,...,n},IS] < [n/2],

where S¢ denotes the complementary set of S. In this
section, we describe how one can generate some of these
states from quantum emitters. In the following, we use
the notation |AME(n, ¢)) to refer to known AME states in
their standard representation, whereas we use the notation
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[AME(n, @) grapn) to describe their graph-state forms, which
are local-unitary equivalent.

A. Generating AME states of four qutrits

While it is known that AME states of four qubits do
not exist [2,67], such states can exist for ¢ > 2 [46,68].
For example, in the case of four qutrits (¢ = 3), the
corresponding AME state can be written explicitly as [68]:

2
IAME(4,3)) = > |o, B, + f mod 3,0 + 2 mod 3)
o,f=0

= 0000) + [0112) + 0221)
+1011) 4 |1120) + [1202)
+12022) + 2101) + [2210), (28)

where the local dimension is ¢ = 3. This state is locally
equivalent to the graph states shown in Fig. 5 [68]. In par-
ticular, one can perform H gates on the third and fourth
qutrits of Eq. (28) to arrive at the graph form of the state:

2
IAME(4, 3)grapn) = Y o0/ o o™ |i,j, k1), (29)
irj k,J=0

For the photon ordering shown in Fig. 5(a), this is

|AME (4, 3)graph)
= 2 oo i )y Ky s - (30)

i Jo]=0
while for the photon ordering shown in Fig. 5(b) we have

|AME (4, 3) graph)
= Z wlkw’ka)’la)zﬂ|i>p1U>p4|k>pz|l>p3- G

ij =0

In what follows, we present protocols for generating the
states in Egs. (30) and (31) from two quantum emitters,
each of which has three ground levels, one of which (]0).)
is optically coupled to an excited state via a cyclic tran-
sition. Although the two states in Egs. (30) and (31) are
the same up to a swapping of two photonic qutrits, there
are important physical distinctions here. First, the order
in which the photons are produced is different in the two
cases, as we describe below; this can be an important fac-
tor in how the resource state is used, since it is generally
preferable to produce photons in the order in which they
are later measured to reduce photon storage requirements
[29]. In addition, the two protocols require different types
of emitter gates. In both protocols, we make use of entan-
gling operations between the emitters, in the spirit of Refs.

(a) (b)
P1 P3 P3 P1
123 Pa P4 )2

FIG. 5. The AME state of four qutrits. (a) The graph that repre-
sents the JAME(4, 3)graph) state. (b) A graph representing a state
that is the same as the one in (a) up to a rearrangement of the
qutrits.

[24,27,29,69—72]. However, method 1 requires the ability
to perform H, H', and cz on the emitters, while method
2 requires H, Cz, and cz?. Thus, one can trade one type
of entangling gate for an additional type of single-emitter
gate in this case. The quantum circuits for both protocols
are presented in Fig. 6.

Our first method of generating an AME state of four
qutrits [Fig. 6(a)] involves the following steps:

Step 1: Prepare the two emitters in the state

— |¢stepl) = |O>61|0>62
Step 2: H gate [Eq. (6)] on each emitter

S [sep2) = Yiig 1i)ey Doy

(a) Zol@ P,
Pl P P3
Ppump"_Ppump : Opl
10), H s
0.@{r][z 1z {H A
Ppumpo 7Dpump 6 P,
P 7z @,
(b) 7201 Py
Pl P3 P3
7Dpurnpb_,])pump ‘Pl
0, @‘T‘ Il s
o. ] [
7)pumm‘ Ppump = Q1

FIG. 6. The quantum circuits that produce the two versions of
the state [AME(4, 3)graph) shown in Fig. 5.
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Step 3: ¢z gate [Eq. (12)] on the two emitters
S [aeps) = Yo @ [Dey 1D)e,
Step 4: Ppump [Eq. (15)] on each emitter
= Ibsept) = Yigmg @ li)ey g, 1D es 1D,
Step 5: H gate on the 1st and H' gate [Eq. (8)] on the
second emitter
— |¢step5)
= Ziz,j,k,lzo oo™ ¥ 1K)y 1o, [ Dy 12},
Step 6: CZ gate on the two emitters
— |¢step6>
= 307 gm0 @ @ @ Ky 1)p, e D,
Step 7: Ppump On €ach emitter
— |¢Step7)
=Xy o e K, i, ey
)41 0)p,
Step 8: H gate on each emitter and measure each emit-
ter in the Z basis
— |¢step8> = |AME(4, 3)graph>

2 ik, gk il 21 (a1
= Zi,j,k,l:O @ " ¥ |i)p, [/ )py 1K) ps | 1) p,

To yield the state in the last step, we have also per-
formed the local gates Zp:', Zp.> on photons 3 and 4,
where 0 and o0, are the measurement outcomes for emit-
ters 1 and 2, respectively. The final state in step 8 is the
state |AME(4, 3) graph), shown in Eq. (30). All the steps are
summarized by the quantum circuit shown in Fig. 6(a).

