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Quantum random access memory (QRAM) is a common architecture resource for algorithms with
many proposed applications, including quantum chemistry, windowed quantum arithmetic, unstructured
search, machine learning, and quantum cryptography. Here, we propose two bucket-brigade QRAM
architectures based on high-coherence superconducting resonators, which differ in their realizations of
the conditional-routing operations. In the first, we directly construct cavity-controlled controlled-SWAP
(CSWAP) operations, while in the second, we utilize the properties of giant-unidirectional emitters (GUEs).
For both architectures, we analyze single- and dual-rail implementations of a bosonic qubit. In the single-
rail encoding, we can detect first-order ancilla errors, while the dual-rail encoding additionally allows for
the detection of photon losses. For parameter regimes of interest, the postselected infidelity of a QRAM
query in a dual-rail architecture is nearly an order of magnitude below that of a corresponding query
in a single-rail architecture. These findings suggest that dual-rail encodings are particularly attractive as
architectures for QRAM devices in the era before fault tolerance.
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I. INTRODUCTION

Many quantum algorithms of interest presume the exis-
tence of a QRAM device capable of querying a (clas-
sical or quantum) memory in superposition. Perhaps the
most well-known application of QRAM is as the oracle
in Grover’s search algorithm [1,2]. Recently, criticisms
have emerged of the utility of QRAM in the context
of such “big-data” problems [3], particularly for algo-
rithms such as Grover that require a large number of
calls to the QRAM. However, quantum algorithms utiliz-
ing QRAM where quantum advantage may still exist [3]
include modern versions of Shor’s algorithm [4,5], quan-
tum chemistry algorithms [6,7], algorithms for solving the
dihedral hidden-subgroup problem [8] and the Harrow-
Hassidim-Lloyd (HHL) algorithm [9]. To get a sense of
the scale of devices relevant for near-term example demon-
strations of quantum advantage, the algorithm presented in
Ref. [6] for the quantum simulation of jellium in a classi-
cally intractable parameter regime requires a modest-size
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QRAM with only eight address qubits and a bus (or “word”
length) of 13 qubits.

Existing proposals for QRAM are based on quantum
optics [10], Rydberg atoms [11], photonics [12], and cir-
cuit quantum acoustodynamics [13](for a more compre-
hensive review, see Ref. [14] and references therein). Each
proposal utilizes the celebrated bucket-brigade architec-
ture [15], which promises a degree of noise resilience as
compared to more straightforward algorithmic implemen-
tations of QRAM [2]. Nevertheless, actually realizing a
QRAM device appears to be extremely difficult, due in
part to additional concerns regarding the noise sensitivity
of active versus inactive components in a bucket-brigade
QRAM [16,17]. Recently, Hann et al. [18] have helped
to address this issue, showing that the bucket-brigade
architecture still enjoys a polylogarithmic scaling of the
infidelity of a QRAM query with the size of the memory
even if all components are active.

In parallel to this theory work, there has been enormous
experimental progress in quantum information processing
using three-dimensional (3D) superconducting cavities,
including demonstrations of millisecond-scale coherence
times [19-21], as well as high-fidelity beam-splitter oper-
ations [22,23]. Leveraging these results, here we propose
bucket-brigade QRAM implementations based on super-
conducting cavities. Our proposed architectures utilize
recently developed midcircuit error-detection and erasure-
detection schemes [24,25], boosting the query fidelity
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by utilizing postselection. Among the algorithms utiliz-
ing QRAM, some may tolerate such a nondeterministic
repeat-until-success procedure, as opposed to those which
require interleaved QRAM calls. One example is the HHL
algorithm, which can utilize QRAM for state preparation
[9].

The key feature of bucket-brigade QRAM that enables
its relative noise insensitivity is the conditional routing
of quantum information based on the states of address
qubits [15,18]. In this work, we propose two QRAM archi-
tectures that achieve this gate primitive in distinct ways.
In the first architecture, we directly construct a cavity-
controlled controlled-SWAP (CSWAP) gate. While an ancilla
transmon is required to provide the requisite nonlinear-
ity, we can detect and postselect away first-order transmon
errors [24-26]. This proposal benefits from requiring no
new hardware components beyond what has already been
experimentally implemented in Refs. [22,23,27]. Our sec-
ond approach utilizes the physics of giant unidirectional
emitters (GUEs) [28-30] to realize the conditional rout-
ing operation, where again first-order transmon errors are
detectable. We term the first the “CSWAP architecture” and
the second the “GUE architecture.” In both architectures,
we explore single- and dual-rail [24,25] implementations.
The dual-rail approach doubles the hardware cost; how-
ever, it additionally allows for the first-order detection
of photon loss in the cavities. This boosts the postse-
lected query fidelity F, with, in particular, F' > 0.8 for
a QRAM with eight address qubits in both architectures
(in the remainder of this work, all query infidelities are
postselected unless noted otherwise).

Our paper is structured as follows. In Sec. II, we review
bucket-brigade QRAM. In Secs. Il and IV, we explore the
cswAP and GUE architectures, respectively, detailing how
each gate primitive is executed and computing the over-
all query fidelity. We discuss our results and conclude in
Sec. V.

II. BUCKET-BRIGADE QRAM

The purpose of a QRAM device is to realize the unitary
operation

D aili)|0) > Y il D, (1)

where classical data D; specified by address [i) are
accessed in superposition and stored in the state of the
bus. [In this work, we take the memory to be a classi-
cal database; however, in general, the memory may be
quantum (see, e.g., Refs. [3,16,31]).] The first and sec-
ond registers in Eq. (1) are the n address qubits and bus
qubit, respectively, where we query a database of N = 2"
classical bits.

To appreciate the benefits of the bucket-brigade
approach to QRAM, it is useful first to review so-called

“fan-out” QRAM [2]. Quantum routers are arranged in a
treelike structure [see Fig. 1(a)]. The states of the routers
at the £ level of the tree are set by the ¢! address qubit.
The bus qubit is then routed into the tree and arrives at
the memory locations specified by the address qubits. After
copying the classical data into the bus and routing it back
out, the router-state-setting operation is performed again
to uncompute and disentangle the address and bus qubits
from the routing tree, thus achieving the operation in Eq.
(1).

The issue with this proposal is the high suscepti-
bility to decoherence [18]. Each layer of controlled-
NOT (CNOT) gates effectively creates a maximally entan-
gled Greenberger-Horne-Zeilinger (GHZ) state among the
routers at each level [see Fig. 1(b)]. If any one router deco-
heres, this collapses the superposition at that level and
reduces the query fidelity on average by a factor of 2 [15].
This is clearly not a scalable approach, as there are expo-
nentially many (in #) quantum routers in the bottom layers
of the tree.

The bucket-brigade approach aims to achieve the same
operation (1) as fan-out QRAM (and, indeed, also uses a
tree structure of quantum routers) but with an algorithm
that attempts to minimize as much as possible entangle-
ment between different routers [15]. The address qubits
(followed by the bus) are fed into the top of the tree one by
one and are conditionally routed based on the states of pre-
vious address qubits. The resulting state of the routing tree
(after all address qubits have been routed in) is such that
routers at the same level of the tree are not entangled with
one another. Thus, an error on one router does not cause
a catastrophic collapse of the state of the QRAM tree [see
Fig. 1(c)]. It instead only disrupts queries along branches
passing through the decohered router.

The original bucket-brigade proposal called for three-
level routers, with states |I¥), |0), and |1) [15]. The inactive
“wait” state |W) acts trivially (identity) for all conditional
routing operations [15,18]. It was originally thought [15—
17] that the favorable noise properties of bucket-brigade
QRAM were predicated on the wait state being decoher-
ence free. However, it was realized in Ref. [18] that the
three-level bucket-brigade QRAM is noise resilient even if
the wait state is subject to decoherence. This resiliency is
due to the limited entanglement among branches as well
as the restricted propagation of errors between branches.
Roughly speaking, errors in one branch do not eventu-
ally poison (via the conditional routing operations) queries
in other branches, due to the trivial action of the condi-
tional routing operations on the | W) state. Hann et al. prove
in Ref. [18] that the query infidelity for a QRAM with
three-level routers is bounded by

1 — F < AeNglog,(N), )
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FIG. 1.

A comparison of fan-out and bucket-brigade QRAM with two-level routers. (a) By constructing a tree of quantum routers,

one can access data in superposition. We consider the state of the tree in a query to D4 and Ds (highlighted) where the indicated router
experiences an amplitude-damping error (the general argument also holds for other error types; see Ref. [18]). (b) In a fan-out approach
[2], all routers are set at each level according to the state of the address at that level, leading to a GHZ-like state. The resulting state of
the QRAM tree is thus highly entangled and susceptible to decoherence. An amplitude-damping event on the indicated router causes
the state of the tree to collapse and the query to fail. (c) In the case of bucket-brigade QRAM [15,18], only routers participating in a
query to a given branch are activated. This leads to a less entangled state of the QRAM tree as compared to fan-out QRAM. Amplitude
damping now cannot occur on the router indicated in (a) and the superposition state is not disrupted.

where 4 & 4, € is the error probability per time step, and
Nys 18 the number of time steps in a QRAM query (which
we compute below).

Perhaps surprisingly, the noise resilience persists even if
two-level routers are utilized (see Fig. 1). Errors can prop-
agate more freely than in the three-level-router case, as
conditional routing operations conditioned on router state
|0) can cause errors in one branch to interfere with queries
to otherwise decoherence-free branches (assuming that the
tree is initialized in the vacuum state). However, there is
still limited entanglement in the tree and only some errors
are allowed to propagate. In this case, the query infidelity
is [18]

1 — F < AeNyslogy (N)[1 + log, (N)], (3)

which is still polylogarithmic in the size of the memory. In
this work, we consider architectures with two-level routers.
We thus utilize Eq. (3) when calculating query infidelities
and proceed by calculating the error per time step €.

To realize a bucket-brigade QRAM, three primitive
operations are required: (i) setting the state of a router, (ii)
conditional routing, and (iii) copying classical data into the
state of the bus. We detail how each of these gate primitives
is executed for each of our proposals below and analyze the
resulting query fidelities.

II1. cswap ARCHITECTURE

In the CSWAP architecture, quantum information is
stored in high-Q superconducting memories that are cou-
pled via beam-splitter elements [22,23,32,33]. In our pro-
tocol, the comparatively low-coherence transmons are only
excited briefly during gate operations and are disentangled

from the cavities at the conclusion of each gate. More-
over, the transmons are first-order error detected using the
techniques described in Refs. [24,25].

