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Bloch oscillations (BOs) are oscillations of electrons under external constant forces in a lattice,
revealing the wavelike behavior of electrons. BOs lead to the localization of the wave packet that is
called Wannier-Stark localization (WSL), resulting in the inhibition of conductivity. We simulate BOs
experimentally in a one-dimensional superconducting circuit with nine qubits. The nine qubits form a
one-dimensional lattice and an electron is mapped to a photon. We experimentally realize the coherent
control of BOs by applying a well-controlled driving force with a frequency close to BOs. We observe the
competition between localization and delocalization of the wave pocket by changing the drive parameters.
Our study demonstrates the visualized wave behavior of electrons and proves a way to modulate electron
transport in a perfect lattice.

DOI: 10.1103/PRXQuantum.5.020302

I. INTRODUCTION

It is well known that an electron in a periodic lattice
propagates freely, following the seminal Bloch’s theorem.
A constant force will not speed up the propagation as one
may naively expect but will make the electron oscillate
locally in situ. The oscillation results in the localization
of the electron wave function and, thus, the breakdown
of the transport. Such oscillation and localization, known
as Bloch oscillation (BO) and Wannier-Stark localization
(WSL) were first studied about a century ago by Bloch
and Zener [1,2] and by Wannier in the 1960s [3]. How-
ever, due to the defects and dissipations in real-life crys-
tals, the observation of BOs was not achieved until the
experiments on semiconductor superlattices in the 1990s
[4,5]. Since then, BOs have also been observed in Bose-
Einstein condensates [6–8], optical waveguide arrays [9],
and superconducting circuits [10].
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The amplitude of the BO, viewed as a quantification
of the WSL, can be tuned to be much larger by apply-
ing periodic driving on top of the constant force, giving
rise to the so-called super-Bloch oscillations (SBOs) [11].
This effect can be used as a control knob for the turning
on or off of transportation. It has triggered many ongoing
research works on the subject of BOs and SBOs in both
theory [12–18] and experiment [7,11,19–21].

Superconducting circuits [22,23], with which many sig-
nificant studies of quantum computing and information
have been achieved [24–27], offer a promising platform
for quantum simulations in condensed-matter physics, due
to their excellent scalability, editable Hamiltonian, and
precise controllability. Unsymmetrical BOs and WSLs
have been demonstrated in superconducting circuits [10];
however, the coherent control of BOs remains a sub-
ject of ongoing studies. We realize symmetrical BOs
and the coherent control of BOs by applying a driving.
We observe the competition between BO and SBOs by
changing the phase and amplitude of the driving. The
BOs are simulated experimentally by using an array of
nine superconducting qubits. With precise on-site control
of the qubit frequencies in the time domain, a constant
force and a driving are realized to manipulate the wave
packet of the photon. We observe the delocalization of the
wave packet with resonant driving due to assisted tunnel-
ing between the Wannier-Stark levels. Additionally, we
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observe more localization with a detuned driving with
a specific amplitude and phase, which exhibits quantum
interference between the wave of BOs and the driving
wave.

II. SYSTEM HAMILTONIAN AND SIMULATION
DESIGN

We perform our experiment on a superconducting chip
in a dilution refrigerator with a base temperature of about
15 mK. The chip contains ten transmon qubits [28,29],
labeled as Q0 to Q9 on the chip [see Fig. 1(a)], and each
qubit has its own readout cavity and XY and Z control lines.
All the readout cavities are coupled to a readout line for
multiplexed readout [30]. To maintain the parity symme-
try with respect to a central qubit, we utilize only nine of
them (from Q1 to Q9) for the coherent control experiment
of BOs.

Within the computation space, the Hamiltonian of the
nine-qubit system reads [31]

Ĥ =
8∑

j =1

gj ,j +1(σ̂
+
j σ̂−

j +1+σ̂+
j +1σ̂

−
j )+

9∑

j =1

ωj σ̂
+
j σ̂−

j , (1)

where σ̂+
j and σ̂−

j denote the creation and annihilation
operators of Qj , respectively, gj ,j +1/2π ≈ 25 MHz is the
coupling strength between Qj and Qj +1, and ωj is the
transition frequency of Qj .

