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In inverted atomic ensembles, photon-mediated interactions give rise to Dicke superradiance, a form
of many-body decay that results in a rapid release of energy as a photon burst. While originally stud-
ied in pointlike ensembles, this phenomenon persists in extended ordered systems if the interparticle
distance is below a certain bound. Here, we investigate Dicke superradiance in a realistic experimen-
tal setting using ordered arrays of alkaline-earth(-like) atoms, such as strontium and ytterbium. Such
atoms offer exciting new opportunities for light-matter interactions, as their internal structure allows
for trapping at short interatomic distances compared to their long-wavelength transitions, providing the
potential for collectively enhanced dissipative interactions. Despite their intricate electronic structure,
we show that two-dimensional arrays of these atomic species should exhibit many-body superradiance
for achievable lattice constants. Moreover, superradiance effectively “closes” transitions, such that mul-
tilevel atoms become more two-level like. This occurs because the avalanchelike decay funnels the
emission of most photons into the dominant transition, overcoming the single-atom decay ratios dic-
tated by their fine structure and Zeeman branching. Our work represents an important step in harnessing
alkaline-earth atoms as quantum optical sources and as platforms to explore many-body dissipative
dynamics.
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I. INTRODUCTION

Atoms in a cavity emit into the same electromagnetic
mode, leading to interactions between them and a collec-
tive interaction between light and matter. Interactions are
well understood within the paradigm of cavity quantum
electrodynamics (QED), as the indistinguishability of the
atoms enables their description as a large spin coupled to a
single radiative channel. An emblematic example of many-
body physics in cavity QED is Dicke superradiance [1–5],
where fully inverted atoms decay by radiating light in a
short bright pulse with a peak emission rate that scales
quadratically with the atom number [see Fig. 1(a)]. Dicke
superradiance has also been observed in Bose-Einstein
condensates [6–8], where a macroscopically occupied state
couples to light. In these scenarios, superradiance is well
understood because the permutational symmetry arising

*s.j.masson@columbia.edu
†ana.asenjo@columbia.edu

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license. Fur-
ther distribution of this work must maintain attribution to the
author(s) and the published article’s title, journal citation, and
DOI.

from indistinguishability restricts the dynamics to a small
subspace of the full Hilbert space.

An understanding of collective light-matter interactions
beyond the cavity QED regime is critical not only from
a fundamental point of view but also to realize applica-
tions in quantum nonlinear optics, quantum simulation,
and metrology. Potentially, one could translate concepts
such as the superradiant laser [9,10], driven-dissipative
phase transitions [11,12], and quantum enhanced sensing
[13–15] into a much larger class of systems. For instance,
atomic arrays in the single-excitation regime have been
proposed as promising platforms for generating novel light
sources and optical components, with the recent realiza-
tion of an atomically thin mirror [16–20] as an example.
The many-body landscape offers a far greater toolbox
and could open up possibilities to create sources of light
with unusual statistical properties [21–26] or to generate
entangled atomic states via dissipation [27–35].

In extended systems in free space, interactions between
atoms depend on their relative positions. Theoretical stud-
ies of Dicke superradiance in this regime have been
greatly limited, as the broken permutational symmetry
increases the complexity of the problem, which in princi-
ple scales exponentially with the atom number. However,
experiments have confirmed that superradiant bursts can
still occur. The first demonstrations were performed with
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FIG. 1. (a) Atoms at a point emit a superradiant burst, with a peak emission rate that scales as the square of the number of atoms,
in contrast to uncorrelated atoms, which emit an exponentially decaying pulse. (b) The schematics of the proposed setup: a two-
dimensional (2D) array of N atoms with lattice constant d is held in the x-y plane, with the quantization axis set by a magnetic field
along the z axis. Light is measured in the far field, at a location described by spherical coordinates {r, θ , ϕ}, where r � √

Nd. (c) The
relevant level structure of bosonic AEAs. The atoms are optically trapped via strong transitions at short wavelengths (dashed line). The
atoms are then prepared in a 3DJ state, where they decay to 3PJ states emitting light with a (relatively long) infrared wavelength, and
then potentially decay further to the 1S0 state. Possible decay paths are indicated by the solid lines. Due to the difference in wavelengths,
the decay dynamics from 3DJ will be dictated by many-body effects.

thermal molecular and atomic vapors [36–40] but obser-
vations have since been made in several other systems
[41–44].

Ordered atomic arrays [45–50] have been recently sug-
gested as a promising platform to study many-body decay
[30,51–54]. In contrast to other setups that typically suffer
from dephasing arising from thermal motion or coher-
ent (i.e., Hamiltonian) dipole-dipole interactions, atomic
arrays are supposed to experience less dephasing, as the
role of Hamiltonian dipole-dipole interactions in the burst
is significantly reduced due to the spatial order. In these
systems, atoms can decay into many radiative channels.
Nevertheless, it has been shown that signatures of super-
radiance should persist in very extended two-dimensional
(2D) systems, of size much larger than the transition
wavelength [51–53].

Here, we propose the use of alkaline-earth(-like) atoms
(AEAs) in atomic arrays to observe and control Dicke
superradiance. These atoms have favorable transitions that
enable their trapping at relatively small distances in com-
parison to the wavelength of the emitted photons. While
the atoms are intrinsically multilevel in nature, we demon-
strate that the internal competition presented by the dif-
ferent transitions does not prohibit Dicke superradiance.
Via a cumulant expansion, we approximate the dynamics
and compute the superradiant bursts that would be emit-
ted by arrays of lattice constants that can be achieved in
state-of-the-art experimental setups. The emitted light is
nontrivially dependent on the geometry of the array and
detector location [as shown in Fig. 1(b)]. For example,
as the interatomic distance is increased, the superradiant
burst is lost but then reappears. We show that this depen-
dence can be easily predicted by the use of conditional
two-photon correlation functions. Finally, we show how to
use Dicke superradiance to inhibit or enhance decay into a

particular state, overcoming limits set by fine structure and
Zeeman branching.

Our results show that AEAs offer significant advan-
tages to explore and harness superradiance in atom arrays.
Such a proof-of-concept experiment would take the first
step in the exploration of atomic arrays as a platform for
many-body quantum optics in general. In contrast to other
phenomena (such as subradiance), superradiance is attrac-
tive from an experimental point of view, as it is robust
under many imperfections and does not require single-
photon detection. The fast and transient nature of the
superradiant burst is particularly well suited to these types
of experiments, as steady-state phenomena, such as driven
superradiance, require long experimental times at which
the atoms can explore the full complexity of the AEA
electronic structure.

The paper is structured as follows. In Sec. II, we intro-
duce the full relevant structure of AEAs. In Sec. III, we
consider toy models of multilevel atoms at a single spatial
location. We show that Dicke superradiance occurs both
for decay to multiple ground states and for cascaded decay
(i.e., where the excited state decays to intermediate states
before decaying to the final ground state). This allows us
to simplify the full level structure of AEAs, keeping only
relevant transitions. In Sec. IV, we introduce the meth-
ods necessary to treat these simplified AEAs in ordered
arrays with finite separation. In Sec. V, we show that sig-
nificant bursts can be achieved in reasonably sized arrays
of AEAs and that this decay can be tailored via the lattice
constant.

II. TRANSITIONS OF ALKALINE-EARTH ATOMS

Here, we discuss the relevant atomic transitions of
AEAs. These bielectron species have different wavelength
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TABLE I. Wavelengths and decay rates for relevant transitions
in 174Yb.

