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Controllable quantum many-body systems are platforms for fundamental investigations into the nature
of entanglement and promise to deliver computational speed-up for a broad class of algorithms and sim-
ulations. In particular, engineering entanglement within a dense spin ensemble can turn it into a robust
quantum memory or a computational platform. Recent experimental progress in dense central-spin systems
motivates the design of algorithms that use a central-spin qubit as a convenient proxy for the ensemble.
Here we propose a protocol that uses a central spin to initialize two dense spin ensembles into a pure
antipolarized state and from there creates a many-body entangled state—a singlet—from the combined
ensemble. We quantify the protocol performance for multiple material platforms and show that it can be
implemented even in the presence of realistic levels of decoherence and diffusion. Our protocol introduces
an algorithmic approach to the preparation of a known many-body state and to entanglement engineering
in a dense spin ensemble, which can be extended towards a broad class of collective quantum states.
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I. INTRODUCTION

Controlling quantum properties in many-particle sys-
tems, whether for technological advantage or foundational
studies, can be reduced to controlling the relative participa-
tion and phase of the system’s eigenstates. In most cases,
this leads to entanglement amongst the system’s particles
[1]. The initialization of a quantum system to a pure state
is a necessary starting point from which to engineer entan-
glement via unitary dynamics [2]. Initialization through
traditional cooling techniques brings a quantum system
in contact with a bath whose temperature is below that
of the system’s characteristic energy scale, bringing the
target system to its ground state [3]. An equivalent pic-
ture exists for driven systems, where directionality within
an energy hierarchy of dressed states can bring the sys-
tem to an effective ground state of the dressed system
[4]. The latter approach is more versatile as it allows the
design of tailored ground states. Crucially, it also requires
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access to the degree of freedom one intends to cool. Ver-
sions of this approach appear in driven-dissipative state
preparations of photonic systems [5,6], diamond color cen-
ters [7–9], epitaxial quantum dots [10,11], and atomic
ensembles [12,13].

Central-spin systems, typically consisting of a single
electronic spin coupled to an ensemble of nuclear spins
[14] have been a particularly potent testing ground for the
active approaches to state preparation [15,16]. Firstly, this
is by necessity: nuclear-spin energy scales make ground-
state preparation well beyond the reach of modern refrig-
eration techniques. Secondly, the one-to-all coupling of
the central-spin qubit to an ensemble of spins yields a
convenient proxy for the ensemble spins [17]. In the few-
spin regime of diamond color centers or rare-earth ions,
dynamic nuclear polarization can initialize a set of prox-
imal spins to a high-purity polarized state [18]. This is
then the starting point for qubit storage in an ensem-
ble excitation [19], two-body singlet engineering [20], or
spin-by-spin quantum computation [21].

In the limit of dense ensembles, the constituent spins are
indistinguishable when interacting with the central spin.
Entanglement is then readily generated and measured by
controlling the central spin’s dynamics [17,22,23]. Col-
lective states of the ensemble become natural targets of a
driven purification technique [16]. In addition, an effective
all-to-all coupling mediated by the central spin [24] leads
to a highly correlated behavior of the ensemble that, in
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principle, can be harnessed for state engineering. Despite
the absence of individual spin control, the dense systems of
interest [15,25,26] operate in a truly many-body regime of
104 to 106 interacting ensemble spins—far exceeding the
number of physical qubits present in near-term quantum
simulators [27,28]. In several ways, this is analogous to
cavity quantum electrodynamics with ensembles of atoms
where a single cavity photon is a central boson capa-
ble of carving entangled collective states of atomic spins
[29–31].

A many-body singlet is a superposition of ensemble
spins with zero angular momentum [32]. The singlet state
is a hyperfine vacuum and renders the bath invisible to the
central spin, protecting the latter from interacting with its
environment [7,33,34]—a decoherence-free subspace for
the central-spin qubit. Owing to destructive interference
between pairs of ensemble spins, the ensemble is also pro-
tected from noise whose length scale is larger than the
system size. This makes it a particularly useful and read-
ily detectable first target state to prepare in a central-spin
system. Furthermore, many-body singlet preparation offers
insights into the evolution of entanglement under slower
intrabath interactions, as well as anomalous spin diffusion
at longer time scales [35].

To date, state engineering efforts in dense central-
spin systems remain confined to tuning the mean field
degrees of freedom, such as ensemble polarization and
its fluctuations [16,22,36,37], and classical correlations
amongst ensemble spins [23]. A degree of purification
has been achieved via polarization of 80% through opti-
cal techniques [38] and nearly 50% via central-spin control
[23]—such approaches proving to be generally challeng-
ing due to a dependence of the central-spin transition
frequency on the polarization of the bath. Meanwhile, sta-
bilizing the ensemble polarization via the central spin [16]
can approach the quantum limit of polarization stability.
Despite these efforts, the resulting nuclear states remain
highly mixed, featuring little interparticle phase coher-
ence. A degree of quantum correlation among spins was
observed when probing a partially polarized ensemble via
the central spin [23], which suggested the possibility of
purification via reduced total angular momentum states,
so-called dark states [39]. Theoretical proposals to engi-
neer the state of dense central-spin systems have focused
on dissipative phase transitions [4], or quantum memory
[10,39] and spin squeezing schemes [40] relying on fully
polarized initial states. A protocol for direct control over
the ensemble’s interparticle phase, allowing for purifica-
tion and entanglement engineering at low total ensemble
polarization, is still missing.

In this work, we use a simple and realistic form of
symmetry breaking to gain control over an ensemble’s
interparticle phase. Leveraging this control, we propose
a three-stage state engineering protocol that utilizes the
effective interaction between two distinct spin species,

naturally present in real physical systems [15,25,26], and
proceeds via control of the central spin exclusively. The
first stage of the protocol locks the total polarization of
the system to zero [16]. The second stage initializes the
two spin species to an antipolarized state with near-unit
purity. The third stage involves a sequence of unitary gates
that drives the system into a many-body singlet via phase
engineering. Having in mind a near-term experimental
realization, we quantify the protocol robustness as a func-
tion of model parameters and identify candidate physical
platforms in which it could be successfully implemented.

II. THEORY AND RESULTS

A. Symmetry and the total angular momentum
representation

Central-spin systems feature high-dimensional Hilbert
spaces. In the dense limit, the central spin’s interaction
with the ensemble does not distinguish individual spins.
This leads to collective symmetries and corresponding
constants of motion, which we focus on here.

In this simplest scenario of a perfectly homogeneous
spin bath [see Fig. 1(a)], a general system Hamiltonian is
unchanged under the reordering of ensemble spin indices.
Such invariance is the highest symmetry that a spin bath
can exhibit, and it results in the emergence of a constant of
motion that dictates the rate of collective dynamics, as in
Dicke super-radiance [41]. Within the bath of spin-1/2 par-
ticles, this constant is identical to the magnitude of the total
angular momentum, I , directly related to the eigenvalue of

( N∑
k=1

ik

)2

≡ I2, (1)

where ik is the single-spin operator of the kth spin in
the ensemble and N is the total number of ensemble
spins. Ensembles of higher-spin particles, such as spin 3/2,
can be described by equivalent, albeit more numerous,
constants of motion.

Under this symmetry, coupling to the central spin cannot
change the magnitude of the total angular momentum, only
the polarization, and coherent control over the ensemble is
thereby limited. In particular, efforts to prepare a many-
body singlet (I = 0) are futile and the ensemble dynamics
is governed by thermally (with β ∼ 0) occupied states of I ,
dominated by the highest degeneracy states near I ∼ √N .

We propose making use of the simplest form of
reduced symmetry to gain control: breaking the system
into two distinguishable but equally abundant ensembles
[see Fig. 1(b)], which we call species. The groups of spins
of the same species are characterized by their individual
total angular momenta: I1 and I2. Their magnitudes, I1
and I2, become the new constants of motion (over long
timescales governed by the weak processes that break the
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FIG. 1. State engineering in the central-spin system. (a) Perfectly homogeneous central-spin system, symmetry protected from
changing its total angular momentum. (b) Symmetry-broken central-spin system, consisting of spin species I1 and I2, no longer pro-
tected from changing its total angular momentum. (c) Reduction of the total angular momentum magnitude via the state purification
protocol, resulting in a narrowed steady-state distribution (blue shaded curve), peaked around I = N−1/4. (d) Effective Jaynes-
Cummings ladder of states

∣∣I z
1 = −M + n, I z

2 = M − n
〉
, with anticorrelated I z

1 and I z
2 , where M = min(I1, I2). The thick and faint

yellow arrows illustrate the dominant and 2�ω-detuned three-body interactions, respectively. The curvy orange arrows represent the
central-spin resets. The pale blue arrow displays a net direction of the phase space flow within this effective sideband-cooling process.
(e) Stages of antipolarized state preparation. The red and blue arrows within the generalized Bloch spheres denote the total angu-
lar momenta of the two species, I1 and I2. Stage one (left panel): locking of the total polarization, I z = I z

1 + I z
2 , to zero. Stage two:

activation of the three-body interaction (middle panel), equivalent to the back-action sensing, followed by central-spin reset (right
panel).

underlying symmetries—see Appendix A). In the discus-
sions to follow, we assign them the value

√
N/2, which

is the most likely value for a fully mixed initial state. Our
results concerning the first two stages of the protocol hold
for all (I1, I2) values in an approximate

√
N/2 vicinity

(Appendix A), thus capturing all experimentally relevant
dynamics. We also note that this easily extends to more
than two species.

This situation of two distinguishable spin species makes
it possible to alter the magnitude of the total angular
momentum, I = |I1 + I2|, and therefore to significantly
reduce it [see Fig. 1(c)]. When controlled via a directional
pumping process (i.e., cooling), the spin ensembles can be
initialized into a pure collective antipolarized state [42]:

∣∣I z
1 = −M , I z

2 = M
〉

(2)

with M = min(I1, I2). Such a state contains no coherence
between the species, and represents a classical limit to
the total angular momentum reduction, featuring noise of

〈I2〉cl = (I1 + I2)(|I1 − I2| + 1) ∼ √N ; a factor
√

N lower
than that of a thermal state.

