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Quantum Entangled States of a Classically Radiating Macroscopic Spin
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Entanglement constitutes a main feature that distinguishes quantum from classical physics. Here, how-
ever, we show that entanglement may also serve as the essential ingredient for the emergence of classical
behavior in a radiating spin system. We consider the relation between the state of a macroscopic spin, such
as an atomic ensemble, and the radiation it emits. We introduce a new class of macroscopic spin states,
the coherently radiating spin states (CRSSs), defined as the asymptotic eigenstates of the SU(2) lower-
ing operator. We find that a spin emitter in a CRSS radiates classical coherent light, although the CRSS
itself is a quantum entangled state exhibiting spin squeezing. We further show that the CRSS is naturally
realized in Dicke superradiance and underlies the dissipative Dicke phase transition, hence predicting the
optimal scaling of spin squeezing in superradiance. More generally, the CRSS emerges as the ground state
of a collective spin Hamiltonian. The CRSS thus provides a promising concept for studying many-body
spin systems in various platforms, with applications ranging from quantum metrology and lasing to phase
transitions.
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I. INTRODUCTION

Various platforms in quantum research, such as those
comprising ensembles of atoms or artificial quantum emit-
ters, are characterized by a collective macroscopic spin.
A common goal is the study of quantum correlated states
within the macroscopic spin itself or in the light it radiates,
with applications ranging from quantum metrology [1–4]
and ultranarrowband lasers [5–7], to the exploration of
superradiance [8–17] and dissipative many-body systems
[18–21]. This endeavor raises the question of the relation
between quantum correlations in the spin system and those
in the radiated light, and, in particular, of the classical limit
of a macroscopic-spin emitter.

We address these questions by considering an SU(2)
spin-j, such as that describing the collective dipole formed
by N two-level, atomlike emitters (N = 2j � 1). Focus-
ing first on the spin degrees of freedom, classical behav-
ior of this macroscopic spin is typically associated with
coherent spin states (CSSs) [22–24]. These are character-
ized by an average spin of length j � 1 along a certain
direction and a minimal uncertainty circle perpendicu-
lar to it [Fig. 1(a)] [25]. Moreover, a CSS contains no
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entanglement: it is a product state of the N = 2j con-
stituent atoms. Nevertheless, unlike what one may expect
[22], we find below that a macroscopic spin in a CSS does
not act as a classical radiating dipole: it emits quantum cor-
related light rather than coherent-state light, the latter being
associated with the classical limit of radiation [10,26,27].

In contrast, here we introduce the coherently radiat-
ing spin state (CRSS) as the state of a spin system that
produces classical-like coherent state radiation [Fig. 1(b)].
We find that such states exist in the macroscopic limit
j � 1 and are given by the approximate eigenstates of
the spin lowering operator Ĵ− = Ĵ x − iĴ y with continu-
ous complex eigenvalues α restricted to |α| < j . We show
that the CRSS possesses several interesting features. (1)
It is a nonclassical state exhibiting spin squeezing that
increases as |α| → j . For a spin-j describing N = 2j two-
level atoms, this means that the constituent atoms are
pairwise entangled [23,28,29]. (2) The CRSS generically
exhibits a “magnetization” phase transition at |α| = j .
(3) The CRSS is naturally realized as the steady state
of driven-dissipative Dicke superradiance [18,30–35], and
is at the origin of the dissipative Dicke phase transition
[18,19,21,30,31,36]. This allows us to find new analytical
predictions such as the scaling N−1/3 of the best achiev-
able spin squeezing in superradiance. (4) The radiated
light from a CRSS is a coherent state, whose amplitude is
proportional to α. For superradiance, this leads to the pre-
diction that the macroscopic spin dipole, although being a
highly nonlinear quantum system, scatters light just like a
linear classical system. The CRSS then forms a remarkable
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FIG. 1. Spin states represented on the Bloch sphere (southern
hemisphere). (a) CSS: the variance contour perpendicular to the
mean spin vector (green arrow) exhibits no spin squeezing (circu-
lar contour). However, its projection onto the x-y “dipole plane”
is squeezed (elliptical), leading to nonclassical radiation (see
dipole-projected squeezing in Sec. VI A). (b) CRSS exhibits spin
squeezing (elliptical contour perpendicular to the mean spin), but
no dipole-projected squeezing (circular contour in the x-y plane);
hence, it radiates classical light.

case where entanglement between constituent particles is
essential for the emergence of a classical response to light.

Counterintuitively, we thus find that a CSS, considered
as the classical state of the spin, radiates quantum cor-
related light, while a CRSS, a quantum entangled spin
state, radiates classical light. Hence, for macroscopic spin
emitters, there is no clear classical limit: either the spin
is classical or the light, but not both. To further explain
this result, we establish the connection between quantum
fluctuations in spin and light by introducing the concept of
dipole-projected squeezing (Fig. 1).

Importantly, CRSSs are physical, naturally appearing
in superradiance. More generally, however, they form a
new family of pure, entangled many-body spin states—the
asymptotic eigenstates of Ĵ −—and should therefore play
a role in collective-spin problems beyond superradiance.
We provide a first example to this end, by showing that
the CRSS can appear as the ground state of certain Ising
many-body spin Hamiltonians.

II. RADIATION FROM DIPOLE EIGENSTATES

The idea that an eigenstate of the lowering operator
Ĵ − should produce coherent-state radiation is in fact quite
generic and can be intuitively understood as follows. Con-
sider a Hermitian dipole operator in the general form
d̂H = d̂ + d̂† coupled to the Hermitian field ÊH = Ê + Ê†

(with [Ê, Ê†] = 1), both taken dimensionless here. The
light-matter interaction Hamiltonian, ∝ d̂HÊH, within the
rotating-wave approximation [27], takes the form

Ĥ ∝ d̂Ê† + Êd̂†. (1)

If the system is constantly pumped into an eigenstate |α〉
of d̂ with eigenvalue α then we may effectively replace
d̂ → α in Hamiltonian (1) such that the evolution e− i

�
Ĥ t is

the displacement operator of the field, generating a coher-
ent state out of an initial vacuum state (see Appendix A).
So, an eigenstate of d̂ produces coherent-state radiation.
Indeed, for a linear dipole, where d̂ is a boson lower-
ing operator, |α〉 is a coherent state of the dipole, which
linearly transforms via Eq. (1) to produce a coherent-
state field. However, for the nonlinear dipole represented
by a spin-j , we first consider the possible existence of
eigenstates of d̂ = Ĵ − and then study their generation and
properties.