Transition Wavelength (nm) Decay rate (×106 s−1)
3P1 → 1S0 556 [81] 1 [82]
3D1 → 3P0 1389 [81] 2 [82]
3D1 → 3P1 1540 [81] 1 [82]
3D1 → 3P2 2090 [81] 0.03 [82]
3D2 → 3P1 1480 [81] 2 [82]
3D2 → 3P2 1980 [81] 0.3 [82]
3D3 → 3P2 1800 [81] 2 [82]

transitions that, in theory, allow for trapping and cooling
on a short wavelength and for realizing quantum optics
experiments on a much longer wavelength [55] [see Fig.
1(c)]. In particular, the 1S0 and metastable 3P{0,2} states
can be trapped at an optical wavelength. If the atoms are
excited into a state in the 3DJ manifold, decay occurs at
infrared wavelengths, relative to which the atoms have sig-
nificantly subwavelength spacing. We consider the bosonic
isotopes 88Sr and 174Yb, where there is no nuclear spin
and thus no hyperfine splitting, for the sake of simplicity.
The results can be extended to fermionic isotopes, where
similar physics should be observable.

The internal structure of AEAs is well characterized due
to their excellent performance as optical atomic clocks
[56–64]. In recent years, AEA arrays have also attracted
much attention as candidates for quantum computing
[65–68], with significant advancements with both stron-
tium [69–71] and ytterbium [72–75]. Current tweezer-
array implementations use Rydberg states to mediate
interactions and do not require subwavelength spacing.
Nevertheless, quantum gas microscopes of 174Yb have
been demonstrated, with interatomic spacings of 266 nm
[76,77].

174Yb can be operated as an optical source at telecom
wavelengths, as the 3D1 → 3P{0,1} and 3D2 → 3P1 tran-
sitions have wavelengths of around 1.4–1.5 µm. Therefore,
the light emitted on these transitions is compatible with
low-loss fiber-optic cables and devices built with these
atoms can be integrated into distributed photonic net-
works without the need for quantum frequency conversion
[78–80]. Alternatively, two-level systems can be found on
the 3D3 → 3P2 line. In addition, lasers and optical com-
ponents are readily available for all these transitions. Full
details of the transition wavelengths and decay rates for
ytterbium are given in Table I.

In 88Sr, the ratio between trapping and science wave-
lengths is even more beneficial to realize closely packed
arrays. In particular, atoms initialized in the 3D3 state
decay at a wavelength of 2.9 µm. However, these transi-
tions are in the midinfrared, where sources, detectors, and
other components are less readily available. Full details of
the transition wavelengths and decay rates for strontium
are given in Table II.

TABLE II. Wavelengths and decay rates for relevant transi-
tions in 88Sr.

Transition Wavelength (nm) Decay rate (×105 s−1)
3P1 → 1S0 689 [83] 0.47 [83]
3D1 → 3P0 2600 [84] 2.8 [85]
3D1 → 3P1 2740 [84] 1.8 [85]
3D1 → 3P2 3070 [84] 0.088 [85]
3D2 → 3P1 2690 [84] 3.3 [83]
3D2 → 3P2 3010 [84] 0.79 [83]
3D3 → 3P2 2920 [84] 5.9 [86]

Longer-wavelength transitions also exist in alkali atoms,
including at telecom frequencies [87–90]. However, the
lack of metastable states means that the required initial
state is more difficult to prepare. Furthermore, intermedi-
ate states have significantly larger linewidths, such that the
simplifications we make to the level structure for AEAs
are not necessarily valid for alkalis. Additionally, the rel-
atively small fine and hyperfine splitting combined with
large multiplicity yields a cluttered spectrum.

III. MULTILEVEL ATOMS AT A POINT

We first consider a toy model where atoms are all at the
same spatial location and are initially in the excited state.
This endows the system with enough symmetry that exact
dynamics can be calculated for large atom number. It is
well established that superradiance can still occur if there
are multiple ground states [33,91,92]. Here, we show how
the properties of the decay change with the atom number,
allowing us to simplify the level structure of the considered
AEAs in Sec. V.

Atoms at a point are indistinguishable to the field. There-
fore, the dynamics must respect permutational symmetry
and the action of the Hamiltonian is limited to a trivial
global frequency shift that can be ignored. This setup is
equivalent to atoms identically and resonantly coupled to
a “bad” cavity, where cavity loss dominates over reab-
sorption of cavity photons. Decay is diagonalized into
the action of symmetric spin-lowering operators of the
form Ŝge = ∑N

j =1 σ̂
j
ge, where σ̂

j
ge = |g〉j 〈e|j is the lower-

ing operator between states |e〉 and |g〉 for atom j . The
complexity of this problem scales as O(N m−1) for m-level
atoms, making use of the permutational symmetry and the
conserved total atom number. The photon emission rate on
the transition |e〉 → |g〉 is calculated as

R = �
eg
0 〈ŜegŜge〉 . (1)

A. Multiple ground states: � systems

We now consider a � system in which the excited state
can decay to two different ground states. This toy model is
broadly relevant for collective decay in AEAs, where most
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FIG. 2. Superradiant decay from � atoms at a point. Each atom decays at a total rate �0 = �
eg
0 + �eh

0 split between two levels. (a)
Superradiant bursts emitted by 40 � atoms. The solid lines indicate emission on the brighter transition |e〉 → |g〉, while the dashed
lines indicate emission on the less bright transition |e〉 → |h〉. (b) The scaling of the peak emission on each transition. The solid lines
are power-law best fits of data from N ≥ 20. The solid fit lines indicate a brighter transition, while the dashed fit lines indicate a less
bright transition. The scalings are ∼N 2.01 and ∼N 2.00 for the brighter transitions with �

eg
0 = 2�eh

0 and �
eg
0 = 1.5�eh

0 , respectively,
while the less bright transitions scale as N 1.56 and N 1.72. In the balanced case, the scaling is N 1.92 for both pathways. (c) The fraction
of photons emitted on the brighter transition. The solid lines are lines of best fit of data from N ≥ 20 of the form 1 − A/N B with
A = 0.541(0.513) and B = 0.31(0.16) for �

eg
0 = 2(1.5)�eh

0 , respectively.

states can decay to multiple ground states at different fre-
quencies. For our toy model, we assume the frequencies
of these transitions to be far separated such that the chan-
nels are independent. In the limit of atoms at a point, the
dynamics follow the master equation

ρ̇ = �
eg
0 [Ŝge](ρ) + �eh

0 [Ŝhe](ρ), (2)

where the decay is diagonalized into collective lowering
operators Ŝge,he = ∑N

j =1 σ̂
j
ge,he and

[Â](ρ) = ÂρÂ†−1
2

Â†Âρ − 1
2
ρÂ†Â. (3)

Superradiant bursts can be emitted on multiple channels
at the same time, as shown in Fig. 2. Both the height
of the burst and its scaling with N depend on the rela-
tive strength of the decay channels. For channels of equal
decay rate, �

eg
0 = �eh

0 , the best fit for the scaling of the
peaks is N 1.92, instead of the N 2 scaling for two-level sys-
tems at a point. For imbalanced channels, �

eg
0 > �eh

0 , the
larger burst scales faster than for balanced channels. For
the relative rates of decay of 2 : 1 and 1.5 : 1, the best-fit
scalings of the peak photon emission rate on the stronger
transition are N 2.01 and N 2.00, respectively. This implies
that in such configurations, as long as there is some bias
toward one transition, for large enough N , the peak on
that transition will always scale as the ideal two-level case
with N 2. In the case of balanced channels, neither channel
gains any advantage and so the scaling is reduced. Further-
more, the superradiant burst on the weaker transition has
a peak that scales more slowly than the balanced case. For
�

eg
0 = 2�eh

0 , the scaling is N 1.56 and for �
eg
0 = 1.5�eh

0 it is
N 1.72.

