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Cavity QED, wherein a quantum emitter is coupled to electromagnetic cavity modes, is a powerful
platform for implementing quantum sensors, memories, and networks. However, due to the fundamental
trade-off between gate fidelity and execution time, as well as limited scalability, the use of cavity QED
for quantum computation was overtaken by other architectures. Here, we introduce a new element into
cavity QED—a free charged particle, acting as a flying qubit. Using free electrons as a specific example,
we demonstrate that our approach enables ultrafast, deterministic, and universal discrete-variable quan-
tum computation in a cavity-QED-based architecture, with potentially improved scalability. Our proposal
hinges on a novel excitation blockade mechanism in a resonant interaction between a free-electron and a
cavity polariton. This nonlinear interaction is faster by several orders of magnitude with respect to cur-
rent photon-based cavity-QED gates, enjoys wide tunability and can demonstrate fidelities close to unity.
Furthermore, our scheme is ubiquitous to any cavity nonlinearity, either due to light-matter coupling as in
the Jaynes-Cummings model or due to photon-photon interactions as in a Kerr-type many-body system.
In addition to promising advancements in cavity-QED quantum computation, our approach paves the way
towards ultrafast and deterministic generation of highly entangled photonic graph states and is applicable
to other quantum technologies involving cavity QED.
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I. INTRODUCTION

Quantum computation has the potential to unlock
unprecedented capabilities for solving difficult problems
[1], and has been the focal point of research across many
physical disciplines, with several realizations thus far [2–
10]. One of the earliest approaches to quantum compu-
tation relies on cavity QED [11–17]: a system in which
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a stationary matter qubit (such as an atom [18–22], a
quantum dot [23–29], a defect center [30], or even a super-
conducting artificial atom [31–33]) interacts strongly with
a “flying” (i.e., propagating) photonic qubit [18,34–36]
via the engineering of their electromagnetic environment
(e.g., via a cavity) [18,20,23,34,37–42]. Quantum com-
puting in CQED [13,18–21,26,28,29,33,35,36,43–46] can
be achieved by applying quantum gates through cavity-
mediated interactions between the matter qubits [43,46],
the photonic qubits [18,21], or a combination thereof
[35,36,47,48].

Although CQED remains an important platform for
several quantum technologies, including quantum sens-
ing [49,50] and quantum networks [34,43,47,48,51–54],
other architectures for quantum computing [2–10] are cur-
rently far more mature. One of the fundamental issues
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plaguing cavity QED as a quantum computing platform
is its inherent trade-off between gate fidelity and speed
[44,45,55]. The better the cavity quality and emitter coher-
ence, the more time it requires for interaction between the
matter and photonic qubits [44,45,55], making fast, large
bandwidth, and high-fidelity gates impractical, especially
when attempting to implement cavity QED with inherently
scalable platforms, such as integrated photonic circuits
[24,56–58]. Scalability of cavity QED especially in a solid-
state environment is also hindered by the need to fabricate
a large number of indistinguishable emitters in identical
cavities, which is difficult given the inherent variance in
cavity resonance and emitter transitions that can hamper
gate fidelities.

In this work, we propose to incorporate a new type of
qubit into cavity QED—a flying charged-particle qubit,

based on propagating charged quantum particles such as
free electrons and ions, as shown in Fig. 1. Focusing
on free electrons, we identify a mechanism for a free-
electron–polariton blockade, which allows for the deter-
ministic generation of a single hybrid light-matter excita-
tion (a polariton), and its entanglement with a free electron,
solely through the near-field interaction of the electron and
the cavity. Using this free-electron–polariton blockade, we
construct a universal set of quantum gates between polari-
tons for deterministic, discrete-variable quantum compu-
tation. For cavity-QED systems possessing strong enough
nonlinearity, we show that these quantum gates can operate
at timescales of less than a picosecond—orders of magni-
tude faster than the current state of the art in cavity QED,
and significantly below the dissipation rate of the cavity-
QED system. This ultrafast timescale is made possible

(a) (d)

(b)

(c)

two-qubit
entanglement

two-qubit
entanglement

three-qubit
entanglement

FIG. 1. Integrating flying charged-particle qubits into cavity QED. (a) In standard cavity QED, a stationary matter qubit (shown
in green) interacts nonlinearly with a flying photonic qubit (red wave packet), in an interaction mediated by a cavity. Light-matter
entanglement between the flying and stationary qubits is generated over slow timescales. (b) A flying charged-particle qubit (such
as an electron or ion, blue wave packet) interacts linearly with a photonic qubit on an ultrafast timescale, resulting in entanglement
between them. (c) When a flying charged-particle qubit drives a cavity-QED system, the light-matter interaction can be both nonlinear
and ultrafast, resulting in three-qubit entanglement between the constituents of the system. (d) Concept illustration of cavity QED
implemented in integrated photonic circuits and driven by a flying charged-particle qubit: ultrafast quantum gates and entanglement
distribution between separate cavity polaritons is mediated by the path- and energy-encoded information of the flying charged-particle
qubit (manipulated by matter wave beam splitters). Each excited cavity polariton comprises an entangled light-matter state, and its
photonic part can still be used as a flying qubit, for long-distance communication between processors or over a quantum network.
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owing to a resonant phase matching between the free elec-
tron and the cavity near field, and need only be longer
than the nonlinearity timescale (e.g., the vacuum Rabi
oscillation in the cavity). Our proposal is compatible with
other cavity-QED model systems, and greatly relaxes the
trade-off between gate speed and fidelity. The flying elec-
tron qubit is inherently tunable through its kinetic energy,
robust to variations in cavity resonance and immune to par-
ticle loss, unlike a flying photon qubit. Thus, it can boost
quantum information capacity and provide a new avenue
to scale up cavity-QED-based architectures. Our scheme
even facilitates the deterministic generation of highly
entangled multiphoton states [59–61], and can potentially
upgrade all manner of quantum technologies based on
CQED, ranging from quantum sensing [62] to quantum
simulation [63].

II. THEORETICAL MODEL:
FREE-ELECTRON–POLARITON BLOCKADE

The quantum interaction between free electrons and
light has seen dramatic advancements in the past decade,
from the observation of photon-induced near-field electron
microscopy [64–67] to the emerging field of free-electron
quantum optics [68–79], which is fully compatible with
integrated photonics [80–82]. These include demonstra-
tions of electron-photon correlations [81,83,84], highly
efficient quantum coupling between free electrons and pho-
tons [85], and theoretical proposals for continuous-variable
quantum optical computation [86]. Complementarily, the
quantum interaction between free electrons and quantum
emitters gave rise to several theoretical investigations [87–
92] focusing on the ability to infer and manipulate the
emitter state.

However, we are still at the early stages of exploring the
interaction of free electrons with nonlinear systems, which
include coupling between light and matter [62,93,94] or
between different light fields [95–97]. Thus, a fully quan-
tum theoretical description of such systems is necessary,
which we provide below, beginning with an intuitive
explanation.

When a quantum free-electron resonantly interacts with
a linear cavity, it can efficiently couple to the optical mode
and spontaneously emit multiple photons [68,72,85], as
illustrated in Fig. 2(a). In the course of the interaction,
the electron energy becomes entangled with the generated
photon number. In contrast, when a free electron is res-
onantly coupled to a cavity-QED-like system, it interacts
with a nonlinear cavity possessing an inherent polariton-
blockade mechanism: the existence of a first polariton in
the cavity detunes the excitation of a second polariton.
Hence, the free electron can only emit a single polari-
ton, as illustrated in Fig. 2(b). The electron becomes
entangled only with this single excitation, and the system

therefore occupies a much smaller Hilbert space befitting
discrete-variable computation.

Our model incorporates free electrons with a cavity-
QED system, and captures all the effects mentioned above.
The total system Hamiltonian is given by

Htot = Hp + Hmatt + He
︸ ︷︷ ︸

H0

+ Hnl + Hep
︸ ︷︷ ︸

H1

, (1)

where H0 = Hp + Hmatt + He is the noninteracting part
of the Hamiltonian; He = E + ∫

dq�vqc†
k0+qck0+q is the

linearized free-electron Hamiltonian under the paraxial
approximation [68], with E, v, k0 being the initial energy,
velocity, and wave number of the electron, respectively,
and ck being the fermionic annihilation operator; Hp =
�ωa†a is the photonic Hamiltonian, describing a single
cavity mode with energy �ω and annihilation operator a;
and Hmatt is the stationary emitter Hamiltonian, which is
model dependent.

