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Quantum instruments represent the most general type of quantum measurement, as they incorporate
processes with both classical and quantum outputs. In many scenarios, it may be desirable to have some
“on-demand” device that is capable of implementing one of many possible instruments whenever the
experimenter desires. We refer to such objects as programmable instrument devices (PIDs), and this paper
studies PIDs from a resource-theoretic perspective. A physically important class of PIDs are those that
do not require quantum memories to implement, and these are naturally “free” in this resource theory.
Additionally, these free objects correspond precisely to the class of unsteerable channel assemblages in
the study of channel steering. The traditional notion of measurement incompatibility emerges as a resource
in this theory since any PID controlling an incompatible family of instruments requires a quantum memory
to build. We identify an incompatibility preorder between PIDs based on whether one can be transformed
into another using processes that do not require additional quantum memories. Necessary and sufficient
conditions are derived for when such transformations are possible based on how well certain guessing
games can be played using a given PID. Ultimately our results provide an operational characterization of
incompatibility, and they offer semi-device-independent tests for incompatibility in the most general types

of quantum instruments.
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I. INTRODUCTION

Incompatibility is a quintessential feature of quantum
mechanics. Unlike classical systems in which conjugate
variables have definite values at each moment in time,
quantum systems are dictated by celebrated uncertainty
relations, which place sharp restrictions on how well the
measurement outcomes of two (or more) noncommuting
observables can be predicted [1]. The incompatibility of
noncommuting observables has wide-ranging applications
in quantum information science from quantum cryptog-
raphy [2,3] to entanglement detection [4] to quantum
error correction [5]. For more general types of measure-
ments beyond textbook observables, commutation rela-
tions are no longer sufficient to characterize measurement
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incompatibility. One instead considers the property of joint
measurability, which means that a joint probability distri-
bution can be defined for the given collection of measure-
ment devices, each being described by a positive operator-
valued measure (POVM) [6-8]. Incompatibility between
POVMs in this sense means that such joint measurability
is not possible.

Whereas POVMs characterize the classical output of
a quantum measurement, a more general description of
the measurement process also includes the quantum out-
put. Here, one typically invokes the theory of quantum
instruments [9], with an instrument formally being defined
as a family of completely positive (CP) maps {A, ]y,
such that le Ay, is trace preserving (TP). When per-
forming an instrument on a quantum state p, a classical
outcome x; is observed with probability p,, = Tr[A,,[p]],
and the postmeasurement state is then given by A, [p]/px, -
Note that POVMs are a special type of instrument for
which Ay [p] = Tr[M,, p] for some collection of positive
semidefinite operators {M,,},, with le M,, =1. Like-
wise, a quantum channel (i.e., a CPTP map) is also a type
of quantum instrument, having just a single classical out-
come. The notion of incompatibility can also be extended
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into the domain of channels and instruments [8,10—12].
Similar to the case of POVMs, a family of instruments
{Ax1xo }xo.x; 1 compatible if all the constituent instruments
can be simulated using a single instrument combined with
classical postprocessing; incompatible instruments lack
this property.

Extensive work has recently been conducted to cap-
ture incompatibility as a physical resource in quantum
information processing [13—21]. This can be accomplished
using the formal structure of a resource theory [22-26],
in which objects are characterized as being either free or
resourceful. Additionally, only a restricted set of physi-
cal operations can be performed by the experimenter, and
these are unable to create resourceful objects from free
ones. In the case of quantum incompatibility, the free
objects are compatible families of POVMSs or instruments,
and the incompatible ones are resourceful.

By adopting a resource-theoretic perspective, one can
establish operationally meaningful measures of incom-
patibility such as its robustness to noise [14,18,27-30].
The incompatibility in one family of POVMs or instru-
ments can then be quantitatively compared to another.
Resource theories also provide tools for detecting or “wit-
nessing” the incompatibility present in general measure-
ment devices [29,31-34]. This certification can also be
done in a semi-device-independent way [13,18-20,25,35—
37]. In other words, by attaining a certain score on some
type of quantum measurement game, the experimenter
can rest assured that he or she is controlling some fam-
ily of incompatible POVMs or instruments without having
full trust in the inner workings of the device. Crucially,
the largest achievable score using some device cannot be
increased using the allowed operations of the resource
theory, and the scores therefore represent resource mono-
tones. In many cases, these games define a complete set
of monotones whose values provide necessary and suffi-
cient conditions for convertibility of one object to another
by the allowed operations [20,34,38—42]. We show in Sec.
V that the same holds true for the guessing games con-
sidered in this paper, and furthermore the advantage of
using an incompatible device in these games can be quan-
titatively characterized by the aforementioned robustness
measure. However, the general idea of relating convert-
ibility to guessing games can be traced back to the original
work of Blackwell on statistical comparisons [43] (see Ref.
[38] for more discussions).

A. From programmability to nonsignaling

Our analysis of quantum incompatibility is motivated
by the idea of “programmable” quantum instruments.
Consider a generic controllable measurement device as
depicted in Fig. 1, which is capable of implementing some
family of instruments {Ay, |y, }x,.x,- The classical program
is the input value xy, which dictates that the instrument
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FIG. 1. A general controllable quantum device applies an
instrument {A,, |}y, to the quantum input whenever a particu-
lar program x, is chosen. The characteristic time Afp :=t; — &
is known as the quantum delay time of the device, and it mea-
sures how quickly the device functions as a g-to-q channel. The
device is said to be fully programmable if the program is free
to arrive at any time #,, even outside the interval [#, ), and
we refer to such a device as a programmable instrument device.
Given that classical memories are freely available, the full pro-
grammability of a PID is essentially its ability to withstand an
arbitrarily late arrival of the program, termed the late-program
assumption. In the framework of Ref. [44], a PID represents a
so-called “multiprocess.”

{Ax,1x }x; be performed on the quantum input. We consider
these devices to be modules in nature so that the classical
or quantum output from one device can be connected to
a classical or quantum input of another. This introduces a
critical consideration of time: for the devices to function
together properly, the outputs of one device must arrive
at a time when the next device is ready to receive them.
In practice, every physical device will have a character-
istic quantum delay time [44], which measures how fast
the device generates a quantum output when given a quan-
tum input, and it corresponds to Afp :=t; — ty in Fig. 1.
How about the timing of the classical program? As typi-
cally demanded by devices with multiple inputs, one would
expect that the program be synchronized with the quan-
tum input, or at least be within the finite window [#y, ;).
However, if the quantum delay time Atfp appears to be
short, such a hard constraint on timing can be unrealistic
in practice, and therefore we have a particular interest in
devices that give the experimenter full temporal freedom
over when he or she can submit the program, a capabil-
ity called programmability in Ref. [20]. As a consequence
of programmability, the timing of the classical and quan-
tum inputs need not be synchronized, and the classical
program can arrive significantly before #, or after #,. With-
out loss of generality, we need only to assume that the
program arrives after the quantum output time ¢, which
we refer to as the late-program assumption, and this is
because an early arriving program can always be buffered
in a classical memory before the quantum input arrives.
Clearly, not every controllable quantum device can work
through the late-program assumption, and a device can do
so if and only if the quantum output is independent of
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the classical input after coarse-graining the classical out-
put (see Sec. II B). Formally, this constraint is known as
nonsignaling, which requires that

ZAx”xO = X:Ax1 =t A Vo, xg. (1)
X1

X1

In other words, all the instruments in the family
{Ax 1x}xor; SUum up to the same channel A. Since the
nonsignaling constraint in Eq. (1) is necessary and suffi-
cient for programmability, we naturally refer to devices
satisfying this constraint as programmable instrument
devices (PIDs).

While the quantum output at #; for a PID is independent
of the classical program, the classical output will gen-
erally depend on the quantum input at #, (and certainly
also on the classical input at #,). Hence under the late-
program assumption, the internal quantum memory of the
PID might need to store quantum information for an indefi-
nite amount of time until the experimenter chooses to issue
a program. However, there is a special class of PIDs for
which the quantum memory can be perfectly substituted
with classical memory. These are called simple PIDs, and
they represent the “free” objects in the resource theory.
Remarkably, simple PIDs are precisely those in which the
family of instruments being implemented is compatible. In
contrast, nonsimple PIDs, i.e., PIDs that are not simple,
require quantum memories with an indefinite lifetime to
support full programmability, and thus they are resources,
demonstrating incompatibility. Of course, an indefinite
lifetime of a quantum memory is an idealization and hence
so is full programmability. In practice, every realizable PID
will have a quantum memory with some finite lifetime
Atgm < oo. To pinpoint the differing demands on quan-
tum memories for programmability, throughout the paper,
we may as well assume that every PID satisfies Atp &~ 0
and that the internal quantum memory of any nonsimple
PID satisfies Atqm >> Atp. These assumptions are in line
with our identification of only simple PIDs as being free.

There is an alternative justification for imposing the
nonsignaling constraint in Eq. (1) not directly related to
programmability. One could imagine that the device in
Fig. 1 is a bipartite channel shared between spatially sepa-
rated parties, with Evan controlling the classical input and
output and Alice controlling the quantum input and out-
put, as depicted in Fig. 2. Alice may be unaware of the
existence of the eavesdropping party Evan, and she thinks
of her quantum input and output as being connected by
a local channel. She would then expect that the quantum
delay time of her channel should be extremely short, lim-
ited only by the local inner workings of her device, which
implies that the information from Evan’s control signal
should not have enough time to propagate across space-
time and influence her channel output. Thus Alice’s output
would be spacelike separated from the choice of Evan’s

Alice’s channel input Alice’s channel output

& J— &
CHEE
Ean -

Evan’s feedback signal

Evan’s control signal

FIG. 2. The control device could also be split between spa-
tially separated parties Alice and Evan. The nonsignaling con-
straint from Evan’s control signal to Alice’s channel output
naturally arises if the spatial separation is so large that Evan’s
signal propagation time exceeds the anticipated quantum delay
time between Alice’s local input and output.

control signal, and the nonsignaling condition (from Evan
to Alice) would hold, as in Eq. (1). Note that this reflects
a scenario known as channel steering [45], as Evan is
remotely manipulating Alice’s channel with his control
signal without letting her detect him due to the nonsignal-
ing constraint. Apart from being useful for better under-
standing quantum incompatibility, the scenario of channel
steering is also relevant for cryptographic applications and
one-sided device-independent testing of coherent channel
extensions [45]. In fact, steerability and incompatibility are
equivalent concepts when defined on nonsignaling families
of instruments (see Sec. IV A), and so the resource the-
ory of PID nonsimplicity that we develop in this paper is
equivalently a resource theory of channel steering.

B. Organization of the paper

With this background and motivation in hand, we
now conduct our resource-theoretic analysis of instrument
incompatibility in terms of nonsimplicity of PIDs in more
detail. The rest of the paper is organized as follows.

In Secs. I and III, we establish the basic pieces of our
resource theory. We first review the traditional concept
of measurement incompatibility and its resource theory in
Secs. II A and III A. Then we extend the present theory
to incorporate the more general concept of incompatibil-
ity between quantum instruments. Specifically, we for-
mally introduce simple (i.e., free) versus nonsimple (i.e.,
resourceful) PIDs and the physical distinction between
them in Sec. II B. We then propose a class of free trans-
formations between PIDs, which is incompatibility-non-
increasing and has a clear operational meaning, in Sec.
I B.

In Sec. 1V, we focus on discussing and discovering
the relationships between PID nonsimplicity, steering, and
traditional measurement incompatibility. We explicate the
spatiotemporal correspondence between channel steering
and PIDs in Sec. IV A. Then we generalize the concept of

010340-3



KAIYUAN JI and ERIC CHITAMBAR

PRX QUANTUM 5, 010340 (2024)

steering-equivalent observables to the scenario of channel
steering in Sec. IV B, and in doing so we derive a mono-
tonicity theorem that signifies a fundamental connection
between the resource theory of PID nonsimplicity and that
of measurement incompatibility.

Finally, in Sec. V, we provide a semi-device-
independent characterization for PID nonsimplicity by
designing a class of so-called “nontransient” guessing
games as a temporal analog to the well-studied nonlocal
games. In particular, nontransient guessing games can be
used to characterize the incompatibility preorder between
PIDs by providing necessary and sufficient conditions for
convertibility from one PID to another under the afore-
mentioned free transformations, as shown in Sec. V A.
We further show in Sec. V B that the operational advan-
tage of a given PID over simple PIDs in these games is
tightly bounded from above by the PID’s robustness of
incompatibility against noise. In Sec. V C, we discuss the
experimental setup of nontransient guessing games and put
forward a variant class of games that lowers the experi-
mental requirement while also faithfully characterizing the
incompatibility preorder between PIDs.

II. PROGRAMMABLE QUANTUM DEVICES

In this section, we first review the traditional concept
of measurement incompatibility formulated as a resource
for programmable measurement devices [20]. Then we
extend the traditional framework by incorporating pro-
grammable instrument devices and a generalized concept
of incompatibility for such devices.

A. Programmable measurement devices

A programmable measurement device (PMD) [20], alias
a multimeter [46], is a quantum measurement device capa-
ble of implementing a family of POVMs conditioned on a
classical control signal. A PMD I is mathematically rep-
resented by a collection of positive semidefinite operators
M = {My,x,}xyx, Such that le M, x, = 1 for all xo. The
classical input x¢ is known as the program, which indi-
cates the particular POVM (M, },, to be performed on
the quantum input. The classical output x; labels the mea-
surement outcome of the POVM. PMDs represent the most
general gc-to-c CPTP maps.

A PMD M is said to be simple whenever it can be
simulated with a “mother” POVM followed by some (con-
trollable) classical postprocessing; namely, it implements
a compatible family of POVMs admitting the following
decomposition:

MX] |x0 = prl |x0,gGg VXO,XI, (2)
g

where {Gg}, is a POVM and {px,|x;.¢}xp.x ¢ 15 @ classi-
cal channel (i.e., a conditional probability distribution). A

PMD not decomposable in the form of Eq. (2) is nonsim-
ple, as the family of POVM it implements is incompatible.

An advantage of studying quantum measurements in
terms of PMDs is that it links measurement incompati-
bility and quantum memories in a physically motivated
way. As discussed in Sec. [ A, a practical conception of
programmability should take into account the unavoid-
able asynchronicity between the quantum input and the
classical program, and so programmable devices should
(ideally) allow the experimenter to issue the program at
any desirable time [20]. This temporal freedom can be sim-
ply captured by the late-program assumption, which we
regard as a basic principle in the programmability context.
For a PMD to function as a qc-to-c box under this assump-
tion, an internal quantum memory is generally needed to
store the quantum input until the program is submitted to
the classical system Xjy. However, if the PMD is control-
ling a compatible family of measurements, i.e., the PMD
being simple, then no quantum memory is needed. Instead,
the “mother” POVM {G,}, can be performed as soon as
the quantum input arrives, and the outcome g is stored in
a classical memory until the program arrives. Thus, the
requirement of a quantum memory to implement a PMD
is another way of characterizing measurement incompati-
bility. It is then natural to identify simple PMDs as being
“free” objects since they do not require quantum memories
to implement, and a resource theory of PMD nonsimplicity
is physically well justified.