A. Gate protocol

Setting the state of a router is performed straightfor-
wardly utilizing SWAP operations [see Fig. 2(b)]. This
operation is performed at the top of the tree as well as
between output cavities and their neighboring routers [see
Fig. 2(e)].

Conditional routing in this architecture is achieved by
direct construction of CSWAP operations. It is important to
emphasize that in our construction, cavities serve as the
controls for conditional routing. This is to be contrasted
with previous work that has realized a CSWAP operation
using a transmon as the control [33]. Here, transmons are
used only as ancillas.

The CSWAP gate is enabled by the joint-parity gate [24,
25,33]

P = |g){g| +expin[a’a +DTEDI )1, (@)

where & and b are the annihilation operators of the two
cavities, referred to as a and b, while |g) and |f') are the
two computational states of the transmon. Importantly, the
excited state |e) is reserved for first-order error detection
of transmon decay [24-26]. We take the transmon to be
coupled to cavity a with dispersive Hamiltonian %a'a6.,
where Pauli matrices are defined in the |g), |f') manifold
and x denotes the strength of the dispersive interaction.
The joint-parity gate is performed by first exciting the
ancilla via a Hadamard gate, activating a beam splitter
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Single- and dual-rail cCSWAP QRAM. (a) We include a legend explaining our coloring scheme, the notation for hardware

elements, and gate schematics for this figure as well as later figures. For the single-rail (b)~(e) and dual-rail (f)<i) implementations,
we detail the gates required for (b),(f) setting the state of the router, (c),(g) performing the CySWAP and C; SWAP operations, and (d),(h)
copying classical data into the state of the bus. The cavities outlined in dashed orange or black indicate that setting the state of the
router occurs both at the top of the tree (involving the address cavity) as well as at intermediate nodes (involving output cavities). We
show example hardware layouts for 3-bit (e) single-rail and (i) dual-rail QRAM. The full quantum circuit associated with a QRAM
query on the hardware of (e) is shown in Appendix A. The naming scheme for routers and input-output elements is, e.g., router ij , with
i corresponding to the layer and j to the position going from left to right. We emphasize that in our proposed bucket-brigade QRAM
schemes, the classical data are not stored in any quantum elements before they are copied into the state of the bus. The data instead
determine which quantum gates to perform. Thus instead of “memory cells” at the bottom of the tree (which would require additional
expensive quantum hardware), we have routers that allow access to data stored at two distinct locations; see (d) and (h).

between cavities a and b for time 2/ x, and then apply-
ing another Hadamard to the ancilla (for further details,
see Refs. [24,25]). Two applications of this gate separated
by rotations on the ancilla transmon realizes an entangling
operation between the two cavities [24,25]:

ST A S _ma
ZZ.5(0) = &%V IPye 2P et 4%

0 A 6 . aiaiin
= cos E]l — isin Ee’”["T““LbTb]&Z. ®)

If the transmon is detected in |e) or |/} at the conclusion of
the gate, we infer that an ancilla decay or dephasing event
has occurred, respectively. In the following, we assume
that the transmon always begins in its ground state. The
effect of this gate on states in the Fock basis is then

22a(0) nany) = e TP [ngmy), (6)

where P;; = 1, —1 if the joint parity of the a and » modes is
even or odd, respectively. For & = 7/2, this gate becomes

a CZ,, operation in the computational subspace, up to the

single-cavity operations e~ Falag=i3b" and a global phase

[24,25,34]

/4 —iT (@t arhth
CZap|nany) = €™ T@E D 77, (7 /2) Ingny)

:
_ [ anin-d]

[nanp). @

To utilize this gate toward construction of a CSWAP opera-
tion, we take inspiration from the canonical construction
of CSWAP [2,35]. This construction sandwiches a Kerr
interaction between two cavities, a and b, by 50:50 beam
splitters between cavity b and a third cavity c¢. The Kerr
interaction (synthesized here via the Cz,;, operation) acts
as a phase shifter that either completes or undoes the
beam splitter. In this way, we obtain both a CoSWAP and
a C;SWAP:

. 2i7
CoSWAP e = €™ PBSpe (71 /2)CZ0pBSpe (7 /2),

®)

R
C1SWAPgpe = BS; (77 /2)CZapBSpc (17 /2),

where CoSWAP and C;SWAP indicate the SWAP is executed
if the control is set to |0) or |1), respectively. In this way,
we achieve the conditional routing of quantum information
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[see Fig. 2(c)]. We have defined

T

BShe(0t) = exp (—i%[ema% + e a]) )

thus

T

BSh (77/2) = exp (4 [eth — 13*6]) . (10)

The additional single-cavity rotation in CoSWAP is to cor-
rect for unwanted phases. See Appendix B for an explicit
verification that the gate functions as intended on the states
of interest |n,00), |n,01), and |n,10),n, = 0, 1, where the
third index refers to occupation in mode c. We note that
these CSWAP gates do not behave as expected if modes
b and c are both initially occupied. We might expect
that the overall operation should be trivial. However, due
both to the Hong-Ou-Mandel (HOM) effect [36] and to
phase shifts due to the €z, gate, population is transferred
out of the computational subspace. We stress that in the
absence of thermal photons, we never expect these modes
to be simultaneously occupied in the course of a QRAM
query. Thus all population should ideally remain in the
computational subspace [37]. Nevertheless, both modes
may become occupied due to thermal excitations; thus we
discuss this case in Appendix B.

These operations thus realize logical CSWAP gates in
the single-rail case. In the dual-rail case, the logical
states are given in terms of the cavity Fock states as
[OL) = |10),|1L) = |01). Logical CSWAP operations in the
dual-rail case are then realized by performing CySWAPs
and C;SWAPs on both halves of the dual-rail qubits [see
Fig. 2(g)] (taking the cavity with the first index to be the
top cavity). The two physical gates making up a single log-
ical CoSWAP may be performed in parallel; thus the query
time is not increased by utilizing a dual-rail architecture.
We note here that in the dual-rail case, it is necessary to
initialize the QRAM tree in the vacuum state, as opposed
to, e.g., initializing each dual rail in |0 ) (in the single-rail
case, we also initialize each cavity in vacuum; however,
those are logical states). This initialization choice is due
again to the HOM effect discussed above. Initialization of
all dual rails in |0 ) would lead to cases in which both tar-
get cavities of a CSWAP are occupied, leading to leakage
out of the logical subspace.

The final gate-primitive necessary is the operation for
copying classical data into the bus. Following Ref. [18],
we route the bus into the tree in the state |+ ). In the
single-rail case, this is the state (]0) + |l))/«/§, while in
the dual-rail case, this is the state (|]10) + |01))/ V2. Once
the bus reaches the bottom layer of the tree, we perform
classically controlled C¢z and C;Z operations between the
bus and the router as shown in Fig. 2(d), where the sub-
script refers to conditioning on the state of the router. By
definition, we have C;Z = CZz. The C(Z gate is compiled as

a Cz gate followed by a Z gate on the bus (performed in
software), such that overall a Z gate is applied to the bus
only if the router is in the state |0p). The additional layer
of classical control simply means that we execute the CyZ
and C,Z gates only if the classical data are set to 1. In both
the single- and dual-rail cases [see Figs. 2(d) and 2(h)], the
gate operations yield

(10} + 1) [erOn) + Bl1L)]
— af|0L) + (=1)P11)](0p)
+ BLI0L) + (=DP*1)]1L), an

ordering the states as bus, router, and where |i) = |i) in
the single-rail case. Here, D; and D,y are the classical
data accessed by the router at the bottom of the tree. This
scheme satisfies the “no-extra copying” condition [18],
where the action of the gate is trivial for any locations
where the bus has not been sent.

We emphasize that the error detection of ancilla
errors is performed after every CZ and CSWAP gate (see
Appendix C). No “which-path” information is revealed by
performing measurements on the ancillas, as they are dis-
entangled from the tree after every gate and do not collapse
the superposition of queries. This is to be contrasted with
error detection of cavity photon-loss events in the dual-
rail case, which must wait until the address and bus qubits
have been routed out of the tree. We cannot perform mid-
circuit cavity-photon loss detection because we initialize
the tree in the vacuum state, as opposed to dual-rail logical
states. Thus, such error detection would reveal which-path
information and collapse the superposition state of the tree.
For example, detecting that a photon is present in a router
(indicating occupation of a dual-rail logical state) destroys
those terms in the superposition state of the tree where this
router was in vacuum. If we hypothetically had access to
a CSWAP operation that performed as expected when both
target modes were occupied, then we could initialize the
tree in logical dual-rail states and perform midcircuit error
detection of cavity photon loss. Indeed, detecting cavity
photon-loss errors becomes important in the large-» limit,
when query times approach cavity lifetimes 77. Thus, con-
structing such a CSWAP operation is an interesting avenue
of further research.

B. Resource estimates

We estimate the hardware cost of our proposed imple-
mentations by counting the number of cavities, as the
number of required beam-splitter elements and ancilla
transmons scale proportionally. We require

NDR — ZNSR

cav cav?

5
NSR — SN +logy(N) =3,

cav

(12)

cavities in the single- and dual-rail case, respectively. N
is the size of the memory and is related to the number »
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of address qubits by N = 2". Here and in the following,
unless otherwise stated, we assume that n > 2 and N > 4.

We now turn to estimating the number of gates. Specif-
ically, we estimate the number of CZ gates, which under-
lies both the CSWAP and the data-copying operations. We
ignore the number of required SWAP (or 50:50 beam-
splitter) operations, as these gates are fast compared to
the Cz gate execution time: a SWAP can be executed in
as little as 50-100 ns [22,23], while a CZ gate takes time
47 /x (ignoring the single-qubit gate times on the trans-
mon) [24,25]. The dispersive coupling strength x between
the cavity and ancilla transmon is typically on the order of
one to a few megahertz [38], taken here and in the follow-
ing to be x /2w = 2 MHz, corresponding to a CZ gate time
of tcz = 1 ps. In the single-rail case, the total number of
required CZ gates is

Ngates = TN — 4log,(N) — 8. (13)
In the dual-rail case, the CZ operations necessary for the
logical CSWAP gates are executed in parallel. Thus count-
ing the logical operation as a single gate, the total number
of logical Cz operations is the same as in the single-rail
case (counting the data-copy operations also as logical
Czs, though only a single physical CZ is required [see
Fig. 2(h)]).