The interaction part of the Hamiltonian, H1 = Hnl +
Hep, is comprised of the emitter-photon and electron-
photon interactions, respectively. The former Hamilto-
nian depends on the specific cavity-QED model of
choice, while the latter is given in the interaction pic-
ture, and under the nonrecoil approximation [108], by the
expression

Hep = i�
∫

dqei(qv−ω)tGqb†
qa − i�

∫

dqe−i(qv−ω)tG∗
q bqa†,

(2)

where q is the longitudinal recoil experienced by the free-
electron; bq = ∫

dkc†
k−qck is the free-electron momentum-

lowering operator by a recoil q, satisfying [bq, b†
q′] =

0; and Gq = (ev/�ω)
∫ L

0 e−iqzEz(rT, z)dz is the recoil-
dependent coupling constant, with e, E(rT, z), rT, L being
the electron charge, the cavity-mode envelope, the trans-
verse position of the electron inside the cavity near
field and the cavity length, respectively. The validity
of the single-mode approximation regime of the free-
electron–light phase-matched interaction, and in particular,
a proposal for an efficient single-mode free-electron–light
interaction employing the phase-matching technique in
periodic structures, is discussed in Appendix F, and illus-
trated in Figs. 9 and 10.

The nonlinear cavity Hamiltonian Hnl is generally
quantified by a nonlinearity strength κ , stemming from
strong coupling between light and matter. The essen-
tial difference between a nonlinear and a linear cavity is
the emergence of a number-dependent energy difference
between adjacent energy levels. Instead of a constant dif-
ference, i.e., ωn − ωn−1 = ω, a nonlinear cavity exhibits
the relation ωn − ωn−1 = ω + f (n)κ , where f (n) is some
function of the energy-level number n. This number
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FIG. 2. Free-electron–polariton blockade. (a) A quantum free electron traverses a linear cavity while being phase matched to the
cavity mode, conserving both momentum and energy. If the interaction is strong enough, the electron is able to emit multiple photons
into the cavity, and its energy becomes highly entangled with the cavity photon number. (b) When the same electron traverses a cavity-
QED-like system, which is comprised of a nonlinear cavity, the inherent polariton blockade effect allows for phase matching only in the
process of a single polariton emission, while consecutive emission events will be phase mismatched. As a result, the electron energy
becomes entangled in a minimal polariton-number Hilbert space. The dynamics then reduces to an effective two-level system driven
by a quantum free electron. (c),(d) Cavity-QED models for a free-electron polariton blockade. In both settings, the electron grazes
the cavity in vacuum and interacts with the polariton nearfield. The first model is a Kerr nonlinear system (c), characterized by the
interaction Hamiltonian Hnl = �κa†a†aa and realized by interacting exciton polaritons with creation and annihilation operators a†, a
in microcavities or waveguides [98–101]. Inset: the polaritonic energy levels as a function of the nonlinearity ratio κ/ω, with spacing
linearly increasing with polariton number n. The second model is a Jaynes-Cummings system (d), characterized by the interaction
Hamiltonian Hnl = �κσ+a + �κσ−a† and realized, for example, by situating a two-level system with ladder operators σ+, σ− inside
a nanobeam single-mode microcavity [23,24,102] (typical mode lengths ranging between several microns to tens of microns [103–
107]), with photonic creation and annihilation operators a†, a. Inset: polaritonic energy as a function of κ/ω. While the Rabi splitting
increases as

√
n, the spacing between adjacent energy levels decreases as

√
n − √

n − 1.

dependence facilitates the polariton blockade mechanism.
In Appendix A, we specify two typical models for cavity-
QED-like nonlinear cavity systems, determining both Hmatt
and Hnl: the Jaynes-Cummings (JC) model [16,17,23,24,
34], considering a single two-level emitter inside a cavity;
and a Kerr nonlinearity model, with inherent single-photon
nonlinearity that is mediated by matter-matter interactions
in a many-body system [98–101]. These two systems and
their nonlinear energy spectra are depicted in Figs. 2(c)
and 2(d).

In the presence of photonic losses (radiative or
absorptive, with a total rate γ ), which we assume to be the
dominant loss mechanism in our system, the interaction-
picture dynamics (subscript I ) of the system density
matrix, ρI , is given by the Lindblad master equation of the
form

dρI

dt
= − i

�
[H1,I , ρI ] + γ

(

aρI a† − 1
2

a†aρI − 1
2
ρI a†a

)

,

(3)
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where H1,I is the interaction-picture form of H1 = Hnl +
Hep where Hnl depends on our model of choice [see
Appendix A and Figs. 2(c) and 2(d)]. Unless stated other-
wise, we will numerically integrate Eq. (3) to obtain all the
results presented in this work. The details of the numerical
solution are presented in Appendix C. We note that addi-
tional loss and decoherence mechanisms may be present,
for example, owing to the weak interaction of the free
electron with additional optical modes. In Appendix E, we
provide an estimate to the maximal reduction in quantum
fidelity owing to the latter effect. The quasi-single-mode
approximation that we utilize in Eq. (3) and in the deriva-
tion below, assumes a considerable group-velocity mis-
match between the electron and cavity modes, defining a
characteristic phase-matching timescale tPM. As discussed
in Appendix F, a phase-matched interaction time tint = L/v
longer than tPM can satisfy the single-mode approximation,
while still being orders of magnitude shorter than the mode
lifetime γ−1. In other words, the phase-matching band-
width of the electron-photon interaction can be narrower
than the cavity-free spectral range and wider than the mode
linewidth, ensuring a single-mode excitation (see Fig. 9).
In the limit of resonant phase matching (L � 2π/q0, where
q0 is the longitudinal wave number of the cavity mode)
and negligible losses (γ � v/L), it is possible to invoke
energy and momentum conservation in the excitation of
the nth energy level, such that q = q0, bq = bq0 ≡ b, Gq =
Gδ(q − q0) and q0v = ωn − ωn−1. The scattering matrix
associated with the interaction thus takes an analytical
closed form, which depends on the properties of the cavity.

In the linear case, it takes the well-known form of
a displacement operator [68,72], i.e., Slin = exp(gQb†a −
g∗

Qba†), where gQ = GL/v is the dimensionless coupling
constant. In contrast, the scattering matrix for the nonlinear
cavity takes a distinctly different form, given by

Snl = cos|	| − i sin|	| (ei arg 	b|1̄〉 〈

0̄
∣

∣ +e−i arg 	b†|0̄〉 〈

1̄
∣

∣

)

,
(4)

where the states |n̄〉, n = 0, 1 denote any pair of two con-
secutive polaritonic number states on the polariton energy
ladder (detailed in the caption of Fig. 3), and 	 is the free-
electron–polariton dimensionless vacuum Rabi frequency,
both of which are model dependent (	 = gQ or gQ/

√
2 for

the Kerr and JC models, respectively; see Appendix B).
Contrary to the linear case, where spontaneous emission
of the electron into the cavity results in Poissonian statis-
tics with a mean |gQ|2, a strongly nonlinear cavity supports
only a single polariton excitation, and can produce a com-
plete population inversion between the ground state (or,
in general, the lower energy state of the pair) |0̄〉, and
the consecutive excited state |1̄〉, which we refer to as the
free-electron–polariton blockade effect.

Figures 3(a) and 3(b) illustrate the continuous transition
between the linear and nonlinear regimes with increasing

κ , as is evidenced in both the photon statistics and the elec-
tron energy-loss spectrum (EELS) (see Appendix C for the
calculation method). Figures 3(c) and 3(d), on the other
hand, demonstrate the sharp dependence of the blockade
effect on the phase-matching condition, whereby a block-
ade occurs only at the exact phase-matching condition with
a specific polariton energy level. Nevertheless, the phase-
matching bandwidth—being inversely proportional to the
electron time of flight across the cavity, v/L—can toler-
ate small variations in cavity resonance (say, on the order
of the cavity linewidth), which can otherwise detune a
photonic flying qubit.

In a specific phase-matching condition, the blockade
reduces the entire Hilbert space to that of an effective two-
level system with Rabi oscillation determined by |gQ|, as
shown in Fig. 4. Interestingly, tuning the electron veloc-
ity allows for selective excitation of different polaritonic
transitions, which could become useful for encoding dif-
ferent physical qubits and for generating higher-order Fock
states.

To verify that the polariton blockade can indeed be used
to control the quantum state of polaritons and produce
quantum gates, we calculate the fidelity F = 〈ψ |ρ|ψ〉
between the state of the full system [described by the
density matrix ρ in Eq. (3)], and the target pure state
|ψ〉 generated by the ideal scattering matrix [Eq. (4)], for
different combinations of relative loss γ /ω and coupling
κ/ω. Figures 5(a) and 5(b) show the fidelity map assuming
either the JC [Fig. 5(a)] or Kerr [Fig. 5(b)] model, demon-
strating a clear universal behavior. Figure 5(c) presents
a comparison of fidelities at the strongest coupling coef-
ficient considered (κ/ω = 0.02), as a function of loss
ratio, where a maximal fidelity is shown to exceed 97%
for both models. We emphasize that this is not a funda-
mental limit, as considering slower electrons [109–111],
longer electron-cavity interaction length (which has been
achieved experimentally [85,112]), or even multiple passes
using a free-electron cavity [113], can increase the fidelity
indefinitely, and can also be used to reach high-fidelity
values for weaker nonlinearities. Additional decoherence
mechanisms owing to the weak multimode interaction of
the free electron with the cavity, and the reduction in
quantum fidelity that arises from them, are discussed in
Appendix E.