In order to observe SBOs, an experimental configura-
tion, shown in Fig. 1(b), is required. To realize it, we
linearly detune the frequencies of the nine qubits by a gra-
dient of F , i.e., ωj − ωj +1 = F . Then, we modulate the
qubits to make each ωj oscillate in time with the same
frequency FD but with different amplitudes. The ampli-
tudes increase linearly with respect to the distance from
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FIG. 1. The schematic diagram for realizing driving-controlled Bloch oscillations on a ten-qubit chip. (a) A drawing of the ten-qubit
chip. The qubits form a one-dimensional chain, while the even-numbered (or odd-numbered) qubits have the same geometry. Each
qubit has an independent readout cavity and two local control lines for universal control. The frequencies of the qubits can be tuned
by applying ac fields or dc currents through the Z control lines. In this paper, we do not use Q0, by tuning its frequency far away from
those of the other qubits. (b) The frequency arrangement of the nine qubits. The base frequencies of the nine qubits decrease linearly
with a gradient of F , while a harmonic oscillation is added to the base frequency for each qubit. The amplitude of the harmonic
oscillation is (5 − j )KF , where j is the qubit number and K is the amplitude coefficient. (c) The pulse sequences of the nine qubits for
realizing driving-controlled BOs. For preparing the idle point, there is a large enough detuning between every two qubits to guarantee
the weak-coupling regime. The initial single-photon state is generated by applying a π pulse to Q5. The frequency arrangement of the
qubits as shown in (b) is achieved by applying Z and longitudinal control pulses to qubits. (d) An equivalent Bose-Hubbard model
with a time-dependent potential for describing the frequency arrangement of the qubits in (b). The red dot in the Q5 site represents a
photon that can tunnel to the Q4 site or the Q6 site.
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FIG. 2. Delocalizing Bloch oscillations in
position space. (a),(b) Bloch oscillations (a)
in experiment and (b) in theory, when the
equivalent force F/2π is 20 MHz and the
amplitude coefficient K is zero. We excite
Q5 and then capture the time evolution of
the state projection on the σZ axis of each
qubit. (c),(d) Bloch oscillations under res-
onant driving (c) in experiment and (d) in
theory, when FD/2π = 20 MHz and K =
0.2. (e)–(h) The time-domain oscillations
with different amplitude coefficients: (e) K =
0; (f) K = 0.1; (g) K = 0.2; (h) K = 0.3.
The spatial extent is defined as Es(t) =∑9

j =1 Pj (t)|j − 5|d, where d = 360 µm is the
physical distance between the two nearest
qubits. The black data points represent the
experimental data, while the solid red lines
correspond to the theoretical simulations.

the central qubit with a gradient of KF (for the observa-
tion of BOs, we just need to set K = 0). This modulation
of each ωj is realized by a low-frequency (5–20 MHz
for this experiment) pulse through the Z control lines
[32–34]. Now, the system is described by the following
time-dependent Hamiltonian:

ĤSBOs =
8∑

j =1

gj ,j +1(σ̂
+
j σ̂−

j +1 + σ̂+
j +1σ̂

−
j )

+
9∑

j =1

(5 − j )(F + KF cos(FDt + ϕ))σ̂+
j σ̂−

j ,

(2)

where ϕ denotes the initial phase of the drivings. We can
coherently control the dynamics by tuning K , FD, and ϕ.
This Hamiltonian simulates a Bose-Hubbard model for
hard-core bosons in a time-dependent potential, which is
illustrated in Fig. 1(d).

III. SIMULATION OF BLOCH OSCILLATIONS
UNDER DRIVING

We study the propagation of a single excitation
initialized at the central qubit Q5 to simulate the action of
a single electron in a periodic lattice. This initial state is
prepared by tuning the nine qubits far off resonance from
each other at first—to the idle point of the setup where
no tunneling occurs—followed by pumping Q5 to its first

excited state. Then, the system is turned away from the idle
point by sending the control pulses belonging to the config-
uration sketched in Fig. 1(b). The qubits evolve according
to the Hamiltonian in Eq. (2). The duration of the evolution
is controlled by the pulse lengths. After that, we decou-
ple all the qubits (back to the idle point) and read out the
population on the excited state (Pj ) for every qubit (Qj ).