To produce the state shown in Fig. 5(b), we propose the
following slightly modified protocol. The first four steps
remain the same as above, but steps 58 are different:

Step 5°: H gate [Eq. (6)] on each emitter

— |¢Step5)

2 il i i . .

= Zi,j,k,l:O oot 1K) ey 1)p, 1 ey D),
Step 6°: Cz? gate [Eq. (13)] on the two emitters

— |¢step6)

2 il ik, gl 2 ; ;
= X5, kim0 @ 0 OV [R)e, 1), 1) e 1),

Step 7’ Ppump [Eq. (15)] on each emitter

— |¢step7)
= Zii;,:() @ S 07 K)oy 1K) py 1i)py U ey ) pg 1 D)
Step 8’: H gate on each emitter
— |¢step8)
N2 Ol N1
= Zl z,/,k_,o C) |m>e1 | >p3 |l>p1 |n>ezl]>p4| >p2,

where ® = o’ w* o/ ¥ " "
Step 9’: Measure each emitter in the Z basis
— |¢Step9) = |AME(4, 3)graph>

; MBS S)graph/
= Y kim0 @ O P i)y 1), 1) s 1),

As before, after the emitters are measured, we perform the
local gates Zé; 'ngz on photons 3 and 4, where 0, and 0,
are the measurement outcomes for emitters 1 and 2, respec-
tively, to arrive at the final state. This state is the same

as in Eq. (31) with the indices k <> [ relabeled. The quan-
tum circuit that produces this state is shown in Fig. 6(b).
Note also that larger ladder-type qudit graph states with
arbitrary combinations of €z and Cz? edges can be pro-
duced by repeating steps 5—7 in the above protocols. This
is discussed in further detail in Appendix A.

Comparing the circuits in Figs. 6(a) and 6(b), we see
that we have the freedom to choose between performing a
cz? gate on the emitters or performing an H' (instead of
H) gate on one emitter followed by a CZ gate on the two
emitters. However, these two circuits are not physically
equivalent, since the vertices of the graph are generated
in a different order in the two cases. In both protocols,
photons p; and p, are emitted first, followed by p; and
ps. However, p, and p; are swapped in the corresponding
graphs (compare the two graphs in Fig. 5) and these two
vertices are not equivalent to each other. Thus, the order in
which the photons will later be measured may determine
which protocol is the better option.

B. Generating AME states of five qudits

AME states of five qubits have been shown to exist in
Ref. [73]. By exploiting a connection to quantum orthog-
onal arrays, explicit examples of AMEC(S, ¢) states for any
local dimension ¢ > 2 have been discovered more recently
[47]:

q—1
IAME(S,)) = ) |a, B, + B mod @)lgheg),  (32)
o,f=0

that this state has a graph r_epresentation. In particular,
if one performs Hadamard gates on the third and fourth
qudits, the resulting state is

where |¢p) = X* ® ZP Z)"/—g |¥,¥). One can also show

|AME(55 Q)graph)

q—1
= Y St ik lm), (33
ik, l,m=0

which is the graph state shown in Fig. 7(a).

Here, we present two general protocols for generating
such states that work for all values of the local dimen-
sion g. The first protocol is summarized in Fig. 7(b). The
state after each layer of the circuit is shown in Appendix
B. This protocol uses only a single quantum emitter, but
it assumes the capability of an emitted photon to inter-
act again with the emitter. More specifically, it requires
the ability to perform one emitter-photon CZ gate between
one of the emitted photons and the emitter. While several
works have proposed schemes for doing this in the case of
photonic qubits [31,32,74,75], the analogous qudit opera-
tion may be substantially more challenging. This motivates
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® {H
10)

[HH 2

X P @—1Ppump P Pcimip ZHp, @ P,
P, O @ P
P. P
a (b) 2 @~
(a) 12 o @
PS
P,

l% @ 1@

Q-

(c) 7Dpum, ppum} OP?

10),

FIG. 7.

(S
10),,

(a) The graph representation of the |AME(S, ) graph) state. (b) The generation circuit for the state in (a) that uses only a

single quantum emitter with g ground states. This circuit assumes the use of emitter-photon interaction. (c) The generation circuit for
the state in (a) that uses two quantum emitters, each with g ground states. This circuit does not require emitter-photon interaction.

the development of an alternative protocol that does not
require such an operation.

The second protocol does not require photon-emitter
interaction but at the expense of needing two cou-
pled quantum emitters. This protocol is summarized in
Fig. 7(c), where it is evident that two emitter-emitter CZ
gates are used. Aside from these gates and the photon-
pumping operation, the protocol only requires H gates
on the emitters and Z# gates on some photons. The state
after each layer of the circuit is shown in Appendix B.
In both protocols, we assume that the emitters have ¢
ground states, one of which can be optically excited to a
higher-energy state via a cyclic transition. Both use the
photon-pumping operation defined in Eq. (15).