The percentage of photons emitted on the bright channel
increases with the atom number, with the approximation
of the light emitted on the weaker transition scaling as
a power-law fitting well, as shown in Fig. 2(c). Signifi-
cant population accumulates in |g〉 faster than in |h〉 and so
the collective enhancement of Dicke superradiance occurs
earlier, “stealing” photons from the weaker transition. For
large atom number, if the ratio between decay rates is
strongly biased toward the brighter transition, the impact of
the weaker transition is minimal. The bias of the imbalance
of photons emitted on each transition has been reported in
Refs. [33,92].

B. Cascaded decay: Ladder systems

We now consider a ladder system in which the excited
state, |e〉, decays to an intermediate state |f 〉, that itself
decays again to the ground state |g〉. This toy model is rel-
evant to collective decay in AEAs from states that decay
to the 3P1 manifold, as those states can themselves decay
to the 1S0 state at similar rates to the initial decay. In the
limit of all atoms at a point, the dynamics follow the master
equation

ρ̇ = �
ef
0 [Ŝef ](ρ) + �

fg
0 [Ŝfg](ρ), (4)

where the decay is diagonalized into the collective lower-
ing operators Ŝef,fg = ∑N

j =1 σ̂
j
ef,fg .

A superradiant burst is emitted on both transitions con-
secutively, as shown in Fig. 3(a). This occurs because the
excited state decay is extremely fast due to large popula-
tion inversion, while the decay of the intermediate state is
very slow due to small inversion. By the time that the popu-
lation in the intermediate state is large enough to drive fast
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FIG. 3. Superradiant decay from ladder atoms at a point. Each
atom decays initially at a rate �

ef
0 to an intermediate state that

itself decays at a rate �
fg
0 . (a) Superradiant bursts emitted by 40

ladder atoms. The solid (dashed) lines indicate emission on the
initial (secondary) transition. (b) The scaling of the peak emis-
sion by N ladder atoms. The lines are power-law best fits of data
from N ≥ 20. In all three cases, the fit scales as ∼N 2.

collective decay, the superradiant burst from the first tran-
sition is mostly finished. In the regime N�

ef
0 � �

fg
0 , the

scaling of the first superradiant peak goes approximately
as N 2 regardless of the relative ratio of decays and the
two-level case is retrieved [see Fig. 3(b)].

IV. THEORETICAL METHODS FOR ORDERED
EXTENDED ARRAYS

A. Spin model for multilevel atoms

Here, we introduce the theoretical framework to investi-
gate an array of N multilevel atoms that interact with each
other via free space beyond the point approximation. With-
out permutational symmetry, atoms interact both coher-
ently and dissipatively. Under a Born-Markov approxima-
tion, the atomic density matrix evolves according to the
master equation [93,94]

ρ̇ =
∑

a

− i
�

[Ha, ρ] + La(ρ), (5)

where an excited state |e〉 decays to a set of ground states
|ga〉. Each Hamiltonian and Lindbladian read

Ha = −�ωa

N∑

j =1

σ̂ j
gaga

+
N∑

j,l=1

J a
jl σ̂

j
ega

σ̂ l
gae, (6)

La(ρ) =
N∑

j,l=1

�a
jl

2

(
2σ̂ l

gaeρσ̂ j
ega

− σ̂ j
ega

σ̂ l
gaeρ − ρσ̂ j

ega
σ̂ l

gae

)
,

(7)

where ωa is the frequency of the transition from |e〉 →
|ga〉, σ̂

j
gae = |ga〉j 〈e|j is the lowering operator from state

|e〉 → |ga〉 for the j th atom, and interactions between
atoms j and l are characterized by

J a
jl − i�a

jl

2
= −μ0ω

2
a

�
℘∗

a · G0(rj , rl, ωa) · ℘a. (8)

Here, ℘a is the normalized dipole-matrix element of the
transition and G0(rj , rl, ωa) is the electromagnetic field
propagator between atoms at positions rj and rl [95]. The
dissipator of Eq. (7) can be expressed in terms of a set of
collective lowering operators,

La(ρ) =
N∑

ν=1

�a
ν

2

(
2Ôν,aρ Ô†

ν,a − Ô†
ν,aÔν,aρ − ρ Ô†

ν,aÔν,a

)
.

(9)

These operators are generically superpositions of lowering
operators with coefficients found as the eigenstates of the
dissipative interaction matrix �a, with elements �a

jl, with
their rates, {�a

ν}, given by the corresponding eigenvalues.
Throughout the paper, we consider that the transition

frequencies are all sufficiently distinct such that photons
associated with one transition cannot excite any others and
interactions of the form σ̂

j
ega σ̂

l
gbe are heavily detuned and

can be ignored. This condition is naturally met for transi-
tions from an excited state to states with different angular
momentum. For transitions to different Zeeman levels, we
assume the presence of a magnetic field to break the degen-
eracy. This requires the Zeeman splitting to be much larger
than the linewidth of the emitted light. The spectrum is
maximally broadened for two-level atoms at the same spa-
tial location, as this situation produces the shortest possible
burst. In this case, one requires a magnetic field such that
B � N��0/μB, where �0 is the bare decay rate of a single
atom. This corresponds to magnetic fields on the order of
∼100 G for the atom numbers considered here. For 2D
arrays, the power spectrum is expected to scale sublin-
early with the atom number, thus requiring smaller Zeeman
shifts.

Throughout the paper, we plot the emission rate of pho-
tons by such arrays. The instantaneous total emission rate
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from the array is directly proportional to the derivative of
the population and is calculated as

R = − d
dt

N∑

j =1

〈σ̂ j
ee〉 =

N∑

ν=1

∑

a

�a
ν 〈Ô†

ν,aÔν,a〉 . (10)

The emission rate of light on a particular transition |e〉 →
|ga〉 is instead

Ra = d
dt

N∑

j =1

〈σ̂ j
gaga

〉 =
N∑

ν=1

�a
ν 〈Ô†

ν,aÔν,a〉 . (11)

If light is only measured in a particular direction, we make
use of the directional collective operator [21,96]

D̂a(θ , ϕ) =
√

3�a
0

8π

[
1 − (

℘a · R(θ , ϕ)
)2

]
d�

N∑

j =1

e−ika
0R(θ ,ϕ)·rj σ̂ j

gae, (12)

to find

Ra(θ , ϕ) = 〈D̂†
a(θ , ϕ)D̂a(θ , ϕ)〉 ∝ �a

0

N∑

j ,l=1

eika
0R(θ ,ϕ)·(rl−rj )

× 〈σ̂ l
ega

σ̂ j
gae〉 . (13)

In these expressions, ka
0 is the wave vector of the transition

|e〉 → |ga〉, R(θ , ϕ) is a unit vector in a direction (θ , ϕ),
and d� is a solid-angle increment.

B. Conditions for many-body superradiance

1. Two-level systems

The emission of a superradiant burst can be predicted
using the set of eigenvalues of the dissipative interac-
tion matrix �, with elements �jl, {�ν} [51]. The minimal
requirement for a superradiant burst is an initial positive
slope in the emitted photon rate or, equivalently, that the
emission of the first photon on average enhances the emis-
sion rate of the second. In previous work, we have shown
that the necessary criterion for a superradiant burst to
be emitted from an initially fully excited ensemble of N
two-level atoms is [51]

Var
( {�ν}

�0

)

≡ 1
N

N∑

ν=1

(
�2

ν

�2
0

− 1
)

> 1. (14)

2. General case in which not all light is collected

The previous equation is derived under the assumption
that all emitted light is collected. If that is not the case, one

instead has to consider the rate of emission into the optical
modes that are detected. The above condition states that
the emission of a photon at t = 0 enhances the emission
of a second one. If only a fraction of the light is collected,
a superradiant burst is measured only if the first photon
enhances the emission of a second into the optical modes
that are detected. This is calculated as

g̃(2)(0) ≡

∑

d,a
�a�d 〈O†

aO†
dOdOa〉

(

�d
∑

d
〈O†

dOd〉
) (

�a
∑

a
〈O†

aOa〉
) , (15)

where {Od} is the set of operators that produces detected
photons at rates �d and {Oa} is the complete set of oper-
ators that produces photons at rates �a. In the following,
we treat two specific cases: emission on multiple transi-
tions and directional decay. Further detail on these derived
bounds are given in Appendix A.