While there are O(N) gates, the circuit depth scales
only as O(log,[N]). This is because many of the gates
may be executed in parallel: all of the gates at a single
horizontal layer of the QRAM may be executed simultane-
ously. Moreover, we may utilize address pipelining [3,39];
once an address qubit has been routed past the first set
of output ports, the next address (or bus) qubit may be
routed in. Thus the total number of time steps scales only
logarithmically in NV,

Ns=4(1+2+3(n—-3)+2)+2,
= 12log,(N) — 14,

n>3,

(14)

and Ny, = 10 for n = 2. This number is the same for both
single rail and dual rail. The factor of 4 in Eq. (14) is two
factors of 2, coming from the need to route qubits both
in and out, and the need to perform CoSWAP as well as
C1SWAP. The second address qubit needs to traverse one
level of the tree and the third address needs to traverse two
levels. Address qubits routed further down the tree may
be pipelined and each introduces only a constant factor of
additional time steps. The final factor inside of the paren-
theses accounts for routing the bus, while the final factor
in Eq. (14) corresponds to the data-copying steps.

The time to complete a QRAM query is then ¢, =
tczNis. For the parameters considered in this work, ¢, is
generally short when compared with 75. For instance, for
n=12and N = 2!, we obtain t;, = 130 ps.

C. Infidelity and error mitigation by postselection

We now turn to estimating the overall infidelity and no-
flag probability (the probability of detecting no errors) of
a QRAM query. In both the dual-rail and single-rail cases,
we utilize the infidelity formula for two-level routers (as
opposed to that for three-level routers). This is clear for
the single-rail case (as we only utilize Fock states |0) and
[1)); however, for the dual-rail case, it might appear at
first glance that we have indeed implemented a three-level
router [and thus can utilize the more favorable infidelity
formula (2)]. The physical states |10) and |01) encode log-
ical |0.) and |1r), respectively, and the state |00) could
then play the role of the logical wait state |Wp) [15,18].
This reasoning is incorrect because we construct the logical
CSWAP by utilizing physical CoSWAP and C;SWAP opera-
tions. On the one hand, errors in target cavities subject to
the C;SWAP do indeed get stuck if the router is in the state
|00). On the other hand, errors in target cavities subject to
the CoSWAP can propagate up the tree with the router in the
state |00). Thus, we expect the infidelity scaling for two-
level routers of Ref. [18] to apply to the dual-rail case as
well [40].

We take the probability of error per time step to be € =
1 — F,(cz) [12,18], consistent with neglecting sources of
error due to beam-splitter operations. We have defined
Fq(Cz), the gate fidelity of the CZ gate. We expect Fx(CZ)
to be limited by decoherence and measurement errors
(when utilizing postselection), as in the absence of these
nonidealities, Eq. (7) realizes a perfect Cz gate. We cal-
culate F,(CZ),e both with and without postselection on
first-order errors (for details, see Appendix C) using three
sets of parameters (see Table I and Fig. 3). Parameter set 1
(PS1) is based on values recently reported in the literature
for a combined transmon and 3D resonator package [42].
For parameter set 2 (PS2), we use state-of-the-art coher-
ence times for transmons [43,44] and 3D resonators [19].
In parameter set 3 (PS3), we utilize the same cavity coher-
ence times as PS2 but make more optimistic assumptions
for the transmon coherence times. We additionally include
the detrimental effects of measurement errors when calcu-
lating F¢(CZz), €. Such effects occur at second order and
thus at the same order as, e.g., two uncaught transmon
errors. They are second order because first an error must
occur and then it must be misidentified (for more details,
see Appendix C).

Without utilizing postselection on first-order transmon
errors, the gate infidelity is on the order of € ~ 10721073
for both single and dual rail (see Fig. 3). However, post-
selected infidelities on the order of 107> and 107 are
possible for single rail and dual rail, respectively, utilizing
estimates from parameter sets 2 and 3.

These low error rates enable high-fidelity QRAM
queries [see Fig. 4(a)]. Comparing dual rail and single rail,
a dual-rail approach yields nearly an order-of-magnitude
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1 failure probability (DR)
10—2 1 —#- no p.s. infidelity (DR)
10—3 ]
failure probability (SR)
—@— no p.s. infidelity (SR)
10—4 ]
P-s. infidelity (SR)
1073 4 p.s. infidelity (DR)

parameter set 1 parameter set2  parameter set 3
FIG. 3. The infidelity, the postselected (p.s.) infidelity, and the
failure probability of the logical Cz operation as a function of
the parameter set for both single rail (SR) and dual rail (DR).
Utilizing postselection and parameter sets 2 and 3, infidelities on
the order of 1073 and 107° are possible for single and dual rail,
respectively.

improvement in postselected infidelity over a single-rail
implementation for a given n and parameter set (due to
improved infidelities; see Fig. 3). From the perspective
of instead setting a desired infidelity of 1 — F < 0.2 and
using PS2 estimates, memories of size N =2* and 28
can be queried with single- and dual-rail implementations,
respectively.

The price to pay for utilizing postselection is the rejec-
tion of a large fraction of shots. We thus calculate the
“no-flag” probability Pcz, the probability that no error is
detected during a single Cz gate (of course, this is not the
no-error probability, as two or more transmon errors can
go undetected; see Fig. 3 and Appendix C). For an entire
QRAM query to succeed, in the worst case all CZ gates

TABLE 1. The parameters used in the numerical simulations
and the associated jump operators. The decay and dephasing
rates of the cavities are I'f = 1/7] and T'y = 1/Ty, respec-
tively, implicitly defining the associated coherence times. For
the transmon, the decay and dephasing rates are generally state
dependent [41]. We make the usual assumption of bosonic

enhancement of these rates [24], taking T’ dt,’gg =0, I‘;’ﬁ = 41“;’“,
and T = 2I'/* The associated coherence times are defined

as,e.g., T ]t S / F{’ef . Finally, we assume a thermal population
of ny, = 0.01.

jump operator  PS1 [42] PS2 PS3
Ty a 0.6 ms 25 ms [19] 25 ms
T; ata S ms 106 ms [19] 106 ms
T l2) (el 0.2 ms 0.5 ms [43] 2 ms
sz;ee le){(e| 0.4 ms 0.9 ms [43] 4 ms

a
(a) 100 |
2>
%
i)
E 10—1_
©
g
0
T 10721
(%]
I
o
o ; 2 n=log,(N) 3
10~ S s O 1A 49 1
7 8 9 101112
log>(N)
(b) 100/ =
2
1_3
-
o 107" —®— single rail (PS1)
o —— dual rail (PS1)
% single rail (PS2)
= —— dual rail (PS2)
single rail (PS3)
10_2 ] dual rail (PS3)
2 3456 7 8 9 101112
n =logx(N)

FIG. 4. The overall infidelity and flag probability of a QRAM
query as a function of n. (a) For the three parameter sets
shown in Table I, we calculate the postselected infidelity for
both the single- and dual-rail architectures (showing only val-
ues for which the fidelity is nonzero). In the inset, we plot the
fidelity without utilizing postselection. The dual-rail implemen-
tation enjoys a decrease in the postselected infidelity with respect
to the single-rail case. (b) This comes at the price of increasing
the flag probability.

must not flag an error:

Py flag = (PCZ)Ngates P (15)

with Pgag = 1 — Pyofiag- The expected time to obtain a
successful query is then

Tsuccess = tCZ]vts/Pno flag, (16)

where fczNis is the time per query and 1/Py, fiag is the
expected number of trials until success. The success rate
is then Dgyecess = 1/ Tsuccess- In the dual-rail case, Ppo fiag
includes the probability of a photon-loss event for the
address or bus qubits during the course of a query.

The flag probability is higher for dual rail as compared
to single rail for a given parameter set, due to the abil-
ity to detect cavity photon-loss events [see Fig. 4(b)]. This
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is compensated by the decreased infidelity for dual rail as
compared to single rail [see Fig. 4(a)]. For all parameter
sets under consideration, the flag probability approaches
unity for n > 9. Again considering PS2 estimates, in the
single-rail case for n = 4, we obtain Py, s, = 0.71 (and
[success = 20.9 kHz), indicating that the majority of queries
are expected to succeed. On the other hand, in the dual-
rail case for n =8, we obtain Py, fag = 1.0 x 10 and
[Csuccess = 0.013 Hz. In this case, the vast majority of
queries are expected to fail; however, the fidelity of those
that succeed should exceed F > 0.8.

It is important to note that our calculated flag probabil-
ity and success rates are overly pessimistic. In our estimate
of Ppag, we treat errors at all router locations on equal
footing by essentially setting the fidelity to zero in each
case. However, a Cz gate failing at the top of the tree is
more problematic than one failing at the bottom. This is
because queries to all branches through a router that has
experienced a gate error are liable to fail [18]. Thus an
error on the top router causes all queries to fail, while
an error on a router at the bottom of the tree may only
affect queries to that branch (with the necessary caveat
that with two-level routers, errors at the bottom of the tree
may propagate upward and into other branches, as dis-
cussed in Sec. II and in Ref. [18]). Therefore, in practice,
Cz gate failures near the bottom of the tree may be toler-
ated with only a mild reduction in fidelity. Investigation of
possible trade-offs between query fidelity and flag proba-
bility is beyond the scope of this work and left for future
research.

We also estimate the fidelity of a QRAM query with-
out utilizing postselection [see the inset of Fig. 4(a)].
High-fidelity queries are only possible for memories of
size 2> = 4, even for our most aggressive coherence time
estimates PS3. The reported infidelities are worse than
what one might expect from a naive estimate based on
the flag probabilities: e.g., in the case of single rail and
PS2, the flag probability is only 0.05 but the nonpostse-
lected infidelity is 1 — F' = 0.26. The issue is that for small
values of N, finite-size effects defeat the favorable asymp-
totic of logg (N). Observe that for n < 9, we have Ngares <
4N log, (N)(1 + log,(N)), despite the linear scaling of
Ngates With N.