III. CRSS EXISTS: EIGENSTATE OF Ĵ−
Strictly speaking, the operator Ĵ − does not have any

eigenstates except for the eigenstate |j , −j 〉 with an eigen-
value zero, due to the property (Ĵ −)2j +1 = 0 at finite j ;
here we use the common notation |j , m〉 for the joint eigen-
state of the total angular momentum operator Ĵ 2

x + Ĵ 2
y + Ĵ 2

z

and its z-axis projection Ĵ z, with corresponding eigenval-
ues j (j + 1) and m ∈ [−j , j ]. However, we show that, for
a macroscopic spin, j � 1, there are states that are approx-
imate eigenstates of Ĵ − up to excellent accuracy. We call
such states CRSSs. Speaking loosely, we find that in the
asymptotic limit j → ∞, the operator Ĵ − has a set of
eigenstates with complex eigenvalues α satisfying

Ĵ −|j ,α〉 = α|j ,α〉, α = jre−iϕ , 0 ≤ r < 1; r,ϕ ∈ R,
(2)

with r = 0 corresponding to the ground state |j , −j 〉. More
formally, we define this condition as

lim
j →∞

εj (r)= 0, εj (r)≡
∥
∥
∥Ĵ −|j , jre−iϕ〉− jre−iϕ|j , jre−iϕ〉

∥
∥
∥.

(3)

Here εj (r) is the proximity error of a state |j ,α〉 for
being an eigenstate of operator Ĵ − with an eigenvalue α =
jre−iϕ (r < 1), and we require that this quantity approaches
zero for j → ∞. Importantly, the ratio α/j = re−iϕ is
kept constant while taking the limit j → ∞. This allows
us to account for excitation amplitudes α comparable to
j , where nonlinearity becomes significant (beyond the
Holstein-Primakoff approximation).

In Appendix B we show a simple way to define a state
that satisfies Eq. (3). The result is the following ansatz state
and its corresponding error:

|j , jre−iϕ〉ans =
m+∑

m=−j

am|j , m〉, εj (r) = jr|am+|. (4)
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FIG. 2. The CRSS as an approximate eigenstate of the spin-
j lowering operator Ĵ − with an eigenvalue magnitude |α| = jr.
For given j and r, the state coefficients |am| of the ansatz state,
Eqs. (4) and (5), peak at m = m− and are set to zero for m >

m+ (m− < m+ < j ), where |am+| → 0 as j → ∞. The result-
ing Gaussian shape agrees well with the analytical result in
Eq. (10). Here j = 100 and r = 0.4, 0.9 are taken (black stars
represent state coefficients of two respective CSSs with matching
“magnetization” values 〈Ĵ z〉).

The coefficients am are given by

am = a−j efme−i(m+j )ϕ ,

fm = (m + j ) ln(rj )− 1
2

m−1
∑

k=−j

ln[j (j + 1)− k(k + 1)],

(5)

and plotted in Fig. 2. The latter peak at m = m− and
are set to zero for any m > m+, where m± = 1

2 [−1 ±
√

−4(jr)2 + 4j 2 + 4j + 1] < j (see Appendix B). We see
that the last coefficient am+ determines the error εj (r) of the
ansatz state given in Eq. (4) and must therefore approach
zero as j → ∞ in order to satisfy condition (3). We esti-
mate the error numerically for given j and r, using Eq. (5)
for |am=m+| and demanding state normalization |a−j | =
[
∑m+

m=−j e2fm]−1/2. This is presented in Fig. 3, where we
indeed observe that, for j � 1, the error decreases expo-
nentially with j for any r < 1. We also find that at the
limit j → ∞, state (4) coincides with the state that min-
imizes the error εj (r) for fixed j and r (Appendix B 1).
We thus conclude that the state (4) is an eigenstate of Ĵ −
in the sense of Eq. (3), i.e., it is a CRSS to an excellent
approximation.

It is instructive to estimate the error from Eq. (4) also
analytically, finding, for j � 1 (see Appendix B),

εj (r) ≈ qe−2jg(r), g(r) = arctanh[
√

1 − r2] −
√

1 − r2,
(6)

with the power-law prefactor q(j, r) = j 3/4
(

r2
√

1−r2/π
)1/4

.
For r < 1, g(r) is positive, so that the error in (6)
essentially decays exponentially with j , exhibiting excel-
lent agreement with the numerical results of Fig. 3, and
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FIG. 3. Proximity error of the CRSS ansatz state given in
Eq. (4) [evaluated numerically using Eq. (5)]. (a) Error εj (r) ver-
sus j for r = 0.4, 0.7, 0.9 (dashed, dash-dot, solid lines). Expo-
nential decay is observed for large j , in agreement with Eq. (6).
(b) Error εj (r) as a function of j and r. The dashed curve marks
rj , defined in Eq. (7a) and calculated using Eq. (6). For given j
and 0 < r < rj , the state (4) well approximates a CRSS (ε  1),
as predicted analytically.

yielding the CRSS existence condition r < 1 (see also
Appendix B 1). The exponent g(r) is a monotonically
decreasing function of r, meaning that, for increasing val-
ues of r, larger j values are required for the error to still be
small, as also seen in Fig. 3. For a given finite j � 1, we
can thus define the range of validity 0 < r < rj in which
state (4) is a CRSS to a good approximation, by defining
the respective maximal value rj via

εj (r = rj ) = 1
e

, (7a)

rj ∼
√

1 −
(

3
2j

)2/3

, (7b)

as marked by the dashed curve in Fig. 3(b). The analytical
result (7b) for rj expresses its asymptotic scaling with j ,
which is simply obtained by demanding that 2jg(rj ) = 1
(ignoring the power-law prefactor q for j → ∞).

IV. CRSS IS PHYSICAL: SUPERRADIANCE

Before we proceed to the analysis of the properties of
the CRSS, we first show that it appears in physical prob-
lems. The most natural case is that of driven-dissipative
superradiance, described by the following scattering prob-
lem. Consider a dipole d̂ = Ĵ − illuminated by a reso-
nant coherent-state light and damped by radiation to a
continuum of electromagnetic field modes described by
operator Ê. The master equation for the reduced density
matrix of the dipole can be derived from Hamiltonian (1)
by eliminating the photon modes within a Born-Markov
approximation [8,37]:

dρ̂
dt

= − i
�

(

Ĥ nhρ̂ − ρ̂Ĥ †
nh

)

+ γ Ĵ −ρ̂Ĵ +,

Ĥ nh = �

(

�− i
γ

2

)

Ĵ +Ĵ −−�

(

	Ĵ ++	∗Ĵ −
)