3. Decay to multiple ground states

If there are multiple ground states, a superradiant burst
is emitted by the fully excited state during decay to |ga〉 if

Var
( {�a

ν}
�a

0

)

>
�0

�a
0

, (16)

where �0 = ∑
a �a

0 is the total decay from the excited
state. This is of the same form as Eq. (14) but the enhance-
ment provided by the operators on the particular channel
needs to additionally overcome competition between dif-
ferent “internal” channels. If all atoms are at a point,
then the condition for a superradiant burst on a particular
transition reduces to �a

0/�0 > 1/(N − 1).

4. Directional decay

In experiments, light is typically only collected in a
particular direction. Directional superradiance is defined
as the rate of photon emission into a particular direction
having a positive slope and can persist to much larger
interatomic separations than when the entire emitted field
is considered [53]. As shown in Appendix A, directional
superradiance occurs if

N∑

j ,l=1

eika
0R(θ ,ϕ)·(rl−rj )

�a
jl

N�a
0

> 1 + �0

�a
0

. (17)

Here, we map directional photon detection to atomic emis-
sion, where R(θ , ϕ) is a unit vector in the direction of the
detector and ka

0 = 2π/λa
0 the wave vector of the transition
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(a) (b)

FIG. 4. The considered level structures. Atoms are initial-
ized in the (a) 3D1 |J = 1, mJ = 0〉 or (b) 3D3 |J = 3, mJ = 0, 3〉
state. In both mJ = 0 cases, the internal structure is simplified
into a toy model with three decay channels: a dominant linear π -
polarized channel and two circularly polarized channels. In (a),
the 3P1 |J = 1, mJ = 0〉 state is not considered, as the transition
is forbidden.

[21,96]. We define the quantity

S =

N∑

j,l=1
eika

0R(θ ,ϕ)·(rl−rj )�a
jl

N
(
�a

0 + �0
) , (18)

such that if S < 1 the photon emission rate will decay
monotonically in time, and if S > 1, the minimal condi-
tions for superradiance are met.

C. Master-equation evolution by cumulant expansion

It would be ideal to calculate the full dynamics to verify
our predictions but the full Hilbert space scales expo-
nentially with the atom number. We approximate the full
dynamics by means of a second-order cumulant expansion
[97–99]. This method involves truncating the hierarchy of
operator expectation values such that

〈ûv̂ŵ〉 = 〈ûv̂〉 〈ŵ〉 + 〈v̂ŵ〉 〈û〉 + 〈ûŵ〉 〈v̂〉 − 2 〈û〉 〈v̂〉 〈ŵ〉 .
(19)

The complexity of this expansion scales as O(N 3)

rather than exponentially. Further details are provided
in Appendix B. The accuracy of this approximation is
not well characterized for 2D arrays. We benchmark the
method in Appendix C, showing that, generically, the
accuracy is better for larger lattice constants.

V. SUPERRADIANCE IN 2D ARRAYS OF
ALKALINE-EARTH ATOMS

We now consider AEA arrays in which atoms are
initialized in either one of the 3D1 |J = 1, mJ = 0〉 or
3D3 |J = 3, mJ = {0, 3}〉 states and allowed to decay [see
Fig. 4]. Large inversion can be achieved with a short
intense pulse of duration τ � (N�0)

−1 to prevent collec-
tive effects [100].

Decay from 3D1 |J = 1, mJ = 0〉 can be simplified using
information from Tables I and II. First, decay to 3P2

has minimal impact on the dynamics due to the reduced
linewidth. Second, the subsequent decay from 3P1 →
1S0 will not impact the initial burst as the decay is not
fast enough; nor, due to the short wavelength, will it
be strongly collectively enhanced. This leads to a four-
level system, as shown in Fig. 4(a), with a bright lin-
early polarized decay channel 3D1 |J = 1, mJ = 0〉 →
3P0 |J = 0, mJ = 0〉 and two dimmer circularly polarized
transitions, 3D1 |J = 1, mJ = 0〉 → 3P1 |J = 1, mJ = ±1〉.
Note that the Clebsch-Gordan coefficient is zero for the
3D1 |J = 1, mJ = 0〉 → 3P1 |J = 1, mJ = 0〉 pathway.
For simplicity, we treat decay to 3P1 |J = 1, mJ = ±1〉 as
split by large enough Zeeman shifts that photons on each
transition are not seen by the other, but not by enough to
significantly alter the wavelength of the transitions. With-
out such Zeeman shifts, photons of one circular polariza-
tion can drive transitions with the other, allowing the atoms
to explore the full Zeeman structure and adding far greater
complexity to the problem [101]. A similar structure of
three decay channels would be obtained for initialization
in 3D1 |J = 1, mJ = ±1〉 but here the brightest transition
is circularly polarized, which is generically less favorable
than linearly polarized transitions for superradiance [52].

We also consider atoms initialized in the 3D3|J = 3,
mJ = 0〉 state. From here, there are also three decay
channels, as shown in Fig. 4(b). As before, the
brightest decay channel is linearly polarized, that to
3P2 |J = 2, mJ = 0〉, and the two dimmer decay chan-
nels to 3P2 |J = 2, mJ = ±1〉 are circularly polarized. As
above, we assume that these channels are independent due
to sufficiently large Zeeman shifts. Alternatively, atoms
initialized in 3D3 |J = 3, mJ = 3〉 are two-level systems
with circularly polarized decay, as the only decay channel
is to 3P2 |J = 2, mJ = 2〉. To study this situation, we con-
sider a rotated magnetic field such that the dipole moment
of the two-level systems is oriented as ℘ = √

1/2
(
ŷ + iẑ

)
,

so that the detector position is still perpendicular to the
polarization axis, enhancing the signal. Other three- (and
two-) decay-channel systems could also be obtained by
starting in different Zeeman levels in the 3D3 line.

We thus reduce the level structure of both atomic species
to those shown in Fig. 4. Starting from states with mJ = 0,
the master equation in Eq. (5) reduces to

ρ̇ = − i
�

[Hf + Hg + Hh, ρ] + Lf (ρ) + Lg(ρ) + Lh(ρ),

(20)

where |e〉 is the excited state and |f , g, h〉 are the three
ground states. For the two-level system, we instead have

ρ̇ = − i
�

[Hg , ρ] + Lg(ρ). (21)
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(b)

(c)

(d)
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0.0
0.0

FIG. 5. Predictions of a burst versus lattice constant in 12 × 12 arrays of (a),(b) 174Yb and (c),(d) 88Sr. The atoms are prepared in
the 3D1 |J = 1, mJ = 0〉 state initially and allowed to decay, with the linear transition polarized perpendicular to the array. Light is
detected along the x axis. (a),(c) The shaded areas indicate a burst on the 3D1 |J = 1, mJ = 0〉 →3 P0 |J = 0, mJ = 0〉 transition (red
line), as the quantity S in Eq. (18) is larger than 1 (black dashed line). (b),(d) Approximations of the full dynamics via a second-order
cumulant expansion (on the 3D1 →3 P0 transition) at three particular distances. As predicted by the superradiance condition, as the
distance increases, the superradiant burst disappears and then reappears.