Creating entanglement via a controlled phase between
the two species can lower the magnitude of the total angu-
lar momentum further down to I = |I1 − I2|. In particular,
for I1 = I2 (a condition that can be enforced via direct mea-
surement of I1 and I2; see Appendix A), the quantum limit
is reached after the preparation of a many-body singlet, i.e.,

|I = 0〉 =
2M∑
n=0

(−1)n√
2M + 1

∣∣I z
1 = −M + n, I z

2 = M − n
〉
,

(3)

expressed uniquely in the
∣∣I z

1 = −M + n, I z
2 = M − n

〉
basis using Clebsh-Gordan coefficients. The many-body
singlet is also characterized by a full noise suppression:
〈I2〉qu = 0.
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B. System Hamiltonian: control via the central spin

We take the general Hamiltonian for a dense central-spin
system in an external magnetic field [14], and split the spin
ensemble into two spin species i = 1, 2:

H = ωcSz +
∑
i=1,2

ωiI z
i +

∑
i=1,2

aiS · Ii. (4)

We consider the regime of high magnetic fields, as defined
by a dominant Zeeman interaction∝ ωc of the central spin,
S. The second term captures the internal energy struc-
ture ωi of the spin ensembles. The last term represents a
Heisenberg-type hyperfine coupling (∝ ai < ωi) between
the central spin and the bath spins. We consider a sym-
metry breaking between the two spin ensembles ω1 �=
ω2, which in real systems can take myriad forms. With-
out loss of generality, we assume that a1 = a2 ≡ a (cf.
Appendix B 2) and ω1 > ω2. In this high-field regime, the
central-spin quantization axis is pinned to the z direction,
and the hyperfine interaction reduces to [43,44]

a
∑
i=1,2

S · Ii = aSz(I z
1 + I z

2)−
a2

4ωc
(I z

1 + I z
2)

+
∑
i=1,2

a2

4ωc
Sz(I+i I−i +I−i I+i )

+ a2

2ωc
Sz(I+1 I−2 +I−1 I+2 )

+O[(a/ωc)
2]. (5)

The leading and only first-order hyperfine term is the
collinear interaction (used in total polarization locking).
The second term renormalizes the nuclear Zeeman interac-
tion of the ensemble by a negligible amount of−a2/4ωc 	
ωi. The third and fourth terms contain the effective two-
body and three-body interactions, respectively. The former
will remain off-resonance during our protocol, while the
latter will be critical in cooling and correlating the two spin
ensembles.

Exclusively to stabilize the ensemble polarization [22]
(that is, to drive dynamic nuclear polarization conditional
on the sign of I z), we also consider that, apart from the
Zeeman interaction (∝ ωi), the ensemble spins are subject
to a small eigenstate-mixing interaction (∝ νi � ωi) [36],
which results in an effective noncollinear term:

Hnc =
∑
i=1,2

aνi

2ωi
SzI x

i +O[(νi/ωi)
2]. (6)

Finally, we consider a control of the entire system exclu-
sively via the central spin, represented by a resonant drive
of the central spin with strength �	 ωc, and work in
a rotating frame of reference, under the rotating-wave
approximation (Appendix B).

C. Preparation of a pure antipolarized state

Prior to the protocol execution, the spin ensemble is
found in a fully mixed state characterized by a density
matrix ρ ∝ 1. The first two stages of our protocol initialize
the ensemble to a pure collective state—an antipolarized
state of the two spin species [Eq. (2)]—that enables the
generation of a many-body singlet of the whole ensemble
in the third stage (last section of this article).

Stage 1: polarization locking.—The initial state exhibits
maximal uncertainty of the total polarization of the bath
〈�2I z〉 ∼ √N , where I z = I z

1 + I z
2 . The first stage of the

protocol reduces this uncertainty close to zero using a tech-
nique developed in Ref. [16] with InGaAs quantum dots
(QDs; where it yielded a state with a polarization fluctua-
tion of ±2.85 units). In brief terms, the collinear hyperfine
interaction [the first term in Eq. (5)] allows the central
spin to sense the polarization deviation from the I z = 0
lock point, which induces a Larmor precession around
the z axis. Subsequently, this deviation is corrected by a
resonantly activated (� = ω1 or � = ω2; cf. Ref. [45])
noncollinear interaction [using Eq. (6)] that translates the
acquired phase into a change in the total ensemble polar-
ization. Finally, the state of the central spin is reset and
this stage is repeated until the ensemble reaches the limit
of 〈I z〉 = 0 and 〈�2I z〉 = 0. An imperfect preparation
(〈�2I z〉 �= 0) at this stage does not affect the operation
of stage 2, which acts on the orthogonal space I z

1 − I z
2 ; it

would, however, affect entanglement generation in stage 3
on par with an uncertainty in the value of M , which we
address in Appendix A.

Stage 2: full purification.—From this point on,
the noncollinear interaction [Eq. (6)] remains off-
resonant. At the end of the first stage, the ensem-
ble’s locked zero-polarization state is a mixture of states∣∣I z

1 = −M + n, I z
2 = M − n

〉
, where n = 0, 1, . . . , 2M , for

which the remaining uncertainty lies in the polarization
of individual species, I z

1 and I z
2 . The second stage of the

protocol removes this uncertainty to produce a pure col-
lective state. Doing so relies on the driven activation of
the three-body interaction [fourth term of Eq. (5)] achieved
by setting� = �ω ≡ ω1 − ω2. For the central spin initial-
ized in state |↓x〉, i.e., one of the two eigenstates of the Sx
operator (|↓x〉 and |↑x〉), this drives the following pair of
transitions:

∣∣I z
1 , I z

2

〉 |↓x〉 ↔
∣∣I z

1 − 1, I z
2 + 1

〉 |↑x〉,∣∣I z
1 , I z

2

〉 |↓x〉 ↔
∣∣I z

1 + 1, I z
2 − 1

〉 |↑x〉,
(7)

with the first on three-body resonance and the second
detuned by 2�ω from this resonance (cf. Appendix E).

This can be visualized in an effective Jaynes-
Cummings ladder of states [Fig. 1(d)] parameterized by
the principal quantum number n corresponding to the∣∣I z

1 = −M + n, I z
2 = M − n

〉
state. The first (second) line
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of Eq. (7) is represented by a single quantum n↔ n−
1 (n↔ n+ 1) transition down (up) the ladder. Com-
bined with a central-spin reset |↑x〉 → |↓x〉 applied every
half period of the three-body interaction, repeating the
activation and reset forms a directional pumping pro-
cess—equivalent to sideband cooling in harmonic systems
[46]—towards the ladder’s ground state n = 0 (a repeated
reset to |↑x〉 instead would reverse the direction of the
flow). This ground state consists of the fully antipolarized
state

∣∣I z
1 = −M , I z

2 = M
〉
, which is a pure collective state

of the ensemble.
Maintaining the directionality of the pumping process

relies on the detuning of 2�ω between the selected transi-
tion

∣∣I z
1 , I z

2

〉 |↓x〉 ↔
∣∣I z

1 − 1, I z
2 + 1

〉 |↑x〉 and the unwanted
transition

∣∣I z
1 , I z

2

〉 |↓x〉 ↔
∣∣I z

1 + 1, I z
2 − 1

〉 |↑x〉 [thick and
faint yellow arrows in Fig. 1(d), respectively], which drive
the system towards the opposite ends of the ladder. This
is sustained as long as the three-body interaction strength,
Na2/2ωc, remains smaller than �ω. We characterize the
directionality with their ratio, which ultimately sets the
purification limit:

κ = ωc�ω/(Na2). (8)

We summarize this two-stage cooling process in Fig. 1(e),
where the initial locked state has two spin ensembles with
arbitrary but opposite orientations. The second stage relies
on locking the central spin into the Larmor precession beat
note between two nuclear spin species, allowing polariza-
tion exchange between the spin and the ensembles. The
timing of the central-spin reset favors a maximum amount
of polarization exchange to the central spin. With every
reset, the two ensembles become preferentially aligned in
a specific orientation.

D. Ideal system dynamics

We verify the convergence of the second stage of
the protocol towards the ground state by calculating
the full quantum evolution of the system numerically.
We treat the ideal case, for which the three-body inter-
action is fully coherent and the central-spin reset is
instantaneous. We repeat this second stage as many
times as necessary to reach steady state. For conver-
gence towards the steady state under reasonable com-
putational resources, we choose to work with N = 32
bath spins and focus on the I1 = I2 =

√
32/2 manifold

(see Appendices A and B). We take the first stage of
the protocol to be fully capable of confining the ensem-
ble’s dynamics to the I z = 0 subspace [16], spanned
by {∣∣I z

1 = −M + n, I z
2 = M − n

〉
, n = 0, 1, 2, . . . , 2M }, to

which we accordingly restrict our simulation. At the begin-
ning of the simulation, we set the ensemble’s density
operator, ρ, to an equal statistical mixture of the subspace
basis states.

Figure 2(a) shows the central spin’s evolution under the
activated three-body interaction and confirms the coher-
ent oscillation in the {|↓x〉 , |↑x〉} basis, with a half period
of τ0 ∼ 2πωc/[a2(I1 × I2)]—inversely proportional to the
fastest three-body interaction rate (Appendix C). The state
of the central spin is instantaneously reset every τ0, and
during the consecutive iterations the magnitude of the
acquired |↑x〉 population drops to zero as the ensemble
approaches its ground state. Semiclassically, this corre-
sponds to a drop in the magnitude of the noise 〈I2〉 sensed
by the central spin [Fig. 2(a)]. We verify this indepen-
dently, as shown in Fig. 2(b), where 〈I2〉 saturates to
its classical approximate

√
N limit as the steady state is

reached. Figure 2(c) shows the polarizations of each of the
two species, I z

1 and I z
2 , as a function of the iteration time.

We see that they saturate to maximal and opposite val-
ues I z

1 = +min(I1, I2) and I z
2 = −min(I1, I2). Importantly,

(a)

(b)

(c)

(d)

FIG. 2. Ideal system’s dynamics for N = 32 and I1 = I2 =√
32/2. (a) The expectation value of Sx as a function of the

protocol time. Inset: 〈Sx〉 during a single iteration of sensing
and instantaneous reset [cf. the middle and rightmost panels of
Fig. 1(e)]. (b) Magnitude (solid orange line) and the uncertainty
(shaded area) of 〈I2〉 as a function of the protocol time, nor-
malized by 〈I2〉cl = (I1 + I2)(|I1 − I2| + 1). Inset: suppression
of total I (orange arrow) down to the classical limit. (c) The
normalized expectation values of I z

1 and I z
2 (solid blue and red

lines, respectively) and their uncertainties (corresponding shaded
areas) as a function of the protocol time. The normalization
involves dividing the y-axis values by min(I1, I2). Inset: I1 and
I2 dynamics towards a pure antipolarized state. (d) The ensemble
impurity ε as a function of the protocol time. Here ρ0 denotes
the state of the bath at the beginning of the second stage of the
protocol. The x axis is shared across the panels.

040343-5



LEON ZAPORSKI et al. PRX QUANTUM 4, 040343 (2023)

at the longest iteration times, their uncertainties approach
zero, as expected for a pure antipolarized state.

We quantify the quality of state preparation following
our protocol using the bath state impurity

ε = 1− Trρ2, (9)

where ρ is the density operator of the bath. For a pure
state, this measure is known to reach zero. In our sim-
ulation, we selected a directionality parameter of κ = 5
[Eq. (8)] as an example case. Figure 2(d) shows that,
for this value of κ , the impurity reaches a steady-state
value of ε ≈ 10−4, which represents a negligible ini-
tialization error. After settling, the system is trapped in
an oscillatory limit cycle, resulting from the competition
of |↓x〉

∣∣I z
1 , I z

2

〉↔ |↑x〉
∣∣I z

1 − 1, I z
2 + 1

〉
and |↓x〉

∣∣I z
1 , I z

2

〉↔
|↑x〉

∣∣I z
1 + 1, I z

2 − 1
〉

transitions. The impurity ε can be
made arbitrarily small by increasing κ (e.g., by increasing
ωc via an external magnetic field), which we address in the
following section.