.
(8)
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Here γ and � are the spontaneous emission rate and
energy shift, respectively, both induced by the electromag-
netic field reservoir, 	 is the amplitude of the incident
field, and Ĵ + = (Ĵ −)†. In the case of superradiance, Ĵ − =
∑N

n=1 σ̂ n describes the collective pseudospin of N two-
level atoms with lowering operators σ̂ n = |g〉n〈e| (levels
|g〉 and |e〉), which are all identically coupled to common
field modes described by Ê, as can be realized in an opti-
cal cavity [12,13]. The common field reservoir can then
mediate correlations between the atoms via the collective
decay (γ ) and dipole-dipole interaction (�). Assuming that
all atoms are initially in the ground state,

∏

n ⊗|g〉n =
|N/2, −N/2〉, the spin representation is fixed to j = N/2
throughout the dynamics. The steady state of this Lindblad
master equation becomes a pure state if and only if it is an
eigenstate of both the non-Hermitian Hamiltonian Ĥ nh and
the jump operator Ĵ − [38,39]. We showed that the eigen-
state (2) of Ĵ − exists at the limit N → ∞ (CRSS) and it is
straightforward to verify that it is also an eigenstate of Ĥ nh
if we take

α = 	

�− iγ /2
, (9)

yielding dρ̂/dt = 0 for ρ̂ = |j ,α〉〈j ,α| with j = N/2.
This is also seen for a finite N = 2j � 1 by consider-
ing the overlap between the exact steady-state solution of
Eq. (8) and the CRSS ansatz (4), whose deviation from
unity behaves similarly to the proximity error in Fig. 3 (see
Appendix C).

The above considerations establish that, for N = 2j �
1, the steady state of driven-dissipative superradiance is
a CRSS characterized by the amplitude α from Eq. (9).
This means that, within the validity range 0 < r < rj from
Eq. (7a) wherein the CRSS exists, the properties of a
CRSS, a pure state, underlie dissipative superradiance phe-
nomena. As we show below, this allows us to give new
analytical predictions and insights into driven-dissipative
Dicke superradiance. The expected relevance of the CRSS
to physical problems beyond this case is discussed below.

V. CRSS SPIN PROPERTIES

Having established the existence of the CRSS, we now
examine the properties of spin variables under a CRSS.
These are then related to predictions on physical realiza-
tions of a CRSS, such as driven superradiance (discussed
here) and an Ising Hamiltonian (Sec. VII below).

A. Mean spin and phase transition

Using Eq. (2), the average dipole 〈Ĵ −〉 = 〈Ĵ x − iĴ y〉 is
trivially given by α. For the “magnetization” Ĵ z, we note
that the moments of Ĵ z can be estimated directly from the
distribution |am|2 ∝ e2fm from Eq. (5) and Fig. 2. To this
end, we use an integral approximation for fm and expand it

around its peak at m = m−, finding for j � 1 that |am|2 is
well described by a Gaussian,

|am|2 ≈ 1√
2πw2

e− (m−m−)2
2w2 , m−≈−j

√

1 − r2, (10)

of width w2 = jr2/(2
√

1 − r2) (see Appendix B 2). This
yields the result 〈Ĵz〉 ≈ m− ≈ −j

√
1 − r2, so the average

magnetization exhibits a continuous phase transition as a
function of r = |α|/j . The critical point r = 1 coincides
with the upper bound rj → 1 of the validity region of the
CRSS: the error in Eq. (6) changes at r = 1 from being
exponentially small to oscillatory. Therefore, the magneti-
zation phase transition is a generic property of the CRSS
resulting from its existence condition, and should appear
in any physical realization of a CRSS.

In particular, the above CRSS predictions underlie the
physics of driven-dissipative Dicke superradiance. For
example, the mean-field steady-state solution of Eq. (8)
is known to exhibit a second-order phase transition for
〈Ĵ z〉, when the driving field |	| crosses the critical point
	c = (N/4)

√

γ 2 + 4�2 [18,34–36,40]. Using the rela-
tion to the CRSS from Eq. (9), r = |α|/j = |	|/	c, this
exactly matches the magnetization phase transition of the
CRSS. The open-system Dicke phase transition thus orig-
inates from the existence condition of an underlying pure
CRSS state. This connection entails new predictions for
superradiance beyond the mean field, as CRSS theory pro-
vides the complete probability distribution |am|2 of the
magnetization [Eqs. (5) and (10)]; e.g., it predicts the scal-
ing of increasingly large fluctuations Var[Ĵ z] = w2 near
the critical point r = |	|/	c → 1.

For the dipole amplitude, the result 〈Ĵ −〉 = α ∝ 	

agrees with the mean-field solution of superradiance. It
implies a linear dependence on the incident field 	, a
result expected for a harmonic oscillator, but less intu-
itive for our nonlinear spin scatterer. We note that this is
valid for very strong fields r = |	|/	c � 1 well beyond
the weakly excited regime r = |	|/	c  1. Such linear-
scatter behavior will lead to scattered light that remains in
a coherent state, as anticipated above for the CRSS and
discussed further below.

B. Spin squeezing

Writing r = sin θ , we have 〈Ĵ x − iĴ y〉 = 〈Ĵ −〉 = α =
j sin θe−iϕ and 〈Ĵz〉 = −j cos θ , yielding a spin vector Ĵ =
(Ĵ x, Ĵ y , Ĵ z) whose mean of length j = N/2 is directed at
an angle θ away from the south pole of the Bloch sphere
with an angle ϕ along the x-y plane [Fig. 1(b)]. This mean
spin is equivalent to that of a CSS [Fig. 1(a)]; however,
the quantum fluctuations around it are different, as can be
characterized by spin squeezing.
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The spin-squeezing parameter is defined by ξ 2 =
(2j /|〈Ĵ〉|2)minφ Var[Ĵ ⊥

φ ], where Ĵ ⊥
φ is the projection of

the spin vector onto an angle φ on the plane perpendic-
ular to the direction of the mean spin 〈Ĵ〉 [2,3,23,41].
Here ξ 2 < 1 signifies a nonclassical, spin-squeezed state
associated with quantum enhanced metrology, whose con-
stituent N = 2j spin-1/2 are pairwise entangled [23,28,
29]. The best (minimum) achievable squeezing is bounded
by the Heisenberg limit ξ 2 = 1/N . Using property (2) of
the CRSS, together with 〈Ĵ z〉 = m−, Var[Ĵ z] = w2 from
Eq. (10), we find that ξ 2 = √

1 − r2 (see Appendix D),
so that squeezing grows with r and diminishes in the
regime r  1 where the CRSS resembles a CSS (ξ 2 → 1).
While this result agrees with that obtained for steady-state
superradiance using a mean-field approach (with linearized
fluctuations) [20,40], it is strictly exact only for j → ∞.
CRSS theory, however, allows us to extend the analysis to
finite-size behavior. For a given finite j � 1, we recall the
validity region 0 < r < rj defined in Eq. (7a). Since min-
imal ξ 2 = √

1 − r2 is achieved for maximal r, then, for a
given j , the predictable optimal squeezing for a CRSS is
given by

ξ 2
min(j ) =

√

1 − r2
j , (11a)

ξ 2
min(j ) ∼

(
3
2j

)1/3

∝ N−1/3. (11b)

Here Eq. (11b) is obtained using rj from Eq. (7b) and
expresses the asymptotic scaling of the CRSS optimal
squeezing with j = N/2 → ∞. The predicted scaling
N−1/3 does not reach the Heisenberg limit N−1.