A. Many-body decay versus distance

We first investigate atoms initialized in the 3D1|J = 1,
mJ = 0〉 state. We consider the condition given in Eq. (17)
for the specific case of a square array of 12 × 12 atoms.
The detector is placed along the x axis, which should see
significant emission as it is perpendicular to the dipole
moment. For 174Yb atoms, this detector would measure a
superradiant burst on the dominant transition for any inter-
atomic separation satisfying d < 0.6 µm, as shown in Fig.
5(a). This distance would be challenging for tweezer-array
experiments but is achievable in an optical lattice [19,20].

Superradiance can also be observed at particular
“islands,” where the set of decay operators combines to
realize a sudden revival in emission in a particular direc-
tion. For this detector position, this occurs in regions
centered on d = 0.7 µm and d = 1.4 µm, corresponding
to a half and full wavelength of the brightest transition,
respectively. These revivals are due to geometric
resonances, where a mode that emits in this direction

suddenly increases in amplitude due to Umklapp scattering
and thus becomes significantly brighter [102,103]. While
these processes can also revive global superradiance [51,
52], the effect is much more pronounced for directional
superradiance [53]. Indeed, at these distances, no super-
radiant burst would be observed if all light was collected.
Furthermore, this type of superradiance is highly depen-
dent on the detector position, so the predicted distances
change as a function of the detector angle. This is explored
in more detail in Appendix D. The approximated full
dynamics (via second-order cumulant expansion) agree
with our predictions, as shown in Fig. 5(b).

Superradiance can also be observed in 88Sr. The domi-
nant decay channel from 3D1 |J = 1, mJ = 0〉 has a smaller
branching ratio than that in 174Yb but due to its much
longer wavelength, the constraints on the interatomic
distance are less tight. Figure 5(c) shows that a
superradiant burst is always observed for d < 1 µm. In
addition, superradiance could be observed at the revivals
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with interatomic spacing 1.3 µm and 2.6 µm. There-
fore, as in 174Yb, as the interatomic spacing is increased,
directional superradiance disappears and reappears. Stron-
tium thus also offers a suitable platform for the direct
observation of Dicke superradiance, despite the less favor-
able branching ratios to each state (see Tables I and II).

B. Collective “closing” of the atomic transition

Once a transition starts to decay superradiantly, it pro-
ceeds quickly, “stealing” photons from the other transition
(as has been discussed for the toy model described in Sec.
III A). The effect is stronger for smaller interatomic dis-
tances, because the superradiant burst is much faster in
that regime. The order of the lattice structure limits the
impact of coherent interactions even at small interatomic
distances, in contrast to disordered systems [92]. In Fig.
6, we plot the total photon share scattered on the dom-
inant transition during superradiance. For 88Sr, starting
in the 3D3 |J = 3, mJ = 0〉 state, a single atom scatters
60% of the light on its brightest transition. By contrast,
a 12 × 12 array overcomes the Clebsch-Gordan coefficient
and scatters almost 70% on that transition. We see a similar
improvement at telecom wavelengths for 174Yb initialized
in 3D1 |J = 1, mJ = 0〉. As for the idealized case of atoms
at a point, the light share can be described well by a power
law with the atom number.

The geometry of the array dictates the relative scattering
on each channel and how much one can go beyond the ratio
dictated by the single-atom Clebsch-Gordan coefficients.
As the interatomic distance is increased, generally the tran-
sition is reopened, as shown in Fig. 6(c). However, revivals
due to the geometric resonances can be seen by compari-
son to the variance of the set of decay rates [see Fig. 6(b)].
The revivals appear to be relatively minor but are capa-
ble of strongly impacting the decay dynamics. It should
be noted that the condition for global superradiance is not
met in the arrays of larger lattice constants, yet the clos-
ing of these weaker channels still occurs despite the fact
that the avalanche is relatively weak. As the superradiant
burst allows one to overcome the intrinsic branching ratios
of decay from a state, many-body superradiance could also
be useful to enhance the emission, and thus the collection
efficiency, into a given direction or mode.

The share could be further increased by intentionally
seeding the transition with a small fraction of the atoms
deterministically placed in the desired ground state, or an
incomplete initial excitation from a particular ground state.
Instead of relying on a quantum fluctuation to drive the
start of the superradiant burst, these atoms would provide
an artificial fluctuation. This would accelerate the superra-
diant burst on that seeded transition and generate a large
atomic population in that state [33,104,105]. Nevertheless,
how effectively this fluctuation will trigger the avalanche
depends on its specific spatial profile and phase. We will
thus not explore this avenue here.

20 40 60 80 100 120 140
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1
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5
4
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FIG. 6. The manipulation of branching ratios by collective
emission. (a) The scaling of the total share of light emitted
on the brightest linearly polarized transition (polarized per-
pendicular to the array) with the atom number for square
arrays of spacing d = 0.2λ0, obtained by second-order cumulant-
expansion simulations. Simulations for 174Yb (88Sr) are plotted
in red (blue), with atoms initialized in the 3D1 |J = 1, mJ = 0〉
(3D3 |J = 3, mJ = 0〉) state. The horizontal dashed lines rep-
resent the branching ratio for independent atoms. The solid
lines are best fits to data from N ≥ 25 of the form 1 − A/N B,
with A = 0.400 (0.481) and B = 0.093 (0.091) for 174Yb (88Sr).
(b),(c) 12 × 12 atoms are initialized in the 3D3 |J = 3, mJ = 0〉
state. (b) The condition given by Eq. (16) in the form
Var

({�cd
ν }/�cd

0

) − �0/�cd
0 + 1; a global superradiant burst will

be measured on the transition to 3P2 |J = 2, mJ = 0〉, where the
solid line is above the dashed line. (c) The total share of the
light emitted on the brightest linearly polarized transition as the
interatomic distance is changed.

C. Scaling of the burst

The largest possible burst occurs for atoms initialized
in the 3D3 |J = 3〉 manifold. The transition wavelength
is λ0 = 1.80 µm for 174Yb and λ0 = 2.92 µm in 88Sr.
To minimize the interatomic distance, both species are
assumed to be trapped in an optical lattice with 244 nm
lattice spacing, corresponding to a wavelength of 488 nm,
for which Yb and Sr are trapped in the relevant states and
high-power lasers are available. This yields an interatomic
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FIG. 7. The largest superradiant burst in ordered 2D arrays of AEAs. (a) 174Yb and (b) 88Sr atoms are initialized in
3D3 |J = 3, mJ = 0〉, with the dominant linear transition polarized perpendicular to the array, or 3D3 |J = 3, mJ = 3〉, with the
only possible decay having

√
1/2

(
ŷ + iẑ

)
polarization. Second-order cumulant-expansion simulations of the superradiant burst

emitted on the (dashed) 3D3 |J = 3, mJ = 0〉 →3 P2 |J = 2, mJ = 0〉, with parasitic decays to |J = 2, mJ = ±1〉, and (solid)
3D3 |J = 3, mJ = 3〉 →3 P2 |J = 2, mJ = 2〉 transition. (c) The scaling of the peak emission rate with the atom number. The lines
are power-law fits of data with N ≥ 25. For the two-level system, the scaling of the peak is N 1.38 for 174Yb and N 1.47 for 88Sr, while
the four-level system scales as N 1.29 for 174Yb and N 1.37 for 88Sr. In all plots, the lattice constant is d = 244 nm.

spacing of d = 0.136λ0 for 174Yb and d = 0.084λ0 for
88Sr. We consider two initial states: |J = 3, mJ = 0〉 and
|J = 3, mJ = 3〉. In the former case, the decay is to three
states, with a dominant transition that is linearly polarized.
In the latter case, the atoms become two-level systems,
decaying by circular σ+-polarized light. This closed two-
level transition can be accessed in all AEAs, including
fermionic isotopes.