III. UNIVERSAL, ULTRAFAST
FREE-ELECTRON-MEDIATED QUANTUM

GATES

Even without a free electron present, both of the models
we considered can produce quantum gates between their
constituents to perform discrete-variable quantum com-
putation, using interactions controlled and mediated by
the nonlinear cavity. However, they suffer from signifi-
cant limitations to gate fidelity and speed, owing to the
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(a) (b)

(c) (d)

FIG. 3. Polariton statistics and electron energy-loss spectra of the free-electron–polariton blockade: dependence on cavity non-
linearity and phase-matching selectivity. Simulation results of electron energy-loss spectra (EELS) and polariton-number statistics,
via the numerical integration of the Lindblad master equation [Eq. (3)]. (a),(b) Continuous transformation of the EELS (a) and
photon-number statistics (b) for free-electron spontaneous emission into a Kerr nonlinear cavity as a function of the coupling ratio
κ/ω. As the nonlinearity increases, complete population inversion from the Kerr-polariton ground state |0̄〉 = |0〉 and a single
Kerr-polariton Fock state |1̄〉 = |1〉 occurs, whereas a Poissonian distribution is apparent in the linear case. Parameters used in the
simulation are E = 200 keV, L = 40 μm, γ /ω = 10−5, v = ω/q0 = 0.6953c, q0 = 2π/532 nm−1, gQ = π/2. (c),(d) EELS (c) and
polariton-number statistics (d) for free-electron spontaneous emission into a Jaynes-Cummings nonlinear cavity as a function of the
velocity ratio v/v0 (where v0 = ω/q0 = 0.2719c). κ/ω = 0.02, gQ = π/

√
2, E = 20 keV and all other parameters are the same as in

(a),(b). In the JC example, we consider the single excitation manifold of |0̄〉 = |0∗〉 = |0, g〉 and |1̄〉, which can be either the upper
(|1+〉) or lower (|1−〉) polariton state, where|1±〉 = (|g, 1〉 ± |e, 0〉)/√2, with |0〉, |1〉 denoting the bare photon-number states and
|g〉(|e〉) the bare emitter ground (excited) state. Only when the free-electron velocity is tuned to phase match with a specific polari-
ton [v = v± = (ω ± κ)/q0 = (1 ± 0.02)v0], does a full population inversion take place. In this manner, the electron velocity can be
used to selectively determine the polariton type chosen for excitation. The difference in gQ between (a),(b) and (c),(d) arises from our
assumption that in the JC model, the electron couples only to the photonic degrees of freedom of the cavity.

need for large coupling efficiencies between the facilitator
of the interaction (i.e., cavity) and the interacting parties
(i.e., photons and/or emitter). This is not merely a techni-
cal issue, since the requirements for spectral and spatial
matching between modes outside and inside the cavity
impose an upper boundary to the rate at which quantum
gates may be applied [44,45,55], typically on the order of
1 MHz (or once every 1 microsecond).

Therein lies the advantage of integrating electrons into
these models: as an electron passes by a cavity, its inter-
action with the cavity persists as long as it interacts with
the cavity near field. Not only does this eliminate the need

for mode matching, since the electron inserts a photon into
the cavity with greater ease, but it also restricts the gate
application rate to the interaction time between the elec-
tron and the cavity. Considering cavities on the order of
tens of microns, and fast electrons, such as can be found
in transmission electron microscopes, gates can be applied
within hundreds of femtoseconds (or a rate of a few THz–6
orders of magnitude in difference).

The first step towards integrating free electrons with
cavity QED is to identify the physical qubits that best
fit the proposed interaction mechanism. Unlike conven-
tional cavity-QED protocols employing the JC model,
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FIG. 4. Effective photonic two-level system dynamics driven by free electrons. Polariton-number statistics for both the Kerr (a),(b)
and JC (c),(d) models, as a function of the dimensionless electron-light coupling gQ. A single Rabi oscillation is apparent in all figures
within a manifold preselected by the electron velocity, producing phase matching with a specific polariton transition [(a) v = ω/q;
(b) v = (ω + 2κ)/q; (c) v = (ω + κ)/q; (d) v = (ω − κ)/q]. Each transition is illustrated in the corresponding inset nonlinear cavity
energy-level diagram. Stimulated emission in the cavity produces a faster population inversion in (b), which occurs at gQ = π/

(

2
√

2
)

.
The coupling ratio κ/ω was set to 0.02 in all simulations. Otherwise, all parameters in (a),(b) and (c),(d) are the same as in Figs. 3(a),(b)
and (c),(d), respectively.

wherein the emitter qubit is typically encoded in two long-
lived ground states [34], here it is more natural to encode
qubits in the single-excitation manifold of the polari-
tons (the polariton-number basis |0̄〉 and |1̄〉). While this

encoding would be impractical for conventional cavity-
QED gates in quantum memory and network applications
that require long lifetimes, in our case the computation
can be done orders of magnitude faster than the polariton

(a) (b) (c)

FIG. 5. Quantum state fidelity as a function of coupling strength and cavity loss. Quantum state fidelity for different photon-loss rates
and coupling strengths, calculated between the total density matrix ρI of Eq. (3) and the target state generated by the analytic scattering
matrix of Eq. (4). (a) Jaynes-Cummings cavity, with parameters E = 20 keV, v = (ω − κ)/q0 = 0.2719c, q0 = 2π/532 nm−1, L =
40 μm, and gQ = π/

√
2. (b) Kerr cavity, with parameters E = 200 keV, v = ω/q0 = 0.6953c, q0 = 2π/532 nm−1, L = 40 μm, and

gQ = π/2. (c) Comparison of the polariton state fidelity in each model, for the maximal coupling κ/ω = 0.02. Maximal fidelity for
both models exceeds 97%. Apart from the cavity-loss rate, the limiting factor for the fidelities is the interplay between the cavity
nonlinearity κ and the phase-matching bandwidth, proportional to v/L. If the latter is not much smaller than the former, the electron
couples to higher-order polariton states that lie outside of the target Hilbert space.
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(a) (c)

(b)

FIG. 6. Universal free-electron-driven single-qubit gates for the polariton state. (a) Electron-controlled z rotation on the polariton
Bloch sphere, implemented by letting an electron interact twice with the same cavity but at different transverse locations within the
nearfield. The coupling has the same magnitude |	| = π/2 for each pass, yet the two paths can have a phase difference φ. (b) Electron-
controlled transverse rotation gate about a general transverse axis ρ̂ = (cosϕ, sinϕ) on the polariton Bloch sphere, implemented by
preparing an electron in a comb state |comb(ϕ)〉 and letting it interact with the cavity. (c) Transformation of the physical qubit basis
from the number basis {|0∗〉, |1+〉} (top inset) to the polariton-type basis {|1−〉, |1+〉} (bottom inset), by applying the gate CepX− with
a comb electron, having a velocity tuned with the transition |0∗〉 ↔ |1−〉.

lifetime, rendering this encoding useful for the quantum
gate operations we discuss below. After the computation
is performed, the tunable free-electron–polariton blockade
mechanism (Fig. 4) can be employed to convert the qubit
encoding from the polariton-number basis to other bases
[for example, as in Fig. 6(c)], allowing for a seamless
integration with conventional cavity-QED protocols.

Next, for the notion of using free-electron-mediated
quantum gates in a cavity-QED-like architecture, we must
demonstrate that they can support a universal set of quan-
tum gates. Building on the analytical description of the
free-electron–polariton blockade in Eq. (4), we proceed to
denote the electron-cavity interaction by a single unitary
operator U(	) = Snl, where Snl is the nonlinear scattering
matrix of Eq. (4). We will use the unitary U(	) to construct
a universal single-qubit gate set acting on the polariton
qubit driven by a free-electron ancilla. However, as the
electron energy can become entangled with the polariton
state, care must be taken to make sure that the former does
not change due to the applied gate. In other words, the free-
electron energy must be disentangled from the polariton
qubit.