We now show how this theory also applies to spin
squeezing in superradiance. In Fig. 4(a) we plot ξ 2 as a
function of r = |	|/	c for the exact steady-state solution
of Eq. (8) with j = 25, 100 (see Appendix D 2 for details,
in analogy to Refs. [20,34,37]). We observe excellent
agreement with the theoretical CRSS result

√
1 − r2 within

the expected validity region r < rj defined in Eq. (7a).
Moreover, for r > rj , ξ 2 begins to grow, setting its mini-
mum at around r = rj . This suggests that the CRSS predic-
tion ξ 2

min from Eq. (11a) also predicts the best achievable
(minimal) spin squeezing in superradiance. This is indeed
what is observed in Fig. 4(b), where the minimal ξ 2 of
superradiance, obtained with respect to r for different j
values as in Fig. 4(a), is plotted as a function of j . Excel-
lent agreement with the CRSS prediction from Eq. (11a)
is exhibited. Within this range of j values, a linear fit to
the log-log plot yields the scaling j −0.28. Extending the
range of j values as in the inset of Fig. 4(b), ξ 2

min from
Eq. (11a) scales as j −0.32, already in close agreement with
the predicted asymptotic scaling j −1/3 from Eq. (11b). This
finite-size analysis of CRSS theory is useful for predicting
spin-squeezing generation in current superradiant systems:

r25
r100

1.00.0

(a)

0.5 r
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ξ 2

100 300 1000
j

0.45

0.3

0.2
0

(b)
minξ
2

j

ξ 2min

10–3
10–1

103 108

FIG. 4. Spin squeezing ξ 2 in superradiance. (a) Plot of ξ 2 as
a function of r = |	|/	c for the steady state of Eq. (8) with
j = N/2 = 25, 100 (circles, squares). The optimal (minimum)
value ξ 2

min is seen around r = rj from Eq. (7a) [calculated using
Eq. (6)]. Agreement with CRSS theory (solid line) is observed
within the validity region r < rj . (b) Plot of ξ 2

min defined in (a) as
a function of j on a log-log scale (circles). Agreement with CRSS
theory (11a) (solid line) is observed. Inset: increasing j , Eq. (11a)
scales as j −0.32, in close agreement with the asymptotics j −1/3

from Eq. (11b) (solid and dashed lines, respectively).

e.g., for N = 2 × 105 atoms [13,14], we find an optimal
squeezing of ∼13 dB.

VI. CRSS RADIATION PROPERTIES

After discussing the spin observables in a CRSS, we
now turn our attention to the light it radiates. As anticipated
above, we see that a CRSS indeed radiates coherent-state
light. This, however, leads to a counterintuitive result for
superradiance. Since we showed that in steady state the
superradiant spin is pumped into a CRSS, then the light
emitted in Dicke superradiance is a classical coherent state
whose amplitude is linear with the incident driving field.
This is identical to scattering by a linear dipole, although
the spin-j dipole is highly nonlinear, and nonlinear optical
systems typically generate photon interactions and non-
classical light [42]. Notably, this result holds even for
very strong fields |	| � 	c well beyond the “common”
linear regime |	|  	c (beyond the Holstein-Primakoff
approximation [24]). To illustrate this, consider a generic
relation between the field Ê in some detection mode and
the radiating dipole Ĵ −,

Ê(t) = Ê0(t)+ GĴ −(t). (12)

This relation, written in the Heisenberg picture, can be
derived from Eq. (1) within a Born-Markov-type approx-
imation as an input-output relation [26,43], where Ê0(t)
is the freely evolving field excluding interaction with
the dipole, and G is a c-number (see Appendix E, e.g.,
for superradiance in a cavity). In the Schrödinger pic-
ture, the solution of Eq. (8) at a steady-state time t
is a pure CRSS state of the dipole, |j ,α〉d, and since
the total dipole+field system is closed, then the total
state is separable, |ψ(t)〉 = |j ,α〉d ⊗ |χ〉f with some field
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state |χ〉f . We now show that this state is a coher-
ent state, i.e., an eigenstate of the (Schrödinger pic-
ture) field operator Ê(0). Assuming a vacuum (or coher-
ent) state for the field mode Ê(0) at initial time t = 0,
and using Eqs. (2) and (12), we find that Ê(0)|ψ(t)〉 =
GĴ −(0)|ψ(t)〉 = Gα|ψ(t)〉 (Appendix E). This proves that
the steady-state radiation is a coherent state with an
amplitude Gα ∝ 	 linear in the incident field. Hence,
the quantum nonlinear spin system driven to a collec-
tive entangled state (CRSS) scatters light as a classi-
cal linear system. Importantly, relation (12) also holds
for the instantaneous emission at a given time t with-
out resorting to steady-state conditions (Appendix E),
leading to the general conclusion that a CRSS radiates
coherent-state light regardless of how the CRSS is gener-
ated.

Accounting for finite-size effects, the deviation of the
radiated field from a coherent state should scale as the
CRSS proximity error εj (r), decreasing exponentially with
j � 1. We explicitly show this for the variance of the field,
whose deviation from that of a coherent state is indeed
ε2

j (r) (Appendix E).
So, we find that a CRSS emits a coherent state. In

fact, the converse is also true, as seen from Eq. (12):
the system is in an eigenstate of the field Ê (coherent
state) provided it is in an eigenstate of Ĵ − (CRSS; assum-
ing an initial coherent or vacuum field). Notably, these
conclusions rely on relation (12) that, for many atoms,
requires their identical couplings to the field mode Ê.
Hence, our results do not mean that any coherent-state-
like radiation, such as a laser, must originate in a CRSS.
For example, in ordinary, nonsuperradiant lasers, rela-
tion (12) does not hold within the relevant timescale for
emission, due to the much faster individual-atom relax-
ation [27].