B. Programmable instrument devices

Next we extend the theory of programmability to quan-
tum instruments. A quantum instrument is a general-
ized version of measurement that incorporates a quan-
tum output representing the postmeasurement state. The
most straightforward generalization of a PMD is a multi-
instrument [46], a device capable of implementing a col-
lection of quantum instruments conditioned on a classical
control signal. A multi-instrument A is mathematically
represented by a collection of completely positive (CP)
maps A = {A,,x}x,.r, such that le Ay, x, 18 trace pre-
serving (TP) for all xy. To make the quantum input and
output systems Ay and A4; explicit, we sometimes write
A= {Aﬁlo\;(;Al }xo,x1~

Multi-instruments represent the most general gc-to-qc
CPTP maps. However, according to our conception of pro-
grammability, general multi-instruments are not suitable
models for abstracting “programmable” quantum instru-
ments. As discussed in Sec. I A generally and in Sec.
IT A for PMDs, practical programmable instruments should
withstand the late-program assumption; they should func-
tion while the classical program is free to arrive at Xj
anytime after the quantum input arrives at 4y. By the same
assumption, the program could even arrive after the device
is scheduled to dispense some quantum output at 4;. For a
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FIG. 3. Decomposition of a general PID [(a) and (b)] and that of a simple PID [(c)]. Solid arrows stand for quantum systems and
hollow arrows for classical systems. Time flows from left to right. The opaque rips indicate that the quantum (left) and classical (right)
parts of the devices are temporally separated under the late-program assumption. (a) A general PID A can be realized by connecting
one output system £ of a broadcast channel £40~41£ to a PMD M using a quantum memory channel id®. As such, the inner working
of the PID can be understood as a process of channel steering (see Sec. IV A). (b) The general PID can be represented in a different
configuration, with the system 4; displaced downwards and the quantum memory channel subsumed within the PMD M. (¢) A simple
PID can be realized with a “mother” instrument ¢ and a classical channel p. In “steering” terms, the simple PID implements an
unsteerable channel assemblage. Note that the simple PID has the same quantum delay time Ay = 0 between 4y and 4; as the general
PID does. However, the quantum memory of the general PID needs a much longer lifetime A#qm > Atfp in general to accept a late

arriving classical program x, unlike the simple PID.

device to be physically realizable in such a circumstance,
there must be no signaling from the classical input Xj
to the quantum output 4,. This motivates the following
definition.

Definition 1—A multi-instrument A = {Ay | }bxox, 18
called a programmable instrument device whenever it
is nonsignaling from the classical input to the quantum
output; namely, there exists a quantum channel A such that

D Aqw =A Vx. 3)

x|

We say that the PID A is simple (and otherwise nonsimple)
whenever there exists a quantum instrument ¢ = {G,},
and a classical channel p = {px, x).¢}xo.x.¢ Such that

Axiyg = an wog%e VX0, 1. 4)
g

The above definition of a programmable instrument
device generalizes the definition of a PMD in a way that
respects the late-program assumption. Likewise, the con-
cept of incompatibility in terms of device nonsimplicity is
extended from POVMs to instruments. Following an anal-
ogous argument that previously applies to PMDs, one can
find that the difference between a nonsimple PID and a
simple PID is precisely captured by whether the device
needs a quantum memory with a non-negligible lifetime
Atgm > Atp ~ 0 to implement. Accordingly, it is natural
to identify nonsimple PIDs as resources in our theory of

programmable instruments, whereas simple PIDs are free
objects.

While our formulation of PIDs is motivated by the
notion of programmability, the bipartite picture shown in
Fig. 2 can be helpful in understanding the internal structure
of such devices. We envision that Alice has the quantum
input and output in her laboratory while Evan controls
the classical input and output. The nonsignaling condition
(from Evan to Alice) condition in the definition of a PID is
also known as “semicausality” [47]. It has been proved that
every semicausal map is “semilocalizable” [48], meaning
that the map can be decomposed into local operations by
Alice and Evan individually combined with one-way quan-
tum communication from Alice to Evan, as shown in Fig.
3(a). Simple PIDs are then precisely those in which the
one-way quantum communication can be replaced with
one-way classical communication, as shown in Fig. 3(c).
In Secs. IV A and IV B, we provide a more formal state-
ment (Proposition 1) and related discussions regarding the
internal structure of a PID.

III. FREE SIMULATIONS OF PROGRAMMABLE
DEVICES

In this section, we complete the construction of the
resource theory of PID nonsimplicity by proposing a set of
free transformations between PIDs. Hereafter, we will refer
to free transformations applied to programmable devices
(either PIDs or PMDs) as firee simulations of the devices.
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FIG. 4. The free simulation (blue) of a PMD N (green) using
another PMD M (yellow) according to Eq. (5). It has been
shown that nonsimple PMDs cannot be freely simulated by sim-
ple PMDs [20]. Simulations in this form are precisely those that
can be realized without additional quantum memories under the
late-program assumption.

A. Free simulations of PMDs

Before we introduce what constitutes a free simulation
of PIDs, we first recall the free simulations of PMDs in the
resource theory of PMD nonsimplicity [20]. Later as we
define the free simulations of PIDs, we must ensure that
they reduce to the predefined simulations of PMDs when
both the source PID and the target PID are PMDs.

Definition 2 ([20])—Let M = {M,,|x}xo; and N =
{Ny,1vo }yoay be two PMDs. We say that M can freely simu-
late N, denoted by I =\ N, whenever there exists a quan-
tum instrument % = {;}; and two classical channels

P = {Proivok ookt a0d ¢ = {qy|x; 1}x, 2 SUch that

s
Nyl = Z Gy, o1 Pxo oK [meo] Yy, 31, (5)

x0.X1,k.0

where (-)T denotes adjunction. We call the transformation
M+ N a frree simulation of PMDs.

The operational significance of Definition 2 is demon-
strated by the fact that 1M =y N if and only if M can
be physically transformed (i.e., via a quantum superchan-
nel [49,50]) into N using no additional quantum memory
[20], as represented in Fig. 4. Meanwhile, free simulations
of PMDs have been shown to possess essential resource-
theoretic properties, including preserving PMD simplicity
and being able to generate the entire set of simple PMDs
[20]. Thus they are formally qualified as the free transfor-
mations in a resource theory of PMD nonsimplicity, and
the relation =) is a legitimate incompatibility preorder on
the set of PMDs.

B. Free simulations of PIDs

Now we are ready to propose the free simulations for the
resource theory of PID nonsimplicity. In what follows, we
first identify the complete class of PID transformations that
do not require quantum memories to implement, and then
we demonstrate its legitimacy as the set of free transfor-
mations from a resource-theoretic standpoint. Since PIDs

B,

FIG. 5. The free simulation (blue) of a PID I (green) using
another PID A (yellow) according to Eq. (6). The simulation is
composed of (i) pre-, post-, and side processing of the quan-
tum part, (ii) pre-, post-, and side processing of the classical
part, and (iii) an external classical memory connecting the quan-
tum and classical parts. Under the late-program assumption, free
simulations of PIDs represent the most general transformations
given that using any quantum memory with a lifetime exceed-
ing Atp ~ 0 is forbidden. This figure reduces to Fig. 4 when the
quantum output systems A and B, are trivial.

are semicausal quantum channels (i.e., quantum 2-combs),
transformations between them are supposed to be quantum
4-combs [51].

Programmability of PIDs highlights the temporal sepa-
ration between its quantum systems and classical systems,
as displayed in Fig. 3. So quantum memories across this
separation are the only resource that should be forbid-
den when simulating PIDs. As a result, the experimenter
should have the full ability to (i) have any physical pro-
cess concatenated in sequence or appended in parallel to
the quantum part or the classical part “locally,” and (ii)
feed any side information generated by the quantum part
into the classical part, as long as this information is stored
in a classical memory before the classical program arrives,
as represented in Fig. 5. Note that the quantum delay time
Atp between the quantum systems Ay and 4, is assumed
negligible and not regarded as a resource compared to the
internal quantum memory lifetime Afqy. Hence, the side
channel parallel to the quantum part need not be classical.
The formal definition of a free simulation of PIDs is given
as follows.

Definition 3.—Let A = { Ay, bxor, ad T = {T}, 150 hoon
be two PIDs. We say that A can fieely simulate [, denoted
by A =1 [, whenever there exists a quantum channel
F, a quantum instrument %" = {[;},, and two classical
channels p = {px; ivok}xowokt A0d ¢ = {Gy,1x;.1}x; 0,0 SUCh
that

Do = Z qnl)fl,lpxo,l\yo,klck © (Axl v & id) oF

X0.X1 ,k,l

Yy, 1. (6)

We call the transformation A+ [ a free simulation of
PIDs.
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As can be recognized from Eq. (6) or Fig. 5, free
simulations of PIDs preserve the classical-to-quantum
nonsignaling constraint, and thus they always map PIDs
to PIDs. One can conveniently verify that Definition 3
reduces to Definition 2 (free simulations of PMDs) when
the quantum output systems of both A and [ are trivial (i.e.,
1 dimensional).

The following theorem demonstrates the legitimacy of
identifying the free simulations of PIDs as the free trans-
formations for PID nonsimplicity. This implies that the
relation »=; is an incompatibility preorder on the set of
PIDs.

Theorem 1.—For fixed index sets where xg,x1,0,)1
belong, the free simulations of PIDs have the following
properties.

(1) Simplicity: a simple PID cannot freely simulate any
nonsimple PIDs.

(2) Reachability: any PID can freely simulate any sim-
ple PID.

(3) Composability: the sequential or parallel composi-
tion of free simulations is a free simulation.

(4) Closedness: the limit of a sequence of free simula-
tions (if exists) is a free simulation.

(5) Convexity: the probabilistic mixture of free simula-
tions is a free simulation.

The proof of Theorem 1 is in Appendix A.

Theorem 1(1) and (2) and the sequential composabil-
ity in Theorem 1(3) guarantee that the free simulations
meet the minimal requirements for qualifying as the free
transformations for PID nonsimplicity [24]. The parallel
composability in Theorem 1(3) implies that the result-
ing resource theory admits a tensor-product structure [24].
Crucially, Theorem 1(4) and (5) indicate that the resource
theory of PID nonsimplicity has the nice mathemati-
cal property of being closed and convex. Operationally,
convexity means that the definition of free simulations
of PIDs has implicitly included the use of shared ran-
domness among the constituent physical units of a free
simulation.

Before closing this section, we remark that our free
simulations of PIDs constitute the complete set of physi-
cal transformations that do not exploit quantum memories
whose lifetime exceeds Afp ~ 0. This fact can be demon-
strated by invoking the theory of quantum networks [51],
combined with the observation that all input and output
systems of A and [ must be put in the present causal
order in Fig. 5 (see Ref. [51, Theorem 8 and Fig. 11]).
However, we leave it as an open question whether the set
of free simulations considered here is the maximal set of
transformations that do not generate PID nonsimplicity, or
conversely, whether there exists a completely simplicity-
preserving comb [24] that requires a quantum side memory
with a non-negligible lifetime to implement.

IV. RELATIONSHIP WITH STEERING AND
MEASUREMENT INCOMPATIBILITY

In this section, we expand on the relationship between
PID nonsimplicity, steering, and PMD nonsimplicity. We
first clarify that each PID can be implemented through
a process of channel steering and vice versa, and so a
resource theory of the former implies that of the latter.
Persisting with the steering viewpoint, we then unfold
some underlying connections between nonsimplicity of
PIDs and of PMDs, or equivalently, between channel
steering and measurement incompatibility, and ultimately
we demonstrate that PMDs themselves can be cast as a
measure of nonsimplicity for PIDs.

A. PIDs as assemblages in channel steering

As a dynamical generalization of the celebrated phe-
nomenon of EPR steering [53-55], channel steering [45]
provides a natural and effective way of understanding the
internal structure of PIDs. Referencing the bipartite picture
in Fig. 2, the scenario of channel steering is described as
follows. Consider a broadcast channel £40~41€ with the
systems 4, and A4; held by Alice and the system E leaked
to Evan. Without any proactive interference, Evan can
remotely “steer” the subchannel decomposition of Alice’s
marginal channel A10~41 := Trg o E40~41E by directing
his system E'to a PMD M = {M, |y, }x,.x, - This steering pro-
cess would lead to a family of instruments A = { Ay vy }xo.x;
on Alice’s side, typically known as a channel assemblage
[45], defined by

AT = T [ (1 @ ME ) ER7NEL]] Vo,
™

The assemblage A is said to be unsteerable whenever it
can be realized following Eq. (7) with £40=41£ being an
incoherent extension of its marginal channel A40~41 [45],
namely, whenever there exists a quantum instrument ¢ =
{G¢ )¢ and states €, for all g such that

5A0—>A1E — Zg;lo—)/ll ® 65. (8)

g

It follows as an observation that if the PMD M is simple,
then the channel assemblage A induced by Eq. (7) must
be unsteerable regardless of E40~41£ [45]. We introduce
the following shorthand to denote a channel assemblage
generated via steering.

Definition 4—Let A = {Ay|xy}x,.x; D€ a channel assem-
blage, E40~41E 3 broadcast channel, and M = {My, v, }vox;
a PMD. We say that (£, M) is a steering decomposition of
A, denoted by A «— (£,M), whenever Eq. (7) is satisfied,
i.e., whenever A can be induced by a process of channel
steering featuring £ and M.
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TABLE I. A comparison between programmable devices (i.e., general objects) and simple devices (i.c., free objects) in the resource
theories of nonsimplicity of programmable source, measurement, and instrument devices (PSDs, PMDs, and PIDs, respectively). Our
resource theory of PID nonsimplicity, equivalently a resource theory of channel steering, is a generalized theory unifying both the
resource theory of PSD nonsimplicity (i.e., EPR steering [52]) and that of PMD nonsimplicity [20] (i.e., measurement incompatibility
[13]). Specifically, PID nonsimplicity reduces to PSD nonsimplicity when the quantum input is trivial, and it reduces to PMD non-
simplicity when the quantum output is trivial. Programmable devices in these theories are all subject to the nonsignaling constraint,
and simple devices all implement compatible assemblages. The compatibility in these free objects can universally be viewed as a
consequence of the classicality of the internal memory (hollow red arrows), which should in general be a quantum memory (solid red

arrows).

Resource theories of
nonsimple
programmability

Programmable devices (nonsignaling assemblages)

Simple devices (compatible assemblages)

PSD nonsimplicity
(EPR steering [52])

PMD nonsimplicity
[20] (measurement
incompatibility

(13D

PID nonsimplicity
(channel steering)
[this paper]

i {Mx1 lxo }xo,xl :

{pxllxo }xo,xl : le Pxilxg = P Vxo {le Ixo }xo,xl L Pxilxg = ngxl\xo,gng Vg, X1
le M1, = 1 ¥xo My xo dxoy - Miyig = ngn o.g Gg VX0, X1

H {Axl\xo}xo,xl : le Ax1 lxog = A VXO H {Axl\xo}xo,m : AX[lX() = ng)c]\xo,ggg VX(),X]

Clearly, each channel assemblage A < (£,M) can be
regarded as a PID, since by Eq. (7) the nonsignaling con-
straint in Eq. (3) is satisfied. Conversely, as we argued in
Sec. II B, due to the equivalence between semicausality
and semilocalizability [48], each PID A admits a steering
decomposition A « (E€,M), and therefore we can envi-
sion a process of channel steering going on within each
PID, as shown in Fig. 3(a). Then we can observe from
Fig. 3(c) that simple PIDs are precisely those that imple-
ment unsteerable channel assemblages. Likewise, the free
simulations of PIDs in Definition 3 correspond to trans-
formations of channel assemblages that are realizable via
Alice-to-Evan one-way local operations and classical com-
munication (one-way LOCC). In this way, the resource
theory of PID nonsimplicity that we developed in Secs.
11 B and I1I B can be equivalently interpreted as a resource
theory of channel steering.