E. Dependence of protocol performance on system
parameters

In the absence of dephasing and spin diffusion, there
remains a fundamental trade-off between impurity ε

and the convergence time to steady state Tc. This is
because reducing the three-body interaction—increasing
κ—ensures a smaller contribution from off-resonant pro-
cesses, thus reducing the initialization error while slow-
ing the dynamics towards the steady state. For κ →∞,
one could expect bringing the impurity ε arbitrarily close
to zero at the cost of a prohibitively long convergence
time, Tc.

To visualize the achievable steady-state impurities and
related convergence times, we run a complete simulation
of our pulsed protocol for a range of values of κ and
for N = 8, as well as N = 128. Figure 3(a) confirms the
clear trend of purity improvement with an increase in κ ,
where substantial degrees of purification are achieved past
κ � 1. Figure 3(b) shows the inverse N dependence of the
half period of the collective three-body exchange, τ0 ∼
4πωc/Na2, and the number of stage iterations required
to reach convergence proportional to N . The convergence
time is a simple product of these two quantities and thus
combines to

Tc ∼ 16πωc/a2, (10)

indicating that the convergence time is dependent purely
on the three-body interaction strength, and not the system
size. The interaction strength may however still depend on
N , as is the case in physical platforms where said inter-
action results from the spatial overlap of the central-spin
wave function with that of the ensemble; there, a = A/N

with A characterizing the total interaction strength (see
Appendix D).

Verifying the above trends in the large-N limit becomes
computationally prohibitive. As an efficient way to extend
our results into this regime, we turn to a steady-state
solver of a quantum master equation in which the coherent
three-body exchange proceeds continuously and simulta-
neously with a central spin reset whose rate is �op =
2π/τ0. Figure 3(c) displays the steady-state impurity, ε, for
N up to 10 000 and for the same range of values of κ as in
Fig. 3(a). This confirms effective purification for κ � 1 for
large N . The solid black curve in Fig. 3(c) is the prediction
from a simple rate equation (Appendix C), i.e., N →∞,
which overlaps with the steady-state model in the large-N
limit. Both models feature a ε ∼ κ−2 roll-off, as obtained
analytically from a first-order expansion of the impurity in
the rate equation model (see Appendix C). As shown in
Fig. 3(d), eigenvalue analysis of the rate equation allows
us to calculate the convergence time, Tc, agreeing with the
size-independent Tc ∼ 16πωc/a2 behavior observed in the
pulsed model [Fig. 3(b)].

(a)

(c)

(b)

(d)

FIG. 3. Dependence on system parameters. (a) Steady-state
impurity, ε, as a function of the directionality parameter, κ =
ωc�ω/(Na2). (b) Normalized three-body interaction half periods
(i.e., the pulse durations), τ0 (black squares), and the numbers
of stage iterations (blue squares) required to reach convergence
in the pulsed protocol, as a function of N . The number of
iterations was calculated as 3 times the 1/e-drop time in the
impurity’s exponent to the settled value. The dashed lines illus-
trate the asymptotic behavior, N →∞, of both quantities. (c)
The κ dependence of impurity, ε, in the continuous protocol. The
solid black line displays a corresponding solution from the rate
equation model, which correctly captures the high-N limit. (d)
Prediction of the convergence results in Fig. 3(b) using the rate
equation model.
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Comparing the pulsed [Fig. 3(a)] and continuous
[Fig. 3(c)] protocol performance, we note that maintaining
the temporal separation between the central-spin reset and
activation of the three-body interaction with the ensemble
allows reaching lower steady-state impurities. This prop-
erty, illustrated by comparing experiments done in the
continuous [22] and pulsed [16] regimes, can be straight-
forwardly explained: continuously measuring the central
spin reduces its ability to sense the ensemble noise and, in
turn, limits the achievable purity.

F. Resilience to system imperfections

Real physical systems deviate from the idealized behav-
ior considered so far, as they are affected by various
forms of dephasing and spin diffusion, through which
they recover thermal equilibrium. For instance, ensem-
ble inhomogeneous dephasing can occur if the ensemble
spins have a spread of Larmor precession frequencies√
�2ωi > 0 [16,17], or during the central spin resets if

the reset time τr is a significant fraction of the activa-
tion time τ0 (cf. Appendix D). Meanwhile, spin diffusion
may result from interactions of the ensemble with envi-
ronments that are not directly coupled to the central spin
[35,47,48]. Moreover, since each stage of our purification
protocol relies on the exchange dynamics between the cen-
tral spin and the ensemble, the protocol is as sensitive to
the central-spin dephasing as it is to that of the ensemble
(Appendix B). In our model, these dephasing processes
are characterized together by their total rate �deph. Sim-
ilarly, we factor in the spin diffusion, proceeding at rate
�diff independent of the macrostate. This phenomenolog-
ical approach provides an accurate proxy for the varied
system-specific imperfections (e.g., individual nuclear spin
dephasing) while maintaining computational tractability
thanks to imposed conservation of I1 and I2. In a regime
where the dephasing dynamics break this conservation
on timescales shorter than the convergence time, Tc, this
would prevent the complete saturation (〈n〉 = 0) of states
with fixed M ∼ √N/2. Interestingly, this situation does
not compromise the conceptual viability of the proposal:
the net flow towards 〈n〉 = 0 (independent of M ) will force
now directable I1 and I2 to larger values M � √N/2 [49]
for which the nuclear state retains its desirable properties
(see Appendix A).

Ahead of the calculation, we anticipate two diffusion-
mitigating strategies possible with simple protocol adjust-
ments that do not require additional experimental controls.
Firstly, we observe that diffusion can lead to population
leakage outside of the considered I z = 0 ladder of states.
This can be prevented by alternating between the two first
stages of the protocol on short timescales to maintain a
population flow towards I z = 0 and to maximize |I z

1 − I z
2 |.

Secondly, due to variation of the collective enhancement

factor along the ladder (Appendix C), chirping the acti-
vation time from τ0 up to about τ0

√
N/8 (the slowest

three-body interaction timescale) can help in optimizing
the population flow rate against the state-independent spin
diffusion (Appendix B 4).

Using the rate equation approach (Appendix C), and
considering the scenario representative of the τ chirp
(i.e., setting τ = τ0

√
N/8), we calculate the steady-state

impurity, ε, as a function of the normalized dephasing
and diffusion rates, �dephτ0

√
N/(2π) and �diffτ0

√
N/(2π),

respectively. Figure 4(a) identifies two regimes of proto-
col performance in which distinct physical mechanisms
dictate the fundamental limit on achievable impurity

(a)

(b)

(c)

Fixe
d

Chi
rpe
d

FIG. 4. Resilience to dephasing and spin diffusion. (a) Impu-
rity as a function of the normalized spin diffusion rate,
�diffτ0

√
N/(2π), and the normalized total dephasing rate,

�dephτ0
√

N/(2π), calculated at the � = �ω resonance for N =
105. The orange solid lines are contours of ε = 10−m for m =
1, 2, . . . , 8. The pink dashed line is a boundary between the
directionality-limited regime and the diffusion-limited regime.
(b) Normalized convergence time as a function of the normal-
ized total dephasing rate for protocols with fixed activation time
(τ = τ0) and chirped activation time (up to τ = τ0

√
N/8). (c)

Normalized impurity as a function of deviation from the � =
�ω resonance for increasing levels of spin diffusion.
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(Appendix C). To the left of the pink dashed curve in
Fig. 4(a), the impurity is limited by directionality—that is,
κ—as reflected by the expression

ε ≈ 2
1+ 32Nκ2/Ddir

, (11)

where

Ddir =
(

1+ �dephτ0
√

N
2π

)(
1+ 2

�dephτ0
√

N
2π

)
. (12)

In the second regime, on the right of the pink curve in
Fig. 4(a), the impurity is governed by spin diffusion, as
captured by

ε ≈ 8Ddiff

4Ddiff + 1
, (13)

where

Ddiff =
(

1+ �dephτ0
√

N
2π

)
�diffτ0

√
N

2π
. (14)

It is clear that even low relative rates of spin diffusion
can be detrimental to the achievable impurity. Moreover,
dephasing and spin diffusion alter two other performance
measures: dephasing prolongs the convergence time, while
diffusion reduces tolerance to detuning from the � = �ω
resonance. Figure 4(b) displays a dependence of conver-
gence time, Tc, on the normalized dephasing rate for the
protocols with the activation time fixed to τ0 (the dashed
curve), and chirped up to τ0

√
N/8 (the solid line). The

curves evidence that dephasing has a significant effect only
when its timescale becomes comparable to the activation
time, that is, �dephτ/2π ∼ 1. For the general protocol with
activation time chirped up to τ , the convergence time is
well approximated by

Tc ≈ 4Nτ
(

1+ �dephτ

2π

)
. (15)

Figure 4(c) shows the normalized impurity as a function of
deviation from the � = �ω resonance for increasing lev-
els of spin diffusion. As expected, when diffusion becomes
faster, the resonance condition becomes more strict, as the
protocol loses tolerance to imperfections that decreases the
rate of population flow down the ladder.

We note that impurity is a particularly punishing mea-
sure for large spin ensembles, and even significant rates of
spin diffusion do not preclude a build-up of nearly com-
plete antipolarization, reflected by a steady-state principal
quantum number 〈n〉 ≈ 0, as we show in the next section.

G. Benchmarking candidate material platforms

Throughout this work, we have identified the three
platform-agnostic control parameters determining the
protocol performance: the directionality parameter, κ , the
normalized total dephasing rate, �dephτ0

√
N/(2π), and the

normalized spin diffusion rate, �diffτ0
√

N/(2π). We now
evaluate these parameters for candidate physical systems
and quantify the corresponding bounds on steady-state
ensemble impurities, ε, average principal quantum num-
bers, 〈n〉, as well as the protocol convergence times, Tc, as
shown in Fig. 5.

We restrict our analysis to the physical platforms
that naturally realize dense central-spin systems [see the
Hamiltonian of Eq. (4)], and in which the rudimen-
tary protocol ingredients, like the control and reset of
the central-spin state, have been demonstrated previously.
Our nonexhaustive selection of the candidate systems
includes gate-defined QDs, lattice-matched GaAs-AlGaAs
QDs, Stranski-Krastanov InGaAs QDs, and rare-earth ions
(REIs). The system-specific parameters used in the calcu-
lations are summarised in Appendix D (see Tables I–IV).

For QD systems, the two spin species that break ensem-
ble symmetry are simply two nuclear-spin species with
different gyromagnetic ratios: gallium and arsenic. Of all
considered platforms in this family, the GaAs QDs feature
the fastest three-body interaction dynamics, with τ0/B ∼
2.2 µs/T. In comparison, in InGaAs QDs τ0/B ∼ 9.9 µs/T
and in gate-defined QDs τ0/B ∼ 132.2 µs/T, the latter fea-
turing the slowest dynamics due to a system size that is
typically an order of magnitude larger, as reflected in a
correspondingly reduced single nucleus hyperfine constant
(Appendix D).