In our experiment, at first, we set the external force
F = 0 and find that the wave packet of the photon will
propagate toward the chain ends (Q1, Q9) and then be
reflected back to the chain center (see Appendix B). This
means that if the external force is zero and the lattice
is infinite, an electron will spread freely. If we set an
external force of F/2π = 20 MHz (K = 0), as shown in
Figs. 2(a) and 2(b), the wave packet of the photon oscil-
lates around Q5 with an amplitude that is too small to reach
the chain ends (Q1 and Q9). This is because the exter-
nal constant force generates Wannier-Stark levels, which
break the resonance between neighboring sites and hence
suppress the site-to-site tunneling, giving rise to the phe-
nomenon of Wannier-Stark localization. This simulates the
BOs of electrons in a periodic lattice with constant force.

Next, we show that the Wannier-Stark localization can
be turned off by adding longitudinal control fields to every
qubit. Here, we set K = 0.2 and FD = 20 MHz and we
illustrate the results in Figs. 2(c) and 2(d). We observe, in
addition to the quick and localized oscillations, a mode of
oscillation with a larger amplitude and a lower frequency.
This is because the longitudinal control introduces a series
of sidebands to every qubit and the energy gaps between
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the sidebands are FD. In the case of F = FD, the resonance
between neighboring qubits is restored by these sidebands,
so that the site-to-site tunneling is activated. Then, the
wave packet of the photon is delocalized and keeps spread-
ing until it is reflected by the chain ends (Q1 and Q9),
resulting in a slower oscillation mode. The frequency of
this mode is proportional to the tunneling rate between the
Wannier-Stark levels.

To quantitatively analyze the oscillation seen from
Fig. 2(c), we define the spatial extent [19] of the single-
photon wave packet as

Es(t) =
9∑

j =1

Pj (t)|j − 5|d, (3)

where d = 360 µm is the physical distance between two
nearest-neighbor qubits. The spatial extents are plotted as
a function of time in Figs. 2(e)–2(h). This shows that,
without longitudinal drivings (K = 0), only fast oscilla-
tion is observed (with the frequency F/2π ). With resonant
driving (K �= 0), both the fast and the slow oscillations
become evident. One can see by comparing Figs. 2(f)–2(h),
or directly from Fig. 3(b), that the frequency of the slow
mode increases linearly with the driving amplitude K . The
increased frequency of the slow mode can be attributed
to the increased tunneling rate between the Wannier-Stark
levels. This means that in an infinite lattice in the presence
of Wannier-Stark localization, one can restore the electron
transportation using an additional on-site harmonic driv-
ing with FD = F and control its mobility by means of the
driving amplitude K .

We convert Es(t) from the time domain to the frequency
domain using a fast Fourier transform (FFT) and plot the
results in Fig. 3(a). This shows that the frequency of the
fast mode is just the frequency of the BOs, while the low-
frequency component is the beat frequency between the
BOs and the driving (only for detuned driving FD �= F).
We also define the average amplitude of the oscillation as

A =
∫ t0

0 Es(t)dt
t0

=
∫ t0

0

(∑9
j =1 Pj (t)|j − 5|

)
dt

t0
, (4)

which is a time-domain average of the spatial extent, where
t0 is the evolution time. Considering the decoherence of
the qubits and the stability of the experiment, we take
t0 = 1 µs. We can also obtain the beat frequency by taking
the low-frequency component after the FFT. The aver-
age amplitudes and beat frequencies of the oscillations
with different driving amplitudes (K), driving detunings
(FD − F), and initial driving phases (ϕ) are shown in
Figs. 3(b)–3(d).