First, we can describe an electron-controlled rotation
by an angle φ about the z axis of the polariton state
Bloch sphere, taking the form CepRz(φ) = |E〉0〈E|0 ⊗ Ip +
|E〉1〈E|1 ⊗ exp (−iφσz), as illustrated in Fig. 6(a). Here,
the electron is a path qubit denoted as |E〉m, where m = 0, 1
represents an electron passing far away from the cavity
(m = 0) or in close proximity to it (m = 1). If the elec-
tron interacts twice with the same cavity (using, e.g., an
electron mirror [114]) but at different transverse locations

(a and b) within the complex cavity near-field envelope,
or with an adjustable phase delay, induced, for exam-
ple, by a programmable electrostatic phase plate [115],
having the same interaction strength |	a| = |	b| = π/2
and a relative phase φ = arg	b − arg	a, the electron
energy before and after interaction remains the same. The
resulting polariton gate becomes

Rz(φ) = exp(−iφσz) = U
(π

2
eiφ

)

U
(π

2

)

= e−iφ|0̄〉 〈

0̄
∣

∣ + eiφ|1̄〉 〈

1̄
∣

∣ , (5)

where we used the fact that bb† = b†b = 1. Discarding
a global phase, the gate Rz(φ) is the general phase gate
P(2φ), and for φ = π/2,π/4, and π/8, we can implement
electron-controlled Z, S, and T gates, respectively.

Additionally, we describe an electron-controlled rota-
tion by an angle |	| about a transverse axis ρ̂ =
(cosϕ, sinϕ) of the polariton state Bloch sphere, tak-
ing the form CepRρ̂ (|	|) = |comb(ϕ)〉0〈comb(ϕ)|0 ⊗ Ip +
|comb(ϕ)〉1〈comb(ϕ)|1 ⊗ exp(−i|	|ρ̂ · σT), as illustrated
in Fig. 6(b). Here, the electron is prepared in a free-electron
comb state [72] of phase ϕ, ideally defined as |comb(ϕ)〉 =
∑

l eilϕ|E + l�ω0〉, manifesting as equal superpositions of
electron energies in the spectral domain, or as ultrashort
electron pulse trains in real space. These can be pre-
pared using a series of laser modulations and free-space
propagations [116,117]. Being eigenstates of the electron
ladder operators b and b†, electron comb states do not
get entangled with the polariton qubit, but rather induce
a semiclassical drive that, in the linear regime, excites
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a Glauber coherent state in the cavity [72]. In our case,
applying the unitary in Eq. (4) on the state |comb(ϕ)〉1 (and
assuming that arg	 = 0 for simplicity), we find

Rρ̂ (|	|) = exp(−i|	|ρ̂ · σT) = U(|	|)|comb(ϕ)〉1

= [

cos|	| − i sin|	| (eiϕ|1̄〉 〈

0̄
∣

∣ + e−iϕ|0̄〉 〈

1̄
∣

∣

)]

⊗ |comb(ϕ)〉1. (6)

In this manner, we can implement elementary gates such as
exp(−i(π/2)σx) = −iX , exp(−i(π/4)σy) = HZ and the
Hadamard gate exp(−i(π/2)σx) exp(−i(π/4)σy) = −iH .
Finally, combining the two electron-controlled gates of
Eqs. (5) and (6) implements a universal set of single-
qubit gates, which can be readily used for state prepara-
tion and readout done exclusively by free electrons. The
gate CepRx̂, as presented in Fig. 6(c), can serve a pur-
pose other than performing single-qubit operations: by
selectively tuning the free-electron–polariton blockade to
a different polaritonic transition, it can transform a physi-
cal qubit in the polariton number basis to other bases, such
as the polariton-type (upper and lower polariton) basis,
or to a qubit encoding using two emitter ground states.
This transformation may be important for certain cavity-
QED applications such as quantum memories and quantum
networks [34,43,47,48,51–54].

Now that we have established a universal single-qubit
gate set, we must also present a two-qubit gate between
polaritons that supports universal quantum computation,
with the electron acting as an ancilla [118]. A determin-
istic two-polariton gate can be achieved by the interaction
of an electron with two consecutive cavities, while making
sure to disentangle the electron ancilla from the state of the
two polariton qubits.

The first stage of a proposed two-polariton controlled-Z
gate is an entanglement operation wherein the first polari-
ton qubit controls the path of the free electron, realizing a
controlled path (CpePath) gate, as depicted in Fig. 6(a).
First, the free-electron ancilla qubit is prepared in state
|E〉1 and interacts with the first cavity with coupling 	 =
(π/2)eiφ , entangling the electron energies |E ± �ω〉1 with
the polariton computational basis states. Next, the elec-
tron passes through an electron spectrometer, separating
the two electron energies into two different paths. Finally,
a second interaction with the cavity, with the same cou-
pling 	 = (π/2)eiφ , restores the initial electron energy E
in each of the output paths. Acting on a general polariton
qubit state |ψ〉 = α|0̄〉 + β|1̄〉 and a free-electron ancilla in
state |E〉1, the CpePath gate results in

CpePath|ψ〉 |E〉1 = α|0〉|E〉0 + β|1〉|E〉1

= XeCpeX |ψ〉|E〉1, (7)

where Xe and CpeX denote, respectively, a NOT gate act-
ing on the electron and a CNOT gate with polariton control

qubit and electron target qubit. The equivalent circuit of
CpePath is depicted in Fig. 7(a).

The next stage of the gate would be to apply a
controlled-Z gate on the second polariton qubit, controlled
by the free electron [the CepZ gate of Fig. 6(a)]. Next, a
Hadamard gate H is applied on the electron qubit. The lat-
ter can be implemented, for example, using ponderomotive
beam splitters [119], elastic Kapitza-Dirac diffraction from
a standing wave [120], or a PINEM interaction [65], as
depicted in Fig. 7(b). Finally, a second CepZ gate is applied,
this time on the first polariton qubit. The Hadamard and
second CepZ gate disentangle the free electron from the
polariton qubits, after which the electron is found deter-
ministically in the state (|E〉0 + |E〉1)/

√
2. A final appli-

cation of a Hadamard gate transforms the ancilla state to
|E〉0. Figure 7(c) depicts the explicit and equivalent circuit
of the two-polariton CZ gate (see Fig. 8 in Appendix D
for derivation). Clearly, the action of the equivalent circuit
is to implement a controlled-Z operation between the two
bottom qubits, mediated by the top ancilla qubit.

IV. CONSIDERATIONS TOWARD AN
EXPERIMENTAL REALIZATION

The demonstration of our proposed architecture for
quantum computation should motivate further improve-
ment in the performance of the state of the art
in cavity-QED systems and in achieving strong free-
electron–photon coupling. The most important require-
ment for realizing the full potential of our proposal is
to find a cavity-QED system possessing a strong enough
nonlinearity, which is challenging in photonic microcavity
systems. The requirement for a highly efficient electron-
photon interaction (gQ larger than unity) is a further chal-
lenge, as our scheme requires gQ > 1, while the state of
the art for all-dielectric structures is gQ ∼ 0.1 [81,121].
This could be theoretically increased using optimized all-
dielectric structures [82,122], or using hybrid dielectric-
metal waveguides [85], for which the experimental val-
ues recently reached gQ = 1. More specifically, the high
blockade fidelity sets an upper bound for the application
rate of the electron-mediated quantum gates, since the
blockade frequency—on the order of the cavity nonlinear-
ity, κ—must be far greater than the free-electron phase-
matching bandwidth �ωPM ∼ 1/T = v/L. In turn, this
relative bandwidth �ωPM/ω must be far greater than the
relative energy uncertainties of both the electron (�E/E)
and the cavity mode (γ /ω). Thus, in general, we require

γ

ω
,
�E
E

� �ωPM

ω
� κ

ω
. (8)

The range of parameters currently demonstrated in exper-
iment suggests that a proof-of-principle experiment of the
free-electron polariton blockade effect can be pursued.
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(a) (b)

(c)

Cpe Path

1

Electron Hadamard

=
1 0

) Cpe Patha CepZ CepZ

0 0

equivalent circuit

FIG. 7. Two-polariton controlled-Z gate mediated by a free electron. (a) controlled-path (CpePath) gate between a polariton control
qubit and a free-electron target qubit, prepared in an initial state |E〉1. The electron interacts with the cavity with coupling strength
	 = π/2, either losing or gaining an amount �ω of energy. Then, the electron passes through an electron spectrometer, which translates
the resulting different electron energies into two different output paths, both interacting again with the same cavity, restoring the original
electron energy. The result is an entangled state wherein the polariton controls the output path of the electron, with an equivalent circuit
as shown in the inset. (b) A free-electron Hadamard gate (realized, for example, by a ponderomotive beam splitter, Kapitza-Dirac elastic
diffraction, a PINEM interaction, etc.). (c) The quantum circuit of the two-polariton controlled-Z gate and its equivalent form. The first
polariton qubit controls the free-electron ancilla by CpePath. Then, the electron drives a CepZ gate acting on the second polariton qubit.
The electron is disentangled from the polaritons by application of an electron Hadamard gate H followed by a second CepZ acting on
the first qubit, and a final Hadamrd, leaving the ancilla qubit in state |E〉0. In the equivalent circuit (derived in Fig. 8 in Appendix D),
it is clear that a controlled-Z gate is applied to the two bottom qubits, mediated by the top ancilla qubit.