In all three cases, the total dephasing is dominated
by the inhomogeneity of nuclear quadrupolar shifts: in
GaAs and gate-defined QDs �deph ∼ 2π × 10 kHz [15,25],
while in InGaAs QDs �deph ∼ 2π × 10 MHz [26]. We
observe that κ � 1 for all QD platforms and across the
whole considered magnetic field ranges (Appendix D).
This would guarantee reaching low impurities, even
for the assessed levels of dephasing, if the dynam-
ics belonged to the directionality-limited regime [see
Fig. 5(a)].

Under current realizations, these systems belong to the
diffusion-limited regime. In gate-defined QDs, spin dif-
fusion proceeding at a rate of �diff ∼ 2π × 76 kHz is a
major roadblock to a high protocol performance [48]. In
this respect, the InGaAs QDs perform best (�diff ∼ 2π ×
15 Hz), as in their case, the spin diffusion is inhibited
by quadrupolar inhomogeneity [50,51]. The spin diffu-
sion rates in GaAs QDs take on an intermediate value
(�diff ∼ 2π × 125 Hz) [52], as naively expected based on
the reduced quadrupolar inhomogeneity relative to InGaAs
QDs, yet a better defined QD boundary compared to the
gate-defined QDs. As shown in Fig. 5(b), the QD platforms
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(a)

(b)

(c)

(d)
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Gate-defined QDs

Gate-defined QDs

Gate-defined QDsInGaAs

InGaAs

InGaAs

InGaAs

FIG. 5. Benchmarking candidate material platforms. (a) Impu-
rity as a function of the platform-agnostic parameters, κ

√
N

and �dephτ0
√

N/2π , calculated assuming that �diffτ0
√

N/2π =
0. Orange dashed contours represent impurities increasing expo-
nentially from 10−1 to 10−14. Solid violet lines correspond
to the typical operating regimes for selected candidate plat-
forms; the corresponding ranges of κ are used throughout the
figure. (b) Impurity calculated for realistic rates of total dephas-
ing, �dephτ0

√
N/2π , and spin diffusion, �diffτ0

√
N/2π . Orange

dashed contours represent ε = 0.1, 0.3, 0.5, 0.7, 0.9. (c) Corre-
sponding average principal quantum number, 〈n〉. Orange dashed
contours represent 〈n〉 = 1, 10, 100. (d) Summary of the achiev-
able normalized principal quantum numbers and convergence
times for the candidate platforms. Inset: the Tc/〈n〉 trade-off in
GaAs QDs for a range of final activation times, τ , of a chirped
protocol.

are expected to exhibit non-negligible ensemble impurities
(ε > 0.5) following stage 2 of the protocol. Nonetheless,
the average principal quantum number, 〈n〉, achieved in the
InGaAs and GaAs QDs [Fig. 5(c)] indicates a substantial
degree of antipolarization, which remains a useful start-
ing point for the next stage of the protocol (see the next
section). Finally, in typical experiments on gate-defined
[15,53] and GaAs QDs [25,54], individual dephasing of
the nuclear spins randomizes precession of nuclear polar-
ization within about 100 µs (in the absence of dynam-
ical decoupling), which is significantly shorter than the
expected convergence time Tc of stage 2. This would place
these systems in a regime where I1 and I2 are not con-
served and where, as a result of the pumping induced by
stage 2, the dynamics will occur at larger effective values
of N (see Sec. II F and Appendix A), but where other-
wise the nuclear state is expected to retain its desirable
properties [23].

We now turn our attention to REI systems—specifically
to 171Yb3+ : YVO4, recently used to demonstrate quantum-
state transfer between a 171Yb electronic central spin
and the second shell of the nearest 51V nuclei [19].
This system belongs to the regime of small but dense
central-spin systems and offers little tunability with an
external magnetic field as all nuclear spins are of the
same species. However, the nuclear-spin shells surround-
ing the central spin can be distinguished via quadrupo-
lar shifts, allowing a set of values for the effective �ω
(Appendix D). The required central-spin-mediated three-
body interaction arises as a second-order magnetic dipole-
dipole coupling between two of the first, second, and
higher shells of 51V nuclei interfaced with the 171Yb.
The said interaction leads to dynamics on a τ0 ∼ 5-ms
timescale. REIs perform best of all considered platforms
based on high values of the directionality parameter (κ ∼
25–250) and relatively low levels of spin diffusion (�diff ∼
2π × 1.85 Hz) and dephasing (�deph ∼ 2π × 1.25 kHz);
see Figs. 5(a)–5(c).

Figure 5(d) summarizes our platform survey, showing,
for each system, the expected convergence times, Tc, as
well as the principal quantum numbers, 〈n〉, normalized by√

N/2 (that is, the extent of the I z = 0 ladder of states).
Because of spin diffusion, the optimal working points for
all QD platforms correspond to the lowest magnetic fields
that allow for state readout. In InGaAs QDs and gate-
defined QDs, the chirped-τ protocols do not improve the
performance [their respective curves in Fig. 5(d) corre-
spond to the fixed-τ protocols], whereas in GaAs QDs
the chirp helps to achieve 〈n〉 < 1 within a reasonable
convergence time of Tc ∼ 200 s (the corresponding curve
corresponds to a chirped-τ protocol). This timescale can
be significantly lowered below Tc ∼ 1 s by lowering the
final τ during the chirp close to τ0. As depicted in the
inset of Fig. 5(d), this comes at the cost of a slight rise
in 〈n〉.
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H. Preparation of a many-body singlet

The singlet state |I = 0〉 is a superposition of all∣∣I z
1 = −M + n, I z

2 = M − n
〉

eigenstates with a ∝ (−1)n

phase on each state, as shown in Eq. (3). Importantly, it
can be engineered exactly only if I1 = I2 = M .

Having established a pure antipolarized state of the two
subensembles (i.e., n = 0) following the first two stages
of the protocol, the third and final stage will prepare the
singlet state by weaving an alternating phase into the
Jaynes-Cummings ladder, as shown in Fig. 6(a). We stress
that the many-body singlet state is not an eigenstate of
our system Hamiltonian; however, it refocuses every�t =
2π/�ω following the protocol termination (Appendix E).

Initially, we consider only the ideal execution of this
final stage involving unitary gates, free of any dephas-
ing. This is to confirm that collective effects do not stand
in the way of precise quantum-superposition engineering.
We work in a frame corotating with�Sx +�ω(I z

1 − I z
2)/2.

For the sake of clarity, we outline the ideal protocol steps
assuming that the effective Jaynes-Cummings ladder has
2M + 1 = 2K rungs, corresponding to a total number of
ensemble spins N ∼ (2K − 1)2/2; the generalization to
arbitrary N is straightforward. In the first instance, we take
a simplified scenario in which the three-body-interaction is
independent of the

∣∣I z
1 = −M + n, I z

2 = M − n
〉

state; we
later take the dependence on n into account.

We apply the following sequence of unitary operations,
starting from state

|ψ0〉 = |↓x〉
∣∣I z

1 = −M , I z
2 = M

〉
. (16)

(i) A central spin (π/2)z gate, giving state

1√
2
(|↓x〉 − i |↑x〉)

∣∣I z
1 = −M , I z

2 = M
〉
, (17)

as illustrated in the second level diagram from the
left in Fig. 6(a).

(ii) A three-body-interaction π gate, U(τ ) = Uπ , where
τ is the interaction time, and which up to a global
phase leaves the system in state

|ψ1〉 = 1√
2
|↓x〉 (

∣∣I z
1 = −M , I z

2 = M
〉

− ∣∣I z
1 = −M + 1, I z

2 = M − 1
〉
),

(18)

as shown in the third-level diagram from the left in
Fig. 6(a).

Together, this pair of gates (π/2)z and Uπ inject entan-
glement into the spin ensemble via the central spin. We
combine them into a composite gate S1, as shown in

Fig. 6(a). Application of this gate doubles the overlap
with the singlet state, | 〈ψ1| (|↓x〉 |I = 0〉)|2, from that of
the initial state, | 〈ψ0| (|↓x〉 |I = 0〉)|2. To increase this
overlap further, we apply an extended composite gate,
S2, which contains two steps: (i) entanglement injec-
tion using S1 [the fourth- and fifth-level diagrams from
the left in Fig. 6(a)] and (ii) phase redistribution onto
the

∣∣I z
1 = −M + n, I z

2 = M − n
〉

states with n = 0, 1, 2, 3
using a central-spin (π)z gate and a three-body-interaction
π gate [the two rightmost-level diagrams in Fig. 6(a)]. We
generalize this sequence to a composite gate SK , for which
the phase redistribution is applied 2K−1 − 1 times [gray
box in Fig. 6(b)]. Each application of a phase redistribu-
tion subsequence brings the next highest rung on the ladder
into the ensemble superposition state. As a result, the over-
lap of system state

∣∣ψj
〉

with the many-body singlet state
| 〈ψj

∣∣ (|↓x〉 |I = 0〉)|2 doubles at each step of a sequence of
composite gates Sj for j = 1, 2, . . . , K .

The modular structure of this algorithm is advantageous
in terms of minimizing the impact of the central-spin
dephasing on the ensemble state preparation. It is suffi-
cient for the central spin to stay coherent over a given Sj
gate duration, after which it can be safely reinitialized. This
opens up the possibility of built-in error detection follow-
ing each gate S as any bright electron population would
indicate failure of the gate. We note that the phase redis-
tribution is the most operation-costly subsequence, as it
involves 2j − 2 gates within each Sj gate. Nevertheless,
the protocol complexity remains linear with the number of
states along the ladder 2K as the total number of gates in a
complete sequence is 2(2K − 1).

We demonstrate the performance of this algorithm in
Fig. 6(c), using the trace distance from the engineered state
to the singlet state as a function of the total number of gates
(gray squares). For K = 4 (N = 112), we can visualize
the steady progression from |ψ0〉 towards the singlet state
|↓x〉 |I = 0〉 as the algorithm steps through the sequence of
composite gates S1 to S4, culminating in an exact prepa-
ration where the final trace distance reaches zero. The
classical limit 〈I2〉cl ∼

√
N is overcome as soon as the

sequence begins to inject entanglement into the ensemble,
and reaches the quantum limit of 〈I2〉qu = 0 at its termina-
tion. Interestingly, this happens at the expense of raising
the uncertainty in I z

1 and I z
2 towards their thermal values of

about
√

N , akin to squeezing.
We now turn to the more realistic description of the

spin ensemble for which the three-body interaction π gate
time depends on state

∣∣I z
1 = −M + n, I z

2 = M − n
〉
. This

interaction time will take on values from about 2M (for
n = 0, 2M ) to about M (M + 1) (for n = M ) across the
ladder (Appendix E). While this behavior complicates the
algorithm implementation, the core structure used to inject
entanglement and redistribute phase remains in place. With
the right choice of three-body interaction times, τ , and
the central-spin z-gate phases, φ, it is possible to reach
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(b) (c) (d)

Repeat

(a)

FIG. 6. Reaching a quantum limit. (a) Action of the unitary gates (black arrows) along the effective Jaynes-Cummings ladder of∣∣I z
1 = −M + n, I z

2 = M − n
〉

states, where M = min(I1, I2). The illustrated sequence of six gates prepares a many-body singlet for
K = 2. The inset displays a relative phase color coding applied throughout the panel. The global phase is factored out, leaving the
lowest-energy state with a zero reference phase. (b) Concatenation of the composite Sj gates turns the antipolarized state into a many-
body singlet. The gray box contains a quantum circuit corresponding to the SK gate for an arbitrary integer K . (c) Trace distance from
a singlet state as a function of the number of singlet-preparing gates used within the simplified (gray squares) and real (circles) systems
with K = 4 (i.e., N = 112), following the exact and variational-searched protocols, respectively. The red-to-blue gradient indicates
that the structure of the optimal protocol (discussed in Appendix E) varies with the number of used gates. (d) Total angular momenta
of optimally entangled ensembles (with K = 3) in the presence of increasing levels of spin diffusion and dephasing. The orange dashed
lines represent contours of 〈n〉 = 10−3, 10−2, 10−1, 100, 101, 102 achieved prior to the final protocol stage, for the corresponding levels
of dephasing and spin diffusion.

the singlet state. To do so, we treat the sequence param-
eters {τi,φi} variationally for each gate to minimize the
(Hilbert-Schmidt) trace distance to the singlet state from

|ψ〉 =
←−∏
i=0

(U(τi) · (φi)z) |↓x〉
∣∣I z

1 = −M , I z
2 = M

〉
. (19)

Formally, this involves an optimization over an approx-
imately 2K -dimensional space of parameters, for which
we employ a gradient-descent algorithm (Appendix E and
Ref. [55]). The resulting trace distances for the sequences
of increasing length are presented in Fig. 6(c) as the
colored circles (red-to-blue gradient is consistent with
the color coding used in Appendix E). Strikingly, our
algorithm arrives within a trace distance of a few percent
from the singlet state.