IV. QUANTUM ROUTER VIA DIRECTIONAL
PHOTON EMISSION

Recent theoretical [28,29] and experimental [30] works
have investigated giant unidirectional emitters (GUEs) for
use in quantum networks. By coupling two qubits (or
cavities) with frequency w to a waveguide and spatially
separating them by A/4, the composite system can be
made to emit to the left or right by preparing the system
in the state |yr) = (J01) — i[10))/+/2 or |yr) = (|01) +
i110))//2, respectively [28—30]. Here, X is the wavelength

of the emitted photon. We show below that by controlling
the direction of emission based on the state of a router (and
catching the emitted photon downstream), we implement
simultaneous conditional routing operations. This obviates
the need that we had in the previous model to do these
operations serially.

The simultaneous conditional routing operations are
enabled by a pitch-and-catch protocol for quantum state
transfer between two GUEs detailed here. In a single-
rail architecture composed of one GUE (two cavities) at
each node, quantum information is routed down the tree
in the superposition state cy|00) + c;[yr/L). It is neces-
sary to include the state |00) because we require two
states to be routed together that act as a qubit (and the
vacuum state is trivially routed in our pitch-and-catch
protocol). Of course, a photon-loss event from the state
|r) yields the state |00), amounting to a logical error.
This motivates the use of a dual-rail architecture, which
utilizes a second pair of GUEs at each send-and-receive
node. The quantum information is then encoded in the
superposition state co|¥r,1.)|00) 4 ¢(|00)|yr,). The error
state |00)|00) is outside of the code space and photon-
loss events can be detected as in the dual-rail CSWAP
architecture.

A. Circuit design and state transfer

We couple the data cavities indirectly to the waveguide
via frequency-converting beam-splitter elements coupled
to transfer resonators (see Fig. 5). This coupling architec-
ture has two main advantages. First, frequency-converting
beam splitters allow us to ensure that the emitted photon
packets are indistinguishable in frequency, despite the dif-
ference in frequency between the data cavities. Previous
work [29] has shown that the directionality properties of a
GUE are highly sensitive to frequency differences between
the emitted photons. Second, this architecture allows for an
effectively tunable coupling strength between the data cav-
ities and the waveguide. By turning the coupling strength
off, we prevent immediate emission into the waveguide,
allowing time for quantum information processing at each
node. Once we are prepared to emit a wave packet into the
waveguide, we tune the coupling strength to control the
shape of the emitted wave packet. By designing the control
pulse to emit a time-symmetric wave packet from a sender
GUE, a time-reversed pulse on the receiver GUE absorbs
the incident wave packet [45—48]. We obtain analytical
pulse shapes for state transfer in this architecture by adia-
batically eliminating the transfer resonators (see Appendix
D). We additionally consider how nonidealities affect the
fidelity of state transfer in Appendix E. For PS2 esti-
mates, we predict state-transfer infidelities of 3.3 x 1074,
4.0 x 107 for single rail and dual rail, respectively (see
Table II).
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dual-rail node

FIG. 5.

The 3-bit QRAM implemented using GUEs. We show explicitly the single-rail architecture, with the right inset detailing the

structure of an internal node in the dual-rail case. The left inset indicates the coupling mechanism of the data cavities to the waveguide

via transfer resonators.

B. GUE-based protocol

We now describe each step of the proposed GUE-based
QRAM protocol. As with the CSWAP protocol, to perform
a bucket-brigade QRAM query we must implement three
primitive operations: (i) setting the state of a router, (ii)
conditional routing, and (iii) encoding classical data in the
state of the bus. These operations are shown schematically
in Fig. 6 for the single- and dual-rail cases. The operations
are similar to those used in the CSWAP architecture, with a
few differences.

In the case of (i) router-state setting, let us consider a
GUE that has just absorbed an incoming wave packet trav-
eling to the right. The state of the GUE-plus-router system
is |¥) = («¢|00) + Blyr))|0), ordering the states as a, b, ¢
as labeled in Fig. 6(a). A 50:50 beam splitter BS,; () fol-
lowed by a single-cavity rotation (done in software) places
the address state in cavity b that is nearest the router:

exp(—ingé)mgb(nﬂw 10)(]0) + B11))[0). (17)

TABLE II. The coherence times (in addition to those used in
Table I) used for numerical simulation, infidelities, and failure
probabilities for state transfer. Transmon coherence times are not
relevant here; thus we only consider PS1 and PS2.

PS1 PS2
T 100 ps 200 ps
Ttram 100 s 200 ps
1 —Fsl, SR 1.6 x 1073 33 x107*
| — Fy, DR (p.s.) 83 x 107 4.0 x 1076
1 — Py, DR 2.8 x 1073 6.1 x 107*

Finally, a SWAP;. operation places the address state in the
router. These gates (omitting the single-cavity rotation) are
shown in Fig. 6(a). The generalization to the dual-rail case
is straightforward and is shown in Fig. 6(d).

For (ii) conditional routing, we again utilize a phase
shift (the logical Cz, performed as in Sec. III for both
dual and single rail) to determine the direction in which
to send quantum information. Now, the purpose of the
CZ operation is to convert, e.g., a left-emitting state into
a right-emitting state (and vice versa) conditioned on the
state of the router [49]. In the single-rail case, the operation

(a) t2 < d) t1 t2 < X
o0 0 0 0 0
t1t3

0@0@6@0&6&6@0&0

(c) Di+1 Di+1
D;

FIG. 6. QRAM operations using GUEs. We have omitted the
waveguide and transfer resonators for clarity. The three required
primitives for bucket-brigade QRAM are (a),(d) setting the state
of the router, (b),(e) controlled routing (the following state trans-
fer into the waveguide is not shown) and (c),(f) copying classical
data onto the bus, in the cases of single rail and dual rail, respec-
tively. The gates are labeled ¢, #», . .. to indicate their temporal
ordering. The gate schematics and notation utilized here are
explained in Fig. 2(a).
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shown in Fig. 6(b) yields

CZpc[|00) + Blr/L) ][y 10) +8]1)]

= y[a]00) + Blvr/L)110) + 8[er[00) + BlrL/r)]I1).
(18)

Thus, the qubit state is appropriately entangled with the
state of the router and emitted right or left accordingly
(after the state-transfer protocol is performed). The gen-
eralization to the dual-rail case [see Fig. 6(e)] requires
Cz operations on both rails as expected, with additional
SWAP operations and a single-cavity rotation to correct for
unwanted phases:

exp(inf 1f ) SWAPy CZpCZ4, SWAP ¢
X [oe|Yr/L)[00) + B100) YR L) ][¥[10) + 5]01)]
= y(a|yYL/r)100) + B|00)|¥L,r))[10)
+ 8(a|Yr/L)|00) + B100) [Yr/L))[01), (19)

ordering the states a, b, e, f, ¢, and d [as labeled in
Fig. 6(d)] such that the router states are on the right.

With respect to (iii) data copying, the protocol is as in
Sec. Il with the modification in (i) that a 50:50 beam split-
ter and single-cavity rotation are necessary to place the
state of the bus in the cavity nearest the router [see Figs.

6(c) and 6(f)].

C. Resource estimates

We estimate the hardware cost of the GUE QRAM
architecture by counting the number of high-Q resonators,
as before. A simple counting argument yields

NSR = 3N 4 log,(N) — 2,

cav

NDR — 2NSR

cav cav*

(20)

To estimate the number of gates, we again ignore SWAP
or 50:50 beam-splitter operations between high-Q cavities,
focusing on the more costly state transfer and Cz gates.
We lump together the (logical) CZ [see Figs. 6(b) and 6(¢)]
and following state transfer as one “operation,” yielding
the total number of gates,

Ngates = 4N — 21og,(N) — 4, (21)
valid both for single and dual rail (this number includes
the N data-copying operations, which do not themselves

require a state transfer). The total number of time steps in
both cases is

N = 6log, (V) — 6. (22)

(a)

> )

.@

< 10714

£

©

2

Q -2 | —o— single rail (PS1)

fé 10 —m— dual rail (PS1)

8 single rail (PS2)

Q —m— dual rail (PS2)

2 3 4 5 6 7 8 9 10 11
n =logz(N)

(b) 100

2

S

©

o]

o

o . .

o 1071 —e— single rail (PS1)

S —m— dual rail (PS1)

single rail (PS2)

—— dual rail (PS2)

6 7 8 9 10 11
n=10g,(N)

FIG. 7. The postselected infidelity and failure probability of
a QRAM query using GUEs. (a) In the single-rail case, a high-
fidelity query is only possible for relatively small # limited by the
infidelity of state transfer. In the dual-rail case, we may postselect
for photon loss enabling higher-fidelity queries for larger values
of n. (b) The flag probability in the single-rail case is due to the
ability to postselect away ancilla errors during the CZ operation
preceding the state-transfer protocol.

D. Infidelity and error mitigation by postselection

The error probability associated with each time step is
€ = 1 — F4(C2)F, grouping the router-controlled opera-
tions and following state transfer together, and defining the
fidelity of state transfer Fi. This expression for the error
probability assumes that errors are uncorrelated between
the two operations. This may not be exactly true in prac-
tice; however, it is likely a good leading-order approxima-
tion and it significantly reduces the computational cost of
calculating the error probability. We additionally define the
no-flag probability

Pnoﬂag = (PCZPst)Ngawsa (23)

where Py is the success probability for the state-transfer
procedure. Py is unity in the single-rail case; however, it
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takes nontrivial values in the dual-rail case because pho-
ton loss is detectable. Details on the calculation of Fy and
Py are provided in Appendix D. To calculate the overall
infidelity of a QRAM query, we again use Eq. (3) (see
Fig. 7).

For PS2 estimates, in the single-rail case only relatively
small-scale devices are predicted to yield high fidelities.
The issue is that for the state-transfer protocol consid-
ered here, we predict state-transfer infidelities on the order
of 107*. This contribution to the overall infidelity over-
whelms that due to the Cz operation, which has a pre-
dicted postselected infidelity on the order of 1073 for PS2
estimates (see Fig. 3).

The situation is quite different in the dual-rail case, with
postselected query fidelities of F' > 0.9 possible forn < 6
and using PS2 estimates. In the case of n = 8, we obtain
F > 0.8, Ppofiag =2 % 1074, and Tgyecess = 2.2 Hz. The
difference now is that photon loss during the state-transfer
procedure is detectable, as the vacuum state is no longer a
logical state. The price to be paid is the increased flag prob-
ability of dual rail with respect to single rail (for a given
parameter set) [see Fig. 7(b)].