A. Dipole-projected squeezing

Although the CRSS is a quantum correlated spin-
squeezed state, we found that it does not radiate quantum
correlated squeezed states of light. This calls for a deeper
understanding of the general relation between quantum
correlations in the spin and the light. To this end, we first
observe in Hamiltonian (1) that the field perceives the spin
directly only through the dipole operator Ĵ − = Ĵ x − iĴ y
and hence only through its projection onto the x-y “dipole
plane.” This suggests that nonclassical squeezed light is
produced only if a similar squeezing exists in the projected
x-y spin, hence motivating the distinction between spin
squeezing of the total spin and that of the dipole-projected
spin. To this end, we define the dipole quadrature Ĵ φ =
(eiφ Ĵ − + e−iφ Ĵ +)/2, in analogy to the field quadrature
Êφ = eiφÊ + e−iφÊ†. Using Eq. (12) with [Ê, Ê†] = 1 and
[Ĵ −, Ĵ +] = −2Ĵ z, it follows that the relation between the

variances of these quadratures is

Var[Êφ] = 1 + 4G2
(

Var[Ĵ φ] + 1
2
〈Ĵ z〉

)

, (13)

where G is taken to be real without loss of generality. Con-
sidering the Heisenberg uncertainty Var[Ĵ φ]Var[Ĵ φ+(π/2)] ≥
|〈Ĵ z〉|2/4, we define the dipole-projected squeezing for a
quadrature φ as Var[Ĵ φ] < |〈Ĵ z〉|/2. Then, from Eq. (13)
we conclude that, for 〈Ĵ z〉 < 0, the emitted light becomes
squeezed, i.e., Var[Êφ] < 1, provided that the dipole-
projected spin is also squeezed.

For a CRSS, using definition (2), we obtain Var[Ĵ φ] =
−〈Ĵ z〉/2, so that no dipole squeezing exists and the vac-
uum noise level is obtained for the light, Var[Êφ] = 1, as
expected for a coherent state. This is nicely seen by the
geometrical picture in Fig. 1(b): the noise contour perpen-
dicular to the mean spin direction θ ,ϕ presents the spin
squeezing of the CRSS with the ϕ and ϕ + (π/2) axes
exhibiting increased and reduced variances (j /2)/ cos θ
and (j /2) cos θ , respectively (also see Appendix D). How-
ever, upon projection of the noise contours onto the x-y
dipole plane, the ϕ-axis variance is multiplied by a factor
cos2 θ , so that the noise on both axes is identical and no
projected squeezing exists.

For a CSS, the opposite situation occurs, as seen in
Fig. 1(a). Whereas the noise contour at the plane perpen-
dicular to the main spin direction is a circle of variance
j /2 so that no spin squeezing exists [23], the projection
onto the x-y dipole plane reduces the noise at the ϕ direc-
tion to (j /2) cos2 θ , smaller than |〈Ĵ z〉|/2 = (j /2) cos θ .
This means that a CSS at the southern Bloch hemisphere,
〈Ĵ z〉 < 0, radiates squeezed light. We also verify the lat-
ter by a direct calculation of Var[Êφ] using a CSS [44].
Notably, the intuitive picture provided by the projection of
noise contours is a direct consequence of the nonlinearity
of the spin system, expressed here through the curva-
ture of the Bloch sphere: The difference between the spin
and dipole-projected noise contours, which determines the
squeezing, grows with the angle θ and vanishes in the
linear, harmonic-oscillator regime |α|/j = r = sin θ → 0.

B. Spin entanglement at the origin of classical light

The above results can be summarized in the following
counterintuitive manner: a CSS, which is a noncorrelated
many-body spin, emits quantum correlated squeezed light;
whereas a CRSS, which is a quantum correlated many-
body spin, emits noncorrelated coherent light. The fact
that correlations are necessary in a spin system to pro-
duce such classical uncorrelated light is nicely seen from
a microscopical picture. For dipole-projected squeezing,
and hence light squeezing to exist, the phase-dependent
variance Var[Ĵ −] = 〈Ĵ 2

−〉 − 〈Ĵ −〉2 also has to exist. Writ-
ing this quantity using constituent spin operators Ĵ − =
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∑N
n=1 σ̂ n and recalling that σ̂ 2

n = 0, we have

Var[Ĵ −] = −
∑

n

〈σ̂ n〉2 +
∑

n

∑

n�=m

(〈σ̂ nσ̂m〉 − 〈σ̂ n〉〈σ̂m〉).

(14)

Assuming a coherent drive 	, where 〈σ̂ n〉 �= 0, and for
statistically independent atoms as in a CSS, the second
term vanishes such that Var[Ĵ −] �= 0 and light squeezing
exists. This typical situation occurs in resonance fluores-
cence from an ensemble of individual atoms, where the
nonlinearity of each two-level atom generates squeezed
light [45,46]. For squeezing to vanish, we must have a non-
vanishing second term in Eq. (14), namely, nonvanishing
correlations between atoms. For a pure state, these correla-
tions imply entanglement, which is exactly the situation in
a CRSS where Var[Ĵ −] = 0.

VII. CRSS AS A MANY-BODY GROUND STATE

So far, we introduced and discussed the CRSS in the
context of radiation. In particular, a CRSS forms the steady
state of a dissipative problem of driven superradiance.
However, being a pure state, we expect the CRSS to also
be realized in Hamiltonian systems. For example, con-
sider the Ising-type Hamiltonian, Ĥ = Ĵ z − Ĵ 2

z − 2αĴ x,
which includes a transverse field 2α (with α = jr real) and
wherein all pairs of spins interact in the same way [47] (all
to all, as realized, e.g., in trapped ions [48] and in close
analogy to a Lipkin-Meshkov-Glick model [49]). It turns
out that the CRSS |j ,α〉 forms the ground state of this Ising
model. This is seen by noting that, for a given j represen-
tation, Ĥ can be written (up to a constant) as K̂†K̂ , with
K̂ = Ĵ − − α. Then, since the eigenvalues of K̂†K̂ must be
non-negative and K̂†K̂ |j ,α〉 = 0, the CRSS |j ,α〉 forms
the ground state of K̂†K̂ and the Ising model Ĥ . Therefore,
all the properties intrinsic to a CRSS found above readily
apply here. In particular, the magnetization phase transi-
tion at r = 1, where a CRSS ceases to exist, means here
that the ground state qualitatively changes at the critical
point r = 1, and that it exhibits spin squeezing for r < 1.
A detailed study of this system in light of CRSS theory
will be the topic of future work. However, this already
demonstrates that CRSSs are realized and may offer new
predictions in relevant problems beyond radiation.

VIII. DISCUSSION

This study introduces the CRSS as a new class of a
macroscopic spin state, possessing rather unusual proper-
ties: it is a many-body entangled state that behaves as a
macroscopic classical emitter.