In the optical domain, an efficient electron-photon cou-
pling gQ of unity with �ωPM/ω = βλ/2πL of 7 × 10−4

(using the experimental parameters of Ref. [85]) has
already been achieved in a hybrid dielectric-metal waveg-
uide, though with limited polariton coherence length [85],
while the state of the art in an all-dielectric structure [81]
is gQ = 0.1 with �ωPM/ω = 3.6 × 10−3, with ongoing
attempts to design dielectric structures exhibiting higher
efficiencies [82,122]. The typical values of γ /ω,�E/E
(between 10−4 to 10−9, depending on quality factors and
electron energies), are indeed much smaller than that, as
required.

However, to fully utilize the advantage of the flying
charged-particle qubit for quantum computation, signifi-
cant improvements in the single-photon nonlinearity and
the electron-photon coupling in all-dielectric cavities are
still necessary. State-of-the-art values of κ/ω are 10−4

with quantum dots in dielectric microcavities [23,24,123],
10−3 μm2 (per unit density) in Kerr-like propagating exci-
ton polariton systems [99–101,124], and 10−8 in atomic
CQED systems [34,52]. Specifically, to observe features of
free-electron-polariton blockade (e.g., electron energy loss
spectra deviating from a Poissonian distribution), it can
be seen from Figs. 3(a) and 3(b) that relative nonlinearity

values of κ/ω ∼ 5 × 10−3 could be sufficient with the
parameters simulated herein. This value can even be low-
ered by using slower electrons, since the blockade thresh-
old for κ/ω scales as �ωPM/ω ∝ βλ/L [see Eq. (8)].
Values of κ/ω ∼ 10−3 could be reached by considering
propagating exciton polaritons in waveguides [99–101]
with densities of 1 μm−2 [100] or above. Another possi-
ble route to increase the cavity nonlinearity is to employ
quantum dots with large dipole moments (several tens of
debye, as in GaAs quantum dots [125–127]) embedded in
photonic crystal nanobeam cavities [23,24], which can dis-
play ultralow mode volumes even for cavity-mode lengths
of several microns [103–107,128].

Using slower electrons [109–111,129] or electron cavi-
ties [113] could support lower nonlinearity values, albeit
at the cost of slower gates. On the other hand, increas-
ing the electron-photon coupling is possible using inte-
grated photonic cavities, based on slot waveguides [122,
130], nanowires [131,132], flatband photonic modes [133],
photonic crystals on nanobeams [128], and fiber Bragg
gratings supporting BICs [134]. Interestingly, the strin-
gent requirements of Eq. (8) could potentially be fulfilled
in the microwave range of circuit-QED systems [135],
by employing few-keV electrons and centimeter-length
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transmission line resonators, operating in the ultrastrong
coupling regime [136,137].

V. DISCUSSION

We proposed a new paradigm for quantum computa-
tion based on a cavity-QED-like architecture with flying
charged-particle qubits mediating interactions, providing
a potentially enormous increase in gate application speed.
We specifically focused on free-electron flying qubits
interacting with cavities hosting single-photon nonlin-
earities of different types (JC and Kerr), introducing a
novel free-electron–polariton blockade effect. The block-
ade reduces the entire Hilbert space to that of an effective
two-level system driven by the free electron (similarly to
the on-resonance ac Stark effect [138]), establishing that
it can indeed enable discrete-variable gate-based quantum
computation. We then described a universal quantum gate
set in cavity-QED-like architectures, enabled solely by free
electrons. In Appendix G, we discuss how our proposed
scheme satisfies the DiVincenzo criteria [139] for quantum
computation.

Contrary to the prevalent photon-based gates, which
need to operate on timescales of the order of the cavity
lifetime to maintain high fidelity, free-electron–based gates
can operate as fast as the time of flight T = L/v of the
electron, only limited by the Rabi oscillation time within
the cavity, while being orders of magnitude faster than the
cavity lifetime, even when slow electrons (e.g., of few-keV
energies) are used. Therefore, these gates will always be
fundamentally faster and more robust to errors in the cavity
parameters such as detuning.

Furthermore, the electron can interact with several cav-
ities without particle loss, unlike the photon [48,52]. Its
inherent coherent energy width �E along with the phase-
matching bandwidth of its interaction with the cavity
mode can aid in tolerating small changes to the polari-
ton resonance of different cavities (of the order of several
cavity lifetimes γ , which a flying photon qubit cannot
tolerate), while retaining high gate fidelities of the quan-
tum circuit. Therefore, introducing even a single flying
charged-particle qubit can aid in the speed and scalability
of cavity-QED quantum computing, whereas adding more
flying charged-particle qubits can increase both the dimen-
sion of the computation [140–142] and the Hilbert-space
dimension of the system.

Moreover, we note that our proposal can be potentially
integrated in different cavity-QED quantum computing
architectures, as using the flying charged-particle qubit
does not impede existing methods for producing quan-
tum gates, only adding upon them. In fact, photon-based
quantum gates are more preferable for long-range commu-
nications between quantum processors or within a quan-
tum network [34,43,47,48,51–54], and thus the current
strengths of the cavity-QED platform can still be main-
tained. Moreover, unlike earlier demonstrations of cavity

QED with flying neutral atom qubits [143–145], the free-
electron–light interaction relies on a fundamentally differ-
ent mechanism [68], establishing the free charged-particle
qubit as a genuinely new entity in the cavity-QED model.
Unlike previous works in the literature, considering the
interactions of free electrons with atomic two-level emit-
ters [87–91], the free-electron polariton blockade relies on
the free-electron–photon coupling, which can be orders of
magnitude stronger than the free-electron–atom coupling
[85]. Further, as the free-electron–atom interaction is not
phase matched, the electron can be scattered into a con-
tinuum of final energies, making disentanglement more
difficult; while the analytic closed-form solution of our
model holds also in the weak-coupling regime [88,89].

The interaction of a single electron with several cavi-
ties can be used to deterministically generate large-scale
photonic graph states [59–61] with high fidelities, which is
one of the premier bottlenecks for photonic measurement-
based quantum computation [146,147]. In the same vein,
continuous-variable, fault-tolerant quantum computation
can also be performed using similar systems to those con-
sidered here [86,148,149], implying that flying charged-
particle qubits might also enable quantum error correction
in cavity-QED-based platforms [32,148,150] as well.

Finally, we stress that the free-electron–polariton block-
ade effect and its consequences, as detailed in our work,
can open a myriad of other applications in all manner of
quantum technologies. Aside from enhancing cavity-QED-
based quantum sensing [49], free electrons can act as medi-
ators for interactions between different cavities in quantum
simulations of the Jaynes-Cummings-Hubbard model [63].
Potentially, this would allow much larger hopping ampli-
tudes, opening a route towards using CQED systems to
simulate Heisenberg interaction models [151], as well as
interaction Hamiltonians with controllable dimensionality,
sign and symmetry through time-varying electron acceler-
ation and deceleration between consecutive interactions.
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APPENDIX A

In this Appendix, we discuss the different interaction
Hamiltonians considered in this work.

To derive the free-electron–photon interaction Hamil-
tonian, Eq. (2), we start from the interaction Hamilto-
nian in second quantization Hep = ∫

d3rj(r) · A(r) where
j(r) = (e/2m)ψ†(r)(−i�∇)ψ(r)+ h.c. (for a nonrela-
tivistic electron) or j(r) = ec�†(r)α�(r) (for a relativis-
tic electron) is the electron current-density operator, with
ψ(r) or �(r) denoting the fermionic scalar and spinor
position space electron annihilation operator in second
quantization. Here e, m, c denote the electron charge, mass,
and speed of light, respectively, α the Dirac α matrix, and
A(r) = ∑

j (i/ωj )E j (r)aj + h.c. is the vector potential,
comprising modes j where ωj , Ej (r), aj are the mode reso-
nance frequencies, electric field envelope and ladder oper-
ators, respectively. Under the approximations employed
below for the electron, the nonrelativistic and relativistic
cases (ignoring spin) differ [152,153] only by a Lorentz
factor γ in the definition of the electron velocity v =
�k/mγ where k is the electron carrier wave number. In the
nonrecoil approximation, we neglect quadratic corrections
to the electron energy difference Ek − Ek−q ∼= �qv, where
q is the recoil felt by the electron upon a photon emission;
in the paraxial approximation, we assume that the electron
has a well-defined carrier velocity v with a slowly vary-
ing envelope, and a transverse profile φT(rT) that does not
change during the interaction with the field. Under these
approximations, the current-density operator simplifies to
j(r) ∼= evψ†(r)ψ(r)whereψ(r) = φT(rT)

∫

dkeikzck, with
ck denoting the fermionic momentum-space annihilation
operator. The current operator can then be expressed as

j(r) = ev|φT(rT)|2
∫

dqe−iqz
∫

dkc†
k+qck. (A1)

Substituting into the interaction Hamiltonian Hep =
∫

d3rj(r) · A(r) we find

Hep = i�
∑

j

∫

dq
∫

dkc†
k+qck

×
[

ev
�ωj

∫

d2rT|φT(rT)|2
∫

dze−iqzEj ,z(r)
]

aj

− i�
∑

j

∫

dq
∫

dkc†
k−qck

×
[

ev
�ωj

∫

d2rT|φT(rT)|2
∫

dzeiqzE∗
j ,z(r)

]

a†
j

(A2)

Now by defining Gq,j ≡ (ev/�ωj )
∫

d2rT|φT(rT)|2
∫

dze−iqz

Ej ,z(r), and bq ≡ ∫

dkc†
k−qck, b†

q ≡ ∫

dkc†
k+qck we have

Hep = i�
∑

j

∫

dqGq,j b†
qaj − i�

∑

j

∫

dqG∗
q,j bqa†

j . (A3)

Taking the single-mode approximation for the resonantly
phase-matched mode j0, with Gq = Gq,j0 , a ≡ aj0 (justified
in Appendix F), and moving to the interaction picture, we
recover Eq. (2) of the main text:

Hep = i�
∫

dqei(qv−ω)tGqb†
qa − i�

∫

dqe−i(qv−ω)tG∗
q bqa†.