Next, we assess the effect of dephasing and spin diffu-
sion on this final stage of the protocol. Trace distance from
the exact singlet state, much like purity, is a particularly
punishing metric in the presence of current levels of imper-
fections. Nonetheless, we can perform our variational opti-
mization to reach “singletlike states,” that is, those that
exhibit a largely reduced total angular momentum 〈I2〉 rel-
ative to the classical limit. We use 〈I2〉 directly as a cost
function and recover the optimal total angular momen-
tum reduction when �diffτ0

√
N/2π and �dephτ0

√
N/2π

are both 	 1 [see Fig. 6(d)]. Unsurprisingly, this stage
of the protocol is far more sensitive to dephasing than
the first and second stages. Still, our optimization proce-
dure allows us to design sequences that reduce 〈I2〉 even
in the �diffτ0

√
N/2π ∼ 1 and �dephτ0

√
N/2π ∼ 1 cases.

We overlay the results of Fig. 5(c) on achievable 〈n〉 fol-
lowing stage 2, which confirms that current experimental
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platforms could be used to measure singletlike states in a
proof-of-concept experiment.

Finally, we highlight that the prospects of near-term
implementations of our protocol in platforms with N ∼
105 hinge on achieving low gate errors—on par with
those achieved in atomic systems [56]. In the afore-
mentioned QD systems, the last and longest composite
gate, S9, requires 510 three-body electron-nuclear gates
between electron resets. Experimentally, single-qubit gates
currently feature an approximate 0.007 error [25], as a
lower bound on the three-body gate error. We thus esti-
mate that a reduction in gate error by a factor of 10–100
would be sufficient for a full protocol implementation. The
other experimental overhead in our protocol—the neces-
sity for postselection based on the measurement of I1
and I2 (see Appendix A)—is greatly facilitated by recent
results on photon collection in QD systems exceeding 50%
end-to-end efficiency [57,58].

Interestingly, by applying our variational approach to
reduce the total angular momentum of the ensemble
(Appendix E 3 d), we confirmed that robust quantum-state
preparation can occur free of the I1 = I2 = M constraint
and thus without postselection. This occurred with a sig-
nificantly reduced number of gates over which the conver-
gence was achieved and renders the proposed singletlike
state preparation compatible with available gate fidelities
and experimental state of the art.

III. CONCLUSIONS AND OUTLOOKS

In this work, we have proposed a protocol that can
initialize a spin ensemble into a pure antipolarized state
and steer it towards a many-body entangled singlet
state—exclusively by using a single central-spin qubit. To
do so, we have made use of the three-body interaction nat-
urally present in dense spin ensembles and shown that it
can be harnessed by breaking the ensemble into two spin
species. We note that such breaking of ensemble sym-
metry can take multiple forms, including, but not limited
to, nuclear-spin species with different gyromagnetic ratios
[26] or high-spin species that split into two effective qubit
ensembles under the influence of electric field gradients
(e.g., from strain) [54].

We have suggested several platforms where our
algorithm would be realizable, and where a nearly com-
plete degree of antipolarization (〈n〉 ≈ 0) can be achieved
even in the presence of typical levels of dephasing and
spin diffusion. A reduction of the total angular momentum
well below the classical limit—i.e., a singletlike state—is
possible under these conditions. While a true many-body
singlet engineered out of a unity purity state is currently
out of reach for our suggested platforms, vast improve-
ments are possible [25] to further reduce spin diffusion
and dephasing rates through materials engineering [51]
and direct decoupling techniques [19,54]. Extensions of

our scheme to include single-shot readout of the electron
spin, as demonstrated in all suggested platforms [59–61],
would make it possible to herald the initialized nuclear
state required for the generation of a many-body singlet.

From the perspective of an electron spin qubit hosted
in a material with nonzero nuclear spins, a singlet
state of its surrounding spin ensemble (or any state
that approaches singletlike properties) would dramatically
boost its coherence—both homogeneous and inhomoge-
neous noise sources [26] would be quenched. From the
perspective of leveraging this spin ensemble as a quantum
memory resource [39], initialization to a pure collective
state at the end of stage 2 already realizes a step necessary
to run an algorithm with unit fidelity [62], and the avail-
ability of two antipolarized species could even be extended
to a two-mode register. The state-engineering recipes that
we have established could be extended to more elaborate
computational [63] and error-correcting [21] algorithms.
Fundamentally, tracking a many-body state in the pres-
ence of tuneable interactions can reveal the entanglement
dynamics in and out of the central-spin system, open-
ing an experimental window onto quantum information
scrambling and area laws for entanglement entropy.
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APPENDIX A: MANIFOLD DEGENERACIES

Within the manuscript we make a statement about the
dynamics in the I1 = I2 =

√
N/2 manifold being represen-

tative of the complete ensemble dynamics. This follows
from the (I1, I2)-manifold degeneracy, captured by the

p(I1, I2) ∝ I1(I1 + 1) I2(I2 + 1) e−2(I2
1+I2

2 )/N (A1)

probability distribution for an ensemble initially at infi-
nite temperature [16]. As shown in Fig. 7, this distribu-
tion features a peak at

√
N/2 of width ∝ √N/2, and an

exponentially suppressed high-Ii tail. Therefore, when ran-
domly sampling the (I1, I2) distribution in the experiment,
a majority of the experimental runs will satisfy I1, I2 ∼√

N/2.

1. Implications for the protocol

A typical deviation from I1 = I2 =
√

N/2 features I1 �=
I2. In Appendix B 1, we study the protocol performance
in the I1 �= I2 case, and compare it to the I1 = I2 case
(studied in the main text) to find the same degree of
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FIG. 7. Probability distribution of sampling an I1, I2 manifold
in an infinite-temperature ensemble. The pink dashed curve rep-
resent a half-maximum contour of

√
N/2 diameter. The pink

point represents the mode of the distribution at I1 = I2 =
√

N/2.

state purification and identical behavior of the central spin
throughout the protocol.

However, the robustness of the optimized unitary gate
sequence in the third stage of the protocol is expected to
be more sensitive on sampled values of I1 and I2. This
issue can be overcome by measurement postselection or
measurement-based feed forward, provided the possibil-
ity of a single-shot readout of the central-spin state. For
instance, measuring the transition rate asymmetry [23] of
the � = ω1 activated processes,

|↓x〉
∣∣I z

1 , I z
2

〉→ |↑x〉
∣∣I z

1 − 1, I z
2

〉
,

|↑x〉
∣∣I z

1 , I z
2

〉→ |↓x〉
∣∣I z

1 + 1, I z
2

〉
,

(A2)

and the transition rate asymmetry of the � = ω2 activated
processes,

|↓x〉
∣∣I z

1 , I z
2

〉→ |↑x〉
∣∣I z

1 , I z
2 − 1

〉
,

|↑x〉
∣∣I z

1 , I z
2

〉→ |↓x〉
∣∣I z

1 , I z
2 + 1

〉
,

(A3)

constrains both I1 and I2, which can be used to con-
ditionally discard the postprotocol state or to adjust the
gate parameters in the third stage of the protocol. Tak-
ing the example of GaAs QDs, where the noncollinear
interaction results primarily from the electronic g-factor
anisotropy [53] [yielding νi ∼ ωi in Eq. (6)], telling apart
the Ii and Ii + 1 manifolds in the suggested way would
require resolving a a/

√
2Ii ∼ 2π×50 kHz difference in

transition rates of the activated processes, which is realistic
given �deph = 2π×10 kHz.

Moreover, if the proposed measures require too signif-
icant of an experimental overhead, the proof-of-concept

experiments aimed at producing singletlike states, that is,
lowering of the total angular momentum 〈I2〉, can follow
from the gate optimization performed in a larger portion of
the Hilbert space (see Appendix E 3 d).

2. Breaking of the (I1, I2) conservation

On long timescales, the conservation of I1 and I2 is bro-
ken by processes resulting from intraensemble interactions
(e.g., nuclear dipole-dipole interaction) or weak symme-
try breaking resulting from small gradients in the single
nucleus hyperfine constants. Under stage 2 of the proto-
col, the directionality of the imposed phase space flow
towards an antipolarized state dictates that I1 and I2 will
slowly increase under breaking of this conservation law
(i.e., increased |I z

1 | and |I z
2 | can be accommodated only

by higher I1 and I2 manifolds). This, in principle, could
improve the protocol performance in two ways: firstly,
by pushing the collective dynamics into the I >

√
N/2

regime, where they proceed faster, and secondly, by mit-
igating the effect of stochasticity in I1 and I2. Indeed, as
soon as I1 and I2 reach values >

√
N/2, the degenera-

cies of the (I1, I2)manifolds start decreasing exponentially,
with further increments in I1 or I2 (see Fig. 7).

Modeling these effects from first principles is beyond
the scope of this work, as it requires a significant exten-
sion of the model and adds considerable complexity to
the simulations. However, we argue that the models used
throughout this work are sufficient to capture the resulting
dynamics. Firstly, the increase in I1 and I2 results in the
increase of collective enhancement factors, which could
be entirely captured by working with a higher effective N .
Secondly, the negative effects of intraensemble interactions
and coupling inhomogeneities result in effective dephasing
and spin diffusion, which are already represented in our
model (albeit in a nonreversible, phenomenological way).

APPENDIX B: FULL SIMULATION OF QUANTUM
DYNAMICS

To simulate the quantum dynamics of the composite sys-
tem in a reduced Hilbert space, we use a master equation
and steady-state solvers from the QuTiP [64,65] library in
PYTHON.