When increasing the driving amplitude (K), both the
average amplitude and the low-frequency component of
the oscillation will increase. The limitation of the average
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FIG. 3. The average amplitudes of the BOs and the frequen-
cies of the slow modes with different drive amplitudes, detunings,
and phases. (a) The oscillations in the frequency domain. The
frequency-domain data are transformed from the time-domain
data in Figs. 2(e)–2(f), with K = 0 (blue line), K = 0.2 (orange
line), K = 0.3 (green line), and K = 0.4 (red line) by a fast
Fourier transform (FFT). The high-frequency peaks belong to the
original BOs and we take the low-frequency peaks as the beat fre-
quency. (b)–(d) The average amplitudes and beat frequencies of
the oscillations versus (b) the driving amplitude K , (c) the drive
detuning (FD − F)/2π , and (d) the drive phase ϕ, respectively,
with F/2π = 20 MHz, where FD/2π = 20 MHz and ϕ = 0
in (b), K = 0.3 and ϕ = 0 in (c), and FD/2π = 22 MHz and
K = 0.15 in (d). The dots represent the experimental data and
the lines represent the corresponding simulation results.

amplitude is due to the qubit numbers. Clearly, the aver-
age amplitudes of the oscillations with resonant driving are
larger than without driving, which quantitatively demon-
strates the delocalization of the wave packet. With detuned
driving, when the detuning (FD − F) becomes larger, the
average amplitudes of the oscillations will decrease and the
low-frequency component is equal to the absolute value of
the detuning |FD − F|. The initial phase (ϕ) will not affect
the low-frequency component but it can tune the average
amplitudes of the oscillations periodically. In short, we can
control the oscillation amplitude and frequency by chang-
ing the drive amplitude, the drive detuning, and the initial
drive phase.

For further study, we calculate the differences of the
average amplitudes of the oscillations with driving (Aw)
and without driving (Aw/o). We set F/2π = 20 MHz and
FD/2π = 18 MHz and then measure the difference of the
average amplitudes with changing the values of the drive
amplitude (K) and the initial drive phase (ϕ). As shown
in Fig. 4(a), with driving, the green region shows ampli-
fication of the average oscillation amplitude, while the
purple region shows that the average oscillation amplitude
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FIG. 4. Bloch oscillations under detuned driving. (a),(b) The
differences of the average amplitude of oscillation with driving
(Aw) and without driving (Aw/o) versus the drive amplitude K
and the drive phase ϕ (a) in experiment and (b) in theory, where
F/2π = 20 MHz and FD/2π = 18 MHz. (c),(d) The time evolu-
tion of the wave packet with K = 0.1 in (a) and (b), respectively:
(c) experiment; (d) theory. (e) A comparison of the spatial extent
of the oscillations with and without driving in the time domain.
The oscillations with driving in (c) (red stars) and (d) (solid red
line), and the oscillation without driving (black stars, experiment;
solid black line, theory).

can even be suppressed. The theoretical result is shown in
Fig. 4(b), which matches the experimental result. This is
a quantum interference phenomenon between the wave of
the BOs and the beat-frequency wave. In Figs. 4(a) and
4(b), the green region represents the delocalized area, the
purple region denotes the more localized area, while the
white region signifies the critical line. The time-domain
data of the wave packet and the spatial extent in the more
localized area are shown in Figs. 4(c)–4(e). As shown in
Fig. 4(e), we observe that the spatial extent of the oscil-
lations is modulated by the driving and shows a more
delocalizing behavior. This phenomenon means that with
some specific parameters of the additional harmonic force,

the electrons can be more localized in the lattice than the
BOs.

IV. CONCLUSIONS

In summary, we simulate the BOs of a single elec-
tron in a superconducting circuit by mapping the electron
to a photon. We control the time evolution of the BOs
using an external driving, which is realized by applying
longitudinal control fields to the qubits. By changing the
parameters of the driving, we investigate how the oscil-
lation amplitude and frequency change. Under a resonant
drive, the tunneling rate between the Wannier-Stark levels
increases with an increase in the driving amplitude, leading
to the delocalization of the wave packet. Under a detuned
drive, a beat-frequency wave is generated, which inter-
feres with the wave of the BOs. More localized oscillations
are observed under detuned driving with specific ampli-
tudes and phases by integrating the spatial extent of the
wave packet in the time domain. Since the WSL is detri-
mental to electron transport, our study points out that one
possible solution is to apply external driving to promote
electron delocalization and indicates that the wave packet
of electrons may become more localized with some drive
parameters.
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APPENDIX A: DEVICE DETAILS AND
MEASUREMENT CALIBRATIONS