C. Generating AME states of six qudits

Next, we consider |AME(6, q)graph) states. The graph
representations of two such states are shown in Fig. 8
[68,76]. We present protocols for generating both of these
types of graph states for qudits of arbitrary local dimen-
sion g. The first protocol utilizes two coupled emitters
with ¢ ground levels each and photon-emitter interaction
to generate graph states of the sort shown in Fig. 8(a). The
generation circuit is shown in Fig. 8(c). The gates that we
use in this protocol are H gates [Eq. (6)] and cz [Eq. (5)]
gates on the two emitters. This protocol also requires three
emitter-photon CZ gates generated by interaction after the
photons are generated. The state after each layer of the
circuit is given in Appendix C.

Next, we present a protocol for generating the
AME(6, g) state corresponding to the graph shown in
Fig. 8(b). This protocol requires three coupled emitters
with g ground levels each but does not need photon-emitter

interaction. The circuit is shown in Fig. 8(d). The only
gates that it requires are H and CZ gates on emitters, as
well as Z# gates on the photons. The state after each layer
of the circuit is given in Appendix C.

D. Generating AME states of seven qutrits

It is known that while AME states of seven qubits do not
exist [77], AME states of seven qutrits do exist. Through an
exhaustive numerical search checking the bipartite entan-
glement of various graph states, it has been found that the
graph shown in Fig. 9(a) corresponds to the AME(7,3)
state [68]. We have found that it is possible to generate this
state using two quantum emitters and emitter-photon inter-
action. The circuit is shown in Fig. 9(b), while the state
after each layer of the circuit can be found in Appendix D.
Our protocol uses two quantum emitters with three ground
levels each, as well as photon-emitter interaction (four Cz
operators between photons and emitters). The protocol is
similar to the one presented above for the AME(6,g) states
depicted in Fig. 8(a) due to the similarity in graph structure.

A summary of the multiqudit graph-state-generation
protocols presented so far is given in Table 1.

VI. QUANTUM ERROR-CORRECTING CODES

It is known that AME states are useful for construct-
ing QECCs [2,46,49]. In this section, we show how this
connection can be exploited to develop protocols for gen-
erating multiphoton logical states of QECCs. First, we
briefly review the relation between certain QECCs and
AME states. A subspace C spanned by an orthonormal set
of states {|0), [¥1),...,|¥k_)}, also called code words,
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FIG. 8.

Ppumy Ppumy

(a,b) Two types of AME(6, g) states represented as graphs. (c) The circuit that generates the state in (a) using two quantum

emitters and emitter-photon interaction. (d) The circuit that generates the state in (b) using three quantum emitters but no emitter-photon

interaction.

is a QECC with parameters [[#, k, d]l,. This code is a q*-
dimensional subspace that encodes & logical qudits into »
physical qudits, if it obeys the Knill-Laflamme conditions
[60,78]

Vm,m' €[] (WnlETF|Yu) = (ETF) 8y, (34

for all errors £ and F' with weight(£ TF) < d, where the
weight of an operator is defined to be the number of sites
on which it acts nontrivially. The parameter d is the dis-
tance of the quantum code, which is the minimal number of
single-qudit operations that are needed to create a nonzero
overlap between any two code words from the code state
space C. A QECC with minimum distance d can correct
errors that affect no more than (d — 1)/2 of the physical
qudits. In this section, we show how to generate a [3, 1, 2];

QECC, for which the code words are all AME states of
three qutrits.

First, let us review how to construct the [3,1,2]s
quantum code (see also [3,49,79]). It is known that the
AME(3, 3) states [49,80]

2
o) =D 1ijoj)s
j=0

2
Y1) = Mlyo) = | + 1 mod3,/,j +2mod3),
j=0
2
[Y2) = M?[yo) = Z[]’ +2mod3,j,j + 1 mod 3),
j=0

(35)

P
(@) (b) 2 —eli e,
23 CP3
Ppum Ppum
N / N |0)e] pumg pump| i OPI
’ ‘\ 1y i (|
2 g
| >e. ot TP I A I 1
103, P P, 1P, Q7
- s oump - o,
P4 P CPS
PS

FIG. 9.
photon-emitter interaction.

P

7

(a) The graph representing the [AME(7, 3)grapn) state. (b) The circuit that generates the state in (a) using two emitters and
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TABLEI. A summary of the generation protocols of various multiphoton qudit graph states presented in this work. For each protocol,
the corresponding graph representation of the target state is shown, along with the number of photons it contains, the number g of
photonic time-bin states, the number of quantum emitters (with ¢ ground states each) needed to produce the state, and whether or not
photon-emitter interaction is required for the protocol.