The scenario of channel steering reduces to that of EPR
steering when the quantum input system Ay is trivial [54,
55]. In this case, when Evan feeds his part of a bipartite
state £41€ into a PMD I, a state assemblage { Py xo Yxo.x; 18
generated on Alice’s side:

Pl = Tr [ (1 @ ME, ) €9F] Vrom. (9)

Accordingly, the assemblage {py|x)}xx, 1S unsteerable
when it can be induced by a bipartite state £&41£ being

separable:

N ="l @el, (10)
g

where {n,}, is a state ensemble and ¢, is a state for all
g. In parallel to Eq. (4), an unsteerable state assemblage
{0x1xo }xo.x; demonstrates compatibility by admitting a so-
called “local-hidden-state” model [54]:

4
'Oxlll)fo = Zpﬂl)foag”gl Vxo, X1, (11)
g

where {py|1v.¢}xo.x1.¢ 18 @ Classical channel. As in channel
steering, if the PMD M is simple, then the induced state
assemblage must be unsteerable. Conversely, it has also
been proved that all nonsimple PMDs are useful to gener-
ate steerable state assemblages when £417 is a pure state
of maximum Schmidt rank [56,57].

As a special case of channel steering, EPR steering
can also be understood as a theory of nonsimplicity of
programmable source devices (PSDs) (alias nonsignal-
ing multisources [46]) in the programmability framework,
and simple PSDs are those implementing unsteerable state
assemblages. As a result, our resource theory of PID non-
simplicity subsumes the existing resource theory of EPR
steering with one-way LOCC as free operations [52]. A
comparison between resource theories of nonsimplicity of
different types of programmable devices is provided in
Table 1.
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B. Steering-equivalence mapping

The concept of “steering-equivalent observables” (SEO)
plays an essential role in studying the relationship between
EPR steering and measurement incompatibility [58]. Now
we generalize this concept from state assemblages to PIDs
(i.e., to channel assemblages), so as to connect PID non-
simplicity (i.e., channel steering) with PMD nonsimplic-
ity (i.e., measurement incompatibility). Given a PID A =
TN }xo.x,» the nonsignaling constraint guarantees the

x1 lxg
existence of the following channel:

A=A = N AL Vg, (12)
x|
. Ap—Ay - .
The Choi operator of A/ ! is given by
Aod,

= (v e Al ) [62%] vrom,  (13)

Axl B

where Zo is a system isomorphic to A, and q&ﬁOAO =

> 101 ®1i) (", The Choi operator of A0~41 is
given by

AopA ApA
TN =Y L . (14)

X1

Let A* be a quantum system such that its associated
Hilbert space, denoted by H*', is isomorphic to the
support of JfoA'. In other words, it satisfies H4" =
supp(J101) € HA1 | where HA1 = HA @ HA is the
composite Hilbert space associated with the systems 4
and 4,. By Choi’s theorem, Jffjio is positive semidefi-

nite since A**~! is CP for all xo,x;. By Eq. (14), this

x1lx0

implies supp(Jf)‘:lAli_O) - supp(JfOAl) >~ H", and therefore

the image of Jﬁgﬁio in the system A*, denoted by Jf:l 0’
is well defined for all x¢, x;. The following definition gen-
eralizes the steering-equivalent observes (SEO) defined on
state assemblages to PIDs.

Definition 5—The steering-equivalence mapping,

denoted by SEM, is a mapping from the set of PIDs to

the set of PMDs, and it sends a PID A = {Afﬂ;;A1 Yoo, tO

a PMD SEM(A) = {S£ Yo, where

* k1 * * 1
st = (7 2Jj\1x1|x0 JH 2

x1 lxo

VXQ,)C]. (15)

It can be conveniently verified that SEM(A) is a valid
PMD given any PID A. It is also apparent from Definition
5 that, by the Choi—Jamiotkowski isomorphism, a PID A is
nonsimple if and only if the PMD SEM(A) is nonsimple.
That is to say, the membership problem of steerable chan-
nel assemblages can be reduced to the membership prob-
lem of incompatible families of POVMs through SEM.
This generalizes Theorem 1 of Ref. [58], which addresses
the membership problem of steerable state assemblages via
the SEO. The SEO of a state assemblage has been shown
to possess an operational interpretation as the transposed
PMD that induces the state assemblage from a minimal
state extension [58]. We show in the following proposi-
tion that this type of operational interpretation remains
effective for SEM in the generalized scenario of channel
steering.

Proposition 1.—Let A\ = {Aﬁﬁ;Al}xO x be a PID, and
let S={S%, Jrm be a PMD such that S = SEM(A).

Then there exists an isometric channel VA0~414" guch
that

A=A = Ty [(]yll ® (S;Cr1 |x0)A*> PAo=diA® [‘]]

x11x0

VXO,X], (16)

where (-) T denotes transposition under a fixed orthonormal
basis.

The proof of Proposition 1 is in Appendix B 1.

Proposition 1 indicates that given any PID A, there
exists a broadcast channel VA0~414" guch that the
steering decomposition A < (,SEM(A) ") holds, where
YAo—4i4" is an isometric dilation of A40~41 and
SEM(A)T is the elementwise transpose of the PMD
SEM(A). In particular, this provides a formal and
independent demonstration for the internal structure of a
general PID as depicted in Fig. 3(a), which we previously
argued by invoking the equivalence between semicausality
and semilocalizability.

On the other hand, the existence of a steering decom-
position for any PID does not imply that such a decompo-
sition is unique, and in fact it is not unique. Despite this,
there is a close relation between any steering decomposi-
tion of a given PID and the “canonical” steering decompo-
sition specified in Proposition 1, as given by the following
proposition.

Proposition 2—Let A be a PID, £4~4E 3 broad-
cast channel, and M = {M,, |x,}x,x, @ PMD such that A «
(€,M). Then we have M =y SEM(A), where MT =
{M);ll—\xo }XOrxl :

The proof of Proposition 2 is in Appendix B 2.

Proposition 2 indicates that SEM(A)T is the least
resourceful PMD that can be used to compose a given
PID A, because every other PMD M that suffices to do
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so must be convertible to SEM(A)" via free simula-
tions. This is the reason why we refer to the decomposi-
tion A «= (V,SEM(A)T) in Proposition 1 as the “canon-
ical” or “minimal” decomposition for A. To understand
this physically, we can think of any PID decomposition
A — (E,M) as having a configuration as depicted in
Fig. 3(b), and the nonsimplicity of A is essentially
attributed to the PMD M, since that is where the quantum
memory with a lifetime Afqm > Afp ~ 0 resides. Then
Proposition 2 implies that when the decomposition A «—
(€, M) is canonical, namely, when E40~41E = Po—A14" g
the minimal isometric dilation (i.e., the maximally coher-
ent channel extension [45]), the physical resource within M
is best utilized.

Built on the aforementioned results, we conclude this
section with the following theorem. We show that the
mapping SEM behaves as a nonsimplicity monotone of
PIDs (equivalently, a steering monotone of channel assem-
blages), in the sense that it preserves the incompatibility
preorder specified by the free simulations of programmable
devices. This means that the nonsimplicity of SEM(A) is
not only an indicator, but also a measure of the nonsim-
plicity of A.

Theorem 2—The mapping SEM is a faithful nonsim-
plicity monotone. Formally, it has the following proper-
ties.

(1) Faithfulness: A is a simple PID if and only if
SEM(A) is a simple PMD.

(2) Monotonicity: if A =T,
SEM(I).

then SEM(A) =m

The proof of Theorem 2 is detailed in Appendices B 3
and B 4. It is a proof by construction based on Propositions
1 and 2.

Conventionally, by “resource monotones” we allude to
real-valued functions that are nonincreasing under free
transformations [24]. In Theorem 2, however, the term
has a broader meaning of order-preserving mappings under
free transformations, and such mappings can in general be
between objects, as SEM is. A direct application of such
generalized monotones is to convert resource monotones
in one resource theory to resource monotones in another
resource theory. For instance, given any resource mono-
tone f for PMD nonsimplicity (i.e., measurement incom-
patibility), we immediately obtain an induced resource
monotone / o SEM for PID nonsimplicity (i.e., channel
steering), regardless of what f* is and whether f is real
valued or not.

On the other hand, we remark that object-valued mono-
tones like SEM are also interesting in their own rights,
since they reveal fundamental connections between two
different resource theories and may trigger insights into
the physical nature of the resources involved. As for
SEM, with its operational interpretation established in

Proposition 1, Theorem 2 indicates that a more resourceful
PID must have a more resourceful internal PMD under the
“canonical” steering decomposition. This certainly sup-
ports our previous viewpoint of attributing the physical
resource (i.e., a quantum memory with a non-negligible
lifetime) in a PID to its internal PMD [as in Fig. 3(b)].

V. SEMI-DEVICE-INDEPENDENT
CHARACTERIZATION WITH NONTRANSIENT
GUESSING GAMES

In this section, we demonstrate the operational signif-
icance of PID nonsimplicity in the scenario of guessing
games. We propose a class of guessing games with double
temporal stages, and we call them nontransient guessing
games. Just as nonlocal games feature spatial separa-
tion between different parties [39,59], nontransient games
feature temporal separation between different stages, and
therefore they are a suitable setting for characterizing cor-
relations that exist across time, such as memory effect
[41] and programmability [20]. We show that the winning
probabilities of PIDs in the nontransient guessing games
compose a complete set of incompatibility monotones,
fully characterizing the incompatibility preorder between
PIDs. This also implies that every nonsimple PID provides
a nontrivial advantage over simple PIDs in some guess-
ing game. Furthermore, we prove that this advantage is
bounded from above by the robustness of incompatibility
of the PID and that this bound is tight. Finally, we com-
ment on the limitations of nontransient guessing games in
terms of experimental difficulties, and we propose a variant
class of guessing games that overcomes such difficulties
while also giving rise to a complete set of incompatibility
monotones.

A. A complete set of incompatibility monotones

A nontransient guessing game is a parametrized inter-
active protocol between a player and a referee. Although
such a game will be utilized to test the player’s PID, the
game itself is actually “semi-device-independent.” That
is, it requires that the referee’s operations be faithfully
executed, but does not make any assumptions about the
player’s device or strategy.

Definition 6.—A nontransient guessing game between
Alice (the player) and Bob (the referee) is specified by
a bipartitt POVM # = {M,, ,}mn, and it has two stages
separated by a time interval At > Afp =~ 0.

(1) In the first stage, Bob sends Alice one half of a max-
imally entangled state ¢, = 1/d Zi,i 1§ 1)1,
and then he asks Alice to submit a quantum sys-
tem back to him. Bob measures Alice’s submitted
system and the other half of ¢, jointly according
to the POVM . and obtains a tuple (m, n) as the
outcome.
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(2) In the second stage (after Ar has passed), Bob
announces the index m to Alice, and then he asks
Alice to make a guess n’ at the other index n. Alice
wins the game whenever she guesses correctly, i.e.,
whenever n' = n.

Throughout the game, Alice has no access to quantum
memories with a lifetime larger than A#p =~ 0.

We note that in Definition 6, Alice’s device and strategy
are both uncharacterized. To serve the purpose of test-
ing PIDs, we now assume that Alice holds a PID A =
{Ax|x}xoxr; 10 hand, which may count as an additional
resource for her in the game. It is also convenient for us
to assume that the quantum delay time of A is no greater
than the A#p specified in Definition 6.

We note that from Alice’s perspective, the setting she is
dealing with perfectly satisfies the late-program assump-
tion; namely, the classical signal m does not arrive until a
significant time interval Af 3> Afp ~ 0 after her quantum
output is released. Therefore, the most general strategy for
Alice to follow is to use her PID A to simulate whatever
PID A she can and to insert A’ into the open slots of the
game, as illustrated in Fig. 6. In addition, given that the
quantum delay time of A is within Afp and that no quan-
tum memory with a lifetime exceeding Afp is accessible
(see Definition 6), we can rest assured that Alice’s simu-
lation of A’ using A is a free simulation, i.e., A =1 A (see
Definition 3). As a result, Alice’s maximum winning prob-
ability in the nontransient guessing game specified by the
POVM ./ is given by

Puess(Ws A) = max ) | Tr [Monn (id® Al,) [04]].

(17)

By the transitivity of the incompatibility preorder =
[i.e., the sequential composability of free simulations in

2 ()

FIG. 6. A nontransient guessing game between Alice (the
player) and Bob (the referee). The setting of the game is spec-
ified by Bob’s POVM .# = (M} mn. Alice’s strategy to the
game is represented by a PID A’ (green), which is freely sim-
ulated by an actual PID A held in her hand. She wins the
game whenever she makes a correct guess at one of Bob’s
outcome indices n given the other index m, i.e., whenever
n =n.

Theorem 1(3)], we can observe that Alice’s winning
probability Pguess(A; ) is a nonsimplicity monotone
with respect to A given any POVM .#. The follow-
ing theorem states that when considering all different
POVMs, the winning probabilities {Pgyess(A; 4 )}, 4 com-
pose a complete set of nonsimplicity monotones, which
faithfully reflects convertibility between PIDs under free
simulations.

Theorem 3—Let N = {Ay 1 txor; a0d T = {Ty, 1 hroon
be two PIDs. Then A 3= [ if and only if Pgyess(A; A#) >
Pouess(I'; ) for every bipartite POVM 4 = {M,y, 1} 0.

The “only if” part of Theorem 3 is evident from the
monotonicity of winning probabilities as argued before.
The proof of the “if” part is detailed in Appendix C 1.
It is a proof by construction, utilizing the closedness and
convexity of the resource theory [Theorem 1(4) and (5)],
the hyperplane separation theorem [60], and a technique
employed in Refs. [27,61].

A prominent implication of Theorem 3 is that each non-
transient guessing game can be used as a certification of
nonsimplicity of a PID, and the combination of all such
certifications is sufficient to compose a faithful criterion
for deciding nonsimplicity. Specifically, since all simple
PIDs are interconvertible via free simulations [Theorem
1(2)], Theorem 3 implies that all simple PIDs give rise
to the same winning probability in any fixed nontransient
guessing game specified by ., which equals

psimele g7y = max Poyess(0; ) (18)

guess 0N : simple

= max Tr [Mm,n (ld ® Qn\m) [(P+]] .
(19)

Therefore, as long as Alice’s winning probability in this
game is observed to be greater than P;{EEF (M), we can
conclude with certainty that Alice holds some device that
functions as a nonsimple PID. Conversely, if Alice holds a
nonsimple PID A and always follows an optimal strategy
while playing the games, then there must exist a specific
game that/gertiﬁes the nonsimpli_gity of her de’\_/ice, ie., a
POVM .7 such that Pyyess(A; ) > P ().