V. DISCUSSION AND CONCLUSIONS

We have explored two approaches toward realizing
QRAM using superconducting circuits. The first relies
on the direct construction of CoSWAP and C;SWAP gates
between three superconducting 3D cavities. The only gate
primitive required (aside from cavity SWAP gates and beam
splitters) is the zz(;w/2) gate, which underlies both the
conditional routing and the data-copying operations. Such
a limited required gate set could significantly alleviate
control and calibration overhead in a potential experi-
mental realization. Additionally, this architecture has the
advantage of requiring no new hardware beyond what
has already been experimentally realized in, e.g., Refs.
[22,23,27]. The experimentally feasible architecture and
small gate set stand in contrast to previous QRAM propos-
als, which either still require the experimental implemen-
tation of elementary hardware components [10,11,13,50],
or utilizes components that have not yet been demonstrated
together [12].

The second architecture introduces GUEs, which allow
for the simultaneous conditional routing of quantum infor-
mation down the tree in both directions (whereas in the
CSWAP architecture, the routing operations must be per-
formed serially). The coupling of 3D cavities to a waveg-
uide in the manner described in this work has yet to be
realized experimentally. However, the tunable coupling of
two-dimensional (2D) transmons to a waveguide has been
experimentally demonstrated [30]. Many of our results
carry over immediately to this case, most notably the
state-transfer protocol, which is carried out in the single-
excitation manifold. This platform could then implement

the QRAM protocol described in this work, at the cost of
using relatively low-coherence transmons as routers.

It is worth emphasizing that in both architectures, the
classical data are not stored in any quantum object before
they are copied into the state of the bus. Instead, the clas-
sical data determine which gates are performed during the
QRAM query. This simplification results in quantum hard-
ware savings, and ensures that we need not be concerned
with decoherence in “memory cell qubits” [51], which do
not exist in our proposal.

On the one hand, the GUE architecture generally enjoys
a success-rate advantage over the CSWAP architecture. This
is due to the fact that the lossy ancilla is only mean-
ingfully excited during the single Cz gate preceding the
state-transfer protocol and not during the state transfer
itself. This is to be contrasted with the CSWAP case, where
two Cz gates are required at each node to perform the
conditional routing. On the other hand, the error per time
step is higher in the single-rail-GUE case than for single-
rail CSWAP due to the limited fidelity of the state-transfer
protocol as compared to the postselected CZ gates (the post-
selected state-transfer fidelity is improved in the dual-rail
case). Thus in attempting to build a QRAM using one of
the proposed architectures, the experimenter must care-
fully consider the trade-offs between hardware complexity,
fidelity, success rate, etc.

One could additionally envision merging the two pro-
posed architectures. Laying out the QRAM in a treelike
structure, nodes closest to the root are naturally further
spatially separated from one another. This motivates per-
haps connecting these nodes via the GUE architecture,
before reverting to beam-splitter connectivity for the nodes
nearer the bottom. Of course, due to the use of 3D
cavities with centimeter-scale footprints, scaling up our
QRAM architectures will be challenging due to the lim-
ited space available in dilution refrigerators. However, we
expect small-scale devices to be realizable in the near term
[27]. These proof-of-principle experiments will motivate
exploring strategies for scaling up if they prove successful.

Recent work on virtual QRAM [39] has explored imple-
menting an N-bit QRAM on hardware nominally support-
ing only an M-bit query, with M < N. This technique
comes at the cost of increased noise sensitivity, though
Xu et al. have shown the robustness of virtul QRAM to
Z-biased noise [39]. For the 3D cavities considered here,
the main noise channel is amplitude damping via photon
loss [20,42]. Whether the virtual-QRAM technique can be
made robust to these errors is left for future work.

It is worthwhile to place our work in the context of mod-
ern quantum algorithms that utilize QRAM. Two examples
of recent interest include (i) the quantum simulation of jel-
lium with at least 54 electrons, studied in Ref. [6], and
(i1) the factoring of RSA-2048 with a modern version of
Shor’s algorithm, analyzed in Ref. [4]. In (i), a QRAM of
size N > 162 (at least n = 8 address qubits) is required for
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FIG. 8. The quantum circuit for a query on the 3-bit QRAM of Fig. 2(e). The gates required to route in address 0, address 1,address
2, and the bus are colored as purple, green, blue, and orange, respectively. The gates in black copy classical data into the bus. Referring
to the routing gates (purple, green, blue, and orange gates) as Uyoue and the data-copy gates (black) as Ugya, a full QRAM query
is given by the unitary Ujoute Udata Uroute- The gates in Ujoute, which disentangle the bus from the routers, are not shown due to space

limitations. This quantum circuit has been prepared using the QCircuit package [53].

loading Hamiltonian coefficients. This device is queried  error per time step € and use of the query infidelity formula
on the order of 10* times, with a bus register of about 13 (3). Such simulations may be possible due to the limited
qubits [6]. In (ii), a QRAM of size approximately 2'° is entanglement present in the QRAM device, allowing for
utilized for classical precomputation of modular exponen-  the use of, e.g., tensor-network methods. Such simulations
tials. This device is queried on the order of 103 times and ~ would allow for the investigation of effects such as differ-
requires a bus register of 2048 qubits (the number of bits  ing decoherence rates and measurement infidelities among
of the integer to be factored). These results suggest that  different routers.
in terms of the number of address qubits, QRAMSs of the
sizes considered in this work may be relevant for quantum
algorithms showing quantum advantage. However, query
infidelities must decrease at least to the 107#-107 level We thank Stijn J. de Graaf for a critical reading of the
to support > 10*-10° QRAM queries. Additionally, in our ~ manuscript. We thank Stijn J. de Graaf, Yongshan Ding,
architecture, each qubit in the bus register must be sent ~ Bharath Kannan, Shifan Xu, and Sophia Xue for helpful
into the QRAM one at a time. This lengthens the query discussions. We acknowledge use of the Grace cluster at
time and decreases the fidelity of a query. It is thus worth-  the Yale Center for Research Computing. This material
while in future work to consider noise-resilient QRAM  is based upon work supported by the Air Force Office of
architectures that natively support large bus registers. Scientific Research under Grant No. FA9550-21-1-02009.
Further future work could explore larger-scale numer-  The U.S. Government is authorized to reproduce and dis-
ical simulations [52] that go beyond a calculation of the  tribute reprints for governmental purposes notwithstanding
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APPENDIX A: QUANTUM CIRCUIT FOR 3-BIT
QRAM

The full quantum circuit associated with a query on
the 3-bit QRAM of Fig. 2(e) is shown in Fig. 8. All of
the gates are local and are color coded for clarity. We
observe the benefits of address pipelining [3,39], where the
third address qubit and the bus qubit undergo simultaneous
CSWAP operations in different layers of the QRAM device.

APPENDIX B: cswAap OPERATION

For the computational basis states |n,00), |n,01), and
|n,10), n, = 0,1, the operation BSZC(F/2)CZabBSbc(7T/2)
appropriately functions as a CSWAP operation. To see this,
note first that when the target modes are unoccupied, the
gate operation is trivial: Bszc (77 /2)CZ4pBSpe (7 /2)|n,00) =
|n,00). Now if the » mode is occupied, we obtain

BS) (7 /2)CZaBSpe (71 /2) 1,10)

1 1
=5+ (=1)™]Ing10) + S = (=D"]Ing01).  (BI)

Thus if n, = 0, no SWAP is performed, while if n, = 1,
the photon is swapped to mode c¢. Similarly, if mode ¢ is
initially occupied and mode b is unoccupied, we obtain

BS] (77/2)CZapBSpe (77 /2)|1,01)

1 1
=5l - (=1)™]Ing10) + S+ (=D™]In,01). (B2)

We have thus obtained an effective CSWAP operation con-
sidering only the relevant states.

In the case of the initial state |n,11), n, = 0, 1, the 50:50
beam splitter yields

1

B (r/2)na11) = —

(1n402) — [n420)), (B3)

where the photons bunching in one or the other mode
are known as the Hong-Ou-Mandel effect. Now, the state
|n,20) outside of the computational manifold incurs a
phase shift as a result of the CzZ operation [see Eq. (7)

and contrast with the case of a pure Kerr interaction,
expliratab’h]]
1 1

CZap—=(1n402) — [n420)) = 7

= (1n402) + [1420)).

(B4)

The resulting state is a dark state of the inverse beam
splitter

L
V2

1

BS) (77/2) 5

(11402) + |na20)) = —=(Ina02) + |1n,20)),

(B3)

and thus population in the state |n,11) is transferred out
of the computational manifold at the completion of the
gate Bs_,tc (77 /2)CZ4pBSpe (7t /2). In the case of the ideal Kerr
interaction, there is no such phase shift on the |n,20) state
and the inverse beam splitter undoes the Hong-Ou-Mandel
effect. We emphasize again that we do not expect both tar-
get modes to be occupied in the course of a QRAM query,
as the system is initialized in the vacuum state.

APPENDIX C: FIDELITY OF THE cz
OPERATIONS

Based on the ability to perform first-order error detec-
tion, we want to calculate the postselected fidelity of the
cz gate. To proceed, we define measurement operators
M,,Myx. A measurement result associated with M, indi-
cates that no error has been detected, while M, indicates
that an error has been detected. If before measurement the
system was in the state p, the postmeasurement state p’
conditioned on detecting no errors is

p' =M, oM [P/ (p), (@)
where P, (p) = Tr(,oM%/Mx) is the probability of no
errors. As discussed in Refs. [24,25], measurement of the
ancilla transmon after the Cz operation provides first-order
detection of errors in the ancilla (in the dual-rail case, we
measure both transmons associated with the router rails).
Measuring the transmon in |g) indicates that no errors have
been detected, while measurement in |e) or |[f ) indicates a
bit-flip or a phase-flip error, respectively. (The gate may,
of course, still fail if, e.g., two ancilla errors occur during
the gate.) In experimental reality, some jumps may occur
that do not get flagged; i.e., we may misidentify the |e) and
|f) states as |g). We model this by taking as our no-error
measurement operator

Mg = \/Tgglg) (gl + /Ngele) (el + /ngr I ) 1,

with measurement coefficients 1., = 1-10~4, Nge = 0.01,
and ngr = nfge [24]. (The opposite problem of misidenti-
fying |g) as |e) or |[f') only serves to decrease the success

(C2)
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rate). We can already see that such detrimental effects only
enter at second order: first, an error must occur; then, it
must be misidentified (rare for cQED experiments with
high-fidelity readout such as, e.g., in Ref. [42]).

