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We have generalized the well-known statement that the Clifford group is a unitary 3-design into symmet-
ric cases by extending the notion of unitary design. Concretely, we have proven that a symmetric Clifford
group is a symmetric unitary 3-design if and only if the symmetry constraint is described by some Pauli
subgroup. We have also found a complete and unique construction method of symmetric Clifford groups
with simple quantum gates for Pauli symmetries. For the overall understanding, we have also considered
physically relevant U(1) and SU(2) symmetry constraints, which cannot be described by a Pauli subgroup,
and have proven that the symmetric Clifford group is a symmetric unitary 1-design but not a 2-design
under those symmetries. Our findings are numerically verified by computing the frame potentials, which
measure the difference in randomness between the uniform ensemble on the symmetric group of interest
and the symmetric unitary group. This work will open a new perspective into quantum information pro-
cessing, such as randomized benchmarking, and give a deep understanding to many-body systems, such

as monitored random circuits.
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I. INTRODUCTION

Randomness in quantum systems is a ubiquitous concept
that underpins the core of quantum information process-
ing and quantum many-body systems [1,2]. The uniform
randomness plays a central role not only in understand-
ing fundamental phenomena, such as thermalization [3,4]
and information scrambling [5,6], but also realizing effi-
cient quantum communication [7,8] and encryption [9,10].
To utilize the beautiful and powerful property of the ran-
domness, there have been significant advancements in
engineering of approximations of the Haar unitary ensem-
ble, namely the unitary design. A unitary ¢-design is an
ensemble of unitaries that mimics the Haar random uni-
taries up to the 7th moment, and it has proven useful in
tasks, such as data hiding [11], quantum state discrimina-
tion [12,13], quantum advantage [ 14—16], quantum gravity
[2], to name a few.
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One of the most prominent examples of unitary designs
is the Clifford group. Initial interest in the Clifford group
was primarily in the context of quantum computing, e.g.,
the classical simulability [17,18]. However, currently it is
known to be applicable to even wider fields, such as quan-
tum state tomography [19] and hardware verification via
randomized benchmarking [20-23]. Although for general
qudits, the Clifford group is only a unitary 1-design [24],
it elevates to a unitary 2-design if the local Hilbert-space
dimension is prime [11,25,26]. Intriguingly, the multiqubit
Clifford-group singularly qualifies as a unitary 3-design
[27,28].

While the concurrent presence of classical simulability
and the pseudorandomness of the multiqubit Clifford group
has invoked numerous applications to quantum science
[29-32], we point out that existing studies have focused
predominantly on the full ensemble of unitary designs;
our comprehension on realistic scenarios with operational
constraints and restrictions remains underdeveloped. One
of the most outstanding questions pertains to the relation-
ship with symmetry, an essential concept responsible for
a wealth of phenomena in the natural sciences. To further
explore the physics and quantum information processing
under realistic constraints, it is an urgent task to establish
how the symmetry impacts the Clifford group.

In this work, we introduce the concept of a
symmetric unitary z-design and prove that the multiqubit

Published by the American Physical Society
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Clifford group under symmetry forms a symmetric uni-
tary 3-design, if and only if the symmetry constraints
are essentially characterized by some Pauli subgroup. We
also propose a complete and unique method for construct-
ing symmetric Clifford operators with elementary quantum
gates that operate on a maximum of two qubits. We subse-
quently show that, other classes of symmetry stand in stark
contrast, as the Clifford groups under these symmetries are
merely symmetric unitary 1-designs. For comprehensive
understanding, we have highlighted such a remarkable dis-
parity through practical examples of U(1) and SU(2) sym-
metries. Finally, we provide numerical evidence for our
findings by computing the frame potentials for the Clifford
groups under two representative types of symmetries.

II. SETUP

We first overview the conventional Clifford group and
unitary designs. The Clifford group on N qubits is defined
as the normalizer of the Pauli group in the unitary group
Uy, ie., Cy :={U e Uy|UPyU" = Py}, where Py :=
{£1,4i} - {1,X,Y,Z}®" is the group generated by the
Pauli operators 7, X, Y, and Z on each qubit. It is con-
venient to introduce the 7-fold twirling channel to charac-
terize the randomness of a subgroup X of Uy as

D, x(L) =
UeXx

ULU®dpx (U), (1)

where L is a linear operator acting on tN qubits and px
denotes the normalized Haar measure on X. We say that
the subgroup X is a unitary z-design if

(bt,X = cpt,MN . (2)

We note that the definition of unitary designs can be
extended for general subsets of the unitary group by con-
sidering a distribution on the sets [33], and that our main
statement is invariant under the extended definition, as we
show in Appendix F. From Eq. (1), we see that unitary ¢-
designs with larger ¢ better approximate the Haar random
unitaries, which can be regarded as a unitary oco-design. In
this regard, it is known that the Clifford group Cy is a uni-
tary 3-design but not a 4-design [27,28]. Note that unitary
t-designs are always #-designs if ¢ > ¢, but the contrary
does not hold in general.

The symmetric Clifford group and symmetric unitary
designs are defined as the symmetric generalizations of the
conventional ones. In the following, we consider symme-
try that can be represented by a subgroup G of Uy. We
define the G-symmetric Clifford group on N qubits as the
group consisting of the Clifford gates commuting with all
the elements in G. We can give a rigorous definition as
follows:

Definition 1—(Symmetric Clifford group.) Let G be a
subgroup of Uy. The G-symmetric Clifford group Cy g is

defined by
Cvg :=CyvNlUyg 3)
with the G-symmetric unitary group
Uvg :={Uely |VGeg, [UG] =0} 4

Now it is natural to define for a subgroup X of Uy to
be a G-symmetric unitary design if the subgroup approx-
imates the G-symmetric unitary group Uy g. The rigorous
definition is as follows:

Definition 2—(Symmetric unitary designs.) Let G and
X be subgroups of Uy. X is a G-symmetric unitary
t-design if the #-fold twirling channel &, » satisfies

q)t,X = q)f,Z/lN’g- (5)

Note that in these definitions, the symmetry constraint is
described by Uy g rather than by G itself, and the conven-
tional definitions are included as the special case when the
symmetry is trivial, i.e., G = {I}.

III. MAIN RESULTS

Now we are ready to present our two main results. The
first one is the description of the randomness of symmet-
ric Clifford groups in terms of symmetric unitary designs,
which we rigorously present in Theorem 1. The second one
is the complete and unique construction of symmetric Clif-
ford circuits with elementary gates, which we concisely
state in Theorem 2.

A. Characterization of pseudorandomness in
symmetric Clifford groups

We prove that the G-symmetric Clifford group Cy g is
a G-symmetric unitary 3-design if and only if the symme-
try constraint by G is essentially described by some Pauli
subgroup. This can be rigorously stated as follows:

Theorem 1.—(Randomness of the Clifford group under
symmetry.) Let G be a subgroup of Uy. Then, Cyg is a
G-symmetric unitary 3-design if and only if Uy g = Uy o
with some subgroup Q of Py.

This theorem provides a guarantee that, under a Pauli
symmetry, the symmetric Clifford group maintains its
pseudorandomness, which is applicable to various quan-
tum information processing tasks [11—16]. Moreover, it is
remarkable that this theorem also states that the Clifford
group maintains the pseudorandomness under symmetry
only if the symmetry can be characterized by some Pauli
subgroup. We note that symmetry constraints can be cap-
tured by Uy g without using G itself, because when two
subgroups G and G’ of Uy satisfy Uy g = Uy g/, the G-
and G’-symmetric Clifford groups are identical to each
other, and moreover the notions of G- and G’-symmetric
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unitary designs are the same. We do not directly present
the condition for G itself, because there are cases when
G # G but Uy g = Uy g, for example, when G = {I,Z}
and G’ = {€??]0 € R}.

We illustrate how we can use this theorem to know
whether symmetric Clifford groups are symmetric uni-
tary 3-designs by taking the following three physically
important examples:

g={1®N,Z®N}’ (6)
G= {(ef92)®N ‘ 0 € R} , 7

G = {(ei(exx+9yY+GzZ))®N ‘ Oy, 0y, 0, € R} . (8)

These groups are isomorphic to Z,, U(1) and SU(2),
respectively, which appear ubiquitously in quantum sys-
tems; first-principles description of electronic structures,
atomic, molecular, and optical physics, quantum spin sys-
tems, and lattice gauge theory, to name a few. When G
is given by Eq. (6), G-symmetric Clifford group is a G-
symmetric unitary 3-design, because G itself is a Pauli
subgroup. In contrast, when G is given by Eq. (7) or
(8) with N > 2, G-symmetric Clifford group is not a G-
symmetric unitary 3-design, because in these cases Uy g
cannot be expressed as Uy o with any Pauli subgroups Q.
We note that when G is given by Eq. (7) or (8) with N = 1,
G-symmetric Clifford group is again a G-symmetric unitary
3-design. In fact, G itself is not a Pauli subgroup, but Uy ¢
can be expressed as Uy o with a Pauli subgroup Q = {7, Z}
or P;.

We can prove that there is no Pauli subgroup Q such
that Uy g = Uy,o when G is given by Eq. (7) or (8) with
N > 2 as follows: First, we suppose that Uy g = Uy o
with some Pauli subgroup Q. Second, we note that we
always have Q C UN,uN,Q Third, the qubit permutation
group S satisfies S C Uy g, which implies that Unuy e C
Uys. By these three relations, we get Q C Uy o =
Unuy g CUy,s. Combined with Q C Py, this implies
that Q C {£1,£i} - {I®V,X®V y®N 78N} Then, we have
X)X € Uy, o = Uy g, where X is the Pauli X operator
on the jth qubit. However, this contradicts with Eq. (7) as
well as with Eq. (8).

We emphasize that we can completely characterize the
randomness of the examples in terms of unitary designs,
i.e.,, we can clarify the maximal 7 such that Cyg is a
G-symmetric unitary ¢-design. In fact, as expected from
the nonsymmetric case, we can prove the no-go theorem
for G-symmetric unitary 4-designs except for the most
constrained case of Uy g = {€?1|6 € R}, which we will
describe in Theorem 4; generally we have f#y,x = 3 for
Pauli symmetry. On the other hand, when G is given by

Eq. (7) or (8) with N > 2, we get t.x = 1, which we will
describe in Theorem 3. Note that the single-qubit case is
special since we have f,,x = 3,00 for Egs. (7) and (8),
respectively. This is because the symmetry constraint can
be written by Pauli subgroup {/, Z} in the case of Eq. (7),
and the G-symmetric Clifford operators are restricted to the
identity operator up to phase in the case of Eq. (8). We
finally remark that we cannot increase #,,x by considering
a nonuniform mixture in the definition of unitary designs,
which we show in Appendix F.

While we guide readers to Appendix B for details on
the derivation, it is informative to provide a brief sketch
on the proof. In the proof of the “if” part, it is sufficient to
show that Cy ¢ is a Q-symmetric unitary 3-design for all
Pauli subgroups Q. We explicitly construct a map D with
a certain class of symmetric Clifford operators and show
that the twirling channels satisfy @3¢, ; = @3, =D
by considering the fixed points of ®3¢, , and P53y, ;.
We emphasize that the nontrivial and technical contribu-
tion of Theorem 1 resides in the “only if” part. Namely,
if Cyg is a G-symmetric unitary 3-design, then there
exists a Pauli subgroup Q such that Uy g = Uy, o. Con-
cretely, we construct Q as the group generated by the
set @' :={0 e {1,X,Y,Z}*N|3G € G such that tr(GQ) #
0}, where A®" .= A@ A®" and AQ B:={4®B|4d e
A, B € B} for general operator sets A and 5. The inclusion
Ung D Uy, directly follows from span(G) C span(Q),
because for any G € G, every Pauli basis in G with a
nonzero coefficient is included in Q. However, the proof
of the inverse inclusion Uy ¢ C Uy, o requires some tech-
nical lemmas (see Appendix B 2). We consider the function
U UQU' from Uy g to Uy for arbitrary taken Q € Q'
and show that it is a constant function.