The exchange between the central spin and the ensem-
ble is modeled by the following Hamiltonian, written in
a frame rotating with a δ-detuned laser drive, following a
rotating-wave approximation:

H(t) = �(t)Sx + δSz +
∑
i=1,2

(
ωi − a2

4ωc

)
I z
i +

∑
i=1,2

aSzI z
i

+
∑

i,j=1,2

a2

4ωc
Sz(I+i I−j +I−i I+j )+

∑
i=1,2

aνi

2ωi
SzI x

i .

(B1)
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The individual terms are defined in the main text. We set
�ω = 1 (arbitrary units) and from the value of κ used as
an independent parameter obtain the corresponding three-
body coupling strength (a2/4ωc).

Within the first stage of the protocol setting �(t) = ω1
[or �(t) = ω2] activates the noncollinear (∝ SzI x

i ) inter-
action. Within the second and third stages of the proto-
col, �(t) = �ω activates the three-body interaction [∝
Sz(I+1 I−2 + I−1 I+2 )]. At all times, δ = 0.

The instantaneous central-spin resets within the second
stage of our protocol were effectuated by the following
operation on the composite density operator:

ρ → |↓x〉 〈↓x| ⊗ Trcρ (B2)

with Trc denoting the partial tracing with respect to the
central-spin degrees of freedom.

The steady-state solver was applied to a continuous
approximation of the protocol in which the central spin was
reset continuously at an optical pumping rate �op = 2π/τ0,
where τ0 corresponds to the time between subsequent
instantaneous central spin resets in the exact protocol.
The collapse operator used in modeling that process was√
�op |↓x〉 〈↑x|.

1. Dynamics in an I1 �= I2 manifold

We verify the protocol robustness in an I1 �= I2 man-
ifold by performing an identical simulation to that from
Sec. II D. Both κ and τ0 are fixed to the same values, and
the only difference lies in the choices of I1 =

√
32/2− 1

and I2 =
√

32/2+ 1. The results are illustrated in Fig. 8,
and organized in a one-to-one correspondence with those
of Fig. 2 in the main text. As displayed in Fig. 8(a), the
〈Sx〉 population (that is, the only direct observable during
the protocol) saturates to −1/2, as in Fig. 2(a). The polar-
izations I z

1 and I z
2 are driven towards the maximal possible

opposite values, that is, ±min(I1, I2) [see Fig. 8(c)], as
anticipated. Dynamics features an equal amount of purifi-
cation after settling to the limit cycle [see Fig. 8(d)], and
the only significant difference comes in the degree of the
〈I2〉 reduction. Still, the protocol reaches the anticipated
classical limit 〈I2〉cl = (I1 + I2)(|I1 − I2| + 1).

2. The effect of unequal species-specific hyperfine
constants, a1 �= a2

Here we justify the statement made in the main text that
our choice to work with a1 = a2 does not lead to a loss of
generality.

Suppose that we set a1 �= a2. The first stage of the pro-
tocol would aim at minimizing the fluctuation of a1I z

1 +
a1I z

2 around the lock-point set by the detuning of the
central-spin drive from ωc [i.e., δ from the Hamiltonian
in Eq. (B1)], whilst the second stage would push the
state towards the edge of Hilbert space defined by the

(a)

(b)

(c)

(d)

FIG. 8. Ideal system’s dynamics for N = 32, and I1 =√
32/2− 1, I2 =

√
32/2+ 1. Panels (a)–(d) are in a one-to-one

correspondence to those of Fig. 2 in the main text.

lower-Ii species reaching its maximal (or minimal) allowed
spin projection, set by |M | = min(I1, I2). If these first two
stages are alternated (i.e., run as a hybrid), the higher-Ii
species is eventually found in a state that satisfies the con-
dition −δ = a1I z

1 + a2I z
2 . Note that, for a1 �= a2, one could

ensure that the higher-Ii species is also found in |I z
i | = M ,

by setting |δ| = |a1 − a2|M . If this value is expected to be
large, δ can be chirped slowly, as in Ref. [23]. This explains
why a1 �= a2 does not change the physics behind the first
two stages of the protocol.

If a1 �= a2, the goal of the third stage of the proto-
col seems to be conceptually different: it is the magni-
tude of (a1I1 + a2I2)

2 that one should aim to minimize.
However, expanding that expression, one quickly finds
out that what needs to be minimized is I1 · I2 = 1

2 [(I1 +
I2)

2 − I1(I1 + 1)− I2(I2 + 1)], that is, the total angular
momentum squared: (I1 + I2)

2. The target state of the
third preparation stage is—again—a many-body singlet
(or, more generally, the state with I = |I1 − I2|). The final
stage is executed in precisely the same way, although
the broken harmonicity of the Jaynes-Cummings ladder
may necessitate introducing a number of additional varia-
tional parameters: the Rabi frequencies of the central-spin
drive {�i}.

3. Equal impact of the ensemble and the central-spin
dephasing on the protocol’s performance

We studied the effects of dephasing of the central spin
and the ensemble on the protocol’s performance. The
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FIG. 9. Symmetry in the effect of ensemble and central-spin
dephasing on the protocol’s performance. The figure displays
steady-state impurity as a function of relative ensemble and
central-spin dephasing rates, �b/�op and �c/�op. Here �op
denotes the optical pumping rate in the continuous quantum
model. The simulation was run for κ = 10 and N = 200 (i.e.,
I1 = I2 =

√
200/2).

former process was modeled using a
√
�cSx collapse oper-

ator, and the latter made use of two distinct collapse
operators:

√
�b/2I z

1 and
√
�b/2I z

2 . Figure 9 illustrates the
steady-state impurity calculated in the continuous proto-
col approximation for a range of dephasing rates �c and
�b. It is evident that both processes have quantitatively
identical impact on the state preparation, which motivates
introducing a total dephasing rate, �deph = �b + �c, as a
figure of merit in quantifying resilience to the system’s
imperfections.

4. Effect of a τ chirp in the presence of spin diffusion

The effect of spin diffusion was studied numerically in
the simulation of the pulsed protocol. This was incorpo-
rated into the model via the collapse operators

√
�diff

∑
n

|n〉 〈n+ 1|,
√
�diff

∑
n

|n〉 〈n− 1|,
(B3)

with |n〉 representing the nth ladder state,
∣∣I z

1 = −(M − n),
I z
2 = +(M − n)

〉
. Such operators relax the ensemble to a

fully mixed state at rate �diff in the absence of optical
pumping.

In the analysis presented in Fig. 10, we chose �diff =
0.1× 2π/(τ0

√
N ), and studied the cases in which N = 32,

N = 128, and N = 512. The protocol with a fixed activa-
tion time, τ = τ0, featured a decrease in robustness with

(a)

(b)

(c)

N = 32

N = 128

N = 512

FIG. 10. Evolution of state impurity in the presence of spin
diffusion: comparison of “fixed-τ” and “chirped-τ” protocols in
systems of increasing size. Throughout the figure, the pink curves
represent the evolution of state impurity, ε, in the antipolarization
protocol with a fixed τ = τ0, whereas the blue curves correspond
to the “chirped-τ” protocols. The insets depict the corresponding
τ -chirp profiles (color coding holds between the curves in the
panels and the insets). Panels (a)–(c) correspond to the cases in
which N = 32, N = 128, and N = 512, respectively. In all cases,
�diff = 0.1× 2π/(τ0

√
N ) and κ = 10.

an increase in N [see the pink curves in Figs. 10(a)–10(c)].
Such behavior is entirely expected: the flow down the
ladder of states slows down due to an approximate

√
N

decrease in the collective enhancement rate of activated
transitions. This effect becomes more pronounced as the
system size N increases and in the presence of state-
independent spin diffusion it has to be mitigated.

To this end, the activation time τ can be chirped from
τ0 up to about

√
N/8× τ0, corresponding to the slow-

est interaction timescale in the system [cf. Eq. (E10)
below]. The problem reduces to identifying the optimal
chirp rate, which we achieve by conditioning the simula-
tion to reset the central spin whenever the d/dt〈Sx〉 = 0
point is reached. Interestingly, this yields steplike chirp
profiles, which are presented with blue curves in the insets
of Figs. 10(a)–10(c). In practice, such chirp profiles would
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have to be calibrated experimentally. The “chirped-τ” pro-
tocols exhibit consistent performance in all considered
cases, as depicted with blue curves in Figs. 10(a)–10(c).
The extension of the convergence time due to a τ chirp
is—at most—by a factor

√
N .

The above approach is conceptually similar to that
implemented experimentally in Ref. [16], in which the
sensing time was gradually stepped in order to improve
the feedback strength around the chosen total polarization
lock point while overcoming the issue of the feedback’s
multistability.

APPENDIX C: RATE EQUATION MODEL

1. Evolution of populations and the scattering rates

A good quantitative understanding of the protocol
dynamics can be gained from a simple rate equation model.
Within this model, the dynamics is again restricted to the
I z = 0 ladder of states, as a result of perfect total polar-
ization locking. The model assumes that at coarse-grained
timescales, the coherences between different states across
the ladder vanish, or in other words,

Trcρ =
∑

n

pn |n〉 〈n|. (C1)

The evolution of the population of the |n〉 state, pn, is then
captured by the equation

ṗn = −(r−n + r+n )pn + (r+n−1pn−1 + r−n+1pn+1), (C2)

where r±n stands for the rate of the population flow from
the |n〉 state to the |n± 1〉 state.

The ∝ pn terms in the equation describe the “out-flow”
processes proceeding at a total rate r−n + r+n ; see Fig. 11(a).
In the absence of spin diffusion [the wavy yellow arrows
in Figs. 11(a) and 11(b)], the first of the two processes (∝
r−n ) involves a coherent exchange, |↓x〉 |n〉 → |↑x〉 |n− 1〉,
driven by the three-body interaction, and detuned by�− =
�−�ω, followed by the central-spin reset after time τ .
Here, the reset is approximated as proceeding concomi-
tantly with the exchange, at the optical pumping rate
�op(τ ) = 2π/τ . The second out-flow process (∝ r+n ) con-
sists of the same two steps, except that the dynamics
proceeds between |n〉 and |n+ 1〉 states, for which the
three-body interaction detuning is �+ = �+�ω. The
rates of the outflow processes, r±n , are then proportional to
the populations of the excited states |↑x〉 |n± 1〉, where the
constants of proportionality are given by the central-spin
reset rate, �op. This yields

r±n = �op〈|↑x, n± 1〉 〈↑x, n± 1|〉. (C3)

We approximate the expectation value from Eq. (C3) by a
steady-state excited-state population of a two-level system

(a)

(b)

FIG. 11. Rate equation model of the protocol. (a) Scattering
processes that depopulate the nth state across the ladder. Straight
arrows denote activated three-body interactions, whereas gray
bars show the energy gaps that suppress each of the processes.
The pink wavy arrows illustrate the central spin resets, while the
yellow wavy arrows illustrate the spin diffusion. (b) Scattering
processes that populate the nth state across the ladder. Labeling
is consistent with that of panel (a).

constituted by |↓x, n〉 and |↑x, n± 1〉 states; it follows that

r±n =
�op

2
(α±n )

2/(�op�
′)

1+ (α±n )2/(�op�′)+ (�±/�′)2
, (C4)

where �′ = 1
2�op + �deph incorporates the sum of phe-

nomenological ensemble and central-spin dephasing rates,
�deph. The effective drive strengths, α±n , correspond to the
three-body interaction rate, given by

α+n =
a2

4ωc
(2I − n)(n+ 1),

α−n =
a2

4ωc
(2I − n+ 1)n.