The largest possible burst is emitted by the simplest
system operating at the longest wavelength, as shown in
Fig. 7. For the two-level system, the peak emission rate
is more than 3 times greater than the emission rate from
an array of 12 × 12 174Yb atoms and more than 6 times
greater for 88Sr. The peak scales as approximately N 1.38

and as approximately N 1.47 for 174Yb and 88Sr, respec-
tively. The smaller peak emitted from the |J = 3, mJ = 0〉
state is still significant and scales as approximately N 1.29

for 174Yb and approximately N 1.37 for 88Sr. The exponent
in the power law is dependent on the distance between
atoms, generically decreasing as the interatomic distance
is increased (further details are provided in Appendix E).
A word of caution is needed though, as the validity of the
second-order cumulant expansion is not well characterized
for these large atom numbers at such small distances and
may overestimate the burst due to significant multipartite
correlations [99].

VI. CONCLUSIONS

We have presented results on collective decay in real-
istic arrays of alkaline-earth atoms. Building on previous
work, we have calculated conditional correlation functions
to predict the nature of the collective decay. We have pre-
dicted highly nontrivial many-body decay through control
of the interatomic spacing of the array and position of

the detector. Focusing on the particular cases of 88Sr and
174Yb, we have shown that the observation of Dicke super-
radiance should be feasible in such systems. Furthermore,
we have shown that by increasing the interatomic separa-
tion, Dicke superradiance is attenuated and lost, but is then
revived at a larger distance. We have shown that this under-
standing can be used to manipulate how much population
ends up in each possible ground state.

Experiments are critical to understand many-body
decay, as the full dynamics are only obtained via approx-
imations. We have focused on strontium and ytterbium
due to the recent progress in implementing atomic arrays
with these species and the favorable set of transitions
to achieve subwavelength interatomic spacing. However,
similar results should also be possible with other alkaline-
earth elements, which have the same structure, but where
progress in cooling and trapping is less advanced [106–
109]. The relative spacing (and order) of levels is different
in all these atoms. For example, in radium, there is a
two-level linearly polarized transition—as the 3D1 state
can only decay to 3P0—at a far-infrared wavelength of
approximately 16 µm [110]. Rare-earth elements also have
infrared transitions from the ground state and can be sim-
ilarly trapped in short wavelengths due to strong blue
transitions [111–115].

Our results may be relevant in the context of Rydberg
quantum simulators [116–118]. Excited Rydberg states can
decay via a fast short-wavelength transition (and therefore
not collectively enhanced) or via much slower but very
long-wavelength transitions. Our work implies that the
amount of light scattered on these long Rydberg-Rydberg
transitions could be significantly enhanced by collective
decay [92,119,120]. Furthermore, an understanding of the
collective enhancement of coupling between black body
photons and the 3P0 state in atomic optical lattice clocks
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is key to achieving high precision in compact devices
[121–123].

Control of the atoms is translated into control over the
emitted light. For example, initial superposition states will
emit superpositions of different pulses, with the potential
for generation of macroscopic superposition states of light.
In particular, the potential for 174Yb arrays to produce non-
classical light at telecom frequencies is tantalizing. While
we have focused on the interatomic spacing of the array
and the relative position of the detector to control the
decay, there are additional tuning knobs that could be
harnessed. The dynamics—and, in particular, the direc-
tionality—could be altered by changing the geometry of
the array, either by modifying the lattice or the global
shape. Manipulation of the initial state, adding coherent or
incoherent drives, or manual addition of site-specific inho-
mogeneity [124]—all of this will impact the dynamics and
steady state of the system.

An understanding of the various decay processes—and
the freezing out of coherent dynamics—opens up possibil-
ities to harness them. For instance, the complex dissipative
dynamics provide a method to access highly entangled
dark states that completely decouple from the environ-
ment. The deterministic production of these states and
their potential as resources for quantum computing and
metrology [125,126] remains an exciting open problem.
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APPENDIX A: DERIVATION OF DIRECTIONAL
CONDITION FOR SUPERRADIANCE ON A

PARTICULAR CHANNEL

The condition for superradiance to be detected is that the
emission of a first photon enhances the rate of emission
into the measured channel, meaning that the conditional
second-order correlation function is larger than unity. This
approach corresponds to a positive slope in the measured
emission rate from the fully excited state, as photon emis-
sion is the only possible evolution from such a state. We
can show this correspondence by noting that the require-
ment of positive slope in the measured emission rate is the
same as the requirement that Rd(δt) > Rd(0) as δt → 0.
Here, to connect to Eq. (15), we introduce a generic
“detected emission rate” operator,

R̂det =
∑

d

�dÔ†
dÔd, (A1)

where {Od} is the set of operators that produces detected
photons at rates �d. For sufficiently small δt, ρ(δt) =
ρ(0) + δtρ̇(0), such that

〈R̂det(δt)〉 = 〈R̂det(0)〉 + Tr
(

R̂detδtρ̇(0)
)

. (A2)

This means that for 〈R̂det(δt)〉 > 〈R̂det(0)〉, we require
Tr

(
R̂detδtρ̇(0)

)
> 0, which leads to

∑

a,d

�a�d 〈Ô†
aÔ†

dÔdÔa〉 >
∑

a,d

�a�d

2

×
(
〈Ô†

aÔaÔ†
dÔd〉 + 〈Ô†

dÔdÔ†
aÔa〉

)
. (A3)

Since the fully excited state is an eigenstate of any possible
Ô†

aÔa, the right-hand side of this expression factorizes and
we find our conditional second-order correlation-function
condition:
∑

a,d

�a�d 〈Ô†
aÔ†

dÔdÔa〉 >
∑

a

�a 〈Ô†
aÔa〉

∑

d

�d 〈Ô†
dÔd〉.

(A4)

1. MULTIPLE GROUND STATES

The derivative of the photon emission rate on a specified
transition |e〉 → |ga〉 is positive if

N∑

μ=1

∑

b

N∑

ν=1
�a

μ�b
ν 〈Ô†

ν,bÔ†
μ,aÔμ,aÔν,b〉

(
∑

b

N∑

ν=1
�b

ν 〈Ô†
ν,bÔν,b〉

) (
∑

μ=1
�a

μ 〈Ô†
μ,aÔμ,a〉

) > 1.

(A5)
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On a fully excited initial state, this expression reads

1 +

N∑

ν=1
(�a

v)
2

N 2�a
0�0

− 1
N

− �a
0

N�0
> 1, (A6)

which simplifies to

Var
(

�a
ν

�a
0

)

≡ 1
N

N∑

ν=1

[(
�a

ν

�a
0

)2

− 1

]

>
�0

�a
0

, (A7)

where �0 = ∑
a �a

0 is the total excited-state decay rate.

2. Directional decay

Detection of a photon from a given transition in the far
field in a direction governed by spherical angles {θ , ϕ} can
be mapped to the collective lowering operator [21,96],

D̂a(θ , ϕ) =
√

3�a
0

8π

[
1 − (

℘a · R(θ , ϕ)
)2

]
d�

×
N∑

j =1

e−ika
0R(θ ,ϕ)·rj σ̂ j

gae, (A8)

where R(θ , ϕ) is a unit vector in the direction of the detec-
tor, d� is a solid-angle increment, and ka

0 is the wave vector
of the transition. Using these, the derivative of the pho-
ton emission rate on a specified transition |e〉 → |ga〉 in a
direction {θ , ϕ} is positive if

∑

b

N∑

ν=1
〈Ô†

ν,bD̂†
a(θ , ϕ)D̂a(θ , ϕ)Ôν,b〉

∑

b

N∑

ν=1
〈Ô†

ν,bÔν,b〉 〈D̂†
a(θ , ϕ)D̂a(θ , ϕ)〉

> 1. (A9)

On a fully excited state, this expression reads

1 +

N∑

j ,l=1
eik0R(θ ,ϕ)·(rl−rj )�jl

N 2�0
− 1

N
− �a

0

N�0
> 1, (A10)

where we have employed that

N∑

ν=1

�a
vα

∗
ν,a,j αν,a,l = �a

jl. (A11)