B. Construction of symmetric Clifford groups

From the viewpoint of algorithms and experiments, it
is crucial to give an explicit construction for the symmet-
ric Clifford operators. In fact, for a Pauli symmetry, we
show that the set of symmetric Clifford operators consid-
ered in the proof of Theorem 1 actually form a complete
and unique expression of the symmetric Clifford operators
[see Fig. 1(a)]. We will later discuss the case for non-Pauli
symmetry. This is a symmetric extension of the result in
Refs. [34,35], where they showed that the standard Clif-
ford operators can be uniquely decomposed by elementary
gate sets.

As a preparation for stating the theorem, it is crucial
to mention that every Pauli subgroup naturally gives a
decomposition into three parts. Concretely, we note that
any Pauli subgroup Q can be transformed into the form

R = Po{l,X,Y,Z}*™M @ {1, Z}*> @ {1}*™s  (9)

by some Clifford conjugation action up to phase,
ie., PoWOW =R with some W e Cy, where Py :=
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FIG. 1. Circuit representation of Q-symmetric Clifford opera-
tors presented in Theorem 2. (a) Complete and unique expres-
sion for Q-symmetric Clifford operators in a general case. (b)
Example for the symmetry Q = {I®4, X ®4 Y84 794} Every Q-
symmetric Clifford operator can be uniquely expressed with u; €
{0,1,2,3},v € {0,1}, V € Cy, and P; € {1, X,Y, Z}®2.

{=£1, +i}. We denote the subsystem of N, qubits by A, (k =
1,2,3) and the set of indices representing the qubits in
Ay by T'y. We can get Ny, N,, N3, and W by consider-
ing the following two types of induction processes. Let
Q be a Pauli subgroup on n qubits. The process is to
take a Pauli subgroup Q' on n — 1 qubits such that (i)
Wowt={1,X,Y,2Y® Qor(i)yWOW' ={1,Z} ® Q'
up to phase with some Clifford operator W. We can
conduct the first type of induction process while Q has
noncommutative pairs of elements, and the second type of
process while Q # {I} up to phase, as we show in Lemma
14 in Appendix G. N and N, are given as the numbers of
the first and the second induction processes, respectively,
and N3 = N — N; — N,. We can get the Clifford operator
W by taking the product of the Clifford operators W in all
the induction processes. By using these notations, we can
present the following theorem:

Theorem 2—Complete and unique construction of the
Clifford group under Pauli symmetry.) Let Q be a sub-
group of Py. Then, there exists some W € Cy and R in
the form of Eq. (9) such that PyWQW' = R, and every Q-
symmetric Clifford operator U can be uniquely expressed
as Fig. 1(a) as

U= T[] c@)gry | V

Jjeh
V) & M
<\ IT <ziu |\ TTss|w «o
J kel j<k JE€r

with w; €{0,1,2,3}, vj; €{0,1}, VeCy, and P; €
{1,X,Y,Z}®Ns, where Sj;) is the S gate on the jth qubit,
CZ y) is the controlled-Z gate on the jth and kth qubit, V/
acts on the subsystem 43, and C(P;); r,) is the controlled-
P; gates with the jth qubit as the control qubit and
the qubits in the subsystem A4; as the target qubits,
and T[] means the ordered product, ie., T[[/_, O; :=
O, ---0,0.

The complete and unique expression by Eq. (10) gives
an efficient way to generate all the elements of a Q-
symmetric Clifford group. In fact, we can understand that it
is much more efficient than choosing symmetric elements
from the entire Clifford group. Namely, the size of the quo-
tient group of the symmetric Clifford group Cy g divided
by the freedom of phase U := {¢?|9 € R} is given by

_ N;
IC.g/Upl = 42 - 2222702 Oy j1y| - (475) 2

o Q2N /2N 43 (N2 /24N3) (11)

where we used the fact that there are 4, 2, |Cy, /Uy|, and
43 choices for each Wi, Vi, V, and P;, respectively, and

[Cn, /U | ~ 22N3+3N; [36]. This is much smaller than the

size |Cy /Uo| ~ 22V°+3N of the entire Clifford group. The
reduction rate is exponential with N in a standard setup
where N, and N, are O(1) [37,38], which highlights the
significance of the explicit construction of symmetric Clif-
ford operators. We can see that each qubit in A1, A,, and 43
contributes as 0, 1/2, and 1 qubit in the estimation of the
size |Cy g/Uy|. When we ignore the phase degree of free-
dom, the size |Cy g /Uy| of the G-symmetric Clifford group
on N qubits is almost the same as the size |Cy, 24, /Uo| of
the entire Clifford group on N,/2 + N3 qubits.

We illustrate the construction of Pauli-symmetric Clif-
ford operators by taking the symmetry Q = {/®* X ®4 y®4,
Z®4} on four qubits as an example, which appears as the
symmetry of the XYZ Hamiltonian with arbitrary connec-
tivity. We know from Theorem 2 that every Q-symmetric
Clifford operator U can be uniquely expressed as Fig. 1 (b)
by IlOtiIlg that WQW = {[(1),2(1)} & {1(2),2(2)} with W =
H(1)CNOT(4,2)CNOT(1,3)CNOT(3,4)CNOT(1,2). We can confirm
that the symmetry constraint greatly reduces the size of
the Clifford group by seeing that |Cso/Uy| ~ 10® and
|C4/Uy| ~ 1013, Such a striking difference is displayed in
more depth in Fig. 2. Here, we indeed find that the exis-
tence of Pauli symmetry leads to exponential reduction of
|Cy.g/Upl. As can be seen from Eq. (11), we can under-
stand that the entire curve is shifted by Ny + N,/2 in the
asymptotic limit, which gives the advantage of using the
construction method presented in Theorem 2.

While we leave the detailed proof of this theorem to
Appendix C, we here provide the proof sketch. It is suf-
ficient to consider the construction of Cy »r with a specific
class of Pauli subgroups R given by Eq. (9), because there
exists some Clifford conjugation action W - W' that gives
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0 5 10 15 20

FIG. 2. Size of symmetric Clifford groups |Cy g/Uy| under
various Pauli symmetries. Here, we show the scaling for sym-
metries such that the numbers of qubits in 4;, 4,, 43 are given as
(N1, N2, N3) = (2,0,N —2),(0,4,N — 4), and (0,6, N — 6).

one-to-one correspondence from Cy g to Cy  for general
Pauli subgroups Q. In the proof of the completeness, the
key is to take the Heisenberg picture, i.e., to see how the
conjugation action of a unitary operator transforms Pauli
operators. For arbitrary U € Cy .z, U satisfies UZ;,U" =
Z(]‘) and l])((j)[]Jr = X(,') for allj eIy, and UZ(]‘)M = Z(]‘)
for all j € I';. We can inductively construct U’ such that
U'U is in the form of Eq. (10), and UZ;UT = Z;, and
UXjUT =X for all j € 'y and j € I',. This implies
that U is a Clifford operator acting nontrivially only on
the subsystem A3, and thus U’ is in the form of Eq. (10).
Since U can be written as U = U'T(U'U), and both U’ and
U'U is in the form of Eq. (10), we know that U is in the
form of Eq. (10). We prove the uniqueness by the proof
by contradiction. Namely, we take arbitrary U € Cy x and
suppose that there are two different sets of (u;, v r, V, P;)
that realize U, and show that they must coincide with each
other.

IV. U(1) AND SU(2)-SYMMETRIC CLIFFORD
GROUPS

As prominent examples of non-Pauli symmetries, we
clarify the property of the G-symmetric Clifford group
when G is given by Eq. (7) or (8) on multiple qubits. Con-
cretely, in these cases, the G-symmetric Clifford group Cy ¢
is a G-symmetric unitary 1-design, but not a 2-design. This
property characterizes the randomness of the symmetric
Clifford group under U(1) and SU(2) symmetries given by
Egs. (7) and (8). We rigorously present this statement as a
theorem.

Theorem 3.—(Randomness of U(1) and SU(2)-sym-
metric Clifford groups.) Let N > 2 and G be given by Eq.
(7) or (8). Then, Cy g is a G-symmetric unitary 1-design
but not a 2-design.

@ 5] (b)
D1 I
[S] ! A
x—(S'| x
Ko Ks
FIG. 3. Circuit representations of (a) U(1)-symmetric and (b)

SU(2)-symmetric Clifford operators.

Let us remark that, as for 2-designs, we can actually
show no-go theorems in a more general class of symme-
tries, which are described as a tensor product of represen-
tations of a nontrivial connected Lie subgroup of a unitary
group. This type of symmetry represents the conservation
of the total observables on the system. In the proof of 1-
designs and the disproof of 2-designs, we use the proof
idea of the “if” part and the “only if” part in the proof of
Theorem 1, respectively.

By using the result and the proof idea of Theorem 2,
we have also found a complete and unique expression
for the G-symmetric Clifford operators when the symme-
try is given by Eq. (7) or (8). Concretely, in the case of
Eq. (7), every G-symmetric Clifford operator U is uniquely
expressed as Fig. 3(a) as

N
U=c| [T <zl | (TS5 |% 2
1<j <k<N j=I
with u; € {0,1,2,3}, Vik € {0,1}, 0 € Gy, and ¢ € Uy,
where K, is the permutation operator that brings the jth
qubit to the o (j )th qubit. It follows that the size of the quo-
tient group of the symmetric Clifford group Cy g divided
by the freedom of phase is

(C.g/Uo| = 2VV=D/2 4V . Ny

~ 22(N/2)2+3(N/2)+(N+1/2) logz(N/e). (13)

In the case of Eq. (8), the G-symmetric Clifford oper-
ators are restricted to ¢cK, with ¢ € Uy and o € Gy as
expressed in Fig. 3(b). The size of Uy g/Uy is N!. See
Theorem 8 in Appendix C for details.

V. UNITARY 4-DESIGNS

We can show that the G-symmetric Clifford group Cy g
is not a G-symmetric unitary 4-design except for the triv-
ial case when the G-symmetric unitary subgroup Uy ¢ has
only scalar multiples of /.