In the dual-rail case, we can also detect photon-loss
events in the cavities by performing a parity check [25].
It is important to note that this parity check can be
done only at the end of the QRAM query, once the
addresses and bus have been routed in and back out of
the tree [54]. Otherwise, we reveal “which-path” infor-
mation that destroys the superposition state. Thus, in the
following, we do not explicitly simulate a parity check
at the completion of the Cz operation, which would take
additional time of approximately 7 /x [24,25] and unre-
alistically increase our error probability per time step due
to additional uncaught transmon errors. Instead, we per-
form the ancilla measurement(s) as described above and
then project onto the dual-rail basis to obtain an estimate
of the fidelity boost due to utilizing dual-rail qubits. The
overall no-error measurement operator is

M, = MprMg, (C3)

where

1
Mpr = Y i) i) GLlGicl, (C4)

ij=0

written in the logical dual-rail basis. This expression for
Mpr ignores measurement errors in projecting onto the
dual-rail basis; however, such effects are of subleading
order compared to ancilla measurement errors and thus
can be safely ignored. We have additionally neglected the
effects of no-jump back action, which arises if the decay
rates are not identical between the two cavities comprising
a dual rail [24]. Essentially, superposition states become
biased toward occupation of the longer-lived cavity. This
effect can be mitigated by periodically performing SWAPs
between the two rails of a dual rail, effectively echoing out
the no-jump back action.

The normalization by P, (p) in Eq. (C1) ensures that the
density matrix p’ has unit trace. This nonlinear mapping
complicates the application of standard fidelity metrics,
which assume a linear quantum channel [55,56] that can
be decomposed into a set of state-independent Kraus oper-
ators [57]. To proceed, we instead view this process as a
linear map that yields a subnormalized state. Thus, we can
apply formulas that depend on the process being a quan-
tum channel, before correcting for the subnormalization.
We utilize Nielsen’s formula for the entanglement fidelity
associated with a gate U [55]

> i Tr(UU UM, E (ML 1)

Fo(U) = N ,

(©5)

where &;(p) is the quantum channel applied to the den-
sity matrix p before the error-detecting measurements and
Eu(p) = Upu’ when the map is unitary. d is the dimen-
sion of the Hilbert space (here, d =4), the U; are an
orthonormal operator basis on the d-dimensional space,
and the p; are pure-state density matrices consisting of
the computational basis states |0),...,|d — 1) as well as
their superpositions (|j) = [k))/+/2 and (|j) % ilk))/~/2
forj # k. (In the case d = 4, there are four computational
basis states and 24 superposition states.) The coefficients
i are defined by the decomposition U; = ), atjx k. It is
convenient to use the basis v/d |7 ) (k|, as the decomposition
in terms of density matrices is simple |j ) (k| = |+)(+]| +
i=N=] =[G+ k) (kI +D)/2, where |+) = (|/) +
1K))/~/2 and | =) = ([f) + ilk))/~/2 [58] (note the typo-
graphical error in the formula in Ref. [58], fixed here).

The quantity F,.(U) encodes the product of the aver-
age entanglement fidelity and the success probability,
as opposed to the average entanglement fidelity alone.
We thus divide by the average success probability P, =
> Tr(Eu(pr))/ [2d*> — d] to obtain the average postse-
lected entanglement fidelity F,(U) = F.(U)/Py, summing
over the 2d? — d states utilized in the decomposition of the
operator basis. The average postselected gate fidelity £ (U)
is then given by the standard formula [55,59]

dFe(U) +1

FeW ==

(Co)

In the single-rail case, we simulate the Cz operation as
described in Sec. III and Ref. [24], utilizing the QuTiP [60,
61] Lindblad-master-equation solver. We observe that the
postselected infidelity scales with (T;’ge)_z, (T;;ee)_2 due to
the ability to detect first-order transmon errors [see Figs.
9(a) and 9(b)]. Of course, the failure probability scales
as (T7%)7, (dee)‘l. Additionally, in the single-rail case
there is no ability to detect first-order photon loss errors
in the cavities (dephasing events in the cavity cannot be
detected in either case). Thus the postselected infidelities
and failure probabilities both scale as (7%)~", (7).

In the dual-rail case, we make the simplification that the
two halves of the dual rails are identical. This allows us
to reuse results from the single-rail case and appropriately
tensor together single-rail states to obtain dual-rail states.
In this way, we simulate the logical Cz operation, which
consists of two parallel physical Cz gates as in the log-
ical CSWAP gates schematically represented in Fig. 2(c).
Now, with the ability to detect first-order decay events in
the cavities, we obtain a postselected infidelity that scales
with (7%)~2 [see Fig. 9(c)]. Dephasing events in the cavity
are still undetectable; thus the postselected infidelity still
scales as (T5) ™' [see Fig. 9(d)].
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FIG. 9. The postselected gate infidelity and failure probabil-

ity of the Cz operation. We sweep over transmon (a) relaxation
and (b) dephasing times as well as cavity (c) relaxation and (d)
dephasing. To observe the scaling of the infidelity and failure
probability with each parameter, we set to zero all decay rates
that are not being swept. In the single-rail case, postselection
allows for the detection of first-order ancilla decay and dephas-
ing errors [(a) and (b)]. Thus the postselected infidelities scale
approximately quadratically with the coherence times. In the
dual-rail case, we may now additionally postselect on first-order
cavity-decay errors (c).

APPENDIX D: GUE STATE TRANSFER

The state-transfer problem involves the sender GUE
emitting in both directions simultaneously in superposi-
tion. For simplicity, we restrict ourselves to the problem of
state transfer between only two GUEs; we show below that
in the ideal case of parameter symmetry, the state-transfer
problems for both directions decouple. (When performing
numerics and including decoherence processes, we ana-
lyze the full state-transfer problem of six data cavities
and six transfer resonators.) The bare Hamiltonian of the
waveguide and the GUEs is

Hy = / dw wlaf (w)ag (@) + & (@)aL ()]
0

+ ) oy, (D1)
u=b,c
j=1234

where ap (w) and ar(w) are the annihilation operators of
left- and right-propagating modes at of the waveguide at
frequency w, respectively, jt; and i, are the annihilation
operators of the left and right transfer resonators, respec-
tively, and [i3 and i4 are the annihilation operators of the

FIG. 10. A schematic of multiple GUEs coupled to a com-
mon waveguide. The physics of the state-transfer protocol can
be understood by considering only two pairs of GUEs coupled to
the waveguide, e.g., GUEs b and c.

left and right data cavities, respectively (see Fig. 10). It
is important to note that the waveguide is terminated on
each end with a 50-€2 impedance, such that the waveguide
supports a continuum of modes as in Eq. (D1).

Including now the tunable beam-splitter interactions and
moving into the interaction picture with respect to I:Io,
the intra-GUE Hamiltonian is [making the rotating-wave
approximation (RWA)]

Ay = [gu (O] i3 + b fa) + T2 + Hoc].
n=>b,c

(D2)

The coefficients g, (f) encode the time-dependent drive
envelope of the beam-splitter interaction between the
data cavities and the transfer resonators (see Fig. 10).
As noted in Refs. [28-30], the static interaction between
the transfer resonators is necessary to cancel an effective
unwanted exchange interaction mediated by the waveg-
uide. Of course, a beam-splitter interaction between the
data cavities [omitted in Eq. (D2), as it is not relevant to the
present discussion] is also necessary, e.g., for state prepa-
ration. The interaction Hamiltonian between the GUEs and
the waveguide is [28]

~ 1 o0 . N N
H = — dwel(w*wo)f{& (Cl)) L(b)(a)) +L(C)(a))
-7 L@@+ L)
+ af ()L (@) + LY ()]} + Hee., (D3)
where

iﬁf’) (w) =/ Vorb1 + e~V Vozba,
zib) () =4/ Vorby + eV Voaho,
Ly (@) = e BF B fyerer + e raly),

Zic)(w) — eiw(db+dbc)/v(m2_l _i_eiwdc/vmaz)‘
(D4)

We define the decay rate y,; of transfer resonator ;, j =
1,2 into the waveguide (see Fig. 10). The separation
between transfer resonators in GUEs b and ¢ are defined
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as dj and d,, respectively, while dp. denotes the separation
between transfer resonators b, and c¢;. The speed of light
in the waveguide is defined as v.

In Eq. (D3), we have made the simplification that all
transfer resonators have the same frequency wy. This
assumption is justified for several reasons. First, the trans-
fer resonators are over-coupled to the waveguide, with line
widths of y,; /2w ~ 1020 MHz assumed in this work.
Second, the frequency of the parametric drive that pro-
duces the beam-splitter interaction can be tuned to adjust
the frequency of the photon that is emitted into the waveg-
uide [29]. Finally, flux-tunable qubits may be utilized as
transfer resonators, as experimentally demonstrated in Ref.
[30] (the state-transfer protocol discussed here is indif-
ferent to whether the transfer resonators are qubits or are
harmonic oscillators, as they are ideally not excited beyond
the first excited state).

In the following, we take dp = d. = A/4 [28,29], where
A = 2mv/wy is the wavelength of the photon emitted into
the waveguide. We also assume symmetric decay rates
Vi =V, Y u,j. We explore the effects of asymmetric
decay rates in Appendix E. The authors of Ref. [29] have
analyzed the case of deviations from d = A/4, finding
robustness of the directionality properties to deviations
from the ideal value.

As detailed in Refs. [28,29,62], the waveguide can be
eliminated in favor of an effective master-equation descrip-
tion in terms of coupled transfer resonators,

d A 2 7(c
P _ [Heﬁ, p] + DL (wo) + L (wp)]p

dt
+ DIL (@0) + Lt (@0)]p, (D5)
where
Hor = Aoy + Y v (s + A30)
n=>b,c
e 11 @)

— 2 (U @V I @)
+ [Z(Lb) (wo)]Tz(Lc) (wp) — H. c.) (D6)

and D[@] p is the standard notation for the dissipator asso-
ciated with collapse operator o applied to the density
matrix p. The second term in the first line of Eq. (D6) is
the aforementioned effective exchange interaction between
transfer resonators within the same GUE that is medi-
ated by the waveguide. Choosing J = —y for the static
coupling strength cancels this unwanted interaction. This
effective description assumes that the GUEs exchange real
photons only at the resonance frequency w,, while only
virtual photons are exchanged at other frequencies [62].
We now consider the situation where no photons escape
either to the left or to the right, known as the dark-
state condition [28,45,47]. Using the language of quantum

trajectories, a pure state | (f)) then evolves under the
non-Hermitian Hamiltonian [63],

N A I aga [ AN
o = Hor — SLgle = SLILL. (D7)

where we have defined the collective decay operators
Lijr = Lil’/)R (wo) + L(L"/)R(wo). The non-Hermitian terms in
Eq. (D7) interfere with those in H.g. After inserting the
definitions given in Eq. (D4) and noting that wd, /v =
/2, u = b,c, we obtain

A = 3" g (A f1s + Adfia) + H. e

u=b,c
i o A
=5 2 L @)l Ll o)
d=R,L
n=b,c
— i(I2 @)L @0) + L @) L (@) ).