B. Robustness of incompatibility as the supremum of
game advantage

The robustness of resource [62,63] is a well-studied
resource measure that reflects how tolerant a resource is
to an admixture of generic noise. It is universally well
defined in any resource theory, and it possesses many
desirable properties as a resource measure, including faith-
fulness, monotonicity, and resource-dependent convexity
(i.e., being a convex function when the set of free objects is
convex) [24]. For the resource theory of PID nonsimplicity,
the robustness measure can be defined as follows.
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Definition 7—The robustness of incompatibility of a
PID A = {Ay,|x) }xo.x; » denoted by Rol(A), is defined as

Rol(A) := mi(r)lr (20a)
A)C X TX | X{ . .
subject to: {M} is a simple PID,
1+r o1
(20b)
{Tuiv ), 182 PID. (20c)

As we discussed before, Theorem 3 implies that every
nonsimple PID can provide a nontrivial operational advan-
tage over simple PIDs in some nontransient guessing
game. The following theorem shows that this advantage
can be quantitatively characterized by the robustness of
incompatibility of the PID.

Theorem 4—Let N = {Ay,|x,}xyx, be a PID. Then

P uess y\;
sup Powess (041 =14 Rol(A),

: 21
M= Myphmn Ponb (M)
where the supremum is over all bipartite POVMs.

The proof of Theorem 4 is detailed in Appendix C2. It
consists of two parts, following a similar structure to the
proofs of comparable results in Refs. [18,20,25,27]. The
first part proves that the advantage provided by any PID
A in any nontransient guessing game, in terms of the ratio
Pouess(N; A ) /P;ﬂgfsle(/// ), can never exceed 1 4 Rol(A).
This is done via a slight reformulation of Eq. (20). The
second part explicitly constructs a sequence of games
(specified by a sequence of POVMSs) that approaches the
aforementioned robustness upper bound on the advantage
arbitrarily close, thus showing that this upper bound is
tight. This is done by utilizing the dual conic program of
Eq. (20). It is worth mentioning that while the construc-
tion of the sequence of POVMSs may require an unbounded
number of measurement outcomes, the dimensionality of
the quantum systems to be measured is bounded. We also
note that the convexity of the resource theory of PID non-
simplicity [Theorem 1(5)] plays a crucial role here, as it
guarantees strong duality between the conic programs for
the robustness of incompatibility.

C. Constructing experimentally friendly
incompatibility tests

We now take a closer look at the experimental setup
of using nontransient guessing games to test PID non-
simplicity. According to Definition 6 and as illustrated in
Fig. 6, throughout the game procedure, no quantum mem-
ory with a lifetime larger than A#p = 0 is ever needed by
Alice or Bob. In this sense, nontransient guessing games
are resource efficient, as they do not consume any physi-
cal resource they are actually testing. On the other hand,

testing PID nonsimplicity or convertibility following the
scheme proposed in Theorem 3 can still be costly to exper-
iment. This is because the scheme requires Bob to be able
to implement infinitely many different POVMs reliably,
which is hard to achieve in realistic settings. Therefore,
we are motivated to design nonsimplicity tests that are
experimentally friendlier. In what follows, we propose a
new class of guessing games that also gives rise to a
complete set of incompatibility monotones. We call such
games postinformation guessing games, as they general-
ize the games after the same name in Ref. [20] for testing
incompatibility between POVMs. Compared to nontran-
sient guessing games, postinformation guessing games are
experimentally more convenient to realize.

Definition 8.—A postinformation guessing game between
Alice (the player) and Bob (the referee) is specified by a
state ensemble ¢ = {0y 41} may and a POVM £ = {Ly}y,
and it has two stages separated by a time interval Az >
Atp ~ 0.

(1) In the first stage, Bob generates an index triple
(m,n,l) with probability Tr[o,,,;] and sends the
state o1/ Tt[omn ] to Alice without announcing
(m,n,l). Then Bob asks Alice to submit a quantum
system back to him. Bob measures Alice’s submit-
ted system according to the POVM _Z and obtains
an outcome /',

(2) In the second stage (after Ar has passed), Bob
announces the index j to Alice, and then he asks
Alice to make a guess n’ at the index n. Alice wins
the game whenever she guesses correctly and in the
meantime does not alter the index /, i.e., whenever
n=nand! =1

Throughout the game, Alice has no access to quantum
memories with a lifetime larger than Azp =~ 0.

We note that Definition 8 is also semi-device-
independent in the sense that Alice’s device and strategy
are uncharacterized. As before, we now assume that Alice
is assisted by a PID A = {Ay,|x,}xx, While playing the
game, and that the quantum delay time of A is no greater
than the Afp specified in Definition 8. Since Alice has
no access to quantum memories with a lifetime exceed-
ing Atp, her most general strategy is described by a PID
N such that A" >=| A, as illustrated in Fig. 7. As a result,
Alice’s maximum winning probability in the postinforma-
tion guessing game specified by the state ensemble ¢ and
the POVM Z is given by

(N6, Z) == max Tr[LiA, [ona]]- (22)

P/
guess N NN
m,n,l

The following proposition states that for a certain
POVM .7, the winning probabilities {P, . (A;¢, L)}

guess
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Omnl

FIG. 7. A postinformation guessing game between Alice (the
player) and Bob (the referee). The setting of the game is specified
by Bob’s state ensemble ¢ = {0y /}mas and POVM L = {L;},.
Alice’s strategy to the game is represented by a PID A’ (green),
which is freely simulated by an actual PID A held in her hand.
She wins the game whenever she makes a correct guess at one of
Bob’s indices » while not altering the index [ given the index m,
i.e., whenevern’ =nand/ = L.

compose a complete set of nonsimplicity monotones with
respect to A when considering different sources ensembles.

Proposition 3—1Let A = {Aﬁﬁ;Al}erXMlexl and [ =

{I‘ﬁo‘y_o“?1 boevoy ev, be two PIDs, and let & = {le?1 }rer be
an informationally complete POVM. Then A = [ if and

only if P (N, ¢, L) >P. (¢, Z) for every state

guess guess
ensemble ¢ = {O',ff;,,[}meyo,neYl,leL-

The proof of Proposition 3 is in Appendix C 3.

Proposition 3 generalizes Ref. [20, Theorem 1] in the
sense that it reduces to the latter when the index / and
Alice’s quantum output are trivial. Compared to Theorem
3, Proposition 3 enables faithful tests of convertibility
between PIDs under free simulations (and thus of non-
simplicity of a PID) with a much lower experimental
requirement. First, unlike in Theorem 3, the tests in Propo-
sition 3 do not demand infinitely many different POVMs
on Bob’s side. Besides, only single-system operations are
involved to carry out such tests, while entanglement dis-
tribution and bipartite measurement are avoided, reducing
the experimental difficulty to a further extent. Although
Proposition 3 still requires an infinitude of different source
ensembles, it is also true that one can bypass this challenge
by using a single tomographically complete state ensemble
and classical postprocessing to simulate all different source
ensembles in these tests. As a result, while implement-
ing the tests in Proposition 3, Bob can reuse his quantum
hardware over and over again and only vary his classical
postprocessing when the game parameters differ between
tests.

VI. CONCLUSIONS AND DISCUSSIONS

A. Summary of results

In this paper, we have conducted a resource-theoretic
analysis of incompatibility between quantum instruments
in terms of nonsimple programmability of quantum
devices. We have been physically motivated by the notion
of programmability, which envisions certain quantum
devices as objects that can be programmed at any time, i.e.,

regardless of when the quantum input arrives. This nat-
urally restricts the investigation to programmable instru-
ment devices, which are classically controlled mechanisms
that implement nonsignaling multi-instruments (Definition
1). Every PID possesses two characteristic time intervals:
(1) the quantum delay time Afp, which quantifies how
quickly the device produces its quantum output, and (ii)
the lifetime of the internal quantum memory Afqy, which
quantifies how long the device is able to store some form
of quantum information to influence the classical output.
To provide the experimenter with full temporal freedom
on when the program can be issued, simple PIDs can

have Atgﬁple < Atp, whereas nonsimple PIDs must satisfy
Atgm > Atp. Quantum memories are thus the resource
that enables nonsimple programmability. To isolate the dif-
ferent memory demands between simple and nonsimple
PIDs, we have assumed Afp =~ 0 for all PIDs, so that only
nonsimple PIDs require a built-in quantum memory with a
non-negligible lifetime to implement.

In the resource theory of PID nonsimplicity, the experi-
menter is allowed to perform arbitrary auxiliary processing
that does not depend on quantum memories with a non-
negligible lifetime. This restricts the allowable transfor-
mations between PIDs to a set of quantum combs called
free simulations (Definition 3). As nonsimplicity of PIDs
is mathematically captured by incompatibility of the fam-
ily of instruments being implemented, the ability of one
PID to freely simulate another identifies an incompatibility
preorder between these devices (Theorem 1).

Every PID can be understood as a channel assemblage
produced through a process of channel steering, and simple
PIDs correspond to unsteerable channel assemblages. So
yet another way to frame this work is as a resource theory
of channel steering. From a practical point of view, channel
steering offers a way of investigating properties of a given
broadcast channel when the measurement device of one
receiver is untrusted [13,27]. We have deepened the con-
nections between PID nonsimplicity and channel steering
by deriving for every PID a unique steering decomposi-
tion (Propositions 1) and showing that this decomposition
is “canonical” (Proposition 2). An essential ingredient of
this decomposition, called the steering-equivalence map-
ping (Definition 5), has subsequently been identified as
an object-valued incompatibility monotone (Theorem 2).
This monotonicity result reflects a fundamental connec-
tion between the resource theory of PID nonsimplicity and
that of measurement incompatibility, and consequently,
any measure of incompatibility between POVMs previ-
ously studied in the literature [14,16—18] can now be used
to quantify incompatibility between quantum instruments.

We have also proposed operational schemes for measur-
ing and benchmarking nonsimplicity of PIDs by design-
ing a class of games, called nontransient guessing games
(Definition 6). These games have temporally separated
stages in a way that resembles the spatially separated
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parties in nonlocal games, and therefore they are adept
at characterizing correlations that exist across time. We
have shown that the maximum winning probability in any
nontransient guessing game is a nonsimplicity monotone
with respect to the player’s PID, and the collection of all
such winning probabilities under different game settings
provides a complete criterion for judging whether a given
PID can freely simulate another (Theorem 3). Since no
assumption needs to be made about the player’s device or
strategy, nontransient guessing games also provide semi-
device-independent certifications for PID nonsimplicity.
We have also established a tight upper bound on the oper-
ational advantage of a given PID over simple PIDs in
nontransient guessing games in terms of a well-studied
resource measure, namely the robustness against noise
(Theorem 4). This result endows the robustness of incom-
patibility with a clear operational meaning. Considering
the fact that testing PID convertibility using nontransient
guessing games can be experimentally costly to imple-
ment, we have provided an alternative but experimen-
tally friendlier scheme for such tests based on a class of
so-called postinformation guessing games (Proposition 3).

B. Outlook

Our work leads to several directions for future research.
First, we have treated PID nonsimplicity as a dynamical
resource distributed over quantum networks [51] rather
than carried by quantum channels [64,65]. The difference
here is that, PIDs are quantum 2-combs (i.e., quantum net-
works with two vertices), and so they can be manipulated
by quantum 4-combs [51], whereas generic quantum chan-
nels can only be manipulated by quantum superchannels
[49,50]. A potential direction is to generalize the concept
of incompatibility and its resource theory to more com-
plex network layouts. It would also be interesting to study
resources other than incompatibility in the network setting
[66,67], and a generic framework for studying resources in
networks has been lacking.

Second, we have investigated the relationships between
a number of quantum correlations (see Table I), and we
have clarified that the presence of quantum memories (i.e.,
entanglement-nonbreaking channels) is a precondition for

J

any of these correlations. This is a qualitative remark, and
one can continue to conduct a quantitative analysis on the
pivotal role of quantum memories by asking what is the
limit of nonclassicality in quantum correlations generated
by unideal quantum memories (i.e., nonidentity channels).
Following this line, one may further expect that a universal
framework for studying various quantum correlations can
be established based on the resource theory of quantum
memories [41].

Finally, as we mentioned before, PIDs are quantum two
combs with the second vertex being classical, and thus
they can also be interpreted as quantum superchannels
transforming one POVM to another. Interestingly, despite
simple PIDs being a proper subset of general PIDs, any
conversion between two single-party POVMs via gen-
eral PIDs can always be realized via simple PIDs. This
indicates a vanishing operational distinction between gen-
eral and simple PIDs in terms of converting single-party
POVMs. However, the distinction between general and
simple PIDs becomes conspicuous when we consider con-
vertibility between bipartite POVMs via partial action of
these PIDs. This is well demonstrated by the nontransient
guessing games, where a PID A’ acts on one part of a
bipartite POVM .# (see Fig. 6), and the performance gap
between general and simple PIDs is nontrivial (Theorem
3). This kind of interplay between simple PIDs and (single-
party and bipartite) POVMs is somehow reminiscent of
that between entanglement-breaking channels and (single-
party and bipartite) states. As for the latter, convertibility
between single-party states via general channels is equiva-
lent to convertibility via entanglement-breaking channels,
whereas convertibility between bipartite states via partial
action of general channels does not imply convertibility
via partial action of entanglement-breaking channels. Par-
tial action of PIDs on bipartite POVMs is still not fully
understood, and we leave the exploration for future work.

ACKNOWLEDGMENTS

We thank Vishal Singh and Mark M. Wilde for helpful
comments on the presentation of the paper. This work was
supported by the Department of Energy (DOE) Q-NEXT:
National Quantum Information Science Research Center.

APPENDIX A: PROPERTIES OF FREE SIMULATIONS

In this Appendix, we demonstrate resource-theoretic properties possessed by free simulations of PIDs. These prop-
erties include simplicity [Theorem 1(1)], reachability [Theorem 1(2)], composability [Theorem 1(3)], closedness

[Theorem 1(4)], and convexity [Theorem 1(5)].

1. Proof of Theorem 1(1)

Let A= {AAOHAI}XO,XI be a simple PID. By Definition 1, there exists a quantum instrument {Ggy

x|xg

Ayg—A
07"}, and a

classical channel (i.e., a conditional probability distribution) {py, |xy.¢}xs.x;.c Such that
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Ao—>A1 __ Ag— A1
Ax1 Ixo = E pxlho,ggg on,xl. (Al)
g

Letl = {Fﬁ °|;OBI Yoy b€ @ PID such that A = [". By Definition 3, there exists a quantum channel F"#0~40P a quantum
/AID%BI }

instrument {C; k> and two classical channels {p; ;. i }xgyo.k0 and {q), |, /}v, 5, such that

By—>B; __ Z 1A1D— B Ag—Ay - 1D /By—>AyD
FJ’] bo — qy1 1x1 szo Ivo, v © (AX1 x @ id ) oF (A2)
X0.X1 k !
. 1A1D— B Ag— A1 1D 'By—AoD
= Z Gy ey 1P 0 Pt K (gg ®id”) o F VYo, y1- (A3)
X0,%1,8k,0

/By— By : " .
Define a quantum instrument {G, ;" ' }o x and a classical channel {p)| | = ' }y5,.04 as follows:

QZI?_)BI = ,C]/;41D—>Bl o <gg0aA1 ® ldD) o f/B()*)A()D Vg, k, (A4)
Phrboek = D DyyjsrPrilogProiyok V071585 k. (AS)

X0,%1,!