(A4)

We now discuss the two CQED models considered in this
work. The first is a Kerr-type cavity, having an intrin-
sic nonlinearity stemming from an effective interaction
between the hybrid light-matter polaritonic eigenstates of
the system. The system usually consists of an ensemble
of emitters inside the optical cavity, such that the Hop-
field model [16] can be invoked, effectively describing the
polaritons as bosons with annihilation operator a. Usu-
ally, only the polaritons in the lower branch are considered
[98], such that the noninteracting part of the Hamiltonian
is simply given by a linear harmonic oscillator

Hp + Hmatt = �ωa†a. (A5)

An effective interaction between the polaritons (mediated
by their matter parts) dictates a Kerr-like Hamiltonian,
given as

Hnl = �κa†a†aa, (A6)

which could be realized, for example, by considering
microcavities hosting interacting exciton polaritons [98–
101], as depicted in Fig. 2(c). The system has polaritonic
eigenstates |n〉 having frequencies ωn = nω + n(n − 1)κ ,
and a frequency spacing that increases with excitation
number, i.e., ωn − ωn−1 = ω + 2(n − 1)κ .

The second model we consider is a JC-type nonlinearity
[16,17,23,24,34], which results from the strong coupling
between two-level emitters and optical cavity modes [16],
depicted in Fig. 2(d). The noninteracting part of the system
Hamiltonian is

Hp + Hmatt = �ωa†a + �ω

2
σz, (A7)

while the interaction is dominated by the Hamiltonian

Hnl = �κσ+a + �κσ−a†, (A8)

where σ−, σ+, σz are the ladder and Pauli z operators,
respectively, of the single two-level emitter embedded in
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the microcavity (such as an atom, molecule, or quantum
dot). The emitter is assumed to be tuned to the cavity reso-
nance, and can be found either in its ground state |g〉 or an
excited state |e〉. This has both upper and lower polaritonic
eigenstates, |n+〉 = (|g, n〉 + |e, n − 1〉)/√2 and |n−〉 =
(|g, n〉 − |e, n − 1〉)/√2, in addition to a ground state
|0∗〉 = |g0〉. The polariton excitation frequencies are,
respectively, ωn± = nω ± √

nκ , and the frequency spacing
between polaritons of the same type decreases with excita-
tion number, i.e., ωn,± − ωn−1,± = ω ± (√

n − √
n − 1

)

κ .
Note that in the electron interaction Hamiltonian of Eq. (2),
we neglected the coupling between the electron and the
emitter, since it is usually much weaker [87–89].

APPENDIX B

In this Appendix, we derive the expression for the ana-
lytic form of the scattering matrix. We first exemplify the
free-electron polariton blockade effect for the case of a
Kerr cavity. Momentum conservation introduces a sharply
peaked electron-photon coupling, taking the limiting form
Gq → Gδ(q − q0), which, upon performing the dq integral
in Eq. (1), expanding the operators a and a† in terms of the
nonlinear cavity eigenstates (which for a Kerr cavity, are
simply Fock states), and tuning the electron velocity such
that q0v − ω = 0 (i.e., only electrons of q = q0 = ω/v

contribute), reduces the electron-photon Hamiltonian to

Hep =
∞

∑

n=1

ei2(n−1)κti�Gb†√n|n − 1〉 〈n| + h.c., (B1)

where b ≡ bq0 , and where [unlike Eqs. (2) and (3)] we have
considered an interaction picture wherein Hnl is part of
the noninteracting Hamiltonian H0, and H1 = Hep. For the
JC model, we write the photon-number states in terms of
the JC eigenstates as |n, g〉 = (|n+〉 + |n−〉)/√2, |0, g〉 =
|0∗〉 and |n, e〉 = (|n + 1, +〉 − |n + 1, −〉)/√2, and again
expand the photon ladder operator a in terms of these
eigenstates. Tuning the electron velocity to the first upper-
polariton excitation (the transition |0∗〉 → |1+〉) such that

q0v − ω − κ = 0, we find

Hep = 1√
2

i�Gb†
(

|0∗〉 〈1+| + e−i2κt 1√
2
|0∗〉 〈1−|

)

+ 1
2

i�Gb†
∞

∑

n=1

fn+ei(fn−−1)κt|n, +〉 〈n + 1, +|

+ fn+e−i(fn−+1)κt|n, −〉 〈n + 1, −|
+ fn−e−i(fn++1)κt|n, +〉 〈n + 1, −|
+ fn−ei(fn+−1)κt|n, −〉 〈n + 1, +| + h.c., (B2)

where fn± = √
n + 1 ± √

n. In the linear limit of both
models, κ = 0 and all photonic excitations are perfectly
tuned with the electron. When nonlinearity is present, the
excitations other than the resonant transition of choice
are detuned by an amount of at least 2κ (Kerr model) or
(

2 − √
2
)

κ (JC). These transitions accumulate a dynam-
ical phase that rapidly oscillates when κT � π , where
T = L/v is the interaction time of the electron with the
cavity. In this limit of strong nonlinearity, we can adopt
the rotating-wave approximation by dropping these rapidly
oscillating terms in the Hamiltonian, to finally obtain

Hep = i�

⎧

⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎩

Gb†a − G∗ba†, linear
Gb†|0〉 〈1| − G∗b|1〉 〈0| , Kerr
G√

2
b†|0∗〉 〈1+| − G∗

√
2

b|1+〉 〈0∗| , JC
,

(B3)

We note that similar Hamiltonians can be obtained for any
two consecutive transitions on the polariton energy ladder,
with an adequate tuning of the electron velocity, as shown
in Fig. 4.

The scattering matrix is in general given by S =
T exp

[−(i/�) ∫ ∞
−∞ dtHep(t)

]

, where T stands for time
ordering. As Hep is now time independent, S can assume
a closed form given by

S =

⎧

⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎩

exp(gQb†a − g∗
Qba†), linear

cos|gQ| − i sin|gQ| (ei arg gQb|1〉 〈0| + e−i arg gQb†|0〉 〈1|) , Kerr

cos
|gQ|√

2
− i sin

|gQ|√
2

(

ei arg gQb|1+〉 〈0∗| + e−i arg gQb†|0∗〉 〈1+|) , JC

, (B4)

where gQ = GL/v is the dimensionless coupling constant. To capture the universal behavior of both CQED models, we
define the polariton physical qubits |0̄〉 and |1̄〉 of the single-excitation manifold, and denote by 	 = gQ or gQ/

√
2 the

electron-photon coupling in the Kerr and JC models, respectively, recovering the expression for the nonlinear scattering
matrix of Eq. (4).
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APPENDIX C

In this Appendix, we present the derivations of the electron energy-loss spectrum (EELS) and polariton number statistics
derived from the numerically simulated density matrix of Eq. (3). The density matrix of the full system is given by

ρ =
⎧

⎨

⎩

∫

dk
∫

dk′ ∑

n

∑

n′
ρ(n, k; n′, k′)|n, k〉 〈

n′, k′∣∣ , Kerr
∫

dk
∫

dk′ ∑

n

∑

n′

∑

s

∑

s′
ρ(n, s, k; n′, s′, k′)|n, s, k〉 〈

n′, s′, k′∣∣ , JC , (C1)

where k, n, s denote the electron wave vector, photon num-
ber, and atomic state (s = e, g), respectively. We numeri-
cally integrate Eq. (3) by representing the density matrices
ρ(n, k; n′, k′) and ρ(n, s, k; n′, s′, k′) as vectors in Liou-
ville space, and the Lindbladian superoperator L{ρ} =
− i

�
[H , ρ] + γ (aρa† − (1/2)a†aρ − (1/2)ρa†a) as a

matrix [154]. The recoil-dependent couplings Gq appearing
in Eq. (2) are given by their analytic form

Gq = ev
�ω

∫

dze−iqzEz(z) = ev
�ω

E0L sinc
[

(q − q0)
L
2

]

(C2)

for a mode profile Ez(z) = E0eiq0zrect(z/L). For conver-
gence of the numerical calculation in reasonable time, we
keep the dynamics sparse by initializing the free electron
as a quasi-plane-wave mode and after the calculation we
convolve the resulting electron state with the initial elec-
tron energy uncertainty �E, a strategy that was recently
implemented to fit theory with experiment, giving excel-
lent agreement [78,85]. The numerical integration is done
over the interaction time T = L/v.