Graph Number of photons ~ Local dimension ~ Number of emitters ~ Photon interaction required?
q=3.=.=."‘._=. n>2 g=>2 1 no

)

® ©

n=>5 q=>2 First method: 1 yes
Second method: 2 no
@ n==~6 q=>2 2 yes
@ "= 6 q Z 2 3 1o
@ n="7 qg=3 2 yes
are the code words of the [[3, 1, 2]]; code. In the above, the 2 ' o
operator M is definedas M = X ® 1 ® X2. W) =HRL@H |y) = Y oV ™Prel™V |k, j i),
In order to construct the corresponding graph states, it iyj k=0

helps to first note that by performing an H gate [Eq. (6)], (38)

on the first and third qudits, we obtain
Note that the state |/)) is equivalent to the three-qutrit
graph state shown in Fig. 2(a) and discussed in Sec. III.
Thus, we already know how to generate this state and so
) it remains to show how to produce [}) and |y}) from a
no_ _ K ij . three-level quantum emitter. For this, let us first discuss
o) =H®L&H [yo) = ), oo [kj.i), (36) e cenerate |y

iyj k=0
2 . .
. e Step 1: Prepare the emitter in the state
W) =HRLQH Y1) = Y okl |k, j. i), S sept) = [2)e
1 k=0 Step 2: H gate [Eq. (6)] on the emitter

(37) — |¢stcp2) = Z?:O w2i|i>e
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Step 3: Ppump [Eq. (15)] on the emitter
= [gueps) = Lig @li)elily
Step 4: H gate on the emitter
— |¢step4) = Zij:() ol U>e|i>p1
Step 5: Ppump and H gate on the emitter
S |Buieps) = Yoy im0 @ Il )p, ),
Step 6: Z gate [Eq. (2)] on the emitter
— |¢step6)
2 i .
=2 i) k0 @707 " k)| ), 1),
Step 7: Ppump and H gate on the emitter
— |¢step7)
=37 i

o " |l>e|k>p3V)p2|i>p1

Step 8: Measure the emitter in the Z basis. Perform
the gate ng on photon p;, where o is the measurement
outcome. The resulting state is the desired |y/):

w2l ok

— |¢step8) = H//{)

2
= Z wZina)ikwk|k>p3V>pz|i)P1' 39)

ij k=0
A similar protocol can be used to generate |/;):

Step 1: Prepare the emitter in the state
— |¢stepl) = |1>e
Step 2: H gate [Eq. (6)] on the emitter
> [Buep2) = g lide
Step 3: Ppump [Eq. (15)] to obtain the state
— |¢step3> = Z?:Owime“)p]
Step 4: H gate on the emitter
— |¢step4) = Z =@ aﬂl]) |i)p1
Step 5: Ppump and H gate on the emitter
S |Puieps) = Yoig 0@’ @ & k)l )p, i),
Step 6: Z? gate [Eq. (4)] on the emitter
S |Buieps) = X7 0@’ @ @ [l )y, 1,
Step 7: Ppump and H gate on the emitter
— |¢step7)
2 IO Ny
= Z ij, @ o F oo |l>e|k>p3 I )p2 |l>p1
k=0
Step 8: Measure the emitter in the Z basis. Perform

the gate Zg;’ on photon p;, where o is the measurement
outcome. The resulting state us the desired |y/}):

— |¢step8> = |l//£>
2
= Z wia)ija)’szk |k>p3V>P2|i)pl' (40)

ij k=0

Similar protocols can be devised to generate the code
words of QECCs associated with any of the AME states
discussed in Sec. V.

VII. PHYSICAL IMPLEMENTATIONS

Photonic qudit states can be generated from a range of
different emitters. On the solid-state side, an example is
the well-known NV center in diamond, where among its
three ground states, |0) and | £ 1), state |0) can be reliably
pumped to an excited state that subsequently decays back
down to |0), emitting a photon [51,52]. NV centers can
thus be used to generate photonic time-bin qutrits. Since,
however, the NV has a very low probability of emitting
into the zero-phonon line, it may be preferable to consider
alternative defects. The silicon-carbon divacancy in SiC is
another defect that has a triplet ground state and that gen-
erally resembles the electronic structure of NV diamond
but with improved optical properties and comparably long
coherence times [81-83]. For local dimension g = 4, the
silicon vacancy in SiC could be used instead.

Atomic systems provide even more options for the value
of ¢, as they can contain well-resolved hyperfine states.
Trapped ions such as “’Ca™ [53] and '"'Yb* [54,84,85]
can serve as multilevel quantum emitters with local dimen-
sions ranging from g = 3upto g = 7[53,54,84-87]. There
has been significant experimental progress in realizing
single- and multiqudit gate operations in chains of such
ions [53,54]. Few-atom systems in a cavity are another
contender for generation of qudit graph states. A recent
milestone experiment has demonstrated the generation of
GHZ and linear cluster states of qubits from an Rb atom
[36]. While in that experiment the photonic qubit was
encoded in the polarization degree of freedom, and there-
fore only two of the states in the ground-state manifold
were used explicitly in the protocol, a similar setup could
be employed to demonstrate qudit graph-state generation
with time-bin encoding and with more levels participat-
ing in the generation process (up to ¢ = 8, when both
the F/ =1 and the /' = 2 manifolds are used). To create
more complex qudit graphs, cavity-mediated interactions
between two or more atoms can be leveraged to create
qudit cz-type gates by modifying the protocol for the
already demonstrated two-qubit gates in such systems [88].