Theorem 4—(No-go theorem for symmetric unitary 4-
designs.) Let G be a subgroup of Uy. Then, Cy ¢ is a G-
symmetric unitary 4-design if and only if Uy ¢ = Upl.
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This theorem and Theorem 1 imply that under a non-
trivial Pauli symmetry, the symmetric Clifford group is a
symmetric unitary 3-design but not a 4-design. We can
prove this theorem by using the proof idea used in the
“only if” part of Theorem 1 as follows:

Proof—Since the “if” part is trivial, it is sufficient
to prove the “only if” part. Suppose that Cyg is a G-
symmetric unitary 4-design. We define L € L(H®*) by
L:= ZPGW P®* where Py :={I,X,Y,Z}*N. We take
arbitrary U € Cy g. By Lemma 17 in Appendix G, we can
take a function s : Py — {%1} and a bijection A on Py
such that UPU" = sy/(P)hy(P) for all P € Py;. We note
that sy and Ay are dependent on U. By using the definitions
of L, sy, and hy, we get

U LU™® = Z (urpUtH®*

PeP;

= > GuP)hy(P)®*

PeP;

= > suP)yhy(P)®*

PePﬁ

= > hy(P)®*

PePﬁ

:ZP®4

PePf\;

=L (14)

Since this holds for all UeCyg and Cyg is a G-
symmetric unitary 4-design, by Lemma 10 in Appendix
B, we have UP*LU®* = L for all U € Uy g. We therefore
get UPU' = P for all U € Uy g and P € Py by Lemma
11 in Appendix B. This implies that any U € Uy g sat-
isfies PUP = U for all P € Py, which is equivalent to
U = €I with some 6 € R. This means that Uy g C Uyl.
Since Uy g D Uyl always holds, we getUy g =Uyl/. N

VI. VERIFICATION VIA FRAME POTENTIALS

We can give a numerical evidence to Theorems 1 and 2
by computing the frame potentials, which are defined for a
subgroup X of Uy g as [2]

Fi(X) = / (U Py (DU, (15)
UUex

where the integral is replaced by a summation if X is
a finite set up to phase. Similarly to the conventional
case [2], we can measure the distance between the ¢-fold
twirling channels @, » and @y, ; by the frame poten-
tials. It is therefore straightforward to show that F,(X) >

(a) Pauli (b) Pauli
0
106 | Clifford 10 .
[ H *-o.
. aar o Do o-0-®
105 4 -
g 10! L e
S? 104 ﬁ ° “a.
hrd = ] e,
S = o e,
SIS 5 1072 e e
~ AN
e t=1 .
1024 t=2 ‘o,
s e t=3 e
10! 4 10 et=4 »
1 2 3 4 104 106
Order ¢ Total Data Size
(© U(l) (c) u(l)
5
10 I Clifford o--0-0-B-0-0-0--®
[ Haar
P
104 L 10le
5]
=)
—~ &
i‘l 10° L 107!
Llf E 0\.‘
10 s ..
10724 B
“\
10! .\\.‘
103 Y
1 2 3 4 104 106

Order ¢ Total Data Size

FIG. 4. Frame potentials F;(X) of G-symmetric groups X =
Cy.g,Ung computed by numerically taking the average over
randomly generated unitaries. Here we compare the results for
the Pauli symmetry R given by Eq. (9) with Ny =1, N, =2,
N3 = 3 and the U(1) symmetry given by Eq. (7) with N = 4. (a)
Frame potentials F,(X) for the case of the Pauli symmetry com-
puted by taking the average over 10 samples. (b) Size scaling of
the relative error of F;(Cy g) against the theoretical lower bound
F,(Uy g). Here, we independently generate M samples for U and
U, respectively, and compute the mean value of |tr(UUT)|%. As
we increase the total data size M2, the errors become smaller
for t < 3, while they remain finite for ¢ = 4. Panels (c),(d) show
the results for the case of U(1) symmetry on a 4-qubit system.
Here the G-symmetric Clifford group is only a G-symmetric uni-
tary 1-design, and not a 2-design. The numerical simulation is
performed using the library Qulacs [39].

F;(Uy g), where the equality holds if and only if X is a
G-symmetric unitary f-design.

Figures 4(a) and 4(b) clearly show that the Clifford
group Cy g under Pauli symmetry is a G-symmetric unitary
3-design but not a 4-design. In sharp contrast, Figs. 4(c)
and 4(d) show that, when the Clifford group is con-
strained by G = {("%4)®V |6 e R}, which is isomorphic to
U(1), then the G-symmetric Clifford group Cy ¢ is only a
G-symmetric unitary 1-design and not a 2-design.

We remark that, in order to compute frame potentials
numerically, we have sampled symmetric Clifford opera-
tors uniformly from the entire Cy g. For instance, in the
case of the Pauli-symmetric case, we have utilized the
complete and unique construction provided in Theorem 2
(or Fig. 1); we have randomly chosen the parameters j; €
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{0,1,2,3}, v, € {0,1},P; € {I,X,Y,Z}®"s with a uni-
form probability, and have also employed the method in
Ref. [35] in order to uniformly choose Clifford operators
V € Cy, acting on the subsystem Aj3. This can also be done
in a similar way for U(1) and SU(2)-symmetric cases as
well based on Fig. 3 and Eq. (12).

It is beneficial to mention that the frame potentials of the
symmetric unitary groups can be written with those of the
unitary groups of several dimensions. In order to state the
result, we explain the irreducible decomposition of group
representations [40]. We consider the regular representa-
tion p of the group G, i.e., p(G) := G for all G € G. Since
p 1s a unitary representation, p is completely reducible, and
thus there exist some set of pairs {(Z;,, )} of spaces such
that the Hilbert space H of the N qubits is decomposed
into

H=®Ix®jx (16)
A

and

p(G) =P G 1 (17)
A

with inequivalent irreducible representations p; of G on Z;
and the identity operator / on ;. This implies that A is the
index for inequivalent irreducible representations, Z; is the
representation space, and 7, is the multiplicity space.

Theorem 5—(Formula for frame potentials of symmet-
ric unitary groups.) Let G be a subgroup of Uy and the
regular representation p of G be irreducibly decomposed
in the form of Eq. (17). Then, the frame potential F;(Uy g)
of the G-symmetric unitary group Uy ¢ is given by

dim(Z,
Fae = Y T1 “n( Im@)™ o gy 18

12
(t)ES M 11

withS; .= {(®)| ), tn =, t, € Z, t, > 0} and the unitary
group U(J,) on ;.

We illustrate the result of Theorem 5 in the case of the
Pauli symmetries Q, which are unitarily equivalent to the
Pauli subgroup R given by Eq. (9), as we have explained
in Sec. III B. In this case, A is the index for specifying the
sequence of the eigenvalues of Z; forj € I',. We take Z;, as
the Hilbert space of the subsystems 4 and 4,, which is the
simultaneous eigenspace of (Z;);cr, with the eigenvalues
specified by A, and also take .7 as the Hilbert space of the
subsystem A3. This means that there are 22 choices for
A, and for each of them, the dimensions of Z, and 7, are
2N and 273, respectively. When ¢ < 23, Eq. (18) gives the
following simple form:

FUvo) =@ Y ]

(t)ESr A

@)
t:1)?

1!

f!
|

(s, 115!

n-(22)

= 2NN 4, (19)

— 22N1[ . t'

— 22N1t .

where we used F;, (U(J,)) = t,! in the first line, and the
multinomial theorem in the third line.

Proof—We are going to prove Eq. (18) by considering

the generating function of F;({y g). For a unitary subgroup
X, we define fx by

fre(2) = f det (eZ(U+UT)) dur(U)Vz e C.  (20)
UeX
Then, fx satisfies

Jx(2)
_ / etr(z(U+U*))dMX(U)
UeX

o9 S t o
B /Uex (; 7 @ ) (Z (@) ) dpx(U)

= ZZ;,,. f (e (V) (e (U") dpx (U)
b JUex

= Fi(X), 2]

where we used

f (tr(U)) (tr(U")) dpa (U)
UeXx

1

21
= — </ (tr(eieU))’(tr((ei‘)U)T))/dux(U)> do
21 Jo UeXx

1 2
Y / ei(t—t’)@ 4o
21 0

x ( / (tr(U))’ (tr(U*))’dMU))
UeXx
= 8,/ F(X). 22)

in the second to last line, and we note that the definition
of the frame potential [Eq. (15)] is equivalent to F;(X) =
f Uex [tr(U)[*dux (U) by the left invariance of the Haar
measure. By Eq. (2.26) of Ref. [40], every U € Uy g can
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be written as

U=PI1eu (23)
A

with the identity operator / on Z, and some U, € U(J,),
and we have

“w+uhY _ (U +UD)
det (e + ) det (@ ([®e WU ))
_ oy )
Mot

_ l—[ det (edim(I;\)z(Uﬁ—UI)) L4
A

Since Eq. (23) gives one-to-one correspondence between
Uy ¢ and the set of U/ (7)), by Egs. (20) and (24), we get

fL{ng (Z)

=‘/' det (V) dpiygy o (U)

Uely g

= 1_[/ det (ediln(IA)Z(U”Ui)) diy(g,)(Us)
2 JUeun)

= [ [fuwz (dim(Zy)2). (25)
A

By using Eq. (21) and comparing the coefficients of z* of
both sides of Eq. (25), we get Eq. (18). ]

VII. DISCUSSION

In this paper, we have generalized the unitary 3-design
property of the multiqubit Clifford group into symmetric
cases. We have rigorously shown that a symmetric Clif-
ford group is a symmetric unitary 3-design if and only if
the symmetry is given by some Pauli subgroup (Theorem
1), and also have provided a way to generate all the ele-
ments without redundancy (Theorem 2). Furthermore, we
have also proven that two physically important classes of
U(1) and SU(2) symmetries, which cannot be reduced to
Pauli subgroups, yield only symmetric unitary 1-designs.
Finally, for numerical validation, we have computed the
frame potentials by randomly sampling symmetric uni-
taries, and have confirmed that our findings indeed hold.

We can derive another property of the symmetric Clif-
ford group with respect to locality, from the results about
the construction method of the symmetric Clifford opera-
tors. As we have shown in Theorem 2 and after Theorem
3, under the Pauli, U(1), and SU(2) symmetries, all the
symmetric Clifford operators can be constructed with 2-
qubit local symmetric Clifford operators. It can be seen as
a symmetric generalization of the fact that all the Clifford

operators can be constructed with 2-qubit local Clifford
operators [34,35]. This stands in contrast to the result in
Ref. [41], which shows that while all the unitary operators
can be constructed with local unitary operators, some sym-
metric unitary operators cannot be constructed with local
symmetric unitary operators.

We envision two important future directions. First, it is
theoretically crucial to reveal the requirement to achieve
symmetric unitary designs in the approximate sense. While
it is known for the nonsymmetric case that the approximate
t-designs require only polynomial gate depth with respect
to both the qubit count N and order 7 [42,43], it is far from
trivial whether this is also true for the symmetric case. Sec-
ond, it is practically intriguing to develop a constructive
way to generate symmetric Clifford circuits under general
symmetry G that cannot be described by some Pauli sub-
group. While we provide such an example for both U(1)
and SU(2) symmetry, it is important to construct circuits
in an automated way for general situations, in particular,
when one is interested in performing Clifford-gate simu-
lation for the purpose of quantum many-body simulation
[44].
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APPENDIX A: GENERAL REMARKS FOR
DETAILED PROOFS

In the following, we present the detailed proofs of the
theorems in the main text. In Appendix B, we prove
Theorem 1 in the main text, which states that the sym-
metric Clifford group is a symmetric unitary 3-design if
and only if the symmetry constraint can be written as the
commutativity with a Pauli subgroup. In Appendix C, we
prove Theorem 2 in the main text, which gives a one-to-
one correspondence from the sets of elementary gates to
the symmetric Clifford gates. In Appendix D, we prove
the former half of Theorem 3 in the main text. We show
that the symmetric Clifford group is a symmetric unitary
1-design under the U(1) and SU(2) symmetries, which are
not Pauli symmetries. In Appendix E, we prove the lat-
ter half of Theorem 3 in the main text in a more general
form. We take a larger class of symmetries than the one in
Appendix D, and show that the symmetric Clifford group
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Theorem 1.

Cy,g 1s a G-symmetric unitary 3-design iff 3Q € Py s.t. Uy g = Uy g.

N

1t € I
if " part

|;~0p0sition 1. Cpyg is a Q-symmetric unitary 3-design for @ € Py.

Lemma 1.

VD € (St,Q’ cb3lx oD = cb3,x fOI‘Q c :PN, X = cN,Q or uN,Q

—1 Lemma 2.

VL € MQ, q)3,x(L) = L for Q c :PN'

Lemma 3.

3D € Gy g s.t. VL € L(H®3), D(L) € My, for Q € Py.

AN
€— Lemmas 4, 16

€— Lemma 14 €— Lemmas 12,13

r Lemma 15

Lemma 5. Lemma 6. Lemma 7. Lemma 8.
S gates CZ gates Clifford gates Controlled-Pauli gates
“only if” part

Proposition 2.

If Cy g is a G-symmetric unitary 3-design,
then Uy g = Uy g, where Q = ({Q € Py | G € G such that tr(GQ) # 0}).