These new insights open several important directions.
First, since CRSS theory was shown here to describe Dicke
superradiance, the above predictions on both photon and

collective-spin observables could be evaluated experimen-
tally in platforms such as cavities [12,13], waveguides
[37,50,51], and superconducting resonators [16], with pos-
sible applications in spin-squeezing generation for metrol-
ogy. Moreover, CRSS theory may be conceptually and
technically useful for the study of various related collec-
tive radiation phenomena. For example, it is interesting
to explore the possible role of the CRSS in superradi-
ant lasing [5–7] and whether it can be generalized to
account for collective radiation beyond the permutation-
symmetric Dicke case [8,52]. This could have important
consequences for understanding and exploiting superradi-
ance both in ordered and disordered ensembles [53–65]
and for quantum metrology [66–69]. For the latter, the
optimal squeezing does not reach the Heisenberg limit;
however, it still entails the advantage of a robust dissipa-
tive generation of spin squeezing in steady state.

Another direction is the exploration of the very nature
of the CRSS as a pure, many-body entangled spin state.
The optimal spin squeezing contained in a CRSS exhibits
a different scaling, N−1/3, than that of spin-squeezed states
generated by one- and two-axis twisting Hamiltonians
[23,41], with N−2/3 and N−1, respectively. It is then inter-
esting to study the existence of a unitary transformation
that generates this different class of spin squeezing and its
relation to a generating interacting Hamiltonian. Moreover,
the Ising model discussed above motivates the study of
the relation between the CRSS and quantum phase tran-
sitions in Hamiltonian many-body spin systems, providing
new insights and predictions into these systems and their
connection to dissipative superradiance.

More generally, relying on the finding that a macro-
scopic spin is perceived as a classical emitter provided that
its constituents are quantum entangled, it should be con-
sidered if and how this idea extends to other composite
quantum systems.
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APPENDIX A: RADIATION FROM A LOWERING
OPERATOR EIGENSTATE

Here we show that, for a generic dipole+field system,
Ĥ = �g(Êd̂† + Ê†d̂) (coupling constant g), that is pumped
into an eigenstate of d̂ with an eigenvalue α, one obtains a
coherent state of the field Ê, which is equivalent to that
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obtained by the replacement d̂ → α in Ĥ . We assume
that the system is pumped to a state |ψ(t)〉 that satisfies
d̂(0)|ψ(t)〉 = α|ψ(t)〉 at any given time t, where d̂(0) is the
Scrödinger picture operator. Such a pumping mechanism
can be supplied by an external reservoir as in the steady
state of Eq. (8) with Ĵ − ↔ d̂ and as discussed above for
superradiance. We note that

Ê(0)|ψ(t)〉 = Û(t)Ê(t)|ψ(0)〉, Û(t) = e− i
�

Ĥ t, (A1)

where |ψ(t)〉 = Û(t)|ψ(0)〉 and Ê(t) = Û†(t)Ê(0)Û(t) is
the Heisenberg picture operator, formally obtained from
the Heisenberg equations as

Ê(t) = Ê(0)− ig
∫ t

0
dt′d̂(t′). (A2)

Inserting Eq. (A2) into Eq. (A1), assuming an initial vac-
uum state of the field, Ê(0)|ψ(0)〉 = 0, and using d̂(t′) =
Û†(t′)d̂(0)Û(t′), we obtain

Ê(0)|ψ(t)〉 = −igÛ(t)
∫ t

0
dt′Û†(t′)d̂(0)|ψ(t′)〉

= −igαÛ(t)
∫ t

0
dt′Û†(t′)|ψ(t′)〉

= −igαt|ψ(t)〉, (A3)

where the pumping assumption, d̂(0)|ψ(t′)〉 = α|ψ(t′)〉,
was used in the second equality. Equation (A3) then shows
that |ψ(t)〉 is a coherent state with an amplitude −igαt, just
as one would get from the displacement operator Û(t) =
e− i

�
Ĥ t formed by setting d̂ → α in Ĥ .

APPENDIX B: THE CRSS ANSATZ OF EQ. (4)

We present a simple approach for finding states that sat-
isfy Eq. (3). Assuming that Eq. (2) can be solved, we insert
into this equation the general state

∑j
m=−j am|j , m〉 and

obtain the recursion relation

am+1 = α
√

j (j + 1)− m(m + 1)
am, −j ≤ m ≤ j − 1,

(B1)

together with aj = 0. These two conditions result in a con-
tradiction for any |α| > 0 unless aj tends to zero in the
required limit j → ∞. Using the solution for the recur-
sion relation (B1), given in Eq. (5), we plot |am/a−j | as
a function of m in Fig. 5, and observe that, depending
on r, aj does not always tend to zero as required. We
find analytically and numerically that, as j → ∞, aj → 0
only for r < 0.804 · · · [44]. To satisfy Eq. (3) in the full
domain 0 < r < 1, we use the following observation: for

– j j
mm– m+

|am/a–j |

FIG. 5. State coefficients |am/a−j | from Eq. (5) with j = 25
(m = −j , . . . , j ). For r = 0.75 (dashed line), aj approximately
vanishes, whereas for r = 0.84 (solid line), it does not. For the
latter, the maximum and minimum points m∓ are marked. In the
CRSS ansatz (4), all coefficients m > m+ are set to zero, and
condition (3) is satisfied for all r < 1.

a truncated state |ψs〉 = ∑s
m=−j am|j , m〉 with s < j , we

find that the proximity error is proportional to the last
coefficient ‖Ĵ −|ψs〉 − α|ψs〉‖ = |αas|. Using Eq. (B1), we
can identify the regions for which |am| is increasing or
decreasing as a function of m, finding the maximum (m−)
and minimum (m+) points as the roots of the quadratic
equation |α|2 = j (j + 1)− m(m + 1) (rounded to inte-
gers); see Fig. 5. For the minimal proximity error ∝ |αas|,
we thus choose to truncate at s = m+, defining our ansatz
eigenstate and resulting error as those from Eq. (4). For the
analytical estimation of the error from Eq. (4), we write
|am+| = efm+−fm− |am−|, approximate fm± by converting the
sum to an integral in Eq. (5) [see Eq. (B2) below], and esti-
mate |am−| using Eq. (10) above, obtaining for j � 1 the
error from Eq. (6).