VIII. CONCLUSIONS AND OUTLOOK

In conclusion, we have presented explicit protocols for
using coupled controllable quantum emitters to determin-
istically generate multiphoton entangled states of time-bin
qudits. We have proved that any graph state of time-bin
photonic qudits can be generated from coupled quantum
emitters with a suitable level structure using a small set
of single- and two-qubit gates on the emitters. We have
shown that any linear graph state can be produced from a
single quantum emitter and that 2D cluster states of size
m X n can be generated using m < n emitters. We have
then focused on the problem of generating highly entan-
gled states known as AME states, which are important for
a number applications in quantum networks and quantum
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error correction. We have shown that such states can be
produced from a small number of emitters, with or with-
out photon-emitter interaction. In some cases, we have
found that fewer emitters can be used if photon-emitter
interaction is available, providing hints at what sort of
resource trade-offs are possible in general. Potential can-
didates include defect centers in solids as well as atomic
systems. Our results provide a clear path forward toward
the efficient generation of complex states of light for quan-
tum information applications and a guide to experimental
groups.

Future directions that this work opens up include
addressing the question of what the minimal resources
are—in terms of the number of emitters and the circuit
depth—for the generation of a target qudit graph. One
could imagine developing a formalism to answer these
questions along the lines of what was done in the context
of qubits [29]. Another interesting direction would be to
design specific qudit gates for various candidate emitters
and to quantify the anticipated performance of the pro-
tocols. Our protocols could also be combined with new
approaches to photonic one-way quantum repeaters based
on photonic qudit states [42] to build error correction into
that approach.
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APPENDIX A: HOW TO GENERATE LADDER
AND TWO-DIMENSIONAL GRAPH STATES

To generate a ladder graph state [see Fig. 10(a)], we start
from two quantum emitters with ¢ ground levels [69]. In
this procedure, we only allow two-qubit gates that act on
emitters (no emitter-photon interaction). The procedure is
as follows:

Step 1: Prepare two emitters in the state

— |¢stepl) = |O)e1 |0>92
Step 2: H gate [Eq. (6)] on each emitter
— |¢step2) = Ziz:i=0 |i>el U)ez
Step 3: cz gate [Eq. (5)] between the emitters

— |¢step3 Zl:/ ()wlj |l U)ez
Step 4: Ppump [Eq. (15)] on each emitter

S [Bsieps) = 220 @ 1idey [1hpy [ ey [ D

Step 5: H gate on each emitter
— |¢Step5)
= Zq,‘,,', o’ v |k>e1 |l>p1 |Z>e2 lj )p2
ki=0
Step 6: Ppump 0on each emitter
— |¢step6)

-1 .. . . . .
= Zqi,j, o’ w'* e |k>el |k)p3 |l>p1 |l)e2|l>p4l/>p2
k,1=0
Step 7: Cz gate between emitters
—1 .. . .
— |¢step6) = Zqi’/, w’ wlk“)/lwkl|k>e1 |k>p3
k=0
D 1D ey 1Dpy I dp,
Step 8: H gate on each emitter
— |¢Step8)
= Zq ijk K |m) el |k>p3 |l>p1 |”>ezll>p4 1 )p
Lm,n=0
where « := o’ w
Step 9: €z gate between emitters
— |¢step9)
= Zq ik k' |m) e |k>p3 |l>p1 |n)62 |l>p4U >p
ILm,n=0
where k” := ¥ w* /! Wk " " @™
Step 10: Ppump and then H gate on each emitter

’kw’la)klwkm wln

qg—1

D K 10)e; Im)pglKdps i)y,

ij k.l
m,n,0,r=0

|V>ezln>p6|l>p4lj>p2

— |¢step 10> =

where k" := o’ o* ! MW" " 0™ " W™

Step 11: Measure each emitter in the Z basis. Perform
the local gates Zy!~ "' Z37~"* on photons 5 and 6, where
07 and o, are the measurement outcomes for emitters 1 and

2, respectively, yielding

— |¢stepll>

gq—1
= Dk ) Ky D0py 1P 1Dy [ Vs
ij .k

1Lm,n=0

where k" 1= o 0* o/ ¥ " " ™

The final state is a qudit photonic ladder graph state like
that shown in Fig. 10(a). Note that to produce similar lad-
der graph states of larger size, i.e., size 2 x n, we need to
repeat steps 6-8.

To extend a ladder and construct a 2D graph state of size
m x n (also known as a cluster state), we need m quantum
emitters. As an example, we list the steps that one needs
to follow to generate a 3 x 3 graph state [see Fig. 10(b)]
using three quantum emitters:
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Step 1: Prepare three emitters in the state
> |Pstep1) = 10)¢;10)e, [0)e;
Step 2: H gate [Eq. (6)] on each emitter
— |¢step2> = Z?J,k=o|i>e1 U>e2|k>e3
Step 3: Two Cz gates [Eq. (5)] between e;e; and e,e;
S [seps) = 2ot 4o 0 1i)e, )y Ky
Step 4: Ppump [Eq. (15)] on each emitter
> |sieps) = D17, k_ow"ag’k [D)ey 10py U Ves 1/ )py 1K) es 1K) psg
Step 5: H gate on each emitter
> | Psteps) = Zqz,l @7 ™M (1), i)p, [m)ey [ )py 1) es 1) ps