This simplifies to

N∑

j ,l=1

eika
0R(θ ,ϕ)·(rl−rj )

�a
jl

N�a
0

> 1 + �0

�a
0

. (A12)

APPENDIX B: SECOND-ORDER CUMULANT
EXPANSION FOR FOUR-LEVEL SYSTEMS

We consider four-level atoms that can decay to three
ground states |f , g, h〉 from an excited state |e〉. Photons
associated with each transition |e〉 → |f , g, h〉 are suffi-
ciently distinct in frequency to not excite one another. To
calculate the directional emission rate on a channel |e〉 →
|f 〉, we require the evolution of the expectation values of
the set {σ̂ i

ef σ̂
j
fe}, meaning that at least a second-order cumu-

lant expansion is necessary. Generically, the evolution of
these expectation values depends on the expectation val-
ues of sets of three of the population operators, e.g., {σ̂ i

ee}
(the fourth can be related to the other three, as the total
single-atom population is always unity), all six coherence
operators, e.g., {σ̂ i

ef }, and all 66 two-operator products,
noting that the complex expectation value of the coherence
operators leads to extra operators such as {σ̂ i

ef σ̂
j
fe}.

If the initial state has no coherence, such that initially

{〈σ̂ i
ab〉} = 0 ∀ a �= b and

{〈σ̂ i
abσ̂

j
cd〉} = 0 ∀ a �= b | c �= d, (B1)

then the equations are greatly simplified. This condition is
met by the fully excited state or any state where all single-
atom states are the ground or excited state. In this case,
the single-atom coherences are never different from zero in
the second-order cumulant expansion and the expectation
values of all two-operator products of the form {σ̂ i

abσ̂
j
ad}

are always zero, and those of the form σ̂ i
abσ̂

j
da are zero

∀ b �= d. The two-operator products of the form {σ̂ i
aaσ̂

j
bb}

and {σ̂ i
abσ̂

j
ba} do become nonzero but only those where one

of a or b represents the excited state impact the evolution of
the terms needed to calculate the directional emission rate.
As such, there is a closed set of operators with expectation
values defined as

aj = 〈σ̂ j
ee〉 , bj = 〈σ̂ j

ff 〉 , cj = 〈σ̂ j
gg〉 , (B2a)

ejl = 〈σ̂ j
eeσ̂

l
ee〉 , fjl = 〈σ̂ j

eeσ̂
l
ff 〉 , gjl = 〈σ̂ j

eeσ̂
l
gg〉 , (B2b)

qjl = 〈σ̂ j
ef σ̂ l

fe〉 , pjl = 〈σ̂ j
eg σ̂

l
ge〉 , rjl = 〈σ̂ j

ehσ̂
l
he〉 . (B2c)

The expectation values evolve according to

ȧj = −�0aj + i
∑

m �=j

[
−Ajmqjm + A∗

mj qmj − Bjmpjm

+ B∗
mj pmj − Cjmrjm + C∗

mj rmj

]
, (B3a)

ḃj = �
ef
0 aj + i

∑

m �=j

[
−A∗

mj qmj + Ajmqjm

]
, (B3b)

ċj = �
eg
0 aj + i

∑

m �=j

[
−B∗

mj pmj + Bjmpjm

]
, (B3c)
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ėjl = −2�0ejl + i
∑

m �=j,l

[
−Ajm 〈σ̂ j

ef σ̂ l
eeσ̂

m
fe 〉 − Alm 〈σ̂ j

eeσ̂
l
ef σ̂ m

fe 〉 − Bjm 〈σ̂ j
eg σ̂

l
eeσ̂

m
ge〉 − Blm 〈σ̂ j

eeσ̂
l
eg σ̂

m
ge〉 − Cjm 〈σ̂ j

ehσ̂
l
eeσ̂

m
he〉

− Clm 〈σ̂ j
eeσ̂

l
ehσ̂

m
he〉 + A∗

mj 〈σ̂ j
feσ̂

l
eeσ̂

m
ef 〉 + A∗

ml 〈σ̂ j
eeσ̂

l
feσ̂

m
ef 〉 + B∗

mj 〈σ̂ j
geσ̂

l
eeσ̂

m
eg〉

+B∗
ml 〈σ̂ j

eeσ̂
l
geσ̂

m
eg〉 + C∗

mj 〈σ̂ j
heσ̂

l
eeσ̂

m
eh〉 + C∗

ml 〈σ̂ j
eeσ̂

l
heσ̂

m
eh〉

]
, (B3d)

ḟjl = −�0fjl − iAjlqjl + iA∗
lj qlj + �A

0 ejl + i
∑

m �=j,l

[
−Ajm 〈σ̂ j

ef σ̂ l
ff σ̂ m

fe 〉 − A∗
ml 〈σ̂ j

eeσ̂
l
feσ̂

m
ef 〉 − Bjm 〈σ̂ j

eg σ̂
l
ff σ̂ m

ge〉 − Cjm 〈σ̂ j
ehσ̂

l
ff σ̂ m

he〉

+ A∗
mj 〈σ̂ j

feσ̂
l
ff σ̂ m

ef 〉 + Alm 〈σ̂ j
eeσ̂

l
ef σ̂ m

fe 〉 + B∗
mj 〈σ̂ j

geσ̂
l
ff σ̂ m

eg〉 + C∗
mj 〈σ̂ j

heσ̂
l
ff σ̂ m

eh〉
]

, (B3e)

ġjl = −�0gjl − iBjlpjl + iB∗
lj plj + �B

0 ejl + i
∑

m �=j,l

[
−Bjm 〈σ̂ j

eg σ̂
l
gg σ̂

m
ge〉 − B∗

ml 〈σ̂ j
eeσ̂

l
geσ̂

m
eg〉 − Ajm 〈σ̂ j

ef σ̂ l
gg σ̂

m
fe 〉 − Cjm 〈σ̂ j

ehσ̂
l
gg σ̂

m
he〉

+ B∗
mj 〈σ̂ j

geσ̂
l
gg σ̂

m
eg〉 + Blm 〈σ̂ j

eeσ̂
l
eg σ̂

m
ge〉 + A∗

mj 〈σ̂ j
feσ̂

l
gg σ̂

m
ef 〉 + C∗

mj 〈σ̂ j
heσ̂

l
gg σ̂

m
eh〉

]
, (B3f)

q̇jl = −�0qjl − iAjlfjl + iA∗
lj flj + �A

lj ejl + i
∑

m �=j,l

[
−A∗

mj 〈σ̂ j
eeσ̂

l
feσ̂

m
ef 〉 − Alm 〈σ̂ j

ef σ̂ l
ff σ̂ m

fe 〉 + A∗
mj 〈σ̂ j

ff σ̂ l
feσ̂

m
ef 〉 + Alm 〈σ̂ j

ef σ̂ l
eeσ̂

m
fe 〉

]
,

(B3g)

ṗjl = −�0pjl−iBjlgjl+iB∗
lj glj +�B

lj ejl+i
∑

m �=j,l

[
−B∗

mj 〈σ̂ j
eeσ̂

l
geσ̂

m
eg〉 −Blm 〈σ̂ j

eg σ̂
l
gg σ̂

m
ge〉 +B∗

mj 〈σ̂ j
gg σ̂

l
geσ̂

m
eg〉 +Blm 〈σ̂ j

eg σ̂
l
eeσ̂

m
ge〉

]
,

(B3h)