(D8)

The structure of the last line of Eq. (D8) encodes the direc-
tionality: a left-propagating state |y ) initialized in GUE
¢ only couples to a left-propagating state in GUE b and
a right-propagating state |yr) in GUE b couples only to
a right-propagating state in GUE c. That is to say, inter-
ference between terms in Heg and those arising from the
dissipators leads to the cancellation of terms that would
allow for, e.g., the creation of the state |y ) in GUE c along
with the annihilation of the state | ) in GUE b.

We now proceed to derive the necessary control pulses
gu(®), = b,c to perform state transfer between GUEs
b and c. Without loss of generality, we consider the
state-transfer problem beginning with the initial state
|¥;) = [¥r)|00)]00)]|00) and ending with the final state
[¥rr) = 100)]00)|00)|r) after some specified time. We
have ordered the kets as bs, b4, by, by, ¢y, ¢2, c3, and cy,
tracking the progress of population moving from GUE b to
GUE c. The state of the system at intermediate times is

[V () = arp(O|Vry) + are(O) | Vre)

+ aret(D|Vrer) + Are(DYre),  (D9)

where |Vg,) (|Wru)) are the states where the data cavi-
ties (transfer resonators) of GUE u are occupied. The time
evolution of this state is governed by the time-dependent
Schrédinger equation i d% v (t) = I:I;#W(t)). Inserting Eq.
(D9) into the Schrdodinger equation yields the following
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four coupled differential equations for the coefficients:

icpy (1) = g (Dagy (1),
iy (1) = —Ty arpe () + gp(Dogy (),
itger () = —iyope(?) + ge(Doge () + 2y P opp (D),

idtge (1) = g (Dotger (1),
(D10)

defining ¢ = wodp./v. Analytically solving for the pulses
gp(®) and g.(¢) that satisfy these four differential equa-
tions subject to the initial and final conditions does not
appear to be straightforward. To proceed, we adiabatically
eliminate the transfer resonators. This approximation is
motivated by the over-coupling of the transfer resonator to
the waveguide, causing any population to immediately be
emitted; i.e., the adiabaticity condition is g, < y. Setting
Aarp: (1) = 0, ape () =~ 0, we obtain

2o

arp(t) = — app(t)

g

ape(f) + 2ie ro (1),

(D11)

Gipe(f) = — i08e (t;gb(t) o

describing an effective directional interaction between the
two GUEs. Choosing ¢ = /2 (which amounts to a spe-
cific spacing of the GUESs) yields the exact same differen-
tial equation for directional state transfer as in Ref. [47, cf.
Eq. (47)]. There, Stannigel et al. have studied state transfer
between two qubits along a one-dimensional waveguide
in an optomechanical setting. It is remarkable that we
recover the results of Ref. [47], given that we have made
no assumption about the directionality of the waveguide
itself or preferential coupling to left- or right-propagating
modes. Instead, the directionality here is due to appropriate
spacing of the transfer resonators along the waveguide.

It is worth emphasizing here that the state-transfer
protocol trivially extends to the case of superposition
states. We say that it is trivial because the Hamiltonian
in Eq. (D8) is number conserving: thus it immediately
follows that we can execute the state transfer (8;|00) +
B21¥r))100)[00)]00) — 00)[00)[00)(B1100) + B2[g)) if
we can perform |Ygp) — |Wge).

We apply the results of Ref. [47] to obtain pulses that
yield a time-symmetric emitted wave packet, allowing for
it to be absorbed using a time-reversed pulse. One set of
solutions is

JEen—c2/2)

\/ E— | JRerf(/n

gc(t) = gp(=1),

gr() =

(D12)
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FIG. 11. The state-transfer protocol between two GUEs. (a)

Population swaps from GUE b to GUE c due to the control pulses
(b) applied between the GUEs and the transfer resonators. (¢c) The
transfer resonators are minimally occupied during the course of
the operation [the area plotted in (c) is highlighted by a dashed
box in (a)].

where £ and ¢ must be adjusted appropriately to satisfy the
boundary conditions

arp(t) = lage(tr)| =1, arp(ty) = age(t;) =0,

(D13)

in which ¢ and ¢, are the initial and final times, respec-
tively, and #; = —tr. We find empirically that setting ¢ <
g2 /4 yields good results, leaving £ as the only variable
to tune. Throughout this work, we set £ /27 = 0.95 MHz
and y /27 = 20 MHz. Moreover, we find that optimization
over scale factors X,, where g, (1) = A,g,.(H),n = b,c,
improves the state-transfer fidelities (discussed below).
We utilize A, = 1.018, A, = 1.017 in the remainder of this
work.

The dark-state condition i]_lt/f(t)) = 0 is automatically
true for the case of rightward state transfer considered
here. However, the condition I:Rh//(t)) = J/YI[aru(t) —
ie " ®ap.(t)] = 0V ¢, is only approximately satisfied due to
suppressed (by the adiabatic condition) but nonzero occu-
pation of the transfer resonators during the state-transfer
protocol (see Fig. 11). Violation of the dark-state condi-
tion represents population lost to the waveguide and limits
state-transfer fidelities, as we show below.

Toward performing numerical simulations of the full
state-transfer protocol, we now include a third GUE
(labeled a) to the left of GUE b (see Fig. 10). The master
equation is

d a 7(a T 7 (c
= =i . p] + DILY @0) + L (w0) + L @0l

+ DL (wo) + L (o) + L\ (@0)]1p, (D14)
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where

Ifleff = ﬁsys(t) + Z V(ll{/lz + /l;/ll)

u=a,b,c

(D15)

i 7(c T T 7(c
= S (2R @' L @0) + (L @0)] 1 @)
+ L (@0]'LE (@0) + [L{” (@00)]'Li (o)
+ L0 @0 L @0) + L @0)] L (@0) . )
and ﬁsys(t) is as in Eq. (D2) with the sum extended to
include GUE a. As before, we obtain the non-Hermitian

effective Hamiltonian by assuming the dark-state condi-
tion, yielding [28,47]

A% = 3" (g0 ps + adia) +Hoel  (D16)
n=a,b,c
i N a
—5 2 P @I L (@)
d=R.L
n=a,b,c

= i( 12 @012 @0) + (L @)l L (o)
+ L @) L (@o) + L1 (@0)]'Li (@)

+ L @01 L @) + " @' L (@) ),

a  relatively  straightforward  generalization  of
Egs. (D7){D8). We define the decay operators now uti-
lizing a; as the origin; thus we have, e.g., L;{’) (wg) =

VYarly — i/Valy and LY (g) = (—i)2e™ @t 00 (/e
- imEZ), where  ¢up = wodup /v, Ppe = wodpe/v. We
take g,(t) = g.(¥) to simultaneously catch the emitted
wave packets in both receiver GUEs. In the single-rail
case, the initial basis states are {|0) = |00)|00)|00), | /) =
|00)|¥/r)|00), [ ) = |00)])|00)}, (ordering the kets as
as, as, by, by, c3, and ¢4 and omitting the trans-
fer resonators), while in the dual-rail case, they are
{IYr)10), [¥1)10),10)[¥r), [0)[¥L)}. The final basis states
are similarly defined.

Simulating the full state-transfer protocol is challeng-
ing even in the single-rail case due to the 12 subsystems
involved (six data cavities and six transfer resonators). We
take advantage of the fact that the Hamiltonian is num-
ber conserving, where the only non-number-conserving
processes are due to decay or heating. Thus we specify
a global excitation number cutoff when constructing our
basis, as opposed to including, e.g., 3'2 basis states (allow-
ing for two excitations per mode to include heating effects)
[64,65]. We take care to ensure that our results do not
depend on the global excitation-number cutoff.

In the dual-rail case, we reconstruct the time evolution
of a dual-rail state by appropriately tensoring together the

time evolution of single-rail states [66]. State transfer is
now performed pairwise, with the right GUE in the sender
dual rail transmitting to the right receiver GUE and like-
wise for the left GUEs. On the one hand, if these different
pairs of GUEs are coupled to separate waveguides (in
the experiment of Ref. [67] the authors have coupled two
qubits via a 64-m Al cable where the cable left the 2D chip,
suggesting an architecture where multiple cables can be
braided in 3D), then the state-transfer problems proceeds
as in the single-rail case. On the other hand, if all GUEs
are connected to the same waveguide, each state-transfer
operation includes passing through an “inactive” GUE (see
Fig. 5). This pass-through GUE is inactive in the sense
that the beam-splitter coupling between the data cavities
and transfer resonators is turned off; however, the transfer
resonators are still coupled to the waveguide. Perhaps sur-
prisingly, as discussed in Ref. [29] and Appendix E, in the
ideal case of parameter symmetry, this GUE serves only
to impart a Wigner time delay on the transmitted photon
[29,68,69]. Thus the previously derived state-transfer pro-
tocol can be applied to this case, provided that the retarded
time of the receiver GUEs are redefined to account for the
Wigner delay (in addition to the delay due to the finite
propagation time of the photon). We discuss the nonideal
case of parameter asymmetry in Appendix E.

The average state-transfer fidelity Fy is calculated by
averaging the individual state-transfer fidelities,

Fyp = (I Tr [Ec () (D), (D17)

over the initial basis states as well as their X and Y superpo-
sitions. The trace is performed over the transfer resonators
as well as the initial data cavities. In the single-rail case,
&g includes only time evolution under the state-transfer
protocol, while for dual rail, we also include a projective
measurement onto the dual-rail states. Again, we include
this measurement only to obtain an estimate for the posts-
elected fidelity of a dual-rail QRAM query and emphasize
that such a measurement cannot actually be performed dur-
ing a query. We include the effects of nonradiative decay of
the transfer resonator as well as transfer-resonator dephas-
ing (see Table II, in addition to the data-cavity coherence
times in Table I).