1. Minimization of the proximity error

We showed that the error εj (r) of the state |j ,α〉ans from
Eq. (4) goes to zero exponentially. Here we show that
it also does so in the optimal way. We define the state
|α, j 〉min that minimizes εj (r) in Eq. (3), while keeping
j and α fixed. Such a state would then form an optimal
definition of a CRSS at finite j , and we now show that
|j ,α〉ans indeed becomes equivalent to the optimal state
|α, j 〉min for j � 1. Writing the error for a state |ψ〉 as εψ =
‖K̂ |ψ〉‖ with K̂ = Ĵ − − α, |α, j 〉min is given by the state
|ψ〉 that minimizes ε2

ψ = 〈ψ |K̂†K̂ |ψ〉. Since the lower
bound of this quantity is the smallest eigenvalue of K̂†K̂ ,
its corresponding eigenstate is in fact the state |α, j 〉min,
and can be readily evaluated numerically for given j and
α. Figure 6(a) compares the two definitions |j ,α〉ans and
|j ,α〉min, by displaying the infidelity 1 − |ans〈j ,α|j ,α〉min|.
It is seen that this infidelity decreases exponentially with
j , indicating that the two definitions coalesce in the
relevant limit j → ∞. Therefore, while, for a finite j ,
one may in principle find other ansatz states of a CRSS
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FIG. 6. (a) The infidelity between the state |j ,α〉min that min-
imizes the proximity error and the CRSS ansatz |j ,α〉ans decays
exponentially with j , so that the states coalesce for j → ∞
(r = 0.4, 0.7, 0.9; dashed, dash-dot, solid lines). (b) The infidelity
between the exact steady state ρ̂s of Eq. (8) and the CRSS ansatz
behaves similar to the proximity error in Fig. 3(b), as expected.
Therefore, ρ̂s ≈ |j ,α〉ans〈j ,α| forms an excellent approximation
at any finite j � 1 for 0 < r < rj (dashed curve marks rj and
the white parts represent values too small for our numerical
evaluation).

different from |j ,α〉ans of Eq. (4), the latter exponentially
approaches the optimal CRSS and hence serves as an
excellent approximation of a CRSS for any practical pur-
pose. This also means that the CRSS existence condition
and validity range r < rj → 1 found from |j ,α〉ans forms
a general result for the CRSS. We demonstrate this by
plotting in Fig. 7 the minimal proximity error, i.e., that
evaluated from the optimal state |α, j 〉min, observing its
monotonic increase with j for r > 1, as opposed to the
exponential decrease for r < 1.

2. Expansion of the distribution |am|2

From Eq. (5) we have |am|2 ∝ e2fm . Approximating the
sum in fm = f (m) by an integral, we obtain

f (m) = −1
2

j ln
[

4j 2(j + m)
j − m + 1

]

+ (j + m)[ln(jr)+ 1]

− 1
2

m ln[j (j + 1)− m(m − 1)]

+ 1
2

ln(j − m + 1)− 1. (B2)

Expanding f (m) around the peak m = m−, we find that

f (m) ≈ A0 − A2(m − m−)2

+ A3(m − m−)3 + A4(m − m−)4 (B3)

(a) (b)

j
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40 800
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+
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+++++++++++++++
++++++++++++++++++++

+++++++++++++++++++++++++++
+

Єmin

0.7

0.9
1.0
1.1
1.2

0.8

r

0 40 80

10–1

10
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10–3
10–4
10–5

1

Єmin

j

FIG. 7. Minimal proximity error, εmin, of the minimizing state
|j ,α〉min. (a) For r < 1, this error decays exponentially with j ,
as in Fig. 3(a) (r = 0.7, 0.9; dash-dot, solid lines), whereas for
r > 1, it grows with j (r = 1.05, 1.2; dashed line, crosses). (b)
Plot of εmin as a function of both j and r exhibits low values
within the validity region r < rj (dashed curve). Plots (a) and
(b) thus directly validate the generality of the error and exis-
tence condition r < rj < 1 derived using the CRSS ansatz state
|j ,α〉ans.

with the expansion coefficients, for j � 1,

A2(j , r) ≈
√

1 − r2

2r2

1
j

,

A3(j , r) ≈
(

1
3r4 − 1

6r2

)
1
j 2 ,

A4(j , r) ≈
√

1 − r2

3r4

(
1
4

− 1
r2

)
1
j 3 ,

and where A0 is of no importance here. For a Gaus-
sian approximation to be valid, only the A2 term should
be significant. This term implies a distribution width of
order w = [jr2/(2

√
1 − r2)]1/2 ∝ √

j , so that the terms
An ∝ j −n+1 for n > 2 are negligible if Anwn  1. It can
be verified that this is indeed the case if we demand√

1 − r2j 1/3 � 1. This is equivalent to the CRSS validity
condition r < rj with the asymptotic rj from Eq. (7b). In
this case, we obtain a Gaussian distribution and, demand-
ing normalization, we arrive at Eq. (10).

APPENDIX C: SUPERRADIANCE AT FINITE j

For a finite j � 1, the state |j ,α〉ans from Eq. (4) is a
CRSS to an excellent approximation in the range r < rj
with rj from Eq. (7a). We thus expect that, within this
range, |j ,α〉ans also well approximates the steady state of
the superradiance master equation (8). For the case� = 0,
the latter is given by ρ̂s ∝ [(Ĵ − − α)†(Ĵ − − α)]−1 [31,32]
and can be readily evaluated numerically within the basis
states |j , m〉 for given j and r = |	|/	c. In Fig. 6(b) we
plot the infidelity between the state (4) and the exact steady
state ρ̂s, jr(1 −ans 〈j ,α|ρ̂s|j ,α〉ans), observing a similar
dependence on j and r as that of the CRSS proximity error
in Fig. 3(b). In particular, the curve rj (dashed line) indeed
overlaps with an infidelity contour beyond which state
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|j ,α〉ans well approximates ρ̂s. The normalization factor jr
in the above infidelity definition is analogous to that in the
proximity error in Eqs. (3) and (4). This error (or infidelity)
definition means that an error of order <1 leads to values
of typical spin correlators (e.g., 〈Ĵ 2

−〉) that agree with their
CRSS values (〈Ĵ −〉2) up to a correction smaller by a factor
of ∼1/|α| = 1/(jr) (similar to a mean-field assumption).

APPENDIX D: SPIN SQUEEZING

1. CRSS spin-squeezing calculation

For the spin squeezing, one has to calculate the vari-
ance of the spin operator Ĵ ⊥

φ that is projected to the plane
perpendicular to the mean spin vector (MSV). The latter
defines the angles θ and ϕ from the main text, and hence
the corresponding rotated coordinate system in which the
MSV points to a rotated z′ axis. Within this rotated coor-
dinate system, the lowering spin operator Ĵ ′

− = Ĵ ′
x − iĴ ′

y

(with Ĵ ′
i the spin projection onto the rotated i ∈ {x′, y ′}

axis) is given in terms of the original spin operators via
the transformation

Ĵ ′
− = eiϕ cos θ + 1

2
Ĵ −+e−iϕ cos θ − 1

2
Ĵ +− sin θ Ĵ z, (D1)

recalling that sin θ = r. A general Hermitian spin opera-
tor on the plane perpendicular to the MSV is then given by
Ĵ ⊥
φ = (eiφ Ĵ ′

− + e−iφ Ĵ ′
+)/2. Calculating the variance of this

operator involves various first- and second-order moments
of Ĵ −, Ĵ +, and Ĵ z, all of which can be evaluated using the
CRSS property (2), the moments of Ĵ z from Eq. (10), and
the SU(2) commutation relations [Ĵ −, Ĵ +] = −2Ĵ z and
[Ĵ −, Ĵ z] = Ĵ −. Recalling the mean spin length |〈Ĵ〉| = j in
a CRSS, we finally have

ξ 2
φ = 2j Var[Ĵ ⊥

φ ]

|〈Ĵ〉|2 = cos[2(φ − ϕ)]
1 − c2

2c
+ 1 + c2

2c
(D2)

with c = √
1 − r2. The minimal noise is obtained for φ =

ϕ + π/2, yielding the spin squeezing ξ 2 = ξ 2
ϕ+π/2 = c =√

1 − r2 = cos θ < 1, whereas the conjugate quadrature
φ = ϕ exhibits antisqueezing, ξ 2

ϕ = 1/ cos θ > 1. This is
illustrated in Fig. 1(b).