Then it follows from Egs. (A3)—(AS) that

/B —B /A1 D—B Ag—A - 1D Bog—AogD
ZPM Iyogk 0 = Z qyl ey Px1lxo gpxo 0, k,C 1 1 (ggo '®id ) o FrromA0 (A6)
x0.X1,8k,0
Bo—B
= 1_‘ylolyo ERAUISSE (A7)

By Definition 1, this shows that the simulated PID [ is simple. This concludes the proof of Theorem 1(1).

2. Proof of Theorem 1(2)
Let A = (A0 brox, be @ PID, and let [ = (rfo—5

B IX()B 1o
. — .
instrument {G;"~ "'}, and a classical channel {p,, |, ¢ }yo1.¢ Such that

}yoon be a simple PID. By Definition 1, there exists a quantum

B%B
ylo\yol Zpyllmgg —h VYo, y1. (A8)

Let 6 denote the classical identity channel, which satisfies 85, := 1 if @ = b and 8, := 0 if @ # b. Define a quantum
channel F'80=40P 3 quantum instrument {Cq Aib=Bry

T / /
¢» and two classical channels P ivogtvovoes and {q) o dx py s 38
follows:

Fm AL = 0) (01 @ id™ P, (A9)
KPP = GO o Ty, Vg, (AL0)
Prodivog = %l0Plyog  ¥X0,30. &1, (A11)
Byyeya = Sy Vxn 1L (A12)

010340-15



KAIYUAN JI and ERIC CHITAMBAR PRX QUANTUM 5, 010340 (2024)

Then it follows from Eqgs. (A8)—(A12) that

/ / 141 D— B Aog—A; - 1D 1By—>AogD
Z qmlxl,lpm,l\yoaglcg © (Axl Ixo ®id”) o 7

x0.X1,85!
= > 8ubuoPiyee Gl 0 Try, o (Ajjfljo*“ [10) (0] ®idBO_>D) (A13)
X0%1,8,!
= Zl’yﬂyo,gggoﬁBl (A14)
g
By—B
- Fylo\yo b Vv (A15)

By Definition 3, this shows A > ['. This concludes the proof of Theorem 1(2).

3. Proof of Theorem 1(3)
A0—>A1

First, we prove sequential composability. Consider a free simulation A — [, where A = {AmX0 Jxon and T =
{Fﬁ °|;OB‘ Yoy are two PIDs. By Definition 3, the free simulation can be represented by a quantum channel F&0—~40P,
a quantum instrument {IC:ID_)B1 }x, and two classical channels {py, 1y & bxop0.4 A0 {Gy1x1,1}x, 10 SUch that

Bo—B A1D—B Ag—A1 o 1D Bo—AgD
Lo = Z Gy ey Pro o kK o (Axﬂxo '®id )o}_ 00T Yy, p1. (Al6)
xo,xl,k,l
Consider another free simulation [ — W, where ¥ = {llfzc1 ‘fz;) “ Y20z is @ PID. By Definition 3, this free simulation
can be represented by a quantum channel F'0~50f 3 quantum instrument {IC;flE_)C‘ }w, and two classical channels
{p)//o,l/lzo,k/ Yyo.z0.k 2 and {q;1 . vz such that
Co—Cy __ / ’ /B1E—C} By— B < 1E 1Co—BoE
\Ij21 lzg  — Z q21|y1,1'py0»1/lzo,k’lck/ © (Fyl b @ id ) oF Vzo,21. (A17)

Yok I

Combining Eqgs. (A16) and (A17), the sequential composition of the above two free simulations can be described as
A +— ¥ such that

Co—>C1 _ Z ’ / /Bl E—C) A D>B|  :iE
\IJZI\ZO - qZ] \yl,l’qJ’I |x1slpon‘y()skpy(),l/\Zo,k/’Ck/ © ’Ck ® ld
x0,X1 100158 LT
Ay—4A . .
o (AN @id7F) o (FRHP @ idF) o FIA™RE vz, 2y, (A18)
. 1A DE—C .
Define a quantum channel F”€0~4DPE 3 quantum instrument {K, k} - "“Yew, and two classical channels
VA /! .
{pxo,l,mzo,k,k/}XO,Zo,k,k’,l,l/ and {qz1|x1,l,l/}xl»zl,l»l/ as follows:
f//Co—>AODE — (fBO—)AOD ® ldE) o f/C0—>BOE’ (A19)
174 DE—C 1B E—C A\D—>B| -
K= ko (KPP g id) kK, (A20)
" o ’ / /
Prolzo k= E :ponLVOakpyo,l/lzo,k/ Vxo, 20, k, k', 1T, (A21)
»0
" o ’ /
qzl|x1’l,l’ = § qzl|y1,1/q);1|x1,l VXI,Zl,l,l. (A22)
V1
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Then it follows from Eqs. (A18)+A22) that

4 " ’C
9z 131 LI Pxg L1 2o Je b i) x1 %o
xox1 kK LT

14\ DE—Cy (AAoﬁAl ® idDE) o F"Co—>A¢DE

— IC/BlE—>C1
- : : qZILVl l’q)"l x lpr !0, kpyo U|zo,k

x0.X1.00.1 .68 LI

o (/Cle”Bl ® idE) o ( jcllol;;Al ® 1dDE> 5 (‘7_—BO—>A0D ® idE) o F'Co—BoE (A23)
=€ VZ(),Zl. A24
7120

By Definition 3, this shows that the sequential composition A — ¥ of the two free simulations is a free simulation.

Next, we prove parallel composability. Consider a free simulation A+~ [, where A= {Aﬁﬁ;;A‘}xom and [ =
{FﬁﬂfoBl Yoy are two PIDs. By Definition 3, the free simulation can be represented by a quantum channel F50~400,

. A1D—B .
a quantum instrument {£C;' 71, and two classical channels {Dxo.dvo kb xoo.kd A0 {Gy, x, 1)x, .1 SUch that

Byp—B; __ A1D— B Ag—A1 . 1D Bn—>AnD
Dol = Z Gyt P lyo KC oAy, ®Id7) o FP07T Vyg, y. (A25)
x0.X7,K,0
. . . 1AL —A" /B —B
Consider another free simulation A’ — [/, where N = {A,°, "'}, and[" = {I" ,° 1} . are two PIDs. By Definition
’ Xl‘xo 01 1 |y() y 24!
. . . / ’ D A/
3, this free simulation can be represented by a quantum channel F By Aol g quantum instrument {IC ", and two
classical channels {p/, K }x6 e and {q;, L }X'l Y such that
0 gk X0 0K ENAERLE
/B! ~>B/ /A’D/—>B 14— A" / Iy
0 ! ’ 1 0 1 D 1By—AyD ro
T = 2 gl e (g @id) o F Woe1- (A26)

/ / ’
XX KT

Combining Egs. (A25) and (A26), the parallel composition of the above two free simulations can be described as A"

//AoA/ *)AIA //B()B/ *)BIB
I, where N = {A ,° and [ = 0 are two PIDs, such that
’ { x1.¥ ¥0.x) }“0”‘0’)‘1*‘; {r 11 oy }YO’YOJI ” 5
1By By,—B1 B} A,D— B, 141 D'— B}
Fyl,y; boylh 2 9y1lxy lq )P0, lvo, kpx N Ky ® Ky
x0X0 %1 XY k! L
”AOAo—’AlAl DD’ Bo—AoD /B — A\ D' / /
( X1 |x ® d @) f 0 0 ®f 0 0 Vyo’yO’yl’yl' (A27)
1X] 0>X0
/ Y . //AlA DD’*)B]B
Define a quantum channel F/2080~40P4D 3 quantum instrument {/Ck v x> and two classical channels
4 .
{pxo,xé,l,l/lyo,yé,k,k’}xoﬂx(/)’yo’yo’kk N and { YI R ‘xIJI,I V4 }xl,x] 1 V] Ll as follows:
F//BgBé—)AQAé)DD, = fBO_)AOD ® F/B(/)—>A6D/’ (A28)
11414 DD'— B B] A1D—B 14y D'~ B]
le’k, ! =IC! '® IC Yk, K, (A29)
i R ! U / / 4
Proustylpopkdt “= ProtbokPug iy ¥%0:%0: 0,0, 6 K, LT, (A30)
7 o / ’ ’ /
q)’layﬂxl,xﬁ,l,l’ = lelxl,lqy“xa,l/ Vxl,xpyl,yl,l,l~ (A31)
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Then it follows from Egs. (A27)~+(A31) that

//A]A DD/—>B]B, //A()A —A1 4 / U /
’Ck y oA 1 ® dDD o f‘//BoBO—)A()AODD

Z 9, REY ll’pxo,xo LU ook’

X1 ‘cl X0 ‘c
x0.X1,5K LY
_ A1D— By 14 D'— B}
= § : 9yl lqy i Po.llvo, kpx gk (lC ® ’C (A32)
X0,X0X1 X KA LY
1140 A" —>A1A 7 I
o (A 0 l®i dDD) o <.7_-30»A0D ® f/30»A0D>
x1,X7 10X
//B()B/ *)BlB/ , ,
=T 0 Ly . A33
Y1 o Y0,Y0,V1,1 ( )

By Definition 3, this shows that the parallel composition A” > [ of the two free simulations is a free simulation. This
concludes the proof of Theorem 1(3).

4. Proof of Theorem 1(4)

A0—>Al

Consider a free simulation A > I, where A = {A7) """ Jyyexguex, and [ = (2B

1o

Definition 3, the free simulation can be represented by a quantum channel F50~40P a quantum instrument {/C
P yaq q

and two classical channels {px 1.k }xgwo.k/ 80 {Gy, x; 1}x, 5.0 SUch that

hoevopev, are two PIDs. By
AlD_)Bl}k

>

— A1D—B Ag—A . =
e = Z By by Do o kK ‘o (A o @ ldD) o FHHP Yy, yi. (A34)

y1lvo x1lxo
X051k,

By Ref. [50, Theorem 1(4)], the dimensionality of the system D can be bounded by the product of the dimensionalities
of the systems A, and By. Since every classical channel can be decomposed into a probabilistic mixture of deterministic
classical channels, there exists a conditional probability distribution {q},| ;. such that

Ayl = Z ‘Sylll’(xl)Q;/u Vx1, 1,1, (A3)5)

ey’

where L' := Y}f' is the finite set of all functions from X; to Y;. Define a classical channel {p)/co,l’|y0,k}XO’yoakJ’ as follows:
Piospor = D drPsobok VX0 Y0,k L. (A36)
!

Likewise, there exists a conditional probability distribution {p; 4 ki such that

pr ]/|y0 k — Z 8}60 l/|k/(yo)pk/‘k on;)’o: k: l ’ (A37)

k'ex’

where K’ 1= (Xo ® L/)¥0 is the finite set of all functions from Yy to Xo ® L. Define a quantum instrument {/C AlDﬁBl} /

1
and two classical channels {p’ w xowo.k,r and {qy1|x1,1/}X1,y1J/ as follows:

x0.0'yo.
/A1D—>B1 — Z Piw A1D—>Bl Vk/, (A38)
P ok = Sxo oy VX0, y0.K. 1, (A39)
Doy = Sprey VXLl (A40)
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Then it follows from Egs. (A34)+A40) that

Z qylle l’pXO 1vo. k’,C/AlD_)Bl © <A;1]o|;041 ® idD) o Fo= b (A41)
x0.x1,K 0

= Y SuenSorwonky T o (Aflo ' ® idD) o oAl (A42)
x0.x1.K' I’

= Y Sureodarwooriiki " o (Al @id?) o Fo 00 (A43)
X0.X1 K.k

= Z 8y1\l(x1)Pxo Tlyo, k’CAlD_)B1 © (Aﬁﬂ;)/“ ® idD) o Fro=AD (A44)
XXkl

= Y Suran Pk o (Axf’ e dD) o Fho=Aob (A45)
xox1 kbl

= 2" GumpapasKi T 0 (AL @id?) 0 F0 0P (Ad6)
x0.X1,k,0

=T Yo, (A47)

By Definition 3, this shows that every free simulation can be realized using side channels of bounded size, and therefore
the set of free simulations is closed. This concludes the proof of Theorem 1(4).

5. Proof of Theorem 1(5)

Consider an ensemble of free simulations labeled by a random index i. The ith free simulation is applied with probabil-
ity p; > O such that ), p; = 1. By Definition 3, the ith free simulation can be represented by a quantum channel ‘7:(/11?0—>A0D’

. 14,D—B .
a quantum instrument {ICk| ! 711, and two classical channels {p)/co,llyo,k,i}xo’YOsk»l and {q;1 \xl,l,i}xls}’l»l' The probabilistic mix-

turehofl these free simulations is then described by A — [, where A = {Aflo‘;;Al Yxoy and [ = {Fﬁoly—(:Bl Yoy, are two PIDs,
such that

Bo—>B] 141 D— By A0—>A| 1D /Bo—>AOD
yllyo Zp’ Z qyl Ix1, lleO 110 klICk\i © Ax1|x0 ®id” ) o ‘7:(1') Vo, y1- (A48)
i X0.X1,k,0
. A\DK—>B .
Define a quantum channel F"50~>4PK 3 quantum instrument {K;7})"" “'}w, and a classical channel

" .
{pr,,,,/‘yO,k,k/}xo,yo,k,l,k/,p as follows:

FrBo>AoDK Z WFo' P @ iyl (A49)
ICZ:Z/]DK‘)BI [] — ,C;:‘ikl/D%Bl [(]]_AID ® (k/|K) [] (]]_AID ® |l(,J)K):| Vk, k/, (ASO)
p)/ci),l,l/\yo,k,k/ = p)/fo,llyo,k,klamk/ VXo,yo, k, l, k/, [/. (ASI)

Then it follows from Eqs. (A48)—+A51) that

, ” A1 DK — B Apg—Aq - 1DK 11Boy—AgDK
Z qylIX1J,l’pXOJJ/Iyoak,k/lck,k’ © Axl Ixo ® id oF

xo,xl,k,l,k’,l’
1141 DK — B Ag—A . 1DK /B —AgD o . K
= Z q;l\xl,l,l’p::o,s|y0,k,k/31'chk\k} 'o (Axlo\xo : ®id ) (ZP: (,)0 0 ® (k/|l) (z|l€) ) (A52)
xo.}(l,k,l,k/,l/
o / / 1A1D— B Ag—Ay 1D 'Bo—AgD
= Zpi Z Dy ey 4Pl ki © (Axllxo ®id ) o F (AS3)
i x0.X1,k,0
B()*)Bl
=Ty Vy0, 1. (A54)
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By Definition 3, this shows that the probabilistic mixture A — ¥ of the ensemble of free simulations is a free simulation.
This concludes the proof of Theorem 1(5).

APPENDIX B: PROPERTIES OF THE STEERING-EQUIVALENCE MAPPING

In this Appendix, we demonstrate useful properties possessed by the steering-equivalence mapping. These proper-
ties include an operational interpretation (Proposition 1), canonicity (Proposition 2), faithfulness [Theorem 2(1)], and
monotonicity [Theorem 2(2)].