Lm,n=0

Step 6: Two Cz gates [Eq. (5)] between e;e; and eyes

q— ik il kn l
> | Psteps) = Z i, k o’ '™ w "™ |l>el |l>p| |m>ezll)p2|n>e3|k>p3
1,m,n=0

Step 7: Ppump On €ach emitter

— |¢step7 unk o W* Mok oM™ |l>el|l>p4|i>p1|m)ez|m)p5|j>p2|n>e3|n>p6|k)p3
Lm,n=0

Step 8: H gate on cach emitter
> |Bsieps) = 27154 @ "M W W™ [0)ey 1D, 11)py [Fhey [11)ps [ Vpy 19)es 1) pg 1K) s
Lm,n,

0,r,s=0
Step 9: Two Cz gates [Eq. (5)] between e;e; and ese;

q—l .. . . . . . .
> o) = Y115 4 @7 0 WM MM ™ W 0 W [0)ey 1) py 1) py 1) e 1M)ps [ ) py 1) es 1) g 1K ps

Lm,n,
0,r,s=0

Step 10: Ppump on each emitter

— |¢step 10) quJ k & |o) e1|0>p7|l>p4|l>p1|r>e2|r>pg|m>p5l]>p2|S>e3|S>pg|n>p6|k>p3

Lm,n,
o,r,s=0

where %- - a)z_‘/‘ a)jkwila)jmwknwlmwmnwlowmrwnswarwrs
Step 11: H gate on each emitter
q-1
— |¢Step 1) = Z ij Jedmn, &' |t)e1 |0>p7 |l)p4 |l)p1 |x)e2 |r>p8 |m)p5 Iy )p2 |y)e3 |S>p9 |n>p6 |k>p3

o,r,8,t,x,y=0

where £ 1= o7 W 0! " " " "™ 1 0" O™ 0 W W W

Step 12: Measure each emitter in the Z basis. Perform the local gates Zy! 'z~ "2 7\~ on photons 7, 8, and 9,
where 01, 0,, and o3 are the measurement outcomes for emitters 1, 2, and 3, respectively, yielding

— |¢step12 Z EU p7|l p4|l>p1 |r>pg|m>p5U>p2|s>p9|n>p6|k>p3:
iy k0,

m,n,o,r,s=0

where £ := 0¥ o /M ! W™ ™ W O™ W 0”@

And, to produce similar graph states of larger size, i.e., Step 1: Prepare the emitter in the state
size 3 x n, we need to repeat steps 9—11. > |Pstept) = 10)e
Step 2: Perform a Hadamard gate H [Eq. (6)] to pro-
duce the state
= |Pstep2) = [Xo) = Z [£)e

APPENDIX B: HOW TO GENERATE AME STATES Step 3: Perform a photon-pumping operation Ppump

OF FIVE QUDITS [Eq. (15)] to generate a time-bin encoded photon, yielding
Here, we discuss how to generate |AME(S, ¢)graph) the state
. . . . q—1,. .
states. The graph and generation circuits are shown in = Pstep3) = D _ig [D)eli)p,
Fig. 7. We begin by presenting the protocol that requires Step 4: Perform an H gate on the emitter to obtain
only one quantum emitter with ¢ ground levels [Fig. 7(b)]: > |Psteps) = Zw Owy i )eli)p,
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Pa.
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FIG. 10. (a) The graph representing the ladder graph state of
size 2 x 3 and (b) the graph for the 2D cluster state of size 3 x 3.

Step 5: Repeat steps 3 and 4 three more times to obtain
— |¢Step5) = Z,;Iilm 0
¥ * oM™ [m)e|D)py1k)ps [ )p, 1)y
Step 6: Interact the first photon p; with the emitter to
perform a CZ gate between them, yielding
— |¢step6) = Zi,j,k,l,m Y wjkwklwlmwmilm>e|l)p4

|k>P3 l] >P2 |i>P1
Step 7: Perform a photon-pumping operation Ppymp fol-
lowed by an H gate on the emitter to obtain

E WV w/ka)kla)lmwmzwmrl},)e

ij k,Lmr
[m)ps [D)py 16) o3 [ Vpy 1)y

Step 8: Measure the emitter in the Z basis and perform

Zéz_l)o on photon ps, where o is the measurement outcome.
The resulting state is the desired AME state:

— |¢step7> =

= |Psieps) = [AME(S, )
— Z l]w]ka)kl Im m1| >p5|l>p4

i k,lm
16)ps [ ), 12D,

In the protocol described above and shown in Fig. 7(b), we
need to send one of the emitted photons back to interact
with the emitter to generate a CZ gate between them. An
alternative approach that does not require emitter-photon
interaction is possible if we have access to two coupled
emitters with g ground levels each; one such protocol
works as follows [see the quantum circuit in Fig. 7(c)]:

Step 1: Prepare the two emitters in the state
= |Pstep1) = 10)e;10)e,
Step 2: Perform a Hadamard gate H [Eq. (6)] on each
emitter, yielding