(C5)

Their dependence on I and n is a result of the collective
enhancement, dependent on the total angular momenta of
the subensembles (I1 = I2 = I ∼ √N/2). Finally, to factor
in the spin diffusion, proceeding at rate �diff, the rates are
modified as

r±n → r±n + �diff. (C6)

The second pair of terms in Eq. (C2) (∝ pn−1 and
∝ pn+1) captures the effect of the “in-flow” processes.
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The |n〉 state can be populated by a �+-detuned process
originating from the |n− 1〉 state, a �−-detuned process
originating from the |n+ 1〉 state, as well as the spin diffu-
sion, as shown in Fig. 11(b). The relevant scattering rates
are found using Eqs. (C4) and (C6).

Spin diffusion, in the considered form, drives the ensem-
ble to a fully mixed state in the absence of optical pumping
(�op = 0).

2. Steady-state solution

The system reaches a steady state when ṗn = 0 for all
n. This generates the following recursive relation between
the |n〉-state populations:

p1 = r+0
r−1

p0,

pn+2 =
r−n+1 + r+n+1

r−n+2
pn+1− r+n

r−n+2
pn, n= 0, 1, . . . , 2I − 2.

(C7)

This fully determines steady-state populations, up to a
normalization factor, which can be constrained using∑

n pn = 1.
The computational complexity of solving for steady-

state populations is O(I); this is to be compared with
O(I 6) complexity of solving for the steady state of the
quantum master equation with dissipation.

3. Impurity ε in the presence of dephasing and spin
diffusion: two regimes

The preparation performance can be characterized by
the impurity of the reduced density operator, ρb = Trcρ.
The rate equation model approximates this impurity by

ε = 1− Trρ2
b = 1−

∑
n

p2
n . (C8)

In the case of the perfect state preparation, we have p0 =
1 and ε = 0. The preparation performance starts to drop
when the |1〉 state acquires a finite population, leading to
an initial impurity increase given by ε ≈ 2r+0 /r

−
1 . By the

end of the chirp, the activation time τ is set to maximize
r−1 (see Appendix B 4), resulting in

r−1 =
α√
2

1

2+√2�deph/α
+ �diff,

r+0 =
α√
2

1

2+√2�deph/α + 64κ2N/(1+√2�deph/α)

+ �diff,
(C9)

where α = α+0 = α−1 [see Eq. (C5)]. The two terms in r+0
from Eq. (C9) represent two distinct physical mechanisms
that limit the impurity: the directionality and the diffusion.

a. Diffusion-limited regime

If the first term of r+0 is negligible compared to �diff, the
impurity is insensitive to κ . This defines a diffusion-limited
regime in which the impurity scales as

ε ≈ 8Ddiff

4Ddiff + 1
, (C10)

where

Ddiff =
(

1+ �dephτ0
√

N
2π

)
�diffτ0

√
N

2π
. (C11)

b. Directionality-limited regime

If the first term of r+0 dominates �diff, the impurity is
governed by κ , N , and �dephτ0

√
N/2π in the following

way:

ε ≈ 2
1+ 32Nκ2/Ddir

(C12)

with

Ddir =
(

1+ �dephτ0
√

N
2π

)(
1+ 2

�dephτ0
√

N
2π

)
. (C13)

This defines a directionality-limited regime.

4. Convergence time Tc

The rate equation formalism allows us to estimate the
convergence time of the protocol, Tc, from spectral analy-
sis of matrix �, which generates the rate equation as

ṗ = �p, (C14)

where p is a vector of |n〉-state populations.
We note that, due to the contractive nature of dynam-

ics, the real parts of the �-matrix eigenvalues are all
nonpositive, and can be arranged according to

0 = λ0 > Re(λ1) > Re(λ2) > · · · . (C15)

We then identify Tc = 2π/|Re(λ1)|, as |Re(λ1)| is the
slowest convergence rate in the model.

APPENDIX D: SURVEY OF CANDIDATE
SYSTEMS

1. Relating the model spin diffusion rates to the
measured depolarization timescales

To assess the performance of a candidate platform,
the model spin diffusion rate between the ensemble’s
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TABLE I. Model parameters used to benchmark the protocol’s
performance for GaAs-AlGaAs QDs [25,52,66–68].

Total hyperfine interaction A = N × a 2π × 11 GHz
Zeeman frequency difference �ω/B 2π × 5.76 MHz/T
Central-spin splitting ωc/B 2π × 1.3 GHz/T
Effective number of nuclei N 105

Dephasing rate (nuclear) �deph 2π × 10 kHz
Diffusion rate (nuclear) �diff 2π × 125 Hz
Magnetic field ranges B 1–10 T
Directionality parameter κ/B2 6.2 T−2

Activation time τ0/B 2.2 µs/T
Reset time τr 1–10 ns

macrostates, �diff, has to be linked to a more direct
platform-specific relaxation timescale, like that of the
polarization loss: Tpol

1 .
In this analysis, we assume that the polarization-

dependent relaxation rates between the two polarization
macrostates (in the units of angular frequency) are well
approximated [47] by

�±diff(I
z
i ) = 2π × 1

2Tpol
1

(
N
2
∓ I z

i

)
, (D1)

where the “±” superscript corresponds to the I z
i → I z

i ±
1 relaxation. The directionality native to the resulting
Ornstein-Uhlenbeck depolarization process is intuitive: an
almost fully polarized ensemble is far more likely to depo-
larize than to polarize via a random spin flip. In this
model, the ensemble features a polarization loss given
by 〈I z

i (t)〉 = e−t/Tpol
1 (N/2), as it settles into a steady state

with p(I z
i ) ∝ e−(I

z
i )

2/2�2I z
i . Here,

√
�2I z

i =
√

N/2, in full
agreement with the infinite-temperature result.

In the vicinity of |I z
1 |, |I z

2 | ∼
√

N 	 N , where the
antipolarization protocol takes place,

�+diff(I
z
i ) ≈ �−diff(I

z
i ) ≈ const., (D2)

recovering purely diffusive dynamics, as considered in the
rate equation model (see Appendix C). We therefore link

TABLE II. Model parameters used to benchmark the protocol’s
performance for InGaAs-GaAs QDs [26,50,68].

Total hyperfine interaction A = N × a 2π × 11 GHz
Zeeman frequency difference �ω/B 2π × 5.76 MHz/T
Central-spin splitting ωc/B 2π × 6 GHz/T
Effective number of nuclei N 105

Dephasing rate (nuclear) �deph 2π × 10 MHz
Diffusion rate (nuclear) �diff 2π × 15 Hz
Magnetic field ranges B 100 mT–10 T
Directionality parameter κ/B2 28.6 T−2

Activation time τ0/B 9.9 µs/T
Reset time τr 1–10 ns

TABLE III. Model parameters used to benchmark the proto-
col’s performance for gate-defined GaAs QDs [15,48,59,67,68].

Total hyperfine interaction A = N × a 2π × 11 GHz
Zeeman frequency difference �ω/B 2π × 5.76 MHz/T
Central-spin splitting ωc/B 2π × 8 GHz/T
Effective number of nuclei N 106

Dephasing rate (nuclear) �deph 2π × 10 kHz
Diffusion rate (nuclear) �diff 2π × 76 kHz
Magnetic field ranges B 100 mT–10 T
Directionality parameter κ/B2 380.8 T−2

Activation time τ0/B 132.2 µs/T
Reset time τr 100 ns

the model diffusion rate to the depolarization timescale as
follows:

�diff = 2π × N

4Tpol
1

. (D3)

In our platform-specific analysis, we calculate �diff using
the above formula in the case of all types of QDs. In the
case of REIs, �diff is measured directly in Ref. [19] as the
lifetime of the fully polarized state.

2. Tables of physical parameters

The physical parameters used to benchmark the perfor-
mance of the candidate material platforms presented in
Figs. 4–6 are listed in Tables I–IV.

APPENDIX E: OPTIMIZING THE PREPARATION
OF A MANY-BODY SINGLET

1. Central-spin gate

We introduce the following notation for a single-qubit
gate:

(φ)j ≡ exp{−iφσj /2}, j = x, y, z, (E1)

TABLE IV. Model parameters used to benchmark the pro-
tocol’s performance for a 171Yb3+ : YVO4 (REI) [19,60]. The
three-body interaction in this system is a central-spin-mediated
second-order dipole-dipole, and it couples the nuclei in the sec-
ond shell (subscript i) with those in the outer (subscript j ) shells
with an effective strength of about aiaj /ωc. The �ω corresponds
to the difference in quadrupolar frequencies of the nuclei in the
second shell (i.e., a frozen core) and the outer shells.

Three-body interaction strength aiaj /ωc 2π × 0.1 kHz
Quadrupolar frequency difference �ω 2π × 10–100 kHz
Directionality parameter κ 25–250
Number of nuclei 4
Dephasing rate �deph 2π × 1.25 kHz
Diffusion rate �diff 2π × 1.85 Hz
Activation time τ0 5 ms
Reset time τr 500 µs
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with σx, σy , and σz 2× 2 Pauli matrices.

2. Three-body interaction gate

Upon matching the � = �ω resonance condition, the
evolution of the system in the frame rotating with
1
2�ω(I

z
1 − I z

2)+�Sx is dictated by the Hamiltonian

Hexc = a2

4ωc
(|↑x〉 〈↓x|I−+ |↓x〉 〈↑x|I+), (E2)

where I± = I±1 I∓2 are the nonlinear ladder operators for
the effective Jaynes-Cummings ladder of |n〉 states, whose
action is captured by

I+=
2I−1∑
n=0

(2I − n)(n+ 1)︸ ︷︷ ︸
en

|n+ 1〉 〈n| (E3)

and I− = (I+)†.
Evolution of the system in that frame over time τ ,

generated by Hexc, realizes the gate

exp{−iτHexc}

= 1+ |↑x〉 〈↑x| ⊗
2I−1∑
n=0

(
cos

a2enτ

4ωc
− 1

)
|n〉 〈n|

+ |↓x〉 〈↓x| ⊗
2I−1∑
n=0

(
cos

a2enτ

4ωc
− 1

)
|n+ 1〉 〈n+ 1|

− |↑x〉 〈↓x| ⊗
2I−1∑
n=0

i sin
a2enτ

4ωc
|n〉 〈n+ 1|

− |↓x〉 〈↑x| ⊗
2I−1∑
n=0

i sin
a2enτ

4ωc
|n+ 1〉 〈n| . (E4)

In particular, it is readily seen that the exact π -gate time,
τπ , is dependent on n since the enhancement factors en vary
across the ladder of states.