1. Proof of Proposition 1
Let A= {A}% "1} be a PID. Let Aot = 3 A0

il D€ the marginal channel of A from Ao to A;. Let r :=
rank(J,’f"Al ). The Choi operator Jj\l"A' has a spectral decomposition as follows:

r—1
T = 3" aile) (o, (B1)
i=0

where a; > 0 is a positive real number for all i and {|a;)4041}; is an orthonormal set of vectors. Let 4* be a system such

that HA" = supp(J10'") € HA1 | Let |o;)" be the image of |;)4041 in 4%, Let |a;)" be the complex conjugate of |o;)*"
under a fixed orthonormal basis. Then {|&;)"}; is an orthonormal basis of H". By Ref. [68, Eq. (2.2.36)], there exists an
operator J40—~414" such that

r—1

(110 @ = ht) g, )0t = 37 farlany o @) (B2)
i=0
Define a linear map V40~414" a5 follows:
VAO%AlA* [] — VAOHAIA* [] (VT)AIA*%AO. (B3)

We note that V40~414" s an isometric dilation of A#0~41, as can be verified by marginalizing its Choi operator J,¢'*":

Trge [0 ] = Trge [ (140 @ i) o (10 @ (/11400 ) (B4)
r—1
=Try | Y Jadyles)(o; [0 @ ) (o] (BS)
ij=0
r—1
=D ailos) (et (B6)
i=0
= Joh (B7)
LetS = {Sfl*le }xo.q be @ PMD such that S = SEM(A). By Definition 5,
* * 1 * * 1
St = WAL URD 7T Y, (BS)
Define an isometric channel W4 4041 a5 follows:
r—1
WA= A ] = o [ gy )™ ) oty [0 (B9)
ij=0
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It follows that
. r—1
Trge | (10 @ (5], ) S0 | = 30 aid @18 0 e (e |0 (B10)
ij=0
r—1
=Y @ (ei|Se ey lo ) o) oy [0 (B11)
ij=0

r—1
=(Z¢a‘i|ai>AoAl< ) Zﬁl% ;o (B12)
i=0

*_y * * 1
— WA Aoy |:(JA ) Srl\xo('];\q )2:| (B13)
=wian e (B14)
A
=J0 Vxo,n. (B15)

By the Choi—Jamiotkowski isomorphism, we can conclude that
A;llol;;Al [] = Try« [(]]_AI ® (S 1|X())A*) VA()—>A1A* []:| Vxo, X1 (B16)

This concludes the proof of Proposition 1.

2. Proof of Proposition 2
Let A= {A274}, | beaPID. Let Ad~41 := > A1 be the marginal channel of A from A to A;. Let E4—41E

*1ho xilxo
be a broadcast channel, and let M = {Mf1 o }xo.x; b€ @ PMD such that A « (&£,11). By Definition 4,
Ay [1=Trg [(1A‘ ® mxo) glomhiE [-]] Vxo, x1. (B17)

Let VA0~AEE be an isometric dilation of E40741E Let P40=AEF be the isometry operator such that

VAo~ A EF []:= Ao A1 EF [] (VT)AIEF»AO‘ (B18)
Define a PMD N = {Nﬁfxo Jxo.x, as follows:
NI =ME @17 Vxg,x. (B19)
It follows from Eqs. (B17) and (B19) that
T [(Jw ® NEF ) Vi hEr [-]] = Tr, [(1/41 ® M, ) Trr o V4o Er [-]] (B20)
= Trs [(]lAl ® M~ m) Slo—AE [~]] (B21)
= ASTN ] Yo,y (B22)

The vector (140 @ PA0~>41EF)|¢_ 14040 has a Schmidt decomposition as follows:

r—1
(1/‘10 ® VAO—>A1EF> |¢+>AOA0 — Z «/a—i|ai>A0Al |ﬂ[>EFg (B23)
i=0

where a; > 0 is a positive real number for all i and {|a;)4041}; and {|B;)5"}; are two orthonormal sets of vectors. Let A* be

a system such that H" = supp(J1*"") € HA011, Let |a;)*" be the image of |a;) 041 in A*. Then {|a;)*"}; is an orthonormal
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basis of H4". Let |B;)2" be the complex conjugate of |8;)Z" under a fixed orthonormal basis. Define an isometric channel
WA =EE a5 follows:

r—1

WAL =3 (el [l ) 1B (B 1% (B24)

ij =0

Let J{"EF denote the image of the Choi operator Ji,*"'"™" of VA—41EF i the composite system A*EF. Then

I OVHE A VL E 03 = S e it OV [V ] e e (B2)
ij=0
= Z Jaia; (BN 1B Lot (e 1 (B26)
ij=0
r—1
=Y Jaid; By Ny, ey 1B leti) (e | (B27)
ij=0

= Trgr (ILA*@(le,xO)EF) Z./_a,ajla Moy 1" ® 1B (B 1 (B28)

ij=0

= Trgp [(1*” ® NEF )J{}*EF] (B29)

x1lxo

=JY  Vxg,x. (B30)

Axl [xo

Here Eq. (B29) follows from Eq. (B23) and the isomorphism between H#" and supp(J;\loAl); Eq. (B30) follows from Eq.
(B22) and the same isomorphism. It follows that

O

x\r

(JA*) 7 (WT)EF—>A* [( x1|x0)EF] on’xl' (B31)

By Definitions 2 and 5, this implies N 3=y SEM(A). Since Eq. (B19) implies M 3=y NT, by the transitivity of the
preorder =y [20], we have MT =y SEM(A). This concludes the proof of Proposition 2.

3. Proof of Theorem 2(1)

{ A0—>A1

vib  Jxonx 18 simple if and only if its corresponding assem-

By the Choi—Jamiotkowski isomorphism, a PID A =
blage of Choi states { °A1 /dA0 }VO,X1 is an unsteerable state assemblage [45]. The state assemblage {JAOA1 / Ao}xo . is
unsteerable if and only 1f 1ts steering-equivalent observables are compatible [58, Theorem 1]. By Deﬁmtlon 5 and Ref.
[58, Eq. (5)], SEM(A) is the steering-equivalent observables of the state assemblage {‘]1/\131/1\)1(0 /d4, }xo,xf Therefore, A is

simple if and only if SEM(A) is simple. This concludes the proof of Theorem 2(1).

4. Proof of Theorem 2(2)

Let A = {Afﬁ;Al Yo, and [ = {FBIOI;B' }you, D€ two PIDs such that A =; ['. By Definition 3, there exists a quantum
channel F20=~40P 3 quantum instrument {ICA1 ~513,, and two classical channels {Pro o oo s a0d {Gy; v, 1}, pp0 SUCh
that

Bo—B A,D—B Ag—>A| o - 4C Bo—AoD
Tobe = D dProiedlG o (Axlo | ®@id ) o FAOZHP Wy, p1. (B32)
X0,%1,k,0

Let A=Al .= le A=Al e the marginal channel of A from 4, to 4;. Let 4* be a system such that H4" =

x1lxo
supp(JfOAl) C HY4 Let S = } be a PMD such that S = SEM(A). By Proposition 1, there exists an isometric

{ xl|x0
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channel VA0~414" guch that

AN = Try [(]IAI ® (S] )" ) PAo— A" [.]] Vixo, X1. (B33)
Define a quantum channel £50~514°K a5 follows:
gBoaBlA*K — Z (K:;llDaBl ® ldA*) o <VA0~>A1A* ® ldD> o f‘BoaAOD ® |k> <k|K (B34)

k

Define a quantum instrument J#”/ = {/C’A*K_’A*}k/ as follows:
KUK ] = (1/4* ® (k’|K> [] (1A* ® |k/)K) VK. (B35)

Define a PMD N = {N/}|*},, ,, as follows:

NyAlT\[f; Z Gy lx1.4Pxg,lyo.K (IC DA [S)q Ixo] (B36)
X(05X1 5 k/ !

Z qy1|x1JPon\yo,k'Sfljx0 ® [K) (KX Vyo,p1. (B37)
xo,xl,k’,l

By Definition 2, Eq. (B36) implies S =\ N. It follows from Egs. (B32)+B34), and (B37) that

Trpx [(]131 ® (N g \yo)A*K) EBo—BIA*K []]

= Z Dy x1 Pxollyo k TTa [(131 ® ( x1|x0) *> (KﬁlD_)Bl ® idA*)

X0.X1,k,LK
o (VA0—>A1A* ® 1dD) o f‘Bo—n‘loD [] ® (k/|k> (k|k>K] (B38)
= Z qyl|X1JpX0J\yo,kICI:1D_)BI o Trgr [(]IAID ® (S X1 \XO)A*) (VAO_)AIA* ® idD) o FT P []] (B39)
x0.x1,k.1
= Z G e Pro o kfCe 7 0 (Aflo \;)Al ® idD) o FTHPL (B40)
X0,X] 5 kl
B —B
Dyl [T Vyounn. (B41)

By Definition 4, this implies I «= (£,NT), where N = {(V, M ‘yo)A*K }yorr- Then by Proposition 2, we have N =y
SEM(T). Since SEM(A) = S =\ N, by the transitivity of the preorder =y [20], we have SEM(A) =y SEM(I). This

concludes the proof of Theorem 2(2).

APPENDIX C: SEMI-DEVICE-INDEPENDENT CHARACTERIZATION

In this Appendix, we demonstrate the semi-device-independent characterization of PID nonsimplicity with guessing
games. This includes providing a complete set of incompatibility monotones (Theorem 3) and an operational interpretation
of the robustness of incompatibility (Theorem 4) based on nontransient guessing games, as well as a complete set of
incompatibility monotones (Proposition 3) based on postinformation guessing games.
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1. Proof of Theorem 3
Let A = {A2 "), cxomex, bea PID. Let 4 = {Mp "} peynen be a bipartite POVM. By Eq. (17), Alice’s maximum

x1 lxo
winning probability in the nontransient guessing game specified by .# equals

1 . Co—C CoC
Poes (N M) = — ma Tr [MCOCI <1dC0 A 1)[ 0 0]] Cl
uess ) dcy n: /A;Wm@qzneN " ® Set " v
1 CoC
= — max Tr | MCoC1 g tos1 | C2
dCO N Nz N meMgeN |: m,n Anlm :| ( )

First, we prove the necessity of the convertibility conditions in Theorem 3. Let A = {Afﬁ;Al}xoexo,xleXl and [ =

{Ffﬁ;B‘ hoevoyiev, be two PIDs such that A = [. Let .# = {M,,C,fi,c1 }memnen be a bipartite POVM. By Theorem 1(3),

the preorder = is transitive, thus

1 CoC
Pouess(N; M) = — ma Tr | MSoC1 g 0% C3
g,uess( ) CO /\/: /\>;)([A/ nlENIgEN [ m,n A}’l‘m ( )

1 CoC
> — max Tr | MC0C1 g t0%1 C4
T de, NiTEN Z |: T A ] (€4)

meM,neN

:Pguess(l]—;%)~ (C5)
Next, we prove the sufficiency of the convertibility conditions in Theorem 3 by contradiction. Let A = {Afl"‘;’oA‘ Yroexo. ex;
and [ = {I‘ﬁoly_o)g1 hoevomiev; be two PIDs such that Pgyess(A; ) > Pyyess(I'; #) for every bipartite POVM

M= {M,S,%C‘ }memnen. We assume A #; [. This means that

y1lvo

I ¢ {A’ = {A’BO*BI SN = _//\’} . (C6)

}yoéYo,yleYl

By Theorem 1 (4) and (5), the set of PIDs on the right-hand side of Eq. (C6) is closed and convex. By the hyperplane
separation theorem [60], there exists a set of Hermiticity-preserving linear maps {C’)fg’;Bl }yoevoa ey, and a positive real
number ¢ > 0 such that

Bo—B /Bop—B
<{Of§;31 } , {Fylolyo ! } > > max <{Of§;31 } , {Ayl(l)yo ! } > +e. (C7)
’ YOEY(.V1E€EY] YOEY QY1 EY] N NE N ’ YOEY(.V1€Y] YoE€Y(.V1€Y]

The above equation can be interpreted based on the Hilbert—Schmidt inner product as follows:

ByB, ;BB ByB; +BoB

E Tr|Jo ' JR | > max E Tr|Jo L J 7 [ +e. (C8)
Yor1 tyibo N: NN Y01 A}’Wo

YOEY(.V1€Y] YOEY(.V1 €Y

Let ¢ := max,yev v, ||J£3$1 |oo- Define a bipartite POVM .Z = {]\7[,53,31 Ymevonen such that N D v as follows:

1
S (Vo + c]lBoBl) Vm € Yo,n € Yy,
2¢[Yol [Y1] ’

1
[Yol (IN| — [Y1])

M = (C9)

B()Bl _ ABOBI
(]1 ZyoeYO,yl cv; Mygin, Vm € Yo, n € N\ Yj.
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It can be verified that .7 is a valid POVM, as M5 > 0 for all m € Yo,n € N and > vy nen MEP = 18081 Then
— 1 = ByB
Pgess (3 M) = —— max 3 Tr [M,f?furfml] (C10)
Bg - AL meY(,neEN
1 TrBoB1 1BoBi
= dg Z Ir [Myo?yll']rn \yo] (C11)
0 yoe¥o.y1€Y)
1 BoBy  BoB) ByBy
= 2cdyg, Yol V1| 2, T [‘] O Ty, \yo] te ), T [er,,o] (C12)
0 YOEY.y1 €Y] YOEY0.V1 €Y
1 BBy ;BoB) 1
"~ 2cdp, Yol Y1) Z Tr [Joyomjryﬂ.vo] + ANSY (€13
0 YOEY V1 €Y
> b max Z Tr |:JE°Bl Jhh i| +e| + ! (C14)
2edp, [Yol [Ya] \wimmne | = " P00 Mg 21y

1 BoB1 ;BB ByB &
= —————— max Tr | J27 0% [+ ¢ Tr|J 0! + —
2cdp, Yol [Y1] &: nmiiv Z [ Oron ™A Z A 2cdp, [Yol [Y1]

YOEY(.V1€Y] ko YOEY 0.1 €Y 7100
(C15)
1 Z = ByBy 1BoB1 &
= d_ max Tr MJ’OOVIIJA/ + m (C16)
/. / 2) )
By N AN 11 cdp, | Yol [Y1]
1 = ByB; 1BoB1 £
> o max Y Tr | MpAER | 4 o (C17)
/. U 5
By N NEN e nlm cdp, | Yol [Y1]
1 = BB =~ BB &
= — max Tr | MBoBi 20 | — Tr|MBoBigofu i) 4 — (C18)
dp, N': M= T A M Ny 2cdp, | Yol |Y1]
0 meYo,neN MmeY,neEN\Y| 0

1 = BoB ] 1 |: BB j| €
> max O DA L 73 It ) R —
dpy N': N Z |: oA Yol (IN] — [¥1]) Z A 2cdg, [Yol 1Y

nim nlm

meY(y,neN meY(y,neN\Y
(C19)
1 =~ BoB 1 BoB £
> —  max Tr MBOBIJSI]—— Tr[J?,1 +—
dBO N2 Nz N me%eN |: I A [Yol| (IN] — |Y1]) me%eN Aim 2CdBO |Yol |Yq]
(C20)
_ L max Z Tr [Z\/;IBOBIJBSBI} - ! + ° (C21)
dpy N NAN S A IN| —1Y1|  2cdp, Yol [Y1]
— 1 3
= Pguess (A, %) - (C22)

+ .
IN| — Y1l 2cdp, Yol [Y1]

Here Egs. (C12), (C16), and (C19) follow from Eq. (C9); Ineq. (C14) follows from Ineq. (C8). Note that the PID in
Ineq. (C17) has the form A" = {A:ﬁf—)B‘ Jmevy.nen in contrast to the PID A = {A;tf?y_o)gl hoevoy ev, in Eq. (C16), and Ineq.
(C17) follows from the fact that the freedom to make a guess » outside the set of target outcomes Y| does not increase the

maximum winning probability. Choose N D Y; to be an arbitrary index set such that

2cdp, Yol [Y1]

IN| > |Y] + (C23)
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Then Eq. (C22) implies Pgyess(A; /Z/; < Pyess (I /ZZ), which contradicts the assumption that Pgyess(A; #Z) >
Poyess(I'; ) for every .4 . Therefore, we must have A =1 . This concludes the proof of Theorem 3.