2. Steady-state superradiance: direct calculation

We use the exact steady-state density matrix solution
of Eq. (8), ρ̂s ∝ [(Ĵ − − α)†(Ĵ − − α)]−1 (see Appendix C
and Refs. [31,32]) to numerically calculate any expec-
tation value of the spin operators. In particular,
for the spin-squeezing parameter in Fig. 4, ξ 2 =
(2j /|〈Ĵ〉|2)minφ Var[Ĵ ⊥

φ ], we first find the expectation val-
ues of 〈Ĵ〉. Then, we find a rotation matrix R that transforms

〈Ĵ〉 to the direction pointing at the −z direction, i.e.,

R · 〈Ĵ〉
|〈Ĵ〉| =

⎡

⎣

0
0

−1

⎤

⎦ . (D3)

The plane perpendicular to the mean spin 〈Ĵ〉 is spanned by
the two vectors nx = R−1 · (1, 0, 0)T, ny = R−1 · (0, 1, 0)T.
Therefore, Ĵ ⊥

φ = (cos(φ)nx + sin(φ)ny) · Ĵ, and we min-
imize Var[Ĵ ⊥

φ ] over the direction φ, to obtain the spin-
squeezing parameter.

APPENDIX E: THE SCATTERED FIELD

1. Relation between field and dipole variables

The relation (12) between the output field and the radi-
ating dipole can be generally obtained in the Heisenberg
picture. One typical case is that of a dipole damped by a
continuum of photon modes described by an operator Ê
in Eq. (1), in equivalence to the master equation (8) and
in analogy to input-output theory [26] (where G is often
related to the photon Green function [43,70]). For exam-
ple, consider superradiance in a leaky cavity, where the
atoms are situated at positions where they are identically
coupled to the cavity mode â and driven by a laser 	. The
Hamiltonian is given by

Ĥ = −�δaĴ z − �δcâ†â + �

[

(g∗â† +	∗)Ĵ −+H.c.
]

,

(E1)

where δa and δc are the detunings of the dipole and the
cavity from the driving-laser frequency. Considering the
damping of the cavity to the outside modes through its
leaky mirrors at a rate κ , and exploiting the separation
of time scales κ � g, we formally solve the Heisenberg-
Langevin equation for â at t � 1/κ , obtaining

gâ(t) =
(

�− i
γ

2

)

Ĵ −(t)+ ˆf (t), �− i
γ

2
= |g|2
δc + iκ/2

.

(E2)

Here ˆf (t) is a Langevin noise due to the freely evolving
(vacuum) field of the modes to which the cavity is damped,
satisfying ˆf (t)|ψ(0)〉 = 0, where the initial state |ψ(0)〉 is
in the field’s vacuum. We identify that Eq. (E2) is equiv-
alent to Eq. (12) with the “detection mode” Ê being the
cavity mode. A similar relation can be obtained between
the dipole and the outside field modes.

A simpler case wherein a relation of type (12) holds is
that of the instantaneous field emitted at a given time t ≡ 0.
This is seen by the general solution of Eq. (A2) for a dipole
d̂ = Ĵ − and a short evolution time τ after t = 0, given by
Ê(τ ) ≈ Ê(0)− igτ Ĵ −(0).
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FIG. 8. Deviation of the variance of the radiated field from
that of a coherent state, Q = Qφ=0 from Eq. (E3), calculated
numerically as a function of j using the CRSS ansatz state
from Eq. (4) (r = 0.4, 0.7, 0.9; dashed, dash-dot, solid lines).
Exponential decay with j is observed, and agreement with the
analytical result ε2

j (r) of Eq. (6) is verified.

2. Coherent state and finite-size corrections

Once relation (12) is established, and using
Ê0(t)|ψ(0)〉 = 0 for the freely evolving vacuum, a sim-
ilar algebra to that of Eq. (A3) leads to Ê(0)|ψ(t)〉 =
GÛ(t)Ĵ −(t)|ψ(0)〉 = GĴ −(0)|ψ(t)〉 = Gα|ψ(t)〉, thus
showing that the radiated field is a coherent state. Here
we used the fact that |ψ(t)〉 is a CRSS and is hence an
eigenstate of Ĵ −; however, for a finite j , this statement
is precise only up to the proximity error εj (r). Therefore,
the deviation of the radiated light from a coherent state at
finite j should directly follow the deviation εj (r) of the
CRSS from being an eigenstate of Ĵ −. We now demon-
strate this for the variance of the radiated field. We rewrite
the variance of the field quadrature Êφ from Eq. (13) as

Var[Êφ] = 1 + 2|G|2Qφ ,

Qφ = 〈K̂†K̂〉 − |〈K̂〉|2 + cos(2φ)|〈K̂2〉 − 〈K̂〉2|,
(E3)

where K̂ = Ĵ − − α, and taking G2(〈K̂2〉 − 〈K̂〉2) real
without loss of generality. The quantity Qφ measures the
deviation of the field variance from the coherent-state
result 1. In order to calculate Qφ , we evaluate the correla-
tors of K̂ by averaging with the CRSS ansatz |j ,α〉ans from
Eq. (4), finding that 〈K̂†K̂〉 = ε2

j (r), 〈K̂〉 = ε2
j (r)/α

∗, and
〈K̂2〉 = O(〈K̂〉). Recalling that α ∝ j � 1 and that εj (r)
decays exponentially with j , we find to leading order that
only the first term in Eq. (E3) matters, so that the devia-
tion Qφ is independent of φ and indeed given by the CRSS
proximity error, Qφ ≈ ε2

j (r). This is seen in Fig. 8, where
we plot Qφ from Eq. (E3) obtained numerically using the
exact coefficients am of the ansatz state from Eq. (5). We
verify that the numerical curves indeed agree with ε2

j (r)
given by the analytical expression in Eq. (6).
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