7N
Lemma9. IfL = Zpe?ﬁ yp(G)P®3, then YU € Cy g, UBSLUT®3 = L,
L Lemma 17
Lemma 10. If Cy g is a G-symmetric unitary 3-design and
YU € Cyg, UBSLUT®S = L, then VU € Uy, UBSLUT®® = L.
Lemma 11.  IfL =3, .17 pP® and VU € Uy g, USLUT®? = L,
then VU € Uy and P € Py satisfying y'p # 0, UPUt =P.

L Lemma 18

FIG. 5. Overall structure of the proof of Theorem 1.

is not a symmetric unitary 2-design for those symmetries.
In Appendix G, we present the technical lemmas that we
use in the proofs of the statements above.

Before going into the details, we introduce the notations
in the following appendices. For general Hilbert spaces /C
and K’, we denote the set of all linear operators from /C to
K, all linear operators on K, and all unitary operators on
by LI — K, LK), and U (K), respectively. We denote
the Hilbert space for N qubits by H. We denote the unitary

group on N qubits by Uy . We denote the Pauli group on N
qubits by Py. We define the Clifford group on N qubits as
the normalizer of Py and denote it by Cy. As for Clifford
operators on a single qubit, we denote the Pauli-X, ¥ and
Z, Hadamard and S operators on the j th qubit by X;, ¥;, Z;,
H;, and §;, respectively. As for Clifford operators on two
qubits, we denote the controlled-NOT, the controlled-Z, and
the SWAP operators on the jth and kth qubits by CNOT; 4,
CZ; . and SWAP; ;, respectively, where the jth qubit is
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the control qubit and the kth qubit is the target qubit of
CNOT, ;. We denote the set of Pauli operators without phase
by Py :=1{[,X,Y,Z}®", where A®" := A® A®""! and
AQ® B :={4Q® B|A € A, B € B} for general operator sets
A and B. For convenience, we formally define U :=
{€? | 6 € R} and Py := {%1, £i}. We denote the symmet-
ric group of degree M by &,,. We denote by (O) the group
generated by the operators in a set . We denote a = b
(mod r) when a — b is an integer multiple of 7.

APPENDIX B: PROOF OF THEOREM 1 (UNITARY
3-DESIGNS)

In this Appendix, we define the notion of symmetric
Clifford group and symmetric unitary design, and prove
Theorem 1 in the main text, namely the statement that the
symmetric Clifford group is a symmetric unitary 3-design
if and only if the symmetry constraint is described by some
Pauli subgroup.

First, we define the symmetric Clifford group as the
symmetric subgroup of the conventional Clifford group.

Definition 3.—(Restatement of Definition 1.) Let G be a
subgroup of Uy. The G-symmetric Clifford group Cy g is
defined by

Cng :=CyNUyg, (B1)

where

Uvg ={Uely |VG e G[U,G] =0} (B2)
An operator U € Uy is called a G-symmetric Clifford
operator if U € Cy g.

This definition includes the conventional Clifford group
Cy as the special case when G = {I}.

Next, we define the notion of symmetric unitary design.
For a subgroup G of Uy and ¢ € N, we define G-symmetric
unitary 7-designs as the group that approximate Uy g.

Definition 4—(Restatement of Definition 2.) Let t € N
and G be a subgroup of Uy. A subgroup X of Uy is a G-
symmetric unitary z-design if

q)t,X = CDZ,Z/IN,Q 5 (B3)
where @, y is the t-fold twirling channel defined by
D, x = Evdpx (U), (B4)

UeXx

with the normalized Haar measure on X and &,y is the
t-fold unitary conjugation map on £(H®") defined by

E (L) ;= UP'LU™® VL € L(H®"). (BS)
This definition includes the standard unitary designs

as the special case when G = {/}. These types of uni-
tary designs are sometimes called unweighted unitary

designs in comparison with weighted unitary designs,
where nonuniform mixtures of &, are considered (see
Definition 5). As we show in Theorem 11, the condi-
tions for a symmetric Clifford group being unweighted and
weighted unitary designs are equivalent to each other. It
is therefore sufficient to focus only on unweighted unitary
designs, and we express them simply as unitary designs in
the following.

We are going to prove that Cy g is a G-symmetric uni-
tary 3-design if and only if the symmetry condition can be
described by the commutativity with some Pauli subgroup.
This can be rigorously stated as follows:

Theorem 6.—Restatement of Theorem 1.) Let G be a
subgroup of Uy. Then, Cy g is a G-symmetric unitary 3-
design if and only if Uy g = Uy, o with some subgroup Q
of the Pauli group Py.

We present the overall structure of the proof of this
theorem in Fig. 5. We prove the “if” part in Proposition
1, and the “only if” part in Proposition 2.

1. Proof of the “if” part of Theorem 1 (Theorem 6)

The “if” part of Theorem 6 is equivalent to the statement
that Cy o is a Q-symmetric unitary 3-design for all Pauli
subgroups Q, which we show in the following proposition.
This is because if Uy g = Uy o, then Cy g = Cy, o and G-
symmetric unitary 3-designs are the same as Q-symmetric
unitary 3-designs.

Proposition 1.—Let Q be a subgroup of Py. Then, Cy.o
is a Q-symmetric unitary 3-design.

By the definition of unitary #-designs, the goal is to prove
@y o = Py o- In the following, we introduce two useful
properties of @, x for X = Cy o and Uy o.

As the first property, we cannot distinguish whether
there is a symmetric unitary conjugation action before the
action of ®, . This can be directly proven by the right
invariance of 1. We also use this lemma in the proofs of
Theorems 9 and 11.

Lemma 1—Let N € N, ¢t € N, G be a subgroup of Uy,
X =Cyg orUyg, O, » be defined by Eq. (B4), and €, ¢
be the set of all ¢-fold G-symmetric Clifford conjugation
mixture maps defined by

n
Q:t,g = Z)»jgt’uj ne N, )\.1,)\2,...,)\,,, c R, Ul,Uz,
j=1

n
...,UHECN’Q, Z)»] =1

j=1

(B6)
Then, for any ¢-fold G-symmetric Clifford mixture map
D S Q:t,g Py

q)t,X oD = q)t,X~ (B7)

040331-10



CLIFFORD GROUP AND UNITARY DESIGNS...

PRX QUANTUM 4, 040331 (2023)

Proof—Since D € €,g, D can be written as D =
Z;=1 A&y, withsome Ay, Aa, ..., Ay € Rand Uy, U, . . o,
U, € Cy g satisfying Z;zl A; = L.Foranyj € {1,2,...,n},
we get

O x 0y = Evo&ydux(U) = &y

UeXx UeXx

x duxy(U) = Evdpx(U) = @ x,
Uex
(BY)

where we used the right invariance of  x. We note that the
Haar measure on a compact Lie group A’ is right invariant
by Corollary 8.31 of Ref. [45]. We therefore get

n
CD;’X oD = Z)\.jq)t,;( o gt,Uj
j=1
= Z)»; O x =Py (B9)
j=1

|
As the second property, we introduce trivial fixed points
of @, x for X = Cy o and Uy o in an explicit form.
Lemma 2—1Let N € N, G be a subgroup of Uy, X =
Cn.g orlUy g, O3 x be defined by Eq. (B4), and M be the
linear subspace of L(H®?) defined by

Mg :=span ({V, (G ® G, ® G3) | o

€ 63) GlaG2:G3 € g}) ) (BIO)

where the span is taken over the field C and V,, € U(H®?)
is the permutation operator that brings the jth copy of
qubits to the o (j )th qubits, i.e.,

Vo (IW1) ® [W2) ® [W3)) = [W-1p))

® |‘Ijg*1(2)> ® |“Ijg*1(3)> (Bll)
for all |W;),|¥,),|¥s) € H. Then, @3 x(L) = L for all
L e ./\/lg.

As for Eq. (B11), we note that the state of the jth copy
of qubits after the action of V, is the same as that of
the o ~!(j )th copy of qubits before the action, because V,
brings o ~!(j )th copy of qubits to the j th copy of qubits.

Proof—Since @3y is a linear map and Mg is a
linear subspace spanned by {V,(Gi ® G, ® G3) | 0 €
G3, Gy, G2, G; € G}, it is sufficient to show that @3 x (V,
(GCIR®G,®G3)) =Vo(GI ® G, ®G3) for all o € G,
G1,G,,G; € G. Since V, commutes with U®?, and G,
G,, and G3 commute with U for all U € Uy g, we have

[Vo(G1 ® Gy ® G3), U®3] = 0 for all U € Uy, g. We there-
fore get

D3 x (Vo (G1 ® Go @ G3))

= U2 V,(G1 ® Gy ® G)U®dpu»(U)
UeXx

= / Vo (G ® G2 @ G3)dpux (V)
UeX

=V,(G1 ® G, ® G3y). (B12)

|

Although we require only the fact that all the points in
Mg are fixed points of @3, , in our proof, we can prove
that the set of all the fixed points of ®3;, , corresponds
with My, . by using the result of Ref. [46].

In order to connect Lemmas 1 and 2 to the proof of
Proposition 1, it is sufficient to find a map D € €5 o satis-
fying D(L) € M forall L € L(H®?). If we can construct
such a map D, we can explicitly compute the ¢-fold uni-
form unitary mixture map &,y as P3x = P53y 0D =D
for X = Cy,o and Uy g, which implies that @3¢, , =
@314y - We present the existence of such a map D as a
lemma.

Lemma 3—Let N € N, Q be a subgroup of Py, €5 o be
the set all #-fold Q-symmetric Clifford conjugation mix-
ture maps defined by Eq. (B6) and Mg be defined by
Eq. (B10). Then, there exists a map D € €5 o such that
D(L) € Mg forall L € L(H®?).

In order to simplify the proof of this lemma, we show
that the statements of this lemma for two symmetry groups
are equivalent if the two groups can be transformed into
each other by some Clifford conjugation action up to phase.

Lemma 4—1Let N € N, G and G’ be subgroups of Uy
satisfying UyG' = UyWGW' with some W € Cy, and €,¢
and &, ¢ be the sets of all #-fold G- and G'-symmetric Clif-
ford conjugation mixture maps defined by Eq. (B6). Then,
there exists a map D’ € €3 ¢ such that D'(L) € Mg for
all L € L(H®?) if and only if there exists amap D € €3¢
such that D(L) € Mg forall L € L(H®3).

Proof—Since UyG' = UyWGW" is equivalent to UyG =
UW'G'W, it is sufficient only to prove the “if” part. We
suppose that there exists amap D € &3 g such that D(L) €
Mg for all L € L(H®3). By the definition of 36, D can
be written as

D=> n&y (B13)
j=1

with some n e N, U, Us,...,U, € Cyg, and A1, A2, ...,
A, € Risatisfying 37 A; = 1. We define

D =Y %Epy - (B14)
j=1
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Then, D’ € €3 g by noting that WU, W' e Cyg forallj € {1,2,...,n}. By this definition, we also know that for any

L e L(H®Y,

D'(L) = WEBDWIS LW W3 ¢ w3 Mgwie?
= span (| WSV, W' (WG, W' @ WG, W' @ WGsW') | o € 83,G1,G,,Gs € G)})

= span ({V» (G, ® G, ® G3) | 0 € &3,

= Mg

[ |

Now we note that any Pauli subgroup Q can generally
be transformed into a Pauli subgroup R in the form of

R :=Poll,X,Y,Z}*M @ {I,Z}*M2 @ (I} (B16)
with some N, N,,N; >0 up to phase via some Clif-
ford conjugation action, which we prove in Lemma 14 in
Appendix G. By combining this property and Lemma 4,
we know that it is sufficient only to prove Lemma 3 when
Q is given as R in the form of Eq. (B16).