1. Fabrication

The chip has a four-layer structure. The layer of the
Josephson junction is exposed using electron-beam lithog-
raphy, while the other layers are exposed using optical-
beam lithography. The first layer consists of the capac-
itance of transmons, readout cavities, control lines, and
transmission lines and is made by evaporating a 100-nm
aluminum film on the sapphire substrate and then etching
the film using aluminum etchant. The second layer con-
sists of the gold markers that are used for alignment during
electron-beam lithography. The third layer is a Josephson-
junction layer that is made by double-angle evaporation
[35,36] (−60◦ for 65 nm and 0◦ for 100 nm). The final
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qubits, while the Z control lines are used for dc biases and longitudinal controls. We use a standard heterodyne measurement to read
out the qubits, where the Josephson parametric amplifier (JPA) is used for improving the visibility of the readout.

layer consists of the air bridges [37], which are used for
reducing the crosstalk between different control lines.

2. Measurement setup

The chip is put into a dilution refrigerator with an envi-
ronment temperature of about 15 mK to avoid thermal
excitations and the measurement setup is shown in Fig. 5.
The attenuators and filters are used for reducing noise. The
digital-to-analog converter (DAC) is used for generating
low-frequency signals (0–500 MHz), while the signal gen-
erator is used for generating high-frequency signals (1–8
GHz). For the Z control of the qubit, a bias tee combines
the dc current and the low-frequency signals, where the

dc current is used for biasing the qubit to the idle point
and the low-frequency signals are used for the Z pulse
and the longitudinal control field. For the XY control of
the qubit, the mixed signals after the I -Q mixer are used
for exciting the qubit. Heterodyne detection is used for
the multiplexed readout of the ten qubits and the out-
put signals are acquired by an analog-to-digital converter
(ADC). A Josephson parametric amplifier (JPA) is used for
improving the visibility of the readout.

3. Device performance and basic settings

The basic parameters of the device are shown in Table I.
The energy decoherence time T1i of each qubit at the idle
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TABLE I. The basic parameters of the device, where fr is the frequency of the readout cavity, fqm is the maximum frequency of the
qubit, fqi is the frequency of the qubit at the idle point, χi is the effective coupling between the readout cavity and the qubit when
the qubit is at the idle point, α is the anharmonicity of the qubit, T1i is the energy decoherence time of the qubit, T∗

2i is the Ramsey
dephasing time of the qubit, Techo

2i is the spin-echo dephasing time of the qubit, and Fg and Fe are the readout fidelity for the ground
state and the excited state, respectively.

Parameters Q0 Q1 Q2 Q3 Q4 Q5 Q6 Q7 Q8 Q9 Average

fr (GHz) 6.514 6.54 6.553 6.575 6.592 6.614 6.633 6.651 6.67 6.69 . . .

fqm (GHz) 5.22 5.55 5.21 5.6 5.16 5.7 5.18 5.66 5.14 5.66 . . .

fqi (GHz) 5.037 5.534 4.929 5.59 5.063 5.694 5.003 5.45 5.049 5.572 . . .

χi/2π (MHz) 0.25 0.49 0.24 0.42 0.23 0.49 0.24 0.44 0.2 0.53 . . .

α (MHz) 200 260 200 260 200 250 200 260 200 260 . . .