2. Proof of Theorem 4
Let A = {AﬁloljoAl Jxpexp.x ex, be a PID. By Definition 7, the robustness of incompatibility of A equals

Rol(A) := mi(r)lr (C24a)

AX X TX X . .
subject to: { Aniko 7 Txi } is a simple PID, (C24b)

1+r
X0-X1

{Tav ), 182 PID. (C24c)

Since the set of simple PIDs is closed and convex and has a nonzero volume in the space of PIDs, the optimal solution
to Program (C24) exists. Let ¥ = {T Ao—4y }xoexo.x ex; b€ an optimal solution to Program (C24), which is a PID. Define a

x1lxg
PID 1) = {0 " }xpexpmiex, as follows:
A0~>A1 A0~>A1
gl o Mg FROIT )y Vaxo, x1 (C25)
Xl 1 + Rol(M) T

By Eq. (C24b), Nis simple. Let € denote the cone generated by the set of unsteerable state assemblages in 44 :

oA . o4 AA AA

X1

We note that the cone € is generating with respect to the space of state ensembles in 4p4;. Let €* denote the dual cone
of &:

* A()A] A()Al A()A] A()A] A()Al
= >
¢ {lele i E Tr [ Ky ep @y lxo 0 Vi®, € cone(U0) ¢ . (C27)
OEXO,x]EXl X(.X]

X0-X1

041

o oA, 4
Substituting w, . for J; .

+ rJﬁflA‘;o, Program (C24) can be reformulated as a conic program as follows:

Rol(A) = min Tr[ AOA‘] -1 C28a
) dy, 1Xol { AOAI} Z @x1lxo ( )
Vl\xo X0 X0.X1
subject to: wfﬂié —JASlA‘iO >0 Vaxg,xi, (C28b)
dAoZTfAl[ fﬂﬁé] ZTI[ fﬂfg]ﬂ“" Vixo, (C28¢)
{wjfﬁé} = (C284d)
x0,X]

Invoking the theory of conic programming duality [60], since wfl"ﬁé = 2d4, 14041 for all xo, x; is a strictly feasible solution
to Program (C28), by Slater’s condition, strong duality holds, and the optimal solution to the dual program exists. The
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dual program of Program (C28) is given by

_ A4y A0A1 _
ROl(/\) - dAO |X0| {O(A(I)Elax Z TI'|: XI\XO At]\\to] 1 (C29a)
X1 1x0 X051 X0-X1
subject to: %3l >0 Vxo,x, (C29b)
> T [ﬁ;’o"] = dy, |%ol, (C29¢)
X0
Ao A4 o4, x
{ﬂ ® 141 — x”xo} € e*. (C29d)
X0-X1

Let {Aflolﬁ; | S {’3x1|X0 }xo.; b€ an optimal solution to Program (C29). First, we prove an upper bound on the g’e\lme
advantage in terms of the robustness of incompatibility. Let .# = {M, COC] bmemnen be a bipartite POVM. Let A’ =

{Af&ﬁcl }memnen be an optimal solution to the maximization in Eq. (C2), namely, the PID simulated by A under Alice’s
optimal strategy. Let T = {T,/llcm‘ﬁc1 Ymemnen and 0N = {Q;‘Cr‘ffcl }memnen denote the PIDs obtained by applying the same

simulation strategy to ¥ and 0, respectively. Then

1
Pguess(y\; %) = 5 Z Tr [M;S%CI«]COCI] (C30)
dCO meM,neN n‘m
1
=— > Tr [M,f‘;,cl ((1 + Rol(A) S5 — Ro |(A)JC°C1>} (C31)
€0 memnen "‘m R
1 + Rol(/\) CoCy 1CoC
- 7 Tr M 0 1J 0%1 C32
o dCO Z |: nIm ( )
meM,neN
1 + Rol(A
< +—O() n; Tr [MCOCIJCOCI] (C33)
dCO N: 0N meM,neN n\m
1 + Rol(A
_ LERAD e S (Mg ] (C34)
dCO N: 51mple S2nlm
meM,neN
= (1 + Rol(N)) PSi™e(_z). (C35)

guess

Here Eq. (C31) follows from Eq. (C25) and the linearity of free simulations; Eq. (C34) follows from [} being simple and
Theorem 1(1) and (2). This implies that

guess (A %)

51mple(%) < 14 Rol(A). (C36)
Paguess

Next, we show that Ineq. (C36) can be equalized by an infinite sequence of POVMs on 4yp4;. Let c¢:=

I ZXO . ’\flolfé lloo. Define a bipartite POVM M = M, ,ff‘LAl Ymexynew such that N D X, as follows:

1404
0411
—Cy Vm € Xo,n € Xy,

1fAodr . ) C
Mm’n = 1

1Xol (IN] = [X1])

oy (C37)
(]lAOAl — ZXO&XMEXI Mxo(jxll) Vm € Xog,n € N\ Xj.
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It can be verified that ./ is a valid POVM, as M;5%"" > 0 for all m € Xo,n € N and > mexomen Myt = 14041 Then
— 1 AoA
Pgess(N, M) = — Tr | Moy 0" C38
guess ( ) dAO w:n}\?lw IGXX: I'|: mn A ( )
" 0,NEN
1 Aoy 7Aod1
=0 > T[aned | (C39)
Xp€X(,¥1 €X]
1 _AoA1 rAod
=— > T[ama (C40)
Ao X0E€EXp.X1 €X]
Xo| (1 + Rol(A
c
Here Eq. (C41) is by the definition of { i |x0 "}, and follows from Eq. (C29a). In addition,
psimple N T [MAOAIJAOAl] C42
guess (‘%) dAO ersll?n)f()le %EN r Qjm ( )
1 Ao, ] = ApA
=~ max [ > MAoAlJ Sl D S [M,ﬁpnAlJleml] (C43)
Ag 7 SmP meX(,neX] T meXg,neN\X;
1 Agd 1 Aod
< — max Tr MAoAlJ Ll I Tr [JQO 1] (C44)
d 4, 0: simple MEXO;GX] Gl 1 1% (IN] = [X4]) mex()’zn;mxl e
1 -AA A AnA ] 1 AgA
R 041 y4041 [ 041
= d, ﬂ'):nsli?n)](:)le Z Tr _Mm’" Jinm | + %ol (IN| — |X1]) Z Tr [JQn\m] (C45)
0 meXy,nex| meXg,neN
1 w 1
= — max Tre [ALfot g | 4 ———— C46
dAO N: simple Z $njm IN| — |X;] ( )
meXy,nexy
1 AnA 1
— ma Tr | MAodi 2ot | 4 — C47
d 0: sm)l(plex EXZ |: 01 QV1X0:| IN| — [X1] ( )
0€X0,X1 €X]
1 ~AgA) AoA } 1
= —— max Tr|o, X I |+ ———— (C438)
dAOC n: simplex()e)%EXI |: tho Q)‘1\1‘0 IN| — [X1]
1 -~ AoA A ~ApA AoA 1
= max Tr (5A0®1A1)J9‘]—Tr[(ﬂA0®1l— 01)J9l b
dAOC n': simpls:x()ex(%:lex1 ( |: o Qxl Ixo Fxko 82 Ixo IN| — |%]
(C49)
< max Z Tr [<3A0 ® ]lA1> JAod :| + - (C50)
T odgcn: Simplex0€X0,x1€X1 o ) 1xg IN| — Xy
1
e[ B]+ (C51)
" dae Z N = 1]
_ Xl L (C52)
c Nl —Ixg]

Here Eqgs. (C44) and (C48) follow from Eq. (C37); Ineq. (C50) follows from Eq. (C29c); Eq. (C52) follows from
Eq. (C29d). Note that the PID in Ineq. (C47) has the form () = {Q/AO_)A'}X()EXO xjex, in contrast to the PID () =

x11x0
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{ Qo= Jmexgnen 10 Eq. (C46), and Ineq. (C47) follows from the fact that the optimal strategy in Eq. (C46) necessarily

nlm

makes a guess n within the set of target outcomes Y. Then it follows from Eqgs. (C41) and (C52) that

Pguess (N, A ) li guess(/\' '%/\)

SHPW m simple , % (C53)
Ra Pguess ('//) IN|— o0 Pguess (%)
1 4+ Rol(A
fim RO (C54)
"o T oIV %1
=14 Rol(A). (C55)
Combining Egs. (C36) and (C55), we can conclude that
uess A' ‘%
—gsmpge ! 1+ Roly, (C56)
guess (%)

This concludes the proof of Theorem 4.

3. Proof of Proposition 3

First, we prove the necessity of the convertibility conditions in Proposition 3. Let A = {Aﬁf;oAl}erXo,xlexl and [ =

(L% hevomev, be two PIDs such that A =1 . Let £ = {L}'}yc;, be a POVM, and let ¢ = {0, }mevomev, v, be a

state ensemble. By Theorem 1(3), the preorder = is transitive, thus

Phess6, 2y = max STe[faf " [0 ] (C57)
WD ol e

> max Tr [LB1 AZTﬁfBl [a,fon ZH (C58)
N TN o

- Péuess([r; §,$) (C59)

Next, we prove the sufficiency of the convertibility conditions in Proposition 3 by contradiction. Let A =
{ Ao—>A1}Y0€X0x1€X1 be two PIDs, and let ¥ = {Lﬁl}yeL be an informationally complete POVM such that

x1lx0
guess(/\ S, "g/ﬂ) = P;uess

(A; ¢, L) for every state ensemble ¢ = {a,f;,,}meyo,ngyl,;@. We assume A % [. Following the

argument that leads to Eq. (C8), there exists a set of Hermiticity-preserving linear maps {(9;’1)%1 B hoevoo ey, such that

BBt yBoB BBy ;BB

ZT[O(” 01]> max Tr|Jo ' J 200 . (C60)
vor1” Tylvg N NN 7091 Ay o

Yol Yol

Since .Z is an informationally complete POVM, there exists a set of Hermitian operators { ,u

yo Il }J’OgYOJ’I evy,l'eL such that

B B B
= b @1 o (C61)

Oyon

L By ;o By ~ _ (~Bg
Let ¢ := max, ev, ey, [y lloo and ¢’ := ZmeYo,neYl,leL Trw,,, 1. Define a state ensemble ¢ = {0, }mevyney, fer as
follows:

1
GO i= )P0+ c1%0)  Vm,m, 1. C62
Pnnd = Gy T Ty (™ FELe) Yo, (62

010340-29



KAIYUAN JI and ERIC CHITAMBAR

PRX QUANTUM 5, 010340 (2024)

It can be verified that € is a valid state ensemble, as UBO > 0 forallm € Yy, n € Yo,/ € Land Zm y Tr[ABO ] =1.Then

guess(y\ S‘?g) =

max

Bl /Bo—>B] AB()
N: Ne N Tr [Ll r [U
m,n,l

n\m m,n,l

(C63)

1 By » /By—B By , /Bg—B
= max Tr[L PALST I (g ) ]+c Tr[L PAL 0P 150 ]
¢ + cdp, Yol IY1] |L] & amiiv mznl P [Gtmas] man L 1
(C64)
1 . /Bo—B ByB
- e[ (o 1) (1% © 2,577 [ 27 ]|+ cdy 1y
¢+ cdgy 1Yol Y11 L] o Arrad Z Pt © 17 (470 © A ) | 9| ey ol
(C65)
1 BoBy ;BB ]
= max Tr | Jop T 0 |+ cdp, Yol C66
¢+ cdg, Yol [¥1] [T A/W‘”\'mzy:l [‘9 Alyivg Po 170 (C60)
Here Eq. (C64) follows from Eq. (C62). It follows that
1 BoB, ;BB }
r;c, %) = max Tr J"‘JO1 + cdg, |Y Cc67
P36, ¢ + cdp, [Yol 1] IL] \ 7 mmr £ [O“’ P o o
1 BoB, ,BoB
> T[S0 JPO |+ cd, ¥ C68
¢+ cdg, Yol [¥1] |L| Xy: @1 iy |+ 0 ol (€69
1 BoB, ;BB i|
> max Tr|Joo L 070 | + cdp, Yol C69
¢’ + edpy [Yol Y[ [L] | i 2z 2 [ RIS Bo 170 (C69)
= Poess (05 S, L), (C70)

This contradicts the assumption that Py, (A;S,Z) > P,

concludes the proof of Proposition 3.

[1] P. J. Coles, M. Berta, M. Tomamichel, and S. Wehner,
Entropic uncertainty relations and their applications, Rev.
Mod. Phys. 89, 015002 (2017).

[2] M. Koashi, Unconditional security of quantum key distri-
bution and the uncertainty principle, J. Phys.: Conf. Ser. 36,
98 (2000).

[3] M. Tomamichel and R. Renner, Uncertainty relation for
smooth entropies, Phys. Rev. Lett. 106, 110506 (2011).

[4] R. Horodecki, P. Horodecki, M. Horodecki, and K.
Horodecki, Quantum entanglement, Rev. Mod. Phys. 81,
865 (2009).

[5] J. M. Renes and M. M. Wilde, Polar codes for private
and quantum communication over arbitrary channels, IEEE
Trans. Inf. Theory 60, 3090 (2014).

[6] P. Lahti, Coexistence and joint measurability in quantum
mechanics, Int. J. Theor. Phys. 42, 893 (2003).

guess

(I"; ¢, %) for every ¢. Therefore, we have A = I'. This

[7]1 T. Heinosaari, D. Reitzner, and P. Stano, Notes on joint
measurability of quantum observables, Found. Phys. 38,
1133 (2008).

[8] T. Heinosaari, T. Miyadera, and M. Ziman, An invitation
to quantum incompatibility, J. Phys. A: Math. Theor. 49,
123001 (2016).

[9] E. B. Davies and J. T. Lewis, An operational approach to
quantum probability, Commun. Math. Phys. 17,239 (1970).

[10] T. Heinosaari, T. Miyadera, and D. Reitzner, Strongly
incompatible quantum devices, Found. Phys. 44, 34 (2013).

[11] T. Heinosaari and T. Miyadera, Incompatibility of quantum
channels, J. Phys. A: Math. Theor. 50, 135302 (2017).

[12] G. M. D’Ariano, P. Perinotti, and A. Tosini, Incompatibil-
ity of observables, channels and instruments in information
theories, J. Phys. A: Math. Theor. 55, 394006 (2022).

[13] M. F. Pusey, Verifying the quantumness of a channel
with an untrusted device, J. Opt. Soc. Am. B 32, A56
(2015).