Since we are going to deal with three copies of the
system each of which is decomposed into three subsys-
tems, we define the notations for explicit presentation of
the Hilbert space on which an operator acts or in which
a vector exists. When we explicitly show that an operator
O acts on a Hilbert space K and a vector |W) exists in /C,
we denote O’ and | W)™ | respectively. The notations for
Hilbert spaces are as follows: in order to distinguish the
Hilbert spaces ‘H associated with the three copies of the N
qubits that we consider in the context of unitary 3-designs,
we denote the three Hilbert spaces by H!, H?, and > [see
Fig. 6(a)]. The symmetry R induces a natural decomposi-
tion of each Hilbert space 7 into three parts |, H, and
H, of Ny, N>, and N qubits, correspondingly to the repre-
sentation of R. We also denote the Hilbert space of the /th
qubit in 7, by H} ;. [see Fig. 6(b)]. We denote the tensor
product of the three spaces of H}, Hz, and H; by H* [see

Fig. 6(c)]. We may refer to ), simply as H; when we need
not specify ;.

In the proof of Lemma 3, we focus on the following four
types of R-symmetric Clifford operators; the S gates on a
qubit in H,, the controlled-Z gates on two qubits in H;,
the Clifford gates on qubits in H3, and the controlled-Pauli
gates with a control qubit in H, and target qubits in H;
[see Fig. 6(d)]. We are going to see their properties one by
one in the four lemmas below.

First, we prove the property of the mixture of the S gates
on H;. In the following, we denote the Pauli-Z basis of the
qubit in M, by |x;;) with x;; € {0, 1}, and define |x) :=
®je{1,2,3},le{1,2 ..... Ny, 7.0 for x := (xj 1) e(1,2310e(1,2,...M5)

1, G5, Gy € GY)
(B15)

Lemma 5—Let N € N, R be defined by Eq. (B16), €3 ¢
be the set of all threefold R-symmetric Clifford conjuga-
tion mixture maps defined by Eq. (B6), m € {1,2,...,N,},
D) m be defined by

3

3 3 _ .
Dyw(L) := %Z ®S"(H/2»m) L ®SuT(H’z,m)

u=0 \j=1 j=l1
(B17)

@ 31 =0 ®) (3 o, 7 Hx}
(el Az
2 y@?) 30332 |31
H,—
3 uG?) }[g{ :
i,
(4 d
—| S
w7 a2 || 2 || 72 ||
o | | —
Clifford Pauli
j_[itot f]_[ztot j_[?EOt | | -

FIG. 6. Setup of Proposition 1 and the notations of the Hilbert
spaces in the proof. (a) In the proof of unitary 3-designs, we con-
sider unitary operations U on three copies of a Hilbert space,
which we denote by H!, 12, and H>. When we explicitly show
that a unitary operator U acts on 1/, we denote U*). (b) The
symmetry R decomposes each Hilbert space H/ into three parts;
H, H,, and H, for the Ny, N, and N3 qubits, correspondingly to
the representation of R. The figure is for the case when N} = 1,
N, = 2,and N3 = 2. We denote the Hilbert space for the /th qubit
in ), by H,,. (c) We define H{" := H; ® Hi ® H; for k=
1,2,3. We note that the total Hilbert space H®* can be expressed
in two ways as H' ® H> ® H? and as H" @ HY' @ HY' (d)
As R-symmetric Clifford operations, we focus on four types of
gates; the S gates on qubits in H,, the controlled-Z gates on
two qubits in H,, the Clifford gates on qubits in H3, and the
controlled-Pauli gates with a control qubit in H; and target qubits
in H3.
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and K € L(H®?) be in the form of
K = P(H) g |x) (y| ("2 @ 0(H5") (B18)

with some P € P3+N1’ X,y € {0, 1}*" and O € L(HY"). Then, we have D, ,, € €3 % and

K (lf 23— x'mzzg— y‘m)
Dy n(K) = =177 J=177 B19
1 (K) {0 (otherwise). (B19)

j
Proof—Since S<H2,m) € Cyr and Dy, is an affine combination of the conjugation actions of /¥, %3, (S2)®3 and
($°)®*, we can confirm that D, € €3 z. By noting that S = Y___ |, * |2) (2], we get

3
1 O . 0 — . 0
Din(K) = 3 3 PO @ (1219 px) (3] (49 7 X0 g 004"

n=0
3
= lzi"@}:w,m—zleyj,m) P @ |x) (|2 @ 0"
4
n=0
_ |K af Z;=1 Xjm = Z;=1yj,m (mod 4)) (B20)
0 (otherwise).

Since x; ,, and y; ,, take only 0 or 1, Zj: | X = Zle ¥; m (mod 4) is equivalent to Zle Xjm = Zj: Vi m- |
Second, we prove the property of the mixture of the controlled-Z gates on H,.
Lemma 6—Let N € N, R be defined by Eq. (B16), €3 » be the set of all threefold R-symmetric Clifford conjugation
mixture maps defined by Eq. (B6), m,m’ € {1,2,...,N,} satisfy m # m’, D, ,, ,» be defined by

1 3 . . 3 . .
Dy (L) = %Z ®czv(”j2»m’”3,m/) L ®cz”(”/2»m’*‘jz,m’) (B21)
v=0 \ j=I j=1

forall L € L(H®?), and K € L(H®3) be in the form of Eq. (B18) with some P P3+N1’ x,y € {0, 13" and O € L(HYY).
Then, Dy € €31 and

. 3 3
Dy oK) = K G 2 Xk = 20y Yy (mod 2)) (B22)
o 0 (otherwise).

Proof—Since CZ(H}Z”"’H/ZJ"’) € Cyr and D,y is an affine combination of the conjugation actions of / ®3 and CZ®°,
we can confirm that D, ,, ,v € €3 . By noting that CZ = ZLWE 0.y (=D zw) (2w, we get

1
Do (K) = % S PO @ (iRl 1x) (3 P4 7 Rl ) @ OO
v=0

1
= (% Z iv(Zf_lx/,mxj,m/—Zf_ly,-,my,-,m/)> PO & x) (|5 @ 004"
v=0

_ K GE X 5 = X 3y (mod 2)) (B23)
0 (otherwise).
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Third, we prove the property of the mixture of the Clif-
ford gates on H;3. We use the result of Refs. [27,28] stating
that the conventional Clifford group is a unitary 3-design.

Lemma 7—Let N € N, R be defined by Eq. (B16), €5
be the set of all threefold R-symmetric Clifford conju-
gation mixture maps defined by Eq. (B6), D; be defined
by

Ds(L) := |17| Z (Umé) 2 UM & U<H§>>L
UeV

(U1 & U @ U1) (B24)

forall L € L(H®3) with V being the set of all the represen-
tatives of the equivalence classes in Cy,/(Uol), and K €
L(H®3) be in the form of Eq. (B18) with some P € P3 ,

x,y € {0, 1}*" and O € L(HY"). Then, D; € &5 and

Diy(K) = PO @ x) (|2 @ a, 75D (B2s)

ASIGE

with some {dy}ses, € C3, where T, € U(HYY) is
defined as the permutation operator satisfying

T, (|sl>(”§) &)%) @ |53>(”3>> = 1,10 ()

by |$a*1(2))(H§) ® |§a*1(3))(Hg)

forall &), |62), |&5) € Hs.

Proof—Since U e € Cyr forall U e Vand D; is an
affine combination of the conjugation actions of U®* for
U € V, we can confirm that D3 € €5 z. By the definition
of D3, D3(K) is written as

(B26)

Dy (k) = P @ |x) (y| "5 @ 004D (B27)
with

0 = / U oU ®duc,, (U). (B28)
U/ECN3

Since the Clifford group Cy, is a unitary 3-design [27,28],
O’ can also be written as

0 = / U oU" duyy, (U). (B29)
U'EZ/INS

For any U € Uy,, by the left invariance of Haty, » We get

UROUP = [ U)W du, )

UEUN3
= / U oU" duy, (U) = 0.
U’EUN3

(B30)

This implies that O’ commutes with U®* for all U € Uy;.
By Theorem 7.15 of Ref. [47], O’ can be written as O’ =
Y ves; % T with some {a; }oes, € CSs, [ ]

Finally, we prove the property of the mixture of the
controlled-Pauli gates on H, and Hj. Here we fix the
control qubit as the mth qubit in H,.

Lemma 8—Let N € N, R be defined by Eq. (B16), €3 »
be the set of all threefold R-symmetric Clifford conjuga-
tion mixture maps defined by Eq. (B6), m € {1,2,...,N,},
Dy be defined by

1 3 R i
Dinh) = 3 Y (@@ 57 | 1

QePf\?S J=1

3 . .
« | @c! ) (B31)
j=1

forall L € £(H®), where C(0)"2™) is the controlled-
Q operator defined for O € 77;?3 by

() "an™) Z 10y (0)("2n) @ 1(7)

+11) <1|(Hli,m) ® Q(Hé) (B32)

and J € L(H®?) be in the form of

o of tot
J =P @ x) (y| ) @ 78 (B33)
with some P € 733+N1, X,y € {0,1}**2 and 0 € Gj satisfy-
ing

3 3
D xju=) yuforallle(1,2,...,Ny),  (B34)
j=1 j=1

3 3
ij,,xj,l/ = Zyj,[yj,l/ (mod 2) forall /,/'
=1 =1

e (1,2,....No}, (B35)

and X, ) =y w forallj € {1,2,3} and m" € {1,2,...,
m — 1}, where T, is defined by Eq. (B26). Then, Dy, €
¢3 g and
(oY) (HY) (HYY)
Dym(J) = PV QIx) (yV2/ Q T, (B36)
with some c € R and o' € &3 satisfying xo/(yw = Vjmw
forallj € {1,2,3}and m’ € {1,2,...,m}.
Proof—Since the controlled-Pauli operators can be
expressed as products of the controlled-X', ¥, and Z opera-

tors, we can confirm that C(Q) (HJZ”’ 3) € Cvr- Dy isan
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affine combination of the conjugation actions of C(Q)®?
for Q € 77+3, and thus we can also confirm that D,,, €
&3 z. By noting that

c@ ™) = 3 1) (210) @ ¢ (4), (B37)
z€{0,1}
we know that
1 tot tot
Din) = 357 2 PO @ x) (v )

We note that

3 / tot
® o) | 700

Jj=1

_ 7 () ®ij w(74) | 704

— 1) (égfj,m (™)

QE'P]-\',;
; ; 045 ( ) grevnn ()
(# Mt (7 =T, om3 (B39)
® ®Qxf,m( ) s (0 QVJ,mT( :) P
j=1 j=1
(B33)
|
By Egs. (B38) and (B39), we get
1 (H) (ML) (HYY) ] " (Hj_,,) . —y; (7—t/3)
Dan) = 75 Y P eom ) e, ®Q’“"V”" ®Q "
<Py, j=l J=l
3 .
(e ot (HYY) 1 PR
=P @ x) (y|("2) ® T, i > Qoo () (B40)
QE'P]-\'/; J=1
First, we consider the case when x4 () ,» = ¥ » forallj € {1,2,3}. In this case, we have
1 ] (+4)
o(j),m—Vj,m H j— H — H‘Ot
w2 Qoromials 4N3 > @1 ) = 0w, (B41)
QeP+ Jj=1 P* Jj=1
By Egs. (B41) and (B41), we get
() (HY (HYY) (HY (ot (HY) (H“’t)
DyJ) =PV @ x) (V2 /@ T, ° IVE ) =PV @ x) (V2 @ T, (B42)
where ¢ := 1 and o’ := 0. Since 0’ = o, We get Xo/(jym = Xo(j),m = Vjm forallj € {1,2,3}and m’ € {1,2,...,m}.