T1i (µs) 51.4 36.3 47.6 54.5 48.6 50 41 36.7 18 27.9 41.2
T∗

2i (µs) 1.7 2.6 0.8 7.3 3.9 2.1 2.8 2.1 2.1 3.2 2.9
Techo

2i (µs) 8.1 11.7 6.4 36.4 26.6 12.9 21.2 13.2 20.2 18.4 17.5
Fg 0.945 0.962 0.968 0.988 0.978 0.99 0.976 0.993 0.95 0.981 0.973
Fe 0.89 0.871 0.93 0.868 0.903 0.877 0.862 0.919 0.885 0.921 0.893

point is greater than or equal to 18 µs and then the maxi-
mum evolution time in this paper is 1 µs, so we can ignore
the effect of decoherence on the experimental results. To
make sure that the coupling strength between every two
qubits is small enough at the idle point, we set the detuning
between every two nearest-neighbor qubits to be greater
than 400 MHz and we set the detuning between every two
next-nearest-neighbor qubits to be greater than 40 MHz.
The coupling strengths and effective coupling strengths at
the idle point between the qubits are shown in Table II. We
normalize the readout probability for every qubit by means
of the matrix [31]

m =
[

Fg 1 − Fe
1 − Fg Fe

]
,

where Fg and Fe are the readout fidelity of the ground state
and the excited state, respectively.

4. Crosstalk and distortion calibrations of Z pulses

Since the layout of the qubit control lines is crowded,
crosstalk is difficult to avoid. We measure the crosstalk
between all the Z control lines of qubits and the crosstalk
matrix M�, which is shown in Table III with the matrix,
where �actual = M��ideal, in which � is the flux in the
superconducting quantum interference device (SQUID)

loop of the qubit [38]. Due to the presence of the air bridges
on the control lines, the average valve of the crosstalk-
matrix elements (except for the diagonal elements) is
0.0032. Therefore, all the amplitudes of the Z pulses set for
the DACs can be calculated by Zset = M�

−1Zactual, where
M�

−1 is the inverse matrix of M�, Zset is the amplitude
of the Z pulse set for the DAC, and Zactual is the actual
observed amplitude of the qubit.

Because of the bandwidth limitation on the control cir-
cuits, even if we set a perfect square wave, the actual wave
form seen by the qubit is distorted. We measure the actual
wave form of the Z pulse seen by a qubit and calibrate the
distortion [10].

5. Calibration of longitudinal control pulses

We expect the frequencies of the qubits to oscillate
harmonically in the time domain; however, the relation-
ship between the qubit frequency and the external flux is
not linear [39], so a simple cosine wave added to a Z
pulse cannot achieve the expected frequency oscillation
in the time domain. We can expand the qubit frequency
polynomially,

f (x) =
+∞∑

j =0

aj xj , (A1)

TABLE II. The coupling strengths between the qubits. We only consider the nearest-neighbor coupling (Qj ,j +1) and the next-nearest-
neighbor coupling (Qj ,j +2) between the qubits. The coupling strength g here is measured by the swap frequency when tuning the two
qubits to the same frequency. The effective coupling strength gi when all the qubits are at the idle point is calculated by gi = g2/	,
where 	 is the detuning between two qubits.

Q0−1 Q1−2 Q2−3 Q3−4 Q4−5 Q5−6 Q6−7 Q7−8 Q8−9 Q0−2 Q1−3 Q2−4 Q3−5 Q4−6 Q5−7 Q6−8 Q7−9

g/2π (MHz) 12.05 12.2 11.9 11.9 11.9 11.76 11.9 12.05 12.35 1.1 0.69 1.1 0.69 1.1 0.61 1.1 0.71
gi/2π (MHz) 0.29 0.25 0.21 0.27 0.22 0.2 0.32 0.36 0.29 0.011 0.008 0.009 0.005 0.02 0.002 0.026 0.004
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TABLE III. The crosstalk matrix.