010340-30


https://doi.org/10.1103/RevModPhys.89.015002
https://doi.org/10.1088/1742-6596/36/1/016
https://doi.org/10.1103/PhysRevLett.106.110506
https://doi.org/10.1103/RevModPhys.81.865
https://doi.org/10.1109/tit.2014.2314463
https://doi.org/10.1023/a:1025406103210
https://doi.org/10.1007/s10701-008-9256-7
https://doi.org/10.1088/1751-8113/49/12/123001
https://doi.org/10.1007/bf01647093
https://doi.org/10.1007/s10701-013-9761-1
https://doi.org/10.1088/1751-8121/aa5f6b
https://doi.org/10.1088/1751-8121/ac88a7
https://doi.org/10.1364/JOSAB.32.000A56

INCOMPATIBILITY AS A RESOURCE...

PRX QUANTUM 5, 010340 (2024)

[14] T. Heinosaari, J. Kiukas, and D. Reitzner, Noise robustness
of the incompatibility of quantum measurements, Phys.
Rev. A 92, 022115 (2015).

[15] T. Heinosaari, J. Kiukas, D. Reitzner, and J. Schultz, Incom-
patibility breaking quantum channels, J. Phys. A: Math.
Theor. 48, 435301 (2015).

[16] L. Guerini, J. Bavaresco, M. T. Cunha, and A. Acin, Oper-
ational framework for quantum measurement simulability,
J. Math. Phys. 58, 092102 (2017).

[17] M. Oszmaniec and T. Biswas, Operational relevance of
resource theories of quantum measurements, Quantum 3,
133 (2019).

[18] R. Uola, T. Kraft, J. Shang, X.-D. Yu, and O. Giihne, Quan-
tifying quantum resources with conic programming, Phys.
Rev. Lett. 122, 130404 (2019).

[19] P. Skrzypczyk, I. Supi¢, and D. Cavalcanti, All sets of
incompatible measurements give an advantage in quantum
state discrimination, Phys. Rev. Lett. 122, 130403 (2019).

[20] F. Buscemi, E. Chitambar, and W. Zhou, Complete resource
theory of quantum incompatibility as quantum programma-
bility, Phys. Rev. Lett. 124, 120401 (2020).

[21] F. Buscemi, K. Kobayashi, S. Minagawa, P. Perinotti, and
A. Tosini, Unifying different notions of quantum incom-
patibility into a strict hierarchy of resource theories of
communication, Quantum 7, 1035 (2023).

[22] M. Horodecki and J. Oppenheim, (Quantumness in the con-
text of) resource theories, Int. J. Mod. Phys. B 27, 1345019
(2013).

[23] B. Coecke, T. Fritz, and R. W. Spekkens, A mathematical
theory of resources, Inf. Comput. 250, 59 (2016).

[24] E. Chitambar and G. Gour, Quantum resource theories, Rev.
Mod. Phys. 91, 025001 (2019).

[25] R. Takagi and B. Regula, General resource theories in quan-
tum mechanics and beyond: Operational characterization
via discrimination tasks, Phys. Rev. X 9, 031053 (2019).

[26] Z.-W. Liu, K. Bu, and R. Takagi, One-shot operational
quantum resource theory, Phys. Rev. Lett. 123, 020401
(2019).

[27] M. Piani and J. Watrous, Necessary and sufficient quantum
information characterization of Einstein-Podolsky-Rosen
steering, Phys. Rev. Lett. 114, 060404 (2015).

[28] E. Haapasalo, Robustness of incompatibility for quantum
devices, J. Phys. A: Math. Theor. 48, 255303 (2015).

[29] L. Guerini, M. T. Quintino, and L. Aolita, Distributed sam-
pling, quantum communication witnesses, and measure-
ment incompatibility, Phys. Rev. A 100, 042308 (2019).

[30] S. Designolle, M. Farkas, and J. Kaniewski, Incompat-
ibility robustness of quantum measurements: A unified
framework, New J. Phys. 21, 113053 (2019).

[31] C. Carmeli, T. Heinosaari, T. Miyadera, and A. Toigo,
Witnessing incompatibility of quantum channels, J. Math.
Phys. 60, 122202 (2019).

[32] C. Carmeli, T. Heinosaari, and A. Toigo, Quantum incom-
patibility witnesses, Phys. Rev. Lett. 122, 130402 (2019).

[33] T. Heinosaari, T. Miyadera, and R. Takakura, Testing
incompatibility of quantum devices with few states, Phys.
Rev. A 104, 032228 (2021).

[34] B. Regula and R. Takagi, One-shot manipulation of dynam-
ical quantum resources, Phys. Rev. Lett. 127, 060402
(2021).

[35] C. Carmeli, T. Heinosaari, and A. Toigo, State discrimi-
nation with postmeasurement information and incompati-
bility of quantum measurements, Phys. Rev. A 98, 012126
(2018).

[36] R. Uola, T. Bullock, T. Kraft, J.-P. Pellonpda, and N.
Brunner, All quantum resources provide an advantage in
exclusion tasks, Phys. Rev. Lett. 125, 110402 (2020).

[37] J. Mori, Operational characterization of incompatibility of
quantum channels with quantum state discrimination, Phys.
Rev. A 101, 032331 (2020).

[38] F. Buscemi, Comparison of quantum statistical models:
Equivalent conditions for sufficiency, Commun. Math.
Phys. 310, 625 (2012).

[39] F. Buscemi, All entangled quantum states are nonlocal,
Phys. Rev. Lett. 108, 200401 (2012).

[40] F. Buscemi, Degradable channels, less noisy channels, and
quantum statistical morphisms: An equivalence relation,
Probl. Inf. Transm. 52, 201 (2016).

[41] D. Rosset, F. Buscemi, and Y.-C. Liang, Resource theory
of quantum memories and their faithful verification with
minimal assumptions, Phys. Rev. X 8, 021033 (2018).

[42] P. Skrzypczyk and N. Linden, Robustness of measurement,
discrimination games, and accessible information, Phys.
Rev. Lett. 122, 140403 (2019).

[43] D. Blackwell, Equivalent comparisons of experiments,
Ann. Math. Stat. 24, 265 (1953).

[44] E. Chitambar, G. Gour, K. Sengupta, and R. Zibakhsh,
Quantum Bell nonlocality as a form of entanglement, Phys.
Rev. A 104, 052208 (2021).

[45] M. Piani, Channel steering, J. Opt. Soc. Am. B 32, Al
(2015).

[46] G. Gour, T. Heinosaari, and R. Spekkens, A resource the-
ory of quantum incompatibility, APS March Meeting 2018,
Session S26: Quantum Resource Theories I, Los Angeles,
California (2018).

[47] D. Beckman, D. Gottesman, M. A. Nielsen, and J. Preskill,
Causal and localizable quantum operations, Phys. Rev. A
64, 052309 (2001).

[48] T. Eggeling, D. Schlingemann, and R. F. Werner, Semi-
causal operations are semilocalizable, Europhys. Lett. 57,
782 (2002).

[49] G. Chiribella, G. M. D’ Ariano, and P. Perinotti, Transform-
ing quantum operations: Quantum supermaps, Europhys.
Lett. 83, 30004 (2008).

[50] G. Gour, Comparison of quantum channels by superchan-
nels, IEEE Trans. Inf. Theory 65, 5880 (2019).

[51] G. Chiribella, G. M. D’ Ariano, and P. Perinotti, Theoretical
framework for quantum networks, Phys. Rev. A 80, 022339
(2009).

[52] R. Gallego and L. Aolita, Resource theory of steering, Phys.
Rev. X 5, 041008 (2015).

[53] E. Schrodinger, Discussion of probability relations between
separated systems, Math. Proc. Cambridge Philos. Soc. 31,
555 (1935).

[54] H. M. Wiseman, S. J. Jones, and A. C. Doherty, Steer-
ing, entanglement, nonlocality, and the Einstein-Podolsky-
Rosen paradox, Phys. Rev. Lett. 98, 140402 (2007).

[55] S.J. Jones, H. M. Wiseman, and A. C. Doherty, Entangle-
ment, Einstein-Podolsky-Rosen correlations, Bell nonlocal-
ity, and steering, Phys. Rev. A 76, 052116 (2007).

010340-31


https://doi.org/10.1103/PhysRevA.92.022115
https://doi.org/10.1088/1751-8113/48/43/435301
https://doi.org/10.1063/1.4994303
https://doi.org/10.22331/q-2019-04-26-133
https://doi.org/10.1103/PhysRevLett.122.130404
https://doi.org/10.1103/PhysRevLett.122.130403
https://doi.org/10.1103/PhysRevLett.124.120401
https://doi.org/10.22331/q-2023-06-07-1035
https://doi.org/10.1142/S0217979213450197
https://doi.org/10.1016/j.ic.2016.02.008
https://doi.org/10.1103/RevModPhys.91.025001
https://doi.org/10.1103/PhysRevX.9.031053
https://doi.org/10.1103/PhysRevLett.123.020401
https://doi.org/10.1103/PhysRevLett.114.060404
https://doi.org/10.1088/1751-8113/48/25/255303
https://doi.org/10.1103/PhysRevA.100.042308
https://doi.org/10.1088/1367-2630/ab5020
https://doi.org/10.1063/1.5126496
https://doi.org/10.1103/PhysRevLett.122.130402
https://doi.org/10.1103/PhysRevA.104.032228
https://doi.org/10.1103/PhysRevLett.127.060402
https://doi.org/10.1103/PhysRevA.98.012126
https://doi.org/10.1103/PhysRevLett.125.110402
https://doi.org/10.1103/PhysRevA.101.032331
https://doi.org/10.1007/s00220-012-1421-3
https://doi.org/10.1103/PhysRevLett.108.200401
https://doi.org/10.1134/s0032946016030017
https://doi.org/10.1103/PhysRevX.8.021033
https://doi.org/10.1103/PhysRevLett.122.140403
https://doi.org/10.1214/aoms/1177729032
https://doi.org/10.1103/PhysRevA.104.052208
https://doi.org/10.1364/JOSAB.32.0000A1
https://doi.org/10.1103/PhysRevA.64.052309
https://doi.org/10.1209/epl/i2002-00579-4
https://doi.org/10.1209/0295-5075/83/30004
https://doi.org/10.1109/TIT.2019.2907989
https://doi.org/10.1103/PhysRevA.80.022339
https://doi.org/10.1103/PhysRevX.5.041008
https://doi.org/10.1017/S0305004100013554
https://doi.org/10.1103/PhysRevLett.98.140402
https://doi.org/10.1103/PhysRevA.76.052116

KAIYUAN JI and ERIC CHITAMBAR

PRX QUANTUM 5, 010340 (2024)

[56] M. T. Quintino, T. Vértesi, and N. Brunner, Joint measur-
ability, Einstein-Podolsky-Rosen steering, and Bell nonlo-
cality, Phys. Rev. Lett. 113, 160402 (2014).

[57] R. Uola, T. Moroder, and O. Giihne, Joint measurability of
generalized measurements implies classicality, Phys. Rev.
Lett. 113, 160403 (2014).

[58] R. Uola, C. Budroni, O. Giihne, and J.-P. Pellonpai, One-
to-one mapping between steering and joint measurability
problems, Phys. Rev. Lett. 115, 230402 (2015).

[59] J. F. Clauser, M. A. Horne, A. Shimony, and R. A. Holt,
Proposed experiment to test local hidden-variable theories,
Phys. Rev. Lett. 23, 880 (1969).

[60] S. P. Boyd and L. Vandenberghe, Convex Optimization
(Cambridge University Press, Cambridge, UK; New York,
2004).

[61] P. Lipka-Bartosik and P. Skrzypczyk, Operational advan-
tages provided by nonclassical teleportation, Phys. Rev.
Res. 2, 023029 (2020).

[62] A. W. Harrow and M. A. Nielsen, Robustness of quantum
gates in the presence of noise, Phys. Rev. A 68, 012308
(2003).

[63] F. G. S. L. Brandao and G. Gour, Reversible framework for
quantum resource theories, Phys. Rev. Lett. 115, 070503
(2015).

[64] G. Gour and A. Winter, How to quantify a dynamical
quantum resource, Phys. Rev. Lett. 123, 150401 (2019).

[65] G. Gour and C. M. Scandolo, Dynamical resources,
arXiv:2101.01552 (2020).

[66] S. Milz and K. Modi, Quantum stochastic processes and
quantum non-Markovian phenomena, PRX Quantum 2,
030201 (2021).

[67] S. Milz, J. Bavaresco, and G. Chiribella, Resource theory
of causal connection, Quantum 6, 788 (2022).

[68] S. Khatri and M. M. Wilde, Principles of quantum com-
munication theory: A modern approach, arXiv:2011.04672
(2020).

010340-32


https://doi.org/10.1103/PhysRevLett.113.160402
https://doi.org/10.1103/PhysRevLett.113.160403
https://doi.org/10.1103/PhysRevLett.115.230402
https://doi.org/10.1103/PhysRevLett.23.880
https://doi.org/10.1103/PhysRevResearch.2.023029
https://doi.org/10.1103/PhysRevA.68.012308
https://doi.org/10.1103/PhysRevLett.115.070503
https://doi.org/10.1103/PhysRevLett.123.150401
https://arxiv.org/abs/2101.01552
https://doi.org/10.1103/PRXQuantum.2.030201
https://doi.org/10.22331/q-2022-08-25-788
https://arxiv.org/abs/2011.04672

	I.. INTRODUCTION
	A.. From programmability to nonsignaling
	B.. Organization of the paper

	II.. PROGRAMMABLE QUANTUM DEVICES
	A.. Programmable measurement devices
	B.. Programmable instrument devices

	III.. FREE SIMULATIONS OF PROGRAMMABLE DEVICES
	A.. Free simulations of PMDs
	B.. Free simulations of PIDs

	IV.. RELATIONSHIP WITH STEERING AND MEASUREMENT INCOMPATIBILITY
	A.. PIDs as assemblages in channel steering
	B.. Steering-equivalence mapping

	V.. SEMI-DEVICE-INDEPENDENT CHARACTERIZATION WITH NONTRANSIENT GUESSING GAMES
	A.. A complete set of incompatibility monotones
	B.. Robustness of incompatibility as the supremum of game advantage
	C.. Constructing experimentally friendly incompatibility tests

	VI.. CONCLUSIONS AND DISCUSSIONS
	A.. Summary of results
	B.. Outlook

	. ACKNOWLEDGMENTS
	. APPENDIX A: PROPERTIES OF FREE SIMULATIONS
	1.. Proof of Theorem 1(1)
	2.. Proof of Theorem 1(2)
	3.. Proof of Theorem 1(3)
	4.. Proof of Theorem 1(4)
	5.. Proof of Theorem 1(5)

	. APPENDIX B: PROPERTIES OF THE STEERING-EQUIVALENCE MAPPING
	1.. Proof of Proposition 1
	2.. Proof of Proposition 2
	3.. Proof of Theorem 2(1)
	4.. Proof of Theorem 2(2)

	. APPENDIX C: SEMI-DEVICE-INDEPENDENT CHARACTERIZATION
	1.. Proof of Theorem 3
	2.. Proof of Theorem 4
	3.. Proof of Proposition 3

	. REFERENCES


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile ()
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 5
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2003
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    33.84000
    33.84000
    33.84000
    33.84000
  ]
  /PDFXSetBleedBoxToMediaBox false
  /PDFXBleedBoxToTrimBoxOffset [
    9.00000
    9.00000
    9.00000
    9.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames false
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks true
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks false
      /BleedOffset [
        9
        9
        9
        9
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