In the single-rail case and utilizing PS2 estimates,
we obtain a state-transfer infidelity of 3.3 x 107 (see
Table II). Decay to the vacuum state generally limits the
fidelity of the state-transfer protocol, due both to decoher-
ence as well as to violation of the dark-state condition.
Thus, upon sweeping the coherence times of the data
cavities and transfer resonators, the single-rail infidelity
plateaus at the 10~* level (see Fig. 12). Utilizing a dual-
rail architecture (see Fig. 5) helps to mitigate this issue,
where now decay to the vacuum is detectable. Therefore
the infidelity of the dual-rail state-transfer protocol scales
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FIG. 12. The state-transfer infidelity and failure probability.
We sweep over data cavity (a) 77" and (b) T3 as well as (c) T‘{i‘l';
and (d) Tg““. The plateau of the single-rail infidelity (and failure
probability) is due to the inherent infidelity associated with our
state-transfer protocol, at the level of 10~* for our parameters. In
the dual-rail case, decay to the vacuum state is detectable; thus
the postselected infidelity scales as (75%) 2, (77) =2

1,nr

quadratically with cavity decay and transfer-resonator non-
radiative decay (see Fig. 12). In terms of PS2 estimates,
the postselected state-transfer infidelity is 4.0 x 10~° (see
Table II). The failure rate in this case is 6.1 x 10~*, which
is, as expected, roughly twice the single-rail infidelity.

APPENDIX E: NONIDEALITIES IN GUE STATE
TRANSFER

Various nonidealities affect the ability to perform high-
fidelity state transfer. These include (i) imperfect cancel-
lation of the direct coupling between transfer resonators,
(i1) detuning of the transfer resonators from resonance, (iii)
deviation from d = A /4 of the distance between the trans-
fer resonators, and (iv) disorder in the radiative decay rates
of the transfer resonators. Imperfect cancellation (i) can be
addressed by using tunable beam-splitter interactions (as
discussed in the main text). Nonidealities (ii) and (iii) can
be addressed by utilizing, e.g., flux-tunable transmons as
the transfer resonators, as in the experiment in Ref. [30].
This allows for the emitters to be tuned into resonance at
the specific frequency appropriate for their true separation
along the waveguide. Disorder in the decay rates (iv) does
not appear to be easily tunable in sifu; thus we focus on
characterizing the directionality properties associated with
asymmetric decay rates.

There are three processes that could be affected: emis-
sion, absorption, and “pass through.” Note that due to

time-reversal symmetry, we need only consider one of
emission or absorption. The directionality properties for
the other process immediately follows. With respect to the
pass-through problem, in the dual-rail architecture both
rails may be connected to the same waveguide. Thus it
becomes necessary for photons to pass through an inactive
GUE. In the case of symmetric decay rates, wave pack-
ets pass through undistorted, incurring only a Wigner time
delay [29,68]. Disorder in the decay rates of the inactive
GUE could result in reflection or distortion of the transmit-
ted signal and we analyze the symmetric and asymmetric
cases below.

These problems are most appropriately analyzed in the
context of input-output theory [70], considering a wave
packet incident on a GUE. The derivation of the associated
Langevin equations can be found in, e.g., Refs. [28,29],
and we obtain

db 2 j
cllt(t) = —y1b1(D) — igy (D3 (D)
yie AR () - Jyar o, (Bl
db(t 5 P
;z( ) _ — by (1) — igy(t)ba (1)
— /72 NP1 — JaR (0, (E2)
db 2
;t(t) = —ig, (b (9, E3)
db,(t 5
;t() = —igy()b2 (1) (E4)
in terms of the input fields a}"; () and
db (t - 7
;t() — b1 (0) — igy (b3 (1) (ES)
— e R0 — Jrat o, (E6)
db 2 ;
;t(f) = 1abs (1) — igy(1)ba(0)

yae zwod/v'\out(t) _ onut(t)

in terms of the output fields &{"f{(t). Here, d is the dis-

tance between the GUEs, b, is the annihilation operator for
transfer resonator i, and am Ut are the input-output fields
in direction d. We first dlscuss the pass-through protocol,
before returning to absorption.

1. Pass through
a. Symmetric decay rates

In this case, we take y; = y» = y. In the pass-through
protocol, the beam-splitter interactions are turned off,
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25(H) = g.(f) = 0. We thus obtain the particularly simple
Langevin equations for the right and left collective modes,

dbR L(5)

. = —27a () — ybr L)

= 27" (1) + ybr, (1),

(E7)

(E8)

br(t) = iby (1) + by (2) and by (1) = by () + iby (7). We read
off the input-output relations,

QML) = ag () + VbR, L. (E9)
In this ideal case, the right and left modes completely

decouple. We can solve for the output fields in terms of
the input fields by working in Fourier space, defining

Aln, Oouw o da) ~1n, oul —iw
Rﬁ(o_/ 2 TG T

with similar definitions for the fields ISR,L (). We empha-
size here that because we are working in the rotating
frame, zero frequency indicates resonance with the emitter
frequencies. Using Eq. (E8), we obtain

. 27 .
bro@) = YV an, (o), (E1D)
iw—1y
leading immediately to
B () = 2= i () (E12)
R.L o+ iy RE

Thus we observe that the output fields are related to
the input fields by a frequency-dependent prefactor that
has unit modulus. Interpreting this prefactor as a phase

e @ = (w — iy)/(w + iy), we obtain
2yw
¢(w) = arctan | — 5 )- (E13)
w” =Yy
Taylor expanding about @ = 0 yields
20 2°
b ==+ TS HO(0)T).  E9

For input fields that are nearly resonant with the emitters
such that the cubic and higher terms can be neglected, the
overall effect is a Wigner time delay [29,68,69]

Ry (1) = ag (1 =2/y). (E15)
Thus the inactive GUE can be modeled as merely pro-

ducing a phase shift, in addition to that produced by the
time delay associated with the spatial separation between

emitters. Thus all results derived for the GUE architecture
(specifically those associated with state transfer between
GUEs) are immediately applicable to the dual-rail GUE
architecture, where the phase shift between GUEs acquires
a contribution from the Wigner delay associated with
traversing the pass-through GUE.

b. Asymmetric decay rates

We now return to Egs. (E1)~(ES) and allow for y; # y».
The input-output relations are

aR (1) = ap (1) + zﬁbl(t) + ﬂbz(t) (E16)
A (1) = a(1) + b1 (1) + i/yabs (1), (E17)

where Egs. (E16)«E17) are not decoupled as they were in
the symmetric case. Again working in Fourier space, we
obtain

aﬁui(w) _ o (Y1 — y2)
(w + iy (w +iy2)

Y1y + o?
(@ +iy) (o + le)

Defining y = (y; + y2)/2 and 8y = (y1 — y») and expand-
ing Eq. (E18) up to second order in §y yields

'y (@)

"ln ((,())

(E18)

wdy 4in

&ﬁutL(a)): —(a)+ )2 ap g(w)
+(“’—1y_ 08y )Am<>+0<5 3)
w+iy  2(w+iy)’ TRLA® v

(E19)

Thus the leading-order effect of asymmetry in the decay
rates is to cause reflection of the input wave form (as
opposed to modifying the transmitted wave-form shape or
time delay, which is subleading order). To quantify the
reduction in fidelity due to this reflection, we compute the
probability of reflection,

S o de

o(1—y2)
@ty IR (“’)

%, dola @)

Prefl = P (EZO)

assuming an input wave form traveling to the right and uti-
lizing the full formula as in Eq. (E18). We obtain the input
wave form from numerical solution of Eq. (D10). If we
assume y/2mw = 20 MHz and a decay-rate asymmetry of
10% (8y /2w = 2 MHz), we obtain preq = 7.2 x 1076 [see
Fig. 13(a)]. Given that we only expect to achieve state-
transfer infidelities on the order of 10~*, reflection off of
a pass-through GUE due to decay-rate asymmetry is thus
not a limiting factor. This robustness to decay-rate asym-
metry is promising for a dual-rail architecture where all
GUEs at one level of the tree are all connected to the same
waveguide.
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FIG. 13. The reflection and transmission probabilities during

pass through and absorption. (a) The pass-through protocol is
relatively insensitive to decay-rate asymmetries. The reflection
probability and deviation of the transmission probability from
unity are both less than 0.005% for §y/y < 20%. (b) For the
absorption process, the transmission probability is nearly con-
stant as a function of 8y . This should ideally be zero and is not
due to slight violation of the dark-state condition. The reflection
probability varies quadratically with 8§y [see Egs. (E19)«(E20)]
and remains below the transmission probability for §y/y <
10%.

2. Absorption

We now assume time-dependent beam splitter drives
appropriate for absorption, as in Eq. (D12). These time-
dependent drives complicate the analytics and we proceed
by numerically integrating Eqs. (E1)+{E4). The output
fields are obtained from the input fields and the internal
modes using the input-output relations Eqgs. (E16)~+(E17).
With these solutions in hand, we calculate the reflection
and transmission probabilities in the case of a rightward-
traveling input wave form,

[55 dtla™ (0]
[0, dtlaR @)’
[%5, drlay™ ()]
[oo dilag )2

Prefl = (E21)

Ptran = (E22)

respectively. For perfect absorption, both of these prob-
abilities should vanish. In the ideal case of y; = y,, the
reflection probability indeed vanishes [see Fig. 13(b)]. This
is consistent with the decoupling of the input-output rela-
tions in Egs. (E16)H{E17) for y; = y, (these equations
are unchanged by the beam-splitter drive). The transmis-
sion probability is nonvanishing even for y; = y, [see
Fig. 13(b)], due to violation of the dark-state condition.
This limits the fidelity of the state-transfer protocol in
the symmetric case §y = 0 and represents population lost
to the waveguide. The transmission probability is essen-
tially constant and thus for decay-rate variations of up
to approximately 20%, the dark-state violation effect is
the leading contributor to infidelity. We have also cal-
culated (not shown) the coherent loss in fidelity due to
8y # 0 by simulating the state-transfer protocol using the
master equations in Egs. (D5), (D14). We find that for

modest values of asymmetry §y/y < 0.2, the violation
of the dark-state condition still dominates the contribu-
tion to infidelity. It is thus interesting to explore, in future
work, protocols for state transfer that respect the dark-state
condition, which would improve the fidelities.
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