M� =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

100 −0.32 1.12 0.31 0.12 0.64 0.33 0.37 0.27 0.34
−0.23 100 −0.41 −0.33 0 −0.36 −0.20 −0.26 −0.21 −0.24
−0.58 −0.38 100 −0.77 −0.05 −0.75 −0.50 −0.65 −0.52 −0.57
−0.27 −0.68 −0.85 100 0 −0.29 −0.26 −0.31 −0.27 −0.28
0.51 1.02 0.81 2.98 100 0.39 0.50 0.69 0.55 0.49
0.32 0.61 0.40 0.90 −1.02 100 0.82 0.64 0.45 0.37

−0.50 −0.85 −0.50 −0.98 6.1 1.88 100 −2.20 −1.03 −0.61
−0.30 −0.49 −0.28 −0.53 0.28 0.52 0.10 100 −1.13 −0.42
−0.46 −0.77 −0.38 −0.77 0.38 0.79 0.29 −0.15 100 −0.82
0.31 0.45 0.24 0.48 −0.26 −0.53 −0.25 0.08 0.72 100

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

× 10−2

where x is the amplitude of the Z pulse and aj is the corre-
sponding coefficient. If we only consider the second-order
expansion, the frequency of qubit can be written as

f (x) = ax2 + bx + c, (A2)

where a, b, and c are the corresponding coefficients. If we
set the longitudinal control pulse to

x = x0 + 	x cos(ωt), (A3)

where x0 is the constant component (common Z pulse), 	x
is the amplitude of longitudinal control component. We can

Q0 Q1 Q2 Q3 Q4

Q5 Q6 Q7

0.10.7
Pj

Q8 Q9

(a)

(b)

0 0.06
Output amplitude of ADC (V)

Fr
eq
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nc

y 
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H
z)

300

340

380

Q0 Q1 Q2 Q3 Q4

Q5 Q6 Q7 Q8 Q9

FIG. 6. The longitudinal control-field calibration. The qubit
spectra under the longitudinal control field (a) before calibra-
tion and (b) after calibration. The qubit spectra are more aligned
horizontally after calibration.

then obtain

f (x) = ax0
2 + bx0 + c + (2ax0 + b)	x cos(ωt)

= f (x0) + f
′
(x0)	x cos(ωt)

+ a(	x)2/2 + (a(	x)2/2) cos(2ωt), (A4)

where f
′
(x) = 2ax + b is the derivative function of f (x).

The last two terms in Eq. (A4) are unexpected. To elim-
inate these two terms, we can set the longitudinal control
pulse to

xcali = x0 + 	x cos(ωt) − a(	x)2/(2f
′
(x0))

− a(	x)2 cos(2ωt)/(2f
′
(x0)). (A5)

As shown in Eq. (A5), we need to add an additional dc
offset and a double frequency signal for calibration. The
energy spectra of the qubits during the longitudinal control
pulses before and after calibration are shown in Fig. 6.

APPENDIX B: QUANTUM WALKS AND BLOCH
OSCILLATIONS

Before the BO experiment, we need to do some calibra-
tion step by step to build up the measurement conditions.
The first calibration concerns quantum walks. We set the
frequencies of the ten qubits to be equal and then measure
the time evolution of the probability density of the photons
after exciting one or two qubits, as shown in Fig. 7. This
quantum-walk experiment indicates that the electrons can
spread freely in a lattice. The second preexperiment con-
cerns the BOs. When setting a nonzero frequency gradient
F , we observe the localization of the probability of the
photon. As shown in Fig. 8, with larger values of F , more
localizations are observed. This BO experiment shows that
an electron will be localized in the lattice, with a constant
force is applied to the electron.
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FIG. 7. Quantum walks. We tune the frequencies of the qubits
to be the same and then excite one or two qubits and monitor
the time evolution of the photon density distribution: (a)–(d) are
experimental data, while (e)–(h) are the corresponding theoreti-
cal data. In (a) and (e), we excite Q0; in (b) and (f), we excite
Q9; in (c) and (g), we excite Q5; and in (d) and (h), we excite Q0
and Q9.

APPENDIX C: THE COMPETITION BETWEEN
LOCALIZATION AND DELOCALIZATION

As shown in Fig. 4, we have demonstrated the competi-
tion between localization and delocalization both in exper-
iment and theory with a drive detuning (FD − F)/2π =
−2 MHz. Here, we show more theoretical results about
the competition with various drive detunings in Fig. 9, and
we can find that the location of more localized area (pur-
ple region) will shift with different detunings. As shown
in Fig. 9(b), the more localized area with resonant drive
(FD = F) is much smaller than the detuned drive. This
result indicates the resonant drive is easier to delocalize
BOs by avoiding the more localized area.