— |¢Step2 Zq —()|l el e2
Step 3: Perform a Cz gate [Eq. (5)] on the two emitters
to obtain
— |¢step3 Z,J owlj [i)e I])ez

Step 4: Perform photon-pumping operations Ppump [Eq.
(15)] on each emitter to create two time-bin photonic
qudits, yielding

— |¢step4 Z;,/ oa)l] 1) e1|i>p1 U>ezlj>p2
Step 5: Perform an H gate on each emitter to obtain
— |¢step5)

= Y kim0 @7 0 K)e, 1), 1Dy ),

Step 6: Perform a photon-pumping operation on the
first emitter (e;) to produce another photon:

— |¢Step6>
= Y kim0 @ ¥ (K)o, 1R [)py 1D e i ),
Step 7: Perform an H gate on the first emltter (ep) to

obtain |
— |¢step7) = ZZ] k=0
|l>p1 |l>ez I >p2
Step 8: Perform a CZ gate on the two emitters to obtain

o’ w* ™ m)., 1K) ps

Za)y zkwjlwkm ml| )el|k>p3

ij .k,
l,m=0

D)py 1D ez U ),

— | ¢step8

Step 9: Perform a photon-pumping operation on each
emitter, followed by an H gate on each emitter:

— |¢step9)
q—1
= Z Q|r>el|m>p4|k>p3|i>p1 |S>e2|l>p5lj>pza

ik,
m,r,s=0

where Q = ¥ 0w/l W™ W™ W

Step 10: Measure both emitters in the Z basis and per-
form Zy~" Z{7~1°> on photons p, and ps, where o and
0, are the measurement outcomes. This yields the desired
five-photon state:

— |¢step10> = |AME(S, Q)graph>

= Zwy Kl @™ ™ |m) s 1KYy [Dp, 1Dy U ) py -

ij .k,
l,m=0
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APPENDIX C: HOW TO GENERATE AME STATES
OF 6 QUDITS

Here, we discuss the protocol for constructing the
graph representation of the |AME(6, ¢)graph) State shown
in Fig. 8(a). This protocol requires two coupled emitters
with ¢ ground levels each. It also needs photon-emitter
interaction. This protocol consists of the following steps:

Step 1: Prepare two g-level emitters in the state
— |¢stepl) = |O>e1|0>ez

Step 2: Perform a Hadamard gate H [Eq. (6)] on each

emitter to obtain
— |¢step2 Zz,/—()“ el

Step 3: Perform a Cz gate [Eq (5)] on the two emitters

to obtain
— |¢step3 Z —()wl] 2)e I] )e2
Step 4: Perform photon—pumpmg operations Pyump [Eq.
(15)] on each emitter to produce two photons:
— |¢Step4 Z _owlj |7) e |l>p1l/) V)pz
Step 5: Perform an H gate on each emitter to obtain
— |¢Step5)

= 2 ka0 O ! R}y i), 1D /)

Step 6: Apply two Cz gates, one on the first photon
(p;) and the second emitter (e;), and the other on the two
emitters, yielding

— |¢step6)
= Zq = owywlkwﬂwllwkl |k>el|l>p1|l> I ),
Step 7: Perform photon-pumping operations on each
emitter to create two more photons:
— |¢Step7> = Zi,j,k,l
¥ o " M |k)e; 1K) py i)p, 1D) ey | Dpy U gy
Step 8: Perform an H gate on each emitter to obtain
— |¢step8>

= Zi,j,k, Q |m>el |k>p3 |i)p1 |r>ezll>p4v>p2

Lmyr
where Q := o’ 0* /' " W " "
Step 9: Perform three CZ gates: one CZ on p, and ey, the
other CZ on p, and e, and the third CZ operator on e; and
e,. With this, we obtain

— |¢step9>
q—1

= D Q ey [K)ps lipy 17)ey 1Dy i s
ik,
1,m,r=0

where Q' = ¥ a)ika)ila)’la)kla)kma)l' wlma)jra)mr

10. Perform a photon-pumping operation on each emit-
ter, followed by an H gate on each emitter. Measure
both emitters and perform the gates Z/~ ! z- D2 on the

5
newly generated photons ps and ps, where 01 and o, are

the measurement outcomes. The final state is

— |¢step10> = |AME(6, q)graph)
q—1
= D Qg k), i), [7pg D py [ s »
ij k,
1Lm,r=0

which is the one shown in Fig. 8(a).