Next, we consider the case when X, (j),» # y; » for some j € {1,2,3}. Since Eq. (B34) is satisfied for k = m, we can
take p,q € {1, 2,3} that uniquely satisfy X, () m 7# Xo(),m forj € {1,2,31\{p} and y,,, # y; m forj € {1,2,3}\{g}. Then,

such p and g satisfy p # g and x5,y m = y4.m. We note that

Ly () _ 1y gl
o Z ®Q’¢a</>,m—y./,m 3 =% Z o\’s

+ j= +
QGPNSJ 1 QePy,

= l Z Q(Hé’/) () Q(H;{/) = ®SWAP<H§)J’H§,/> — T(Hg‘“)
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where SWAP( 3 H”) is the SWAP operator between the
Hilbert spaces H3’, and Hg’l, and 7, , € G3 is the trans-
position between p and g. By Egs. (B40) and (B43), we
get

(Htot) T(Htot)

.y

Dy(J) = —P<H )@ x) 1) @ Ty

= P @ [x) (v © 705 (Bag)

where ¢ := 1/2" and 0’ := 01, ,. Forany m’ € {1,2,...,
m — 1}, since Eq. (B34) is satisfied for k =m and k =
m', and Eq. (B35) is satisfied for k=m and k' =/,
we get Xo(p)m = Xg(qn by Lemma 15 in Appendix
G. We therefore get Xo/()m = Xo(g, 4G = Xo()m' =
yimw for j €{1,2,3}. As for the conclusion in the
case of m' =m, SINCE Xo/(j)m = Xo (1 4())m = Xo(p)m +
(Sr],,q(/'),p =Ygm T+ Sj,rp,q(p) = Ygm + 8j.qg =Yim (mod 2), we
get X/ (jym = yjm forj € {1,2,3}. |

By combining the five lemmas above, we prove
Lemma 3.

Proof of Lemma 3—By Lemma 14 in Appendix G, we
can take R in the form of Eq. (B16) and W € Cy such that
UWOW'" =UyR. By Lemma 4, it is sufficient to show
that there exists a map D € €3 x such that D(L) € My
for all L € L(H®?). We define D by

D:D4OD3OD20D1, (B45)

J

Dy 0Dy 0 Dy(K) = {g(w)@"‘” MO ©F, o @ T8

with some {a; }ses; € C®3, where we note that Eq. (B35)
in the case of £ = &’ can be derived from Eq. (B34). Since
D, is a linear map and My is a linear subspace, it is
sufficient to show that

Dy(J) € My (B53)

for all J € L(H®?) in the form of Eq. (B33) with P ¢
73;5\,1, x,y € {0, 1}*M satisfying Eqs. (B34) and (B35) and
|

where D;, D,, Ds, and D, are defined by Egs. (B17),
(B21), (B24), (B31), and

D, = Dl,N2 ©0--+0 DI,Z oDy, (B46)
Dy :=Dyn,—10---0Dy30Ds, (B47)
Dom :=Damny 0+ 0 Daymmi2 © Dammy1,  (B48)
Dy :="Dyn, 00Dy 0Dy;. (B49)

By Lemma 16 in Appendix G, we can confirm that D €
€3 . Take arbitrary L € L(H®?). Since Dy, D,, D;, and
D, are linear maps, My, is a linear subspace, and L can be
written as

= %

PEP;'NI x,ye{0,113M2

o o tot
PO @ 1x) (|8 @ 08/

(B50)

with some Opyy € L(HY"), it is sufficient to show that
DyoD3;0D,0Di(K) € My (B51)
for all K € L(H®?) in the form of Eq. (B18) with P ¢

73;5\,1, x,y € {0,1F" and O € L(HY"). By Lemmas 5, 6
and 7, we get

(if x and y satisfy Egs. (B34) and (B35))

B52
(otherwise) (B52)
o € G;. By Lemma 8, we know that
o o tot
Di) = P @ [x) (y| ) @ 7U5 (B54)

with ¢ € R and o’ € &3 satisfying x,/(j); = y;; forallj €
{1,2,3}and / € {1,2,...,N>}. We therefore get

Dy(J) = VgV, 1 ( p(HP) ® |x) <y|(H2t) ® T( ot )

=V, ( RU) g 5040 g 708 )> (P(Hl )@ x) (v @ T(Hm)>

= ch/ (Rg-ttllm)P(Htlot) ® S(E?f%m) |x) ( |(H ) ® T(Htot) T(Htm)> ,

(B55)
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where R, € U(HY") and S, € U(HY") are defined as the
permutation operators satisfying

R, (|¢1>(HD ® 16" @ |¢3>(”?>) = 16510 )
® |¢g*1(2))(H%) by |¢071(3)>(H?) ) (B56)

s, (wo(”” ® 1)) @ |w3><”3)) = Wm0 %)

® |wa*1(2)>(H%) d |1/IJ*1(3)>(H%> (B57)
for all |¢;) € H, and |y;) € H,. We note that
tot tot 3 J
S(H ) | )(thm) — SS,’EZI ) ® |Xj>(7'(2
Jj=1
3 » 3
® xo (") = ® ) | (B58)

where X; = (X Dieq,..n)0 Y = O.00eq, M) Ix;) =

Qieqr,..vpy 0> and y;) = Qpeqy
{1,2,3}. By Egs. (B55) and (B58), we have

Dy(J) = cVyr < R P @ |y (v (P & 1045 ))_
(B59)

to
(H )P(H ") can be written as

/'

(Htot) tot
RG/—II P(Hl ) = Z {Pl ,P>,P3 ®P 1

P] ,Pz,P3 EPN

(B60)

with some ¢p, p,p, € C defined for Py,P,,P; € 73;71

ly) (yl ("3") can be written as

) 01020

e = &K

je(12,340el1,2,...,No}
1
- ® ;¥

je(123)le(1.2,.. N2} © wy se(0.1)

x [(=1)Y54Z]"%4 (H]zz)

Y ®

we{0,1)3V2 j €{1,2,3},1€{1.2,....Np }

X (= 1Yz (721)

3

:23%2 Z (_I)Zj,ZYj,le,l®

WG{O,1}3N2 j=l

y (é Zw.,,mﬁz,a) |

I=1

(B61)

By plugging Egs. (B60) and (B61) into Eq. (B59), we get

23N Z

PPy, P3Py, wel0,1)N2

@

Jj=1

S MR

Dy(J) = Cpy pypy (—1) 20421

® ®ZW/ 1(7"512/) ®1(H])>

I=1

(B62)

|

By combining Lemmas 1, 2, and 3, we prove Proposition
1.

Proof of Proposition 1 —Let X be Cy o or Uy o. By
Lemma 3, we can take D € €3 o such that D(L) € Mg
for all L € L(H®?). For any L € L(H®?), By Lemma 1,
we have

Q3.1 (L) = 3 4(D(L)). (B63)
Since D(L) € Mg, by Lemma 2, we get
@5 x(D(L)) = D(L). (B64)

Equations (B63) and (B64) imply that &3 » = D. Since
this holds for X =Cy o and Uy.o, we get D3y o =
D314y o> 1€, Cy g s a Q-symmetric unitary 3-design. W

2. Proof of the “only if” part of Theorem 1
(Theorem 6)

In the “only if” part of the proof of Theorem 6, we take
arbitrary unitary subgroup G such that the G-symmetric
Clifford group is a G-symmetric unitary 3-design, and con-
struct a Pauli subgroup Q such that the constraints by
G and Q are the same. We rigorously present this state-
ment with the concrete construction of Q in the following
proposition.
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Proposition 2—Let N € N, G be a subgroup of Uy, Cy ¢
be a G-symmetric unitary 3-design, and Q be defined by

Q := ({Q € Py | 3G € G such that tr(GQ) # 0}).
(B65)

Then, Z/{N’g = UN,Q.

Since we always have Uy g D Uy o by the construction
of Q, we focus on the proof of Uy g C Uy o. In the proof
of this, it is central to prove that for any G € G, each term
of G in the Pauli basis with a nonzero coefficient must be
invariant under the conjugation action of U € Uy g. We
prove it in three steps, correspondingly in Lemmas 9, 10,
and 11.

First, we show that we can construct an operator L €
L(H®3) from arbitrary taken G € G such that L is invari-
ant under the conjugation action of U®? for all U € Cy g.
Here we use the definition of the Clifford operators, which
transform a Pauli operator into some Pauli operator by its
conjugation action.

Lemma 9—1Let N € N, t,¢ € N satisfy t = ¢ (mod 2),
UeCy, Ge L(H) satisfy UGU' = G, and L € L(H®)
be defined by

Li= ) y(G)P¥,

PeP,\'*,'

(B66)

where vp(G) : L(H) — C gives the expansion coefficient
of P in the Pauli basis, i.e.,

1
7p(G) = 55 tr(GP). (B67)

Then, U®'LU™®" = L.
We note that here we present this lemma in a general
form because we also use it in the proof of Theorem 10.
Proof—By Lemma 17 in Appendix G, there exist some
function sy : Py — {£1} and some bijection 4y on Py
such that for any P € Py,

UPU' = sy(P)hy(P). (B68)

We therefore get

Y (@GP =G=UGU" = Y yp(G)su(P)hy(P)

Pe’P; PePf\?
- Z Vi) (@ sulhy' (P)P. (B69)
PGPJJ\?
By comparing both sides, we get
vP(G) = ¥ ) (Dsuhy' (P)) (B70)

for all P € Py By using this relation, we get

UPLU® = ) vp(G)! (UPUM®!
Pe’Pﬁ

= 3 WG suPYhu(P)®”

Pe’P]’V*'

= > (G su(P)hy(P)®'

Pe’P]’v*'

> wp(G)su(P)) huy(P)®

PGPX}

= Y Wt (@sulhy (P) P

PeP]'\*,'
=D (@ P
PeP]'\*,'

=L

(B71)

|

Second, we suppose that Cy ¢ is a G-symmetric uni-
tary 3-design and that L € L(H®?) is invariant under the
conjugation action of U®3 for all U € Cy g, and we show
that such L is invariant under the conjugation action of
U®* even for all U Uyg. This directly follows from
the definitions of symmetric unitary designs and the Haar
measure.

Lemma 10—Let N € N, t € N, G be a subgroup of Uy,
Cy.g be a G-symmetric unitary 7-design, and L € L(H®")
satisfy U®'LU'®" = L for all U € Cy g. Then, U¥'LU™®" =
Lforall U e Uyg.

We present this lemma in a general form because we
also use it in the proofs of Theorem 10 and Theorem 4 in
the main text.

Proof—Since L satisfies U®'LU® =L for all U €
Cn.g, we have

/ U LU dpc, , (U)
UeCng ’

= / Ldpcy o (U) = L. (B72)
UeCn,g

Since Cy ¢ is a G-symmetric unitary ¢-design, we have

/ UPLU™® dpc, ,(U)
UeCng

= f UP'LU™ dpyy, ,(U). (B73)
Ueln,g
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By Egs. (B72) and (B73), we get

L= / UP'LU ™ duyyy 5 (U). (B74)
Uelyg
We therefore get for any U € Uy g,
UL Uter — / Ut U, UfT®tUT®thMN G )
Ueln,g '

= / (UUYP'LUU) ' dpgyy o (U)
Uelng

= f U'LU ™ dpyyy 5 (U
Uely g
=1L, (B75)

where we used the left invariance of - u

Finally, under the assumption that L is in the form given
in Lemma 9 and it is invariant under the conjugation action
of U¥" for all U € Uy g, we prove that every Pauli basis
composing L with a nonzero coefficient is invariant under
the conjugation action of U for all U € Uy g. In the proof
of this, we fix a Pauli operator P and consider a continu-
ous map U — UPU' from Uy g to Uy. By the assumption
above and the unitary invariance of the Hilbert-Schmidt
norm, we know that the value of this map only takes
discrete points. The combination of this and the connect-
edness of Uy g implies that this map always takes the
constant value P, where we use the fact that only a sin-
gleton is a discrete and connected nonempty set. In the
concrete proof process, we consider the linear expansion
of UPU" in the Pauli basis.