APPENDIX D: THEORETICAL ANALYSIS

The Hamiltonian of the system with qubit anharmonicity
is

H = g0

∑

j

(
σ

†
j σj +1 + σ

†
j σj −1

)
+

∑

j

U
2

nj (nj − 1)

+
∑

n

nF [1 + K cos (FDt + ϕ)] σ †
n σn, (D1)

where nj = σ
†
j σj is the number operator and U = −α

is the qubit anharmonicity. In this paper, g/α � 1 and

97531
Qubit number

Ti
m

e 
(n

s)

0

300

200

100

Ti
m

e 
(n

s)

0

300

200

100

Pj

0.21 0.8 0.6 0.4 0

(a) (b) (c) (d)

(e) (f) (g) (h)

97531 97531 97531

FIG. 8. Bloch oscillations: (a)–(d) are experimental data,
while (e)–(h) are the corresponding theoretical data. The equiva-
lent force is as follows: (a),(e) F/2π = 0 MHz; (b),(f) F/2π =
10 MHz; (c),(g) F/2π = 15 MHz; and (d),(h) F/2π =
20 MHz.

F/α � 1 and the probability of higher-energy-level leak-
age is very low, thus enabling us to treat the qubits as an
ideal two-level system. The Hamiltonian of the system can
be reduced to

H = g0

∑

j

(
σ

†
j σj +1 + σ

†
j σj −1

)

+
∑

n

nF [1 + K cos (FDt + ϕ)] σ †
n σn. (D2)

We treat the second term as the free Hamiltonian H0(t)
satisfying the commutation relation

[
H0(t), H0

(
t′
)] = 0,

and the first term is the interacting Hamiltonian, Hi. Thus,
the transformation from the Schrödinger interaction to the
interaction picture is expressed as

σn → e−inF
∫ t

0 dτ [1+K cos(FDτ+ϕ)]σn

= e−inFt+in KF
FD

sin(ϕ)−in KF
FD

sin(FDt+ϕ)
σn. (D3)

Then, the interaction-picture Hamiltonian is

Hint(t) = g1

∑

j

σ
†
j σj +1e−iFt−i KF

FD
sin(FDt+ϕ) + H.c., (D4)

where g1 = g0ei KF
FD

sin(ϕ). Using the expansion eia sin(t) =∑∞
μ=−∞ Jμ(a)eiμt, in which Jμ is the μth-order Bessel
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FIG. 9. The theoretical localization data of the super-Bloch
oscillations. The differences of the average amplitude with driv-
ing (Aw) and without driving (Aw/o) versus the driving amplitude
K and the initial driving phase ϕ, with F/2π = 20 MHz: (a)
FD = 22 MHz; (b) FD = 20 MHz; and (c) FD = 18 MHz.

function, the above Hamiltonian can be rewritten as

Hint(t) =
∑

j

σ
†
j σj +1

∑

μ

geff,μe−i(F−μFD)t + H.c., (D5)

where the effective coupling strength reads

geff,μ = g1eiμϕJμ

(
−KF

FD

)

= g0ei KF
FD

sin(ϕ)+iμϕJμ

(
−KF

FD

)
. (D6)

In the case of F ≈ FD as in the experiment, all terms
except μ = 1 have a phase that rotates quickly. We can
formally keep only the contribution of μ = 1 (the main
cause of SBO) and μ = 0 (BO), assuming a coarse-grained
temporal resolution greater than 1/ (F + FD). That is,

Hint(t) =
∑

j

σ
†
j σj +1

(
geff,0e−iFt + geff,1e−i(F−FD)t) + H.c.

(D7)

Therefore, here are two conclusions,

(1) Recall that J0(0) = 1 and J1(0) = 0. Thus, if K �
1, we have geff,0 
 geff,1, so that SBO is not visible.

(2) The frequency of SBO is νS = F − FD. In Fig. 3(b),
we show F = FD. In this case, the excitation can
propagate to infinitely far away.
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