We now present a protocol for generating the AME(6, q)
states corresponding to the graph shown in Fig. 8(b). This
protocol requires three coupled emitters with ¢ ground
levels each but does not need photon-emitter interaction:

Step 1: Prepare three emitters in the state
= |Pstep1) = 10)¢;[0)e, [0)e;
Step 2: Perform a Hadamard gate H [Eq. (6)] on each
emitter to obtain
— |¢step2 ZZJ k= ()|l 61 ezlk)e3
Step 3: Perform three Cz gates on each pair of emitters
(i.e., on e; and e, on e, and ez, and on e; and e3):
— |¢step3> = Z]_k—owij oF o |i)el Ij)ez |k>e3
Step 4: Perform photon-pumping operations Ppump [Eq.
(15)] on each emitter to create three photons:

— |¢step4 Zz,} k=0
o’ o' |l>61 |l>p1 e e |/ >p2 |k>e3 |k)p3-
Step 5: Perform an H gate on each emitter:
— |¢step5>
ZIJ ke, l,m,r=0 © |l)e] |i>p1 |m)62 V)pz |I">e3 |k>p3>
where ® := o’ W*0* W .
Step 6: Again perform a CZ gate on each pair of emit-
ters:

— |¢step6>
q—1

= Y O e, lidp, Im)e, [ Ypy 1Phes 1K)y

iy k,d,mr=0

where @' := ¥ W w* o'W O O WO W

Step 7: Perform a photon-pumping operation on each
emitter, followed by an H gate on each emitter.
Measure all three emitters and perform the gates
Zéz_l)olZéq_l)ozZlngl)” on the newly generated photons
P4» Ps, and pg, Where o1, 02, and o3 are the measurement

outcomes. The final state is

— |¢step7> = |AME(6, Q)graph>
q—1
= Z o’ |l>p4|i)pl |m>p5 U)pz |r>p6|k>p3;
ij .k, l,mr=0

which is the one shown in Fig. 8(b).
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The quantum circuits summarizing each protocol are
shown in Fig. 8.

APPENDIX D: HOW TO GENERATE AME STATES
OF SEVEN QUTRITS

Here, we discuss how to generate an AME state of seven
qutrits. We use two quantum emitters with three ground
levels each and we allow photon-emitter interaction (four
CZ gates between photons and emitters). The protocol is
similar to the one presented above for the AME(6,g) states
depicted in Fig. 8(a) due to the similarity in graph structure.
The details are follows:

Step 1: Prepare the two quantum emitters in the state
— |¢step1) = |O)e1 |0>ez

Step 2: Perform a Hadamard gate H [Eq. (6)] on each
emitter:

— |¢step2) = |X0>el |XO)€2 = Zi/‘:()me] lj)ez

Step 3: Perform cz? [Eq. (13)] on the two emitters to
obtain

— |¢step3> = Zzi=0w2ij |i>e1 U)ez
Step 4: Perform the photon-pumping operation Pyump
[Eq. (15)] on each emitter to create two photons:
S |eps) = 21 0@7 [D)ey lidpy [ e i Dps
Step 5: Perform an H gate on each emitter:
— |¢step5>
= 20 kim0 @ ! [K)ey D), D /),

Step 6: Apply two Cz gates [Eq. (12)], one on the first
photon (p,) and the second emitter (e;), and the other on
the two emitters (e; and e,), yielding

— |¢step6)
= Zij,k,l:() ¥ oo/ oM 1K) ey 10py 1D)es 1 )p,

Step 7: Perform photon-pumping operations on each

emitter to create two more photons:

— | ¢step7

= 0 0 & " K)oy [K)ps li)p, 1Dey 1)y [ Dps
i,
kel
Step 8: Perform an H gate on each emitter:
— |¢step8)

_Zl,/k

Lm,r=0

& [m)e; 1k)py |0)p, 17 e 11)py 1 )p,

where E := 0¥ w* o/ w! oo™ o

Step 9: Perform two Cz gates, one on p, and e, the
other on e; and e,, yielding
— |¢step9>

Zl]k

Lm,r=0

=" |m) e1 |k>p3 |l>p| |r)ez |l)p4 |/ )p

where E' := 0¥ o* o/l 0! o™ ' o™ o™

Step 10: Perform a photon-pumping operation on only
e, to create one more photon:
— |¢step 10)

—Zka El

e e1|k>p3|1)p1|r>e2|r>p5|l>p4U>p

Step 11: Perform an H' gate [Eq. (8)] on e, to yield
— |¢step 11)

= Z ij .kl g" |m>ellk>p3|i> 1|S>e2|r>p5|l>p4lj>p

m,r,s=0
Ir, Im_ mr, 2sr

where B” := 0? 0* o/ 0" oM 0" " 0" ™ @
Step 12: Apply two Cz gates, one on the fourth photon
(p4) and the second emitter (e;), and the other on p, and

€y

== a)th a)zka)jlwtlwklwkmwlrwlmwmrw2srwsla)js

Step 13: Perform a photon-pumping operation on each
emitter, followed by an H gate on each emitter. Mea-
sure both emitters in the Z basis and perform the gates
ZIEZ_I)O‘ZSZ_D” on the newly generated photons, pg and
p;, where 0; and o, are the measurement outcomes. The
final state is

— |¢step13> = |AME(7, 3)graph)
2
= ) B Impg kdp [0p, 1)py 17)ps Doy i ps
irj k1
m,r,s=0

which is the state shown in Fig. 9(a).

The quantum circuit for constructing [AME(7, 3)graph) 18
presented in Fig. 9(b).
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