ṙjl = −�0rjl − iCjl
(
aj − ejl − fjl − gjl

) + iC∗
jl(al − elj − flj − glj ) + �C

jl ejl + i
∑

m �=j,i

[
−C∗

mj 〈σ̂ j
eeσ̂

l
heσ̂

m
eh〉 − Clm 〈σ̂ j

ehσ̂
l
hhσ̂

m
he〉

+ C∗
mj 〈σ̂ j

hhσ̂
l
heσ̂

m
eh〉 + Clm 〈σ̂ j

ehσ̂
l
eeσ̂

m
he〉

]
, (B3i)

where we have defined

Ajl = J ef
jl − i

�
ef
jl

2
, Bjl = J eg

jl − i
�

eg
jl

2
, Cjl = J eh

jl − i
�eh

jl

2
,

(B4)

and three-operator product expectation values are approxi-
mated by the second-order cumulant expansion as

〈ûv̂ŵ〉 = 〈ûv̂〉 〈ŵ〉 + 〈v̂ŵ〉 〈û〉 + 〈ûŵ〉 〈v̂〉 − 2 〈û〉 〈v̂〉 〈ŵ〉 .
(B5)

APPENDIX C: BENCHMARKING
SECOND-ORDER CUMULANT EXPANSION

To benchmark the second-order cumulant expansion, we
compare the approximated dynamics to the exact dynam-
ics for small system sizes, as shown in Fig. 8. Here, we
consider two-level atoms, as calculating the exact dynam-
ics for four-level atoms is not computationally tractable
even for 16 atoms. The exact dynamics are found as the
ensemble average of quantum trajectories [127]. At short
times, and for modest separations, the cumulant expansion
is an excellent approximation of the dynamics. As the dis-
tance decreases, the error becomes more significant. For

d = 0.1λ0, the peak is overestimated by 12% for a 4 × 4
array and by 9% for a 3 × 3 array. The relative error is
much larger at later times, as the cumulant expansion is
unable to capture the subradiant tail [98]. This is also true
for d = 0.2λ0, where the burst is captured more accurately
(overestimated by only 1% for a 4 × 4 array) but large
relative errors occur in the tail.

APPENDIX D: DIRECTIONAL DEPENDENCE OF
EMISSION

In the main text, we consider light measured by a detec-
tor placed along the x axis. We show that the presence or
absence of a burst is nontrivially dependent on the distance
between atoms. In reality, the placement of the detec-
tor defines this nontrivial dependence. Figure 9 recreates
Fig. 5 but considering different detection schemes.

If all the light were to be collected, a superradiant
burst would not be detected for the distances and atom
numbers that we consider. As shown in Fig. 9(a), a
global superradiant burst for the 3D1 |J = 1, mJ = 0〉 →
3P0 |J = 0, mJ = 0〉 transition in 174Yb requires distances
of d � 0.55λ0. Fortunately, the conditions for directional
superradiance are generically less strict than for global
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FIG. 8. The benchmarking of the second-order cumulant expansion against the exact dynamics. Light emitted by a (a) 3 × 3 and (b)
4 × 4 array of two-level systems prepared initially in the excited state, with the polarization axis perpendicular to the array. Light is
detected along the x axis. The cumulant-expansion dynamics (solid lines) are compared to the exact dynamics (dashed lines), which
are obtained from the master equation in (a) and from an ensemble average of 10 000 quantum trajectories in (b).

superradiance, allowing for experimental observation at
much larger interatomic separations or smaller atom num-
bers [53].

The measurement of a directional superradiant burst
requires correct placement of the detector. As shown in
the main text and reproduced here in Figs. 9(b) and 9(f),

if light is detected along the x axis, superradiant bursts
could be observed for arrays with an interatomic spacing
equivalent to d = 0.5λ0 and d = λ0 but not for d = 0.75λ0.
Conversely, if the detector is rotated by π/4 degrees in the
plane, then a burst could be observed at d = 0.75λ0 but not
at d = 0.5λ0, nor at d = λ0 [see Figs. 9(c) and 9(g)]. This
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FIG. 9. Predictions of a burst versus the lattice constant in 12 × 12 arrays of 174Yb for different detector positions. The atoms are
prepared in the 3D1 |J = 1, mJ = 0〉 state initially and allowed to decay, with the linear transition polarized perpendicular to the array.
(a),(b) All light is collected. (c),(d) Light is detected along the x axis. (e),(f) Light is detected in the diagonal of the plane. (g),(h)
Light is detected tilted up from the x axis. In (a), (c), (e), and (g), the shaded areas indicate a burst on the 3D1 |J = 1, mJ = 0〉 →3

P0 |J = 0, mJ = 0〉 transition (red line). The superradiance condition plotted in (a) is (�a
0/�0)Var({�a

ν }/�a
0) and in (c), (e), and (g) it

is the quantity S given in Eq. (18). In both cases, a burst is predicted if the condition is larger than 1 (black dashed line). In all cases,
the 3P1 |J = 1, mJ = ±1〉 transition (orange dashed line) is never superradiant. In (b), (d), (f), and (h), approximations are shown of
the full dynamics via a second-order cumulant expansion (on the 3D1 →3 P0 transition) at three particular distances. The presence or
absence of a superradiant burst is correctly predicted by the superradiance conditions.
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FIG. 10. Scalings of superradiant bursts in ordered 2D arrays of AEAs. 174Yb or 88Sr atoms are initialized in 3D3 |J = 3, mJ = 3〉,
with the only possible decay having

√
1/2

(
ŷ + iẑ

)
polarization. (a) The scaling of the peak emission rate with the atom number for

different distances. The lines are power-law fits of data for all N such that the peak time occurs at t > 0. (b) The power-law exponent.
(c) The time of the peak emission rate with the atom number for different distances.

is because the detector lies along the diagonal axis of the
square grid and emission in this direction is enhanced by a
geometric resonance at λ0/

√
2.

It is known that disordered samples preferentially emit
along the axis of maximum optical depth [21,128]. This
holds true in 2D arrays, where emission is preferential in
the plane. However, it becomes more complicated due to
interference effects producing preference amongst the in-
plane directions. The effect can be seen by the absence
of superradiant bursts sent to a detector positioned signifi-
cantly out of the plane of the array [see Figs. 9(d) and 9(h)].
To measure superradiance in such a direction requires even
shorter interatomic distances than global superradiance.

APPENDIX E: SUPERRADIANT BURST
SCALINGS WITH THE ATOM NUMBER

In the main text, we find the scaling of the superradiant
burst with the atom number for a specific distance of 244
nm. Here, we consider different distances [see Fig. 10(a)].
We find that generically, as the distance increases, the
power-law exponent reduces. However, as shown in Fig.
10(b), the trend is not purely monotonic, featuring weak
oscillations. This is most likely due to finite-size effects.
As the interatomic distance approaches 0.5λ0, the exponent
suddenly increases again, due to the geometric resonances
discussed in the main text. There seems to be a correlation
between the size of the burst for a given atom number and
the rate of growth as the atom number is increased.

The time of the peak is more complicated, as shown in
Fig. 10(c). One expects, from Dicke’s case of atoms at a
point, that the time of the peak should scale as log(N )/N ,
reducing as the number of atoms increases and the peak
grows. This is because the peak occurs as the mean num-
ber of excited atoms is N/2, which is reached faster as the
number of atoms increases. This can be seen for d = 0.1λ0,
where for N ≥ 9 we see a monotonic decrease in the time
of the peak emission rate. However, for other distances

this is not the pattern, due to a competing factor: induced
dephasing. Dephasing causes the peak to occur above half
excitation. As the relative level of dephasing decreases, the
fraction of excited atoms at the peak emission rate tends
toward half. Since increasing the number of atoms makes
superradiance overcome dephasing, the time of the peak
can increase with the atom number. This is shown clearly
for d = 0.4λ0 in Fig.10(c). However, eventually this effect
saturates and the time of the peak emission rate begins to
decrease again, as shown for d = 0.15λ0.
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