Lemma 11—Let N € N, t > 3, G be a subgroup of Uy,
and L € L(H®") be defined by

L= yP® (B76)
PeP
with some y} € C for P € Py and satisfy
UR'LU™® = | (B77)

for all U € Uy g. Then, UPU'" = P for all U € Uy g and
P € Py satisfying v} # 0.

This lemma is also used in the proof of Theorem 4 in the
main text.

Proof—We define ap, p,(U): Uy, g — R by

1
ap,py(U) = S5 tr(UP) U'p,) (B78)
for Py, P, € Py, and prove that {ap p(U)}veuy s is dis-

crete for all P, P’ € Py satisfying y, # 0. We can confirm

that ap, p,(U) € R by noting that UP, U' and P, are hermi-
tian. Take arbitrary U € Uy g. Since L satisfies Eq. (B77),
for any P’ € Py, we get

> vrorp (U = ) v 2,Ntr«P’UPw)@’)

PEPN PEPN

= o L wpeveLuien

1
= o —tr(P'®'L)

=D 2Wtr((P’m@f)

PePN

Y vider

PGPX,'

= v (B79)

By the triangle inequality, we have

> Whllar s () = lypl.

+
PePy

(B80)

By taking the sum over P’ € Py, we get

Y lvpl= " vl (B8

+ +
PePy PePy

> Whllerp (U] =

+
P.P'ePy

For any P € Py, UPU' can be expanded in the Pauli basis
as

1
UPU" = )" Z—Ntr(UPUTP/)P’ =

+
P'ePy

> arp (P
P eP}'\*}
(B82)

By considering the Hilbert-Schmidt norm of the both sides,
we get

1 = itr((UPU*)T (UPUYY)
=¥

1
= —ftr

X Z app (U)*appr(U)P'P"

P .P/ePY
— * 1 P/P//
= > appU)app(U) o TP
P .P'ePY;

= Z app (U) appr(U)dp pr

+
P P'eP;

= D larp (D).

P'ePy;

(B83)
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By Egs. (B81) and (B83), we get

S hllerp (O = Y lypl -1

+ +
P.P'ePy; PePy

= > vl

PePy;

= > |yllapp )P

+
P,P'ePY;

> lapp ()P

P'eP;

(B&4)

This is equivalently expressed as

> Wl () = lapp (D)) = 0. (B8S)

+
P.PePY

Since |app(U)] <1 by Eq. (B83) and ¢ > 3, we have
lapp (D) — |app (U)|? < 0. This implies that equality
holds in Eq. (B85). We therefore get for any P, P’ € Py
satisfying yp # 0,

latp.p (U)|" = lap pr (U)* = 0. (B86)
Since ap pr(U) € R, we get
app(U) =0,+£1. (B87)

This implies that {ap p/ (U)}veuy g 18 discrete. On the other
hand, since Uy ¢ is connected by Lemma 18 in Appendix G
and ap p(U) is continuous, {ap p (U)}veyy ¢ s connected.
We therefore know that {app(U)}veuy g 1s a singleton,
which implies that for any U € Uy g,

app(U) =app () =épp. (B83)
By plugging this into Eq. (B82), we get
UPU'= Y 8ppP' =P. (B89)
PePy;
[ |

By combining the three lemmas above, we prove Propo-
sition 2.

Proof of Proposition 2—First, we prove that Uy g D
Uy.o. We define Q' :={Q € Py | 3G € G r(GQ) # 0}.
Then, Q is the group (Q') generated by Q. Forany G € G,
we know that

G=Y 7G0=7) @0+ Y r@Q

OePy e’ QePiNQ
= > vo(G)Q € span(Q)) C span(Q), (B90)
QcQ’

where yp(G) is defined by Eq. (B67), and we used
Yo(G) =0 for all Q € Py\Q' by the definition of Q.

For any U € Uy o, we therefore get [U, G] = 0. Since this
holds for all G € G, we getUn.o C Ung.

Next, we prove that Uy g C Uy, o. Take arbitrary O €
Q'. By the definition of @', we can take G € G such that
Yo(G) # 0. By the definition of y»(G), G can be written as

G = Z vp(G)P. (B91)
PeP]'\,"
We define L € L(H®?) by
L= )" yp(GP*. (B92)

PE'P;\;

By Lemma 9, we get U3LU™®? = L for all U € Cyg.
Since Cy g is a G-symmetric unitary 3-design, by Lemma
10, we get UP3LU™? = L forall U € Uy g. By Lemma 11,
we know that UPU" = P forall U € Uy g and P € Py sat-
isfying yp(G) # 0. Since Q satisfies yp(G) # 0, we have
forany U € Uy g, UQU' = Q, or equivalently [U, Q] = 0.
Since this holds for all 0 € Q" and Q = (Q’'), we get
[U,Q]1 =0 forall U € Uyg and Q € Q. This implies that
Uyg CUNo. |

By combining Propositions 1 and 2, we prove
Theorem 6.

Proof of Theorem 6.—First, we consider the “if” part.
We suppose that Uy g = Uy o with some subgroup O
of Py. Then, the conditions for G- and Q-symmetric
unitary 3-designs are equivalent and Cyg = Cy NUy g =
Cy NUy.o =Cy.o. Thus it suffices to show that Cy o
is a Q-symmetric unitary 3-design, which we proven in
Proposition 1.

Next, we consider the “only if” part. We suppose that
Cyg is a G-symmetric unitary 3-design. We define Q :=
({0 € Py | 3G € G such that tr(GQ) # 0}). Then, Q is a
subgroup of Py and by Proposition 2, we getUy ¢ = Uy o.

|

APPENDIX C: PROOF OF THEOREM 2
(CONSTRUCTION OF SYMMETRIC CLIFFORD
GROUPS)

In this Appendix, we present complete and unique con-
structions of symmetric Clifford groups with elementary
gate sets under Pauli symmetries and certain non-Pauli
symmetries in Theorems 7 and 8, respectively (see Figs. 1
and 3 in the main text). Theorem 7 corresponds to Theorem
2 in the main text. We note that the theorems about uni-
tary designs in this paper are proven without using these
theorems.

1. Pauli symmetries

First, for any Pauli symmetry, we present a construction
of the symmetric Clifford group and prove that the con-
struction is complete and unique. By using the fact that
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any Pauli subgroup can be transformed into a simple Pauli
subgroup in the form of Eq. (B16), we know that it is suf-
ficient only to consider such a form of symmetries. We
show that every symmetric Clifford operator can be writ-
ten with the four types of operators that we consider in the
proofs of Lemmas 5, 6, 7, and 8, and we also show that it
is expressed in a unique way.

Theorem 7.—Restatement of Theorem 2.) Let N € N
and Q be a subgroup of Py. Then, there exist W € Cy and
N1, N, N3 € N such that

PoWQW' = Po{l,X,Y,Z}*M ® (1,Z}*™ @ (1}®,
(C1)

which gives a decomposition of N qubits into three
subsystems A4;, A, and A3, each consisting of Ni,
N,, and N; qubits. Moreover, for any U € Cy o, there
uniquely exist {u;}}2, € {0,1,2,3}"2, {vuhi5jken, €

{0, 1}M2M2=D72 e Cy, and {P; };Vil € (Py,)"? such that

Vj,k
CZ(2J ),(2.k)

Ny
v=w{T][]c@pn | v| ]
Jj=1 Jk:1<j <k<N;

Ny
"
< [ T15a, | 7 (C2)
j=l

where Sy acts on the jth qubit in the system A,
CZj),2k acts on the jth and kth qubits in the system
Ay, V acts on the system A3, C;(P;) is the controlled-P;
gate with the jth qubit in the system A, as the control
qubit and the qubits in the system A4; as the target qubits,
and T [ | represents the ordered product, i.e., T ]_[;7:1 0; =
0, - 0,0. '

We note that here we use different notations from those
in Theorem 2 in the main text for convenience of explana-
tion. The subscript (j, k) in Oy; 1) means that O acts on the
kth qubit in the susbystem 4;.

Proof—By Lemma 14 in Appendix G, we can
take W e Cy and Ny, N,, N3 > 0 such that PyWOW' =
PoR and R = Py{l,X,Y,Z}®M @ {I,Z)®N2 @ (I}®Ns3,
Since U e Cyo is equivalent to Wuw e Cyr, it
is sufficient to prove that for any U e Cyx, there

uniquely exist {u})2, € {0,1,2,3}"2, (v 4higj ey, €
{0, 1}"202=D72 7 & Cy, and (P;})2, € (Py,)™ such that

Vj k
l_[ CZ(2J ),(2,6)

Ny
u=|(t[]c@n|r
j=1 Jk:1<j <k=N

Ny
[Ts6s (€3)
j=l

First, we take arbitrary U € Cy x and prove that U can be
expressed in the form of Eq. (C3). We are going to prove
by mathematical induction that for any / € {0, 1,...,N,},
there exist {p;}i_ €{0,1,2,3Y, {vshi<j<tjri<h=n, €
{0, 1)/CN=1=D2 T e Cy,, and {Q;}/_, € (£Py,)" such
that

U, Zam] =[U,Xam]l=0ifl <m <N;, (C4)
[U,Z(z’m)] =0ifl <m<N,, (CS)
[U,X(z,m)] =0if1l <m=< l, (C6)
where
I ! Ny
v"k
U= TH GO\ T H l_[ CZ2j).an
j=1 j=1k=j+1
l .
< ([]55,, | U" (C7)
j=1

We can easily verify that this holds for / = 0, because
U = U in this case and U € Cy x satisfies U'Z(j Ut =
Z(l,m) and UX(I’m)UT :)((1’,”) for all m e {1,2,. . .,N[},
and UZomU" =Zo,m for all me{1,2,...,N,}. We
take arbitrary /€ {0,1,...,N, — 1} and suppose that
we can take {11;};_, € {0,1,2,312, {v; thi<j <1 11<h<n, €
{0, 1)/CN2=1=D2 T e Cy, and {Q;)i_, € (Py,) sat-
isfying Egs. (C4), (C5), and (C6). By Eq. (C4),
we get

[UXen1 U, Zam] = [UXeun U, UZ U
= UXau11), Zam)U"

=0ifl <m < N. (C8)

In the same way, by Egs. (C4), (C5), and (C6), we get

[UXounyUT, Xam] =0if 1 <m < Ny, (C9)
[UXen U, Zom] = UlXeim1) ZomlUT = 0if 1

<m<Nyandm #1+1, (C10)
[UXounU' Zon] = UlXewy, ZosnUT #0,
(C11)
[UXein U, Xom] = UlXeuy, XomUT = 0if 1
<m<l (C12)
Since U' € Cy and X211y € Py, we get
UXonU'T e £P5. (C13)
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BY Egs. (C8), (C9), (C10), (C11), (C12), and (C13), we get UXpuyUT € £{Xa11), Yo} ® {1(21+2),Z(21+2)} ®

- ® oy Zony ® U1, X610 Yan, Zen) -+ ® {1 Ny X34y, Y835 Zi3.4) ) By noting that SXST = 7, SYST =
—X and HXH' =Z, we can take pq € {0,1,2,3} and T' € Cy, such that (S;7}, ®W)UX(2,I+1)UT(S2‘2’L11) ®
' e (Xomn} ® o), Zosma)} ® - ® Honys Zavyt @ a1, Za.1)} ® -+ ® {Ii3.ny), Zany)}-  Equivalently, there
exist (Vi1 4)p 210 € (0, 1)27" 1 and {gk}fil € {0, 1} satisfying