To obtain the EELS spectrum, we trace out the pho-
tonic (and in the JC model, also the atomic) degrees of
freedom, resulting in the reduced electron density matrix
ρel = Trph,a{ρ}. The EELS spectrum is given by the diago-
nal elements of ρel, expressed in terms of the total density
matrix ρ as

pEELS(k) = 〈k| ρel|k〉 =
⎧

⎨

⎩

∑

n
ρ(n, k; n, k), Kerr

∑

n

∑

s
ρ(n, s, k; n, s, k), JC .

(C3)

To obtain the polariton number statistics, we apply a
similar procedure, this time tracing out the electron degrees
of freedom, resulting in the photon (or joint photon-atom)
density matrix ρph,a = Trelρ. The polariton number statis-
tics is given by the diagonal elements of ρph in the Kerr
model, and by the diagonal elements of ρpol = Uρph,aU†,
where U is a unitary transformation performing a change
of basis to the JC polariton eigenstates. The result in terms
of the total density matrix ρ is

P(n) = 〈

n|ρph|n
〉 =

∫

dkρ(n, k; n, k), (C4)

for the Kerr model and

P(n±) = 〈

n ± |ρpol|n±〉

=
∑

ms

∑

m′s′
Un±,msU∗

m′s′,n±

∫

dkρ(m, s, k; m′, s′, k),

(C5)

for the JC model.

APPENDIX D

This Appendix contains a graphical derivation (Fig. 8)
of the quantum circuit equivalent to the two-polariton
controlled-Z interaction of Fig. 6(c).

APPENDIX E

This Appendix contains the derivation of the maximal
reduction in fidelity due to the free-electron interaction
with multiple optical modes in the multimode regime.

The unitary evolution operator describing the interaction
in the multimode regime is given by

U = T exp
[

− i
�

∫

H(t)dt
]

, (E1)

FIG. 8. Equivalent quantum circuit to the two-polariton
controlled-Z gate mediated by an electron ancilla qubit.
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where T is the time-ordering operator and H(t) =
Hsys(t)+ ∑

j ∈env Hep,j (t) is the total Hamiltonian: here
Hep,j is the electron-photon Hamiltonian with mode j
of the “environment” (comprising radiating modes, other
cavity modes, etc.), and Hsys(t) is the system Hamilto-
nian (electron-photon and emitter-photon interaction with
the single cavity mode of interest). We assume that
[Hep,j , Hsys] = 0 for every j ∈ env, so we can separate the
exponential:

U =
∏

j ∈env

T exp
[

− i
�

∫

Hep,j (t)dt
]

︸ ︷︷ ︸

electron−environment interaction

⊗ T exp
[

− i
�

∫

Hsys(t)dt
]

︸ ︷︷ ︸

electron−polariton interaction

= Uenv ⊗ Usys, (E2)

Now, we can use the theory of quantum PINEM [68,72]
to calculate the scattering matrices for the electron-photon
interactions with the “environment” modes j, each of them
is given by a displacement operator:

Uenv =
∏

j ∈env

T exp
[

− i
�

∫

Hep,j (t)dt
]

=
∏

j ∈env

exp(gQ,j bj a†
j − g∗

Q,j b†
j aj ), (E3)

where gQ,j is the quantum coupling to the j th mode, where
aj , a†

j and bj , b†
j are the corresponding photon and electron

ladder operators, respectively.
The fidelity between the target state |ψsys〉 = Usys|ψ(0)〉

and the state of the system coupled to the environment (ini-
tially at state |0j 〉) can be evaluated by applying Uenv on
|ψsys〉 ⊗ |0j 〉, tracing out over all the environment modes,
resulting in a mixed state ρsys and then calculating the
fidelity via

〈

ψsys|ρsys|ψsys
〉

, giving

F =
∑

nj

∣

∣

〈

ψsys
∣

∣

〈

nj
∣

∣ Uenv|0j 〉|ψsys〉
∣

∣
2

= e−∑

j ∈env |gQ,j |2
∑

nj

∣

∣

∣

∣

∣

∣

〈

ψsys
∣

∣

∏

j ∈env

g
nj
Q,j

√

nj !
b

nj
j |ψsys〉

∣

∣

∣

∣

∣

∣

2

,

(E4)

and it is readily seen that

F ≥ e−〈nenv〉, (E5)

where 〈nenv〉 = ∑

j ∈env |gQ,j |2 is the parameter of a Pois-
son distribution, denoting the average number of photons
emitted into the environment modes.

APPENDIX F

This Appendix discusses the validity of the free-
electron–light single-mode regime considered in the paper,
for the case of a phase-matched interaction.

We label the cavity modes by j, where j0 is the mode
jointly coupled to the material emitter and electron, and
j �= j0 are other cavity modes, which may couple to the
electron. Optionally, the use of a cavity incorporating a
periodic structure of periodicity Λ can further mitigate
momentum mismatch between the electron and the cav-
ity mode by contributing a momentum component 2π/Λ.
For this setup, as well as for phase-matching phenomena
in other fields such as in nonlinear frequency conversion
[155], it is well known that the phase-matching function of
the j th mode is given by

�j = sinc
(

qj v − ωj

2
tint

)

, (F1)

where tint = L/v is the interaction time (the time of flight
of the electron of velocity v across the cavity of length
L). Now, for the example of a FP cavity, qj = q0 +
(π/L)(j − j0), ωj = ω0 + vg(π/L)(j − j0), where vg is
the optical group velocity, and q0 may optionally include
the momentum contribution 2π/Λ from a periodic struc-
ture. Then we can define a second relevant timescale to the
problem

tPM ≡ 2
π

L
|v − vg| . (F2)

Such that the phase-matching function could be written in
terms of these timescales

�j = sinc
(

|j − j0| tint

tPM

)

. (F3)

So, in order to obtain a single-mode excitation that is
still considerably shorter than the cavity lifetime γ−1, the
requirement on the interaction time tint is

tPM � tint � γ−1. (F4)

Since each cavity mode j of frequency ωj is a standing
wave consisting of both positive and negative wave num-
bers, ±qj , the electron dispersion line �E(q)/� = qv can
intersect a given mode either in the positive-q or negative-q
band. The latter condition is made possible when a periodic
structure is used for phase-matching purposes, as men-
tioned above, to mitigate momentum mismatch between
the electron and the cavity mode. Moreover, the use of
periodic structures allows for creating the required large
group-velocity mismatch between the electron and the
photonic mode (e.g., vg = −v, which could be obtained
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with swift electrons, as exemplified below), as it decou-
ples the magnitude of the photonic phase velocity from the
photonic group velocity.

For intersecting a cavity mode at negative q using a peri-
odic structure, the photon group velocity is also negative,
vg < 0, and the ratio between tint and tPM can be explicitly
written as

tint

tPM
= π

2

( |v − vg|
v

)

. (F5)

The requirement tint � tPM can be achieved for |vg| �
v, but we emphasize that this is not a necessary condi-
tion. This requirement could be relaxed by considering
the functional form of the phase-matching function, which
vanishes when tint/tPM = mπ , or equivalently, when

β = v

c
= 1

2m − 1
1
ng

, m = 1, 2, . . . (F6)

In other words, we can nullify the phase-matching func-
tions �j for all j �= j0 even when using swift electrons.
For example, if ng = 1.45 one may use 200, 15, 5, 2.5 keV,
etc. electron energies to fulfill this condition, ranging from
TEM down to SEM energies. This is illustrated for v =
−vg in Fig. 9, and in Fig. 10 using a numerical example
detailed below.

The use of a periodic structure allows for a wide tun-
ability in the electron-photon coupling, lifting the often-
limiting dependence on the material dispersion. As dis-
cussed above, it can further allow access to a single
selected cavity mode as opposed to conventional phase-
matching schemes [82], wherein vg ∼ v > 0 and a mul-
timode excitation with effective mode number Neff ∝
1/|1 − vg/v| > 1 is inevitable. The state of the art for
coupling using multimode phase matching to a (non-
periodic) photonic cavity, as reported experimentally in
Ref. [81], is |gQ| = 0.1, wherein the theoretic maximal
coupling per cavity mode j reported in that work was
|gQ,j | = |gQ|/√Neff = 0.03. Another recent work achieved
coupling values |gQ| ∼ 0.1 in slotted 2D photonic crystal
cavities [121].