In contrast, for the simplified system with en = const.,
the exchange interaction π gate would be

exp{−iτπH 0
exc}

= |↓x〉 〈↓x| ⊗ |0〉 〈0| + |↑x〉 〈↑x| ⊗ |2I〉 〈2I |

− i |↑x〉 〈↓x|
2I−1∑
n=0

|n〉 〈n+ 1| − i |↓x〉 〈↑x|

×
2I−1∑
n=0

|n+ 1〉 〈n| . (E5)

3. Optimizing the gates via gradient descent

In order to tailor the sequence parameters in a real
system, we minimize the appropriately constructed cost
function, which takes the quantum state

|ψ〉 =
←−∏
j=0

(exp{−iτj Hexc} exp{−iφj σz/2}) |↓x〉 ⊗ |n = 0〉

(E6)

as an input (a method originally devised in Ref. [55]). The
arrow over the product sign represents direction of stacking
the consecutive terms with j = 0, 1, 2, . . . in the product.
The minimization is done with respect to the variational
parameters {τj ,φj }j=0,1,2,..., which correspond directly to
the three-body interaction activation times (τj ), and phases
of central-spin gates (φj ). To reach the minimum of the
cost function, we apply the RMSprop gradient descent
algorithm in the space of {τj ,φj }j=0,1,2,....

a. Choice of the cost function

We choose a Hilbert-Schmidt distance between the sin-
glet state, χ = |I = 0〉 〈I = 0|, and the reduced density
operator of the ensemble, ρb = Trc(|ψ〉 〈ψ |), as our cost
function:

C(|ψ〉) = Tr(ρb − χ)†(ρb − χ). (E7)

The main advantage of working with this cost function
is an ease of calculating its gradient analytically, which
speeds up the optimization procedure. To see it, we first
act with the differential operator, on the |ψ〉 state from
Eq. (E6), and find

∂vi |ψ〉 =
(←−∏

j>i

e−ivj Xj

)
(−iXie−iviXi)

×
(←−∏

j<i

e−ivj Xj

)
|↓x〉 ⊗ |n = 0〉 (E8)

for variational parameters vj ∈ {τj ,φj } and operators Xj ∈
{Hexc, σz/2}. We then note that extending this result to
the cost function from Eq. (E7) amounts to a simple
application of a chain rule.

b. Hyperparameters and convergence of an RMSprop
algorithm

The update rule for a given variational parameter, v, in
our implementation of the RMSprop algorithm is

vi+1 = vi − ζ√
ξ + Ei[(∂vC)2]

×[∂vC]i,

Ei[(∂vC)2] = βEi−1[(∂vC)2]+ (1− β)[∂vC]2
i ,

(E9)

where ∂vC is the partial derivative of the cost function C
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with respect to the variational parameter v. The hyperpa-
rameters used throughout the optimization routines were
ζ = 0.015, ξ = 10−8, and β = 0.85.

(a)

(b)

(c)

(d)

(e)

FIG. 12. Optimizing gate times and phases for singlet prepa-
ration. (a) Hilbert-Schmidt distance (i.e., our cost function C)
during simplified (squares) and optimized (circles) protocols of
varied length. The color coding is consistent with Fig. 6(c) of
the main text, which only concerns the protocols’ endpoints.
(b) Evolution of the trace distance in considered protocols. (c)
Evolution of the expectation value of total angular momentum
squared in the considered protocols. (d) Optimal Z-gate phases
in protocols of varied length. The beige circles correspond to
the initial condition for the gradient descent optimization. (e)
Optimal exchange gate times in protocols of varied length. The
beige circles correspond to the initial condition for the gradient
descent optimization. Here “cpl” stands for the coupling strength,
a2/(4ωc).

For all the sequences of lengths shorter than the maximal
considered, the convergence was reached in less than 1000
optimization epochs. For the longest considered sequence,
optimization was terminated after 7000 epochs; however,
the cost function could likely be decreased further. The dif-
ficulty of this task comes most likely from the presence of
a barren plateau in a cost function landscape—i.e., region
around the minimum, where the gradients of C vanish
exponentially fast [69].

The evolutions of the cost function C, the trace distance,
and the expectation value of total angular momentum
squared during the optimal protocols of varied length are
plotted in Figs. 12(a), 12(b), 12(c), respectively (circles).
Their simplified system counterparts are plotted alongside
for reference (squares).

c. Initial condition for gradient descent

To speed up the convergence of the gradient descent
optimization, we start the procedure with a physically
motivated initial guess for variational parameters.

The initial z-gate phases are chosen to be identical to
those in the optimal protocol for the idealized system [see
the main text, and the beige circles in Fig. 12(d)].

The initial activation times for the three-body interaction
are chosen as

τj = π/
(

2ej × a2

4ωc

)
, (E10)

where ej stands for the enhancement factor from Eq. (E3);
see the beige circles in Fig. 12(e). The intuition behind this
choice is that it realizes the ideal amplitude transfer for
each consecutive |n〉 state brought into the superposition.

d. Manifold-averaged gradient descent

In the main text, the many-body singlet preparation
sequence was found assuming that the dynamics is con-
strained to the I1 = I2 =

√
N/2 manifold. Realizing such

a scenario requires the measurement of I1 and I2, e.g.,
via postselection (see Appendix A). Here, we develop an
alternative near-term strategy that does not require such
experimental overhead and that can serve as a robust proof-
of-concept way to suppress the magnitude of the total
angular momentum of the ensemble: 〈I2〉.

We perform a variational optimization over all likely
values of I1 and I2 at once. The state of the ensemble at
the beginning of the protocol is taken as

ρ0
n =

∑
I1,I2

wI1,I2

∣∣+MI1,I2 ,−MI1,I2

〉 〈+MI1,I2 ,−MI1,I2

∣∣
(E11)
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with

wI1,I2 =
(

1
2N

)2 N !(2I1 + 1)2

(N/2+ I1 + 1)!(N/2− I1)!

× N !(2I2 + 1)2

(N/2+ I2 + 1)!(N/2− I2)!
(E12)

standing for the (I1, I2)-manifold weights calculated
exactly, away from the large-N limit (cf. Appendix A).
This is equivalent to the assumption that the first two stages
of the protocol work perfectly in all considered (I1, I2)

manifolds, yielding a mixture of pure antipolarized states
with MI1,I2 = min(I1, I2).

A natural choice for the cost function is then

C = Trn(ρnI2) (E13)

with ρn = Trc(Utot |↓x〉 〈↓x| ρ0
n U†

tot), where Utot represents
the sequence of unitary gates comprising the final stage of
the protocol.

To assess the protocol’s robustness in lowering 〈I2〉 in
the considered scenario, we adapt the classical bound on
〈I2〉 reduction as

〈I2〉cl=
∑
I1,I2

wI1,I2〈I2〉cl=
∑
I1,I2

wI1,I2(I1+ I2)(|I1− I2| + 1),

(E14)

and, similarly, the quantum bound on 〈I2〉 reduction as

〈I2〉qu=
∑
I1,I2

wI1,I2〈I2〉qu=
∑
I1,I2

wI1,I2 |I1− I2|(|I1− I2| + 1).

(E15)

Note that in the scenario where I1 and I2 can vary, 〈I2〉qu >

0, and therefore the exact preparation of a many-body sin-
glet is not feasible. However, a significant reduction below
the classical bound is still possible.

Figure 13(a) shows the evolution of the cost function
with increasing sequence length for K = 2, 3, and 4. In
contrast to the case of engineering the many-body sin-
glet (main text), the implemented sequences display a
much faster initial convergence with an exponential decay
towards the cost function minima with an increase in the
sequence lengths: a remarkable feature that raises hope of
near-term proof-of-concept experiments. The optimal gate
phases for the K = 4 case and for a sequence length of 26
are plotted in Fig. 13(b). The corresponding gate times are
displayed in Fig. 13(c).

The gradient descent optimizer implements the same
RMSprop algorithm (and uses the same hyperparameters,
as well as the preconditioning) as the optimizer for the
sequences considered in the main text. The convergence
of the sequence parameters was reached in less than 5000

(a)

(b)

(c)

FIG. 13. Optimizing gate times and phases for manifold-
averaged total angular momentum reduction. (a) Manifold-
averaged total angular momenta (normalized by the quantum
limit) as a function of the number of gates used (normalized by
K − 1) for K = 2 (red dots), K = 3 (blue dots), and K = 4 (yel-
low dots). For each K , the point representative of 0 gates used
displays 〈I2〉cl/〈I2〉qu. (b) Optimal Z-gate phases in the proto-
col with 26 gates (K = 4). (c) Optimal exchange gate times in
the protocol with 26 gates (K = 4). Here “cpl” stands for the
coupling strength, a2/(4ωc).

optimization epochs, regardless of the value of K or the
sequence length.

Interestingly, the identified sequences bias the impor-
tance of I1 �= I2 manifolds, based on their large con-
tributions to 〈I2〉. The fact that simultaneous optimiza-
tion in these manifolds is so robust could be explained
by the addition of classical angular momenta: it is
1/(1−√3/2) ≈ 7.5 times more likely to reduce the
total angular momentum when adding randomly oriented,
unbalanced (I1 	 I2) angular momenta than when adding
balanced (I1 ∼ I2) momenta.

4. Singlet autorefocusing in a nonrotating frame

A singlet state prepared in the frame rotating with
1
2�ω(I

z
1 − I z

2)+�Sx will coincide with a singlet state
in a nonrotating frame at times t = 2πk/�ω for k =
0, 1, 2, 3, . . . ; indeed, in a nonrotating frame the evolution
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of the prepared state (up to a global phase) is given by

|ψ(t)〉 = |↓x〉 ⊗
2I∑

n=0

(−1)n√
2I + 1

exp{itn�ω} |n〉. (E16)
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[63] G. Anikeeva, O. Marković, V. Borish, J. A. Hines, S. V.
Rajagopal, E. S. Cooper, A. Periwal, A. Safavi-Naeini, E.
J. Davis, and M. Schleier-Smith, Number partitioning with
Grover’s algorithm in central spin systems, PRX Quantum
2, 020319 (2021).

[64] J. Johansson, P. Nation, and F. Nori, Qutip: An open-
source python framework for the dynamics of open
quantum systems, Comput. Phys. Commun. 183, 1760
(2012).

[65] J. Johansson, P. Nation, and F. Nori, Qutip 2: A python
framework for the dynamics of open quantum systems,
Comput. Phys. Commun. 184, 1234 (2013).

[66] L. Zhai, M. C. Löbl, G. N. Nguyen, J. Ritzmann, A. Javadi,
C. Spinnler, A. D. Wieck, A. Ludwig, and R. J. Warburton,
Low-noise GaAs quantum dots for quantum photonics, Nat.
Commun. 11, 4745 (2020).

[67] E. A. Chekhovich, I. M. Griffiths, M. S. Skolnick, H.
Huang, S. F. C. da Silva, X. Yuan, and A. Rastelli, Cross
calibration of deformation potentials and gradient-elastic
tensors of GaAs using photoluminescence and nuclear mag-
netic resonance spectroscopy in GaAs/AlGaAs quantum
dot structures, Phys. Rev. B 97, 235311 (2018).

[68] F. K. Malinowski, F. Martins, L. Cywiński, M. S. Rudner,
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