It is important to mention that the price paid with using
periodic structures for phase matching is a possible reduc-
tion in the overlap between the electron wave function and
the optical near field, since the electron now couples to the
first Fourier order of the Bloch function associated with the
optical mode. This reduction can be attributed with a mod-

ulation ratio, M1 = |c1|/
√

∑

m |cm|2 < 1, where cm is the
mth Fourier component of the near field. M1 then quanti-
fies the relative amplitude of the first Fourier order relative
to the total field magnitude.

We now show that using designed cavities with con-
fined mode volumes, one could potentially approach the

= −

(a)

(b) phase–matching bandwidth

f (THz)

FIG. 9. Approximate single-mode interaction with periodic-structure-assisted phase-matched electron-photon coupling. (a) Illustra-
tion of phase matching to the first Fourier order of a periodic structure. The free-electron dispersion line�E/� (in green) wraps around
the Brillouin zone (BZ). Each time the line passes the right BZ edge, a new line segment continues from the left edge. The mth line
segment is described by �E/� = (q + 2πm/Λ)v, for q ∈ BZ, where v is the electron velocity and Λ the structure’s period. If the mth
segment intersects the photon dispersion such that ω(q) = (q + 2πm/Λ)v, this corresponds to phase matching with the mth Fourier
order of that periodic mode. The zeroth-line segment (m = 0), shown by the dashed line, does not intersect the photon dispersion any-
where in the BZ. The first-line segment (m = 1) intersects a guided (or cavity) mode at negative q, having a negative group velocity, as
required by Eq. (F5). This line segment may also intersect radiating modes outside the material’s transparency window (with a much
smaller emission probability). (b) Illustration of the phase-matching bandwidth for a typical system as in (a), satisfying Eq. (F6), where
only a single cavity mode is present within the phase-matching bandwidth. The parameters used for the illustration in (b) are ng = 2,
E = 80 keV, λ = 532 nm, Q = 104, L = 40 μm.
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(a) (b)

(c) (d)

FIG. 10. Proposal for a Bragg hollow nanofiber cavity for phase-matched electron-photon coupling. (a) Illustration of the proposed
structure, comprising a periodic nanofiber (a = 40 nm, b = 200 nm, Λ = 177.7 nm, n1 = 2.4, e.g., as in GaN in the visible range,
and n2 = 1.44, as in a glass material, or using air corrugations; inside the transparency range, we assume a lossless and nondis-
persive material for simplicity); band structure and eigenmodes are found using a Fourier-expansion method with N = 8 spatial
harmonics; dielectric constant profile is smoothed using a super-Gaussian function ε(z) = n2

1 + (n2
2 − n2

1)exp(−[(z −Λ/2)/σ ]p/2),
with σ = 57.7 nm and p = 10). A cavity could be formed from this structure using, e.g., hollow Bragg mirrors (not shown; a different
configuration, using a photonic crystal defect, is also possible). The electron (energy 100 keV, beam waist 6 nm) is passing through
the hollow core. (b) Band diagram of the TM mode inside the first Brillouin zone shown in blue, light line shown in black, electron
dispersion lines corresponding to the zeroth- and first-order Fourier phase matching, shown in green (higher-order phase-matching
dispersion lines lie above the material transparency cutoff, which for GaN, is about 3.44 eV, or 833 THZ). Solutions to the phase-
matching equation ω = (q + 2πm/Λ)v correspond to intersections between the electron dispersion and the band structure curves.
Only the first-order electron dispersion line intersects the band (at λ = 521.4 nm), in the negative-q part as illustrated in Fig. 9, with
vg = −v allowing for a single-mode interaction. The fact that there are no intersections between the electron dispersion for m = 0
(dashed line) implies that there are no TM Bloch modes whose zeroth-order Fourier component is phase matched with the electron.
(c),(d) Profiles of the z component of the electric field of the TM mode: transverse profile at z = Λ/2 (c) and the longitudinal profile
in the unit cell (d), with a modulation ratio M1 = 27%.

single-mode strong-coupling regime, even when consid-
ering a modulation ratio M1 < 1. The geometry of an
example structure is presented in Fig. 10, consisting of
a hollow Bragg nanofiber, which can readily form a
cavity by introducing additional hollow Bragg reflectors,
or via a longitudinal defect to the photonic crystal struc-
ture. The electron passes through the hollow core. The
mode considered is in the TM-mode family, which is
the only mode family with a nonzero longitudinal field
at the center of the hollow core (the TE, HE, and EH
modes all vanish at the center, and thus have small
overlap with the electron). The quantum coupling gQ,j
to the single mode j with a TM field of wave num-
ber qj is given by gQ,j = (e/�ωj )

∫

d3r|ψT(rT)|2ei(ωj /v)z ẑ ·

E (TM)
qj

(rT, z), where the TM-field envelope is E (TM)
qj

(r) =
√

�ωj /2ε0Vj eiqj zU (TM)
qj

(r), U (TM)
qj

is the TM Bloch
function, Vj = Aj Lcav = ∫

d3rε(r)|U (TM)
qj

(r)|2/max ε(r)
|U (TM)

qj
(r)|2 is the cavity-mode volume, Aj denotes the

transverse-mode area, Lcav the cavity length, and ψT(rT)

the transverse electron wave function. Inside the hollow
core, one can write the Bloch function as U (TM)

qj
(r) =

∑

m U (TM,m)
qj

(rT)ei(2πm/Λ)z, where U (TM,m)
qj

(rT) is the mth
Fourier component of the Bloch function.

To get better quantitative understanding, we can
write the first Fourier order, single-mode coupling as

gQ,j = I (1)j

√

(α/Ãj )(Lcav/λj ), where α ∼= 1/137 is the fine
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structure constant, Ãj = Aj /λ
2
j is the mode area nor-

malized to the free-space mode wavelength λj , and
I (1)j = ∫

d2rT|ψT(rT)|2ẑ · u(TM,1)
qj

(rT) is the overlap integral
between the electron wave function and the z component
of the first Fourier order of the Bloch function. For the
proposed structure (parameters detailed in the caption of
Fig. 10), a single-mode operation with vg = −v is possi-
ble, and we find that λj = 521.4 nm, Ãj = 0.2415, I (1)j =
0.145 and choose Lcav = 10 μm, giving a single-mode
coupling efficiency of gQ,j = 0.11 even with a modulation
ratio M1 = 27%. We believe that with a more extensive
optimization, such as further reducing the mode area to
a deep-subwavelength regime [128], increasing the over-
lap integral by pushing the field further into the hollow
core vacuum [85], and increasing the modulation ratio (by
working nearest to the band edge), the strong coupling
regime gQ,j ∼ 1 could be eventually approached in a peri-
odic dielectric structure similar to the proposed one, or
using other slot-waveguide [122] or periodic waveguide
[156] approaches.

APPENDIX G

In this Appendix we discuss the DiVincenzo criteria
[139] and how they can be fulfilled with the proposed
scheme, along with the challenges and limitations for each
criterion.

1. A scalable physical system with a well-
characterized qubit. We consider the cavity polari-
ton (in the number basis, polariton-type basis, or
emitter ground-state basis) as the physical qubit, and
the free electron as an ancilla qubit. The scalability
of our system aligns with the scalability of exist-
ing CQED schemes (and their practical limitations).
However, by using flying free-electron qubits, scala-
bility could be significantly improved: for example,
the free electron can tolerate variations to the polari-
ton resonance between different cavities, which a
flying photon ancilla cannot, potentially retaining
high fidelity even for complex quantum circuits.
Further, a single free-electron ancilla has the poten-
tial to drive many sequential as well as parallel
quantum gates.

2. The ability to initialize the state of the qubits to
a simple fiducial state. Starting from the polari-
ton ground state, any single-qubit polariton state
could be prepared by consecutive interactions with
free-electron ancillas.

3. Long relevant decoherence times. Gates can be
applied on the timescale of hundreds of femtosec-
onds to several picoseconds, while the predomi-
nant decoherence time (cavity lifetime) ranges from
nanoseconds to microseconds.

4. A universal set of quantum gates. We have shown
the existence of a universal gate set between polari-
tonic qubits, mediated by free-electron ancillas,
which are always disentangled from the polariton
qubits at the end of the computation. We envi-
sion that the complexity of the gates could be fur-
ther simplified in future work, as well as lead to
other computational schemes, such as deterministic
preparation of cluster states for measurement-based
computation.

5. A qubit-specific measurement capability. Any mea-
surement that can be done with conventional CQED
platforms is also possible in our scheme. More-
over, such measurements can be done using the
free-electron ancillas, via a single application of
U = Snl(π /2) of Eq. (4) of the main text, acting on
the polariton qubit and a monoenergetic electron
qubit, followed by a projective measurement of the
electron energy.
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