Ny
Sy ® UXemn U Sy ® T = Xo) ( I1 Z:zlil)k) (l_[ : k)> o
k=I+2

By noting that CZ(X ® I)CZ" = X ® Z, we know that U/X(z’l_i'_])U/T = Xoun, 1.e., [U, Xo41] = 0 with U” defined
by

N
(H CZ 1 k)) ( I1 CZ(SIIJ}]?),(z,k)) Sainy ® U (C15)
k=142

By EqS (C4), (CS), (C6), and (ClS), we get [U/,Z(l’m)] = [U/,X(l’m)] =0ifl <m< Ny, [U/,Z(z’m)] =0ifl <m< N,
and [U", Xom] =01if 1 <m <[ In order to complete the process of mathematical induction, we show that U’ can be
written in the form of Eq. (C7). By plugging Eq. (C7) into (C15), we get

N3 Ny l
/ & Vit1k -
M (Hz&’ﬁ) r ( 1_[ CZ(ZL),@,@) Sé]ﬁn THCJ(QJ') r 1_[ 1—[ CZ(Z,;)(zk) HS@,]) Ut
k=1 k=I+2 j=l1 j=1k=j+1

(C16)

We note that

Ny / l Ny

r ( I czé;i’a),@,k)) sy [ TITawn | =|T]lgTor|T ( [1 czé;i’a),a,k)) Sgity. (€17

k=142 j=1 j=1 k=142

By plugging Eq. (C17) into Eq. (C16), we get

I+1 +1 N I+1
(A / ’ Vi ke T
v=(rile@ T czahen | {TT5a U (€18)
j=l j=1k=j+1
where " :=TT, Q; :==TQ;T T forj € {1,2,...,1}, O, 41 = N3 Zg‘ 5 We have thus completed the process of math-

ematical induction, which implies that we can take {,uj} 21 c {0, 1,2,3}2, v b= <k, € {0, [Pa2-D/2 T ¢ Cy, and
{Qj} | € (£Py,)" satisfying

Ym € {1a27 o 7N1} [UaZ(l,m)] = [UaX(l,m)] = Oa

Vm e (1,2,....No} [U,Zom] = [U,Xom] =0 (C19)
with
Ny
v=\T[Tgon || ] <2500 HSZ’J) Ut (C20)
j=1 Jki1<j <k<Nj j=1
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This implies that

Ny
u=u" THCJ‘(Q/) r 1_[ CZéf)@k) HS@,;)

j=1 J ki 1<j <k<N,
N
Vi k
=|T[[gwioguy| Uit ] <255 00 HS(ZJ) . (C21)
Jj=1 Jk:1<j <k<N,

Equation (C19) implies that U’ acts only on the system A3, and Eq. (C20) implies that U’ is a Clifford operator. For any
J €1{1,2,...,N,}, the Pauli operator Q; on the subsystem A3 satisfies U’TQJU’ € iPAz, ie., U’TQjU = (=1)Y P; with
some k; € {0, 1} and P; € 73;3. We note that

2Kj

GWUTQU) = (G(=D)" Ci(P) = S5}, Ci (P)). (C22)

We therefore get

Ny /

Vi k Wi +2k;

U= THCJ(PJ) u'r H CZo.n HS(zj,/) !
o

j=1 J ki 1<j <k<N,
Ny

— . . V] k

- Tl_[C/(Pf) 4 l—[ CZ(ZI) (2,6 l_[S(2J) > (C23)
j=1 Jk:1<j <k<N,

where V:=U'T e Cy, and ul’ € {0, 1,2, 3} is defined by ,u; = u; + 2k; (mod 4).
Next, we prove that the expression of U € Cy z by Eq. (C3) is unlque We suppose that {/L, i 21 {,u,]/. }jvil €{0,1,2,3}"2,
v khgj<ksnys V] thisj<ksn, €10, 1Y W2=D2 ) e Cy, and {P, }] 1,{P/}j | € (PN3)N2 satisfy

N

Vi k
T]—[C/’(Pj) v 1_[ CZo)).2m 1_[5(2,1)
j=1

ki 1<j <k<N,
Ny
/ Jk
=\T[]cw@p |V [1 CZé,;)ak) 1_[50,1) : (C24)
j=1 J.k:1<j<k<Np

We consider applying these two operators to vectors given in the form of |W) ® |xix2---xy,) ® |E), where |W¥),
X122 - - - xn,) 1= |x1) ® |x2) ® - - - ® |xn,) and | E) are vectors of the system A, A, and 43, respectively. We first consider
the case whenx; = 0 forall / € {1,2,...,N,}. Then, we get

W) ® [x1x2 - - X)) @ VIE) = W) ® x1x2 -+ - xn,) @ V| E). (C25)

Since this holds for all |E) € H3, we get V' = V. We next take arbitrary j € {1,2,...,N,} and consider the case when
x; =46 foralll € {1,2,...,N,}. Then, we get

W) ® [x1x2 - - xn,) @ (T PHVIE) = [W) @ [xixz -+ - Xy,) ® (i“//'ij)V|E). (C26)
Since this holds for all |E) € H3, we geti/ P; = — i P’ Since ,U,j,/,L; €{0,1,2,3} ande,P_; € 77;,“3, this implies that p; =
[L and P; = P/ We ﬁnally take arbitrary j, k e {1, 2 ., N»} satisfying j < k and consider the case when x; = 8;; + 8;
for all [ € {1, 2 N,}. Then, we get

W) @ (=D)7* |x1xz - - xy,) @ (W P)VIE) = W) @ (=) Jxpxs - Xn,) @ (T PHVI|E). (C27)
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This implies that (—1)%+# = (—I)VJ{J‘. Since vj 4, vjf’k €
{0,1}, we getv; ; = vjf’k. We therefore get u; = ,u}, Vg =
vjf,k, V="V and P; = Pj’. forall j,k e {1,2,...,N,}. This
means that the expression of U € Cy % in the form of Eq.
(C3) is unique. |

2. U(1) and SU(2) symmetries

Next, we take U(1) and SU(2) symmetries given by Egs.
(7) and (8) in the main text as examples of non-Pauli sym-
metries, and present complete and unique constructions
for the symmetric Clifford groups. In both cases, every
symmetric Clifford operator can be written as the product
of a permutation operator and a Pauli-symmetric Clifford
operator as shown in Fig. 3 in the main text.

Theorem 8.—{Construction of the U(1) and SU(2)-
symmetric Clifford groups.] Let N € N, and G, and G, be
given by

G = {9 16 R},

G, = {(ei(QxX+9yY+ezZ))®N | Ox.0y.0, € R} (€29

(C28)

Then, for any U € Cyg,, there uniquely exist {u; };Vzl €
{03 132a3}N9 {vj,k}lf‘j<k§N € {09 1}N(N_l)/25 o€ GNs and
¢ € Uy such that

U=c l_[

N
czF TS | ko (C30)
Jhel<j<k<N j=1

and for any U € Cy g,, there uniquely exist o € Gy and
¢ € Uy such that
U= cKy, (C31)

where K, is defined as the permutation operator on H
defined by

N N
K| QW) | =QWo-ig).  (C32)
j=1 j=1

Proof—First, we consider the expression for Cy g,. For
the completeness of the expression, we take arbitrary U €
CN’g1 and show that U can be written in the form of Eq.
(C30). Since U is G;-symmetric, we have

U4 Ut = (¢77)%" (C33)

for all 6 € R. By taking the derivative at 0 = 0, we get

N N N
Y uzut=U(> z | U =>"z. (C34)
j=1 j=l1 j=1

By noting that the both sides are the sum of N different
Pauli operators with equal coefficients, we know that

UZU" = Z,4,Vj €{1,2,...,N} (C35)

with some o € Sy. We define U’ := UK;. Then, we get
Uz U" = UK} Z;K, U'
=UZ,-1;,U' =2 Vj €{1,2,...,N}.

(C36)
By Theorem 7, U’ can be written as
N
U=c [T <z (T]s” (C37)
jke1<j <k<N j=l

with some p; € {0,1,2,3}, v« € {0,1}, and ¢ € Uy. Note
that the term ¢ corresponds to the term V in Eq. (C2) when
N3 = 0. We therefore get

U=c 1_[

N
cz;{,f 1‘[5;‘1' K,.  (C38)
J.ki1<j<k<N j=1

For the uniqueness of this expression, for any U € Cy g,
we take arbitrary two representations

N
[T <z |\I1s" |

U=c
J k1< <k=N Jj=l1
v{] N 1w
ol ok () e e
Jki1<j<k<N Jj=I

with  0,0' € Gy,  { bl (WL, €{0,1,2,3}",
{vj,k}l§j<k§N: {vj{,k}15j<k§N € {03 1}N(N_1)/27 and c, C/ €
Uy, and show that all these parameters for the two repre-
sentations are the same. We suppose that o # o’. Then,
we can take j € {1,2,...,N} such that o(j) # o'(j). By
using the two representations for U, we get

Zojy = UZ U = Zy1 5y, (C40)
but this is a contradiction. We therefore get 0 = o’. By
plugging this into Eq. (C39), we get

o 11

J.ki1<j<k<N

vfk
_ s
=c | | CZj’k

J.ki1<j<k<N

N
| (TTs”
CZ; i 5
j=1

(C41)

N /
l’l“'
J
[1s
J=1
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By Theorem 7, we get u; = MJ/ for all j € {1,2,...,N},
Vg = v]f,k forallj,k € {1,2,...,N} satisfying j < k, and
c=c.

Next, we consider the expression for Cy g,. For the com-
pleteness of the expression, we take arbitrary U € Cyg,
and show that U can be written in the form of Eq. (C31).
In the same way as the case above, we have Eq. (C35) and

UX; Ut = X, (C42)
with some ¢’ € Gy. We suppose that o # o’. Then, we
can take j € {1,2,...,N} such that o(j) # ¢’(j). This
implies that

[Z,X]1=UUZ U, UX; UU = U'[Z,jy, Xor ]U = 0
(C43)

but this contradicts with [Z;, X;] # 0. We thus get o = o”.
We define U := UKJ. Then, we get U'Z Ut = Z; and
U’XjU’T =X, for all j €{1,2,...,N}. Since such U’ is
restricted to U’ = ¢l with some ¢ € U, we get

U= cK,. (C44)

The uniqueness of this expression is trivial. |

APPENDIX D: PROOF OF UNITARY 1-DESIGNS
IN THEOREM 3

In this Appendix, we take U(1) and SU(2) symmetries
given by Egs. (7) and (8) in the main text as examples
of non-Pauli symmetries, and show that the symmetric
Clifford groups are symmetric unitary 1-designs for those
symmetries. This corresponds to the former half of the
statement of Theorem 3 in the main text. The proof method
is similar to the one in the “if” part of Theorem 6.

Theorem 9.—(1-design part of Theorem 3.) Let N € N,
G and G, be defined by

G = {(el‘ez)@N 16 ¢ ]R}, (D1)

gz = {(ei(QXX+9YY+GZZ))®N | GX:GY; QZ c R} ] (D2)

Then, Cyg, is a G;-symmetric unitary 1-design for j =
1,2.

Proof—First, we consider the symmetry given by G,.
We define D by

D) := A% Z K,LKI VYL € L(H),  (D3)

" oeBy

where K, is the permutation operator defined by Eq. (C32).
Then, for any L € L(H) and 0’ € Gy, we get

1

o , Tt
Ko DWK,, = + > KoK,LKIK],
geBy
1 + 1 ;
= Z KoLKy = 7 Z K,LK] = D(L).

oeGy oeGy

(D4)
This implies that

D(L) € span{V® | V e Uy} (D5)

by Theorem 7.11 of Ref. [47]. It is therefore sufficient
to show that UV®NUT = V®V for all U € Uy g, and V €
U, in order to show that D(L) satisfies UD(L)U" =
D(L) for all Ue Uyg,. Take arbitrary U e Uy g, and
V e U,. Since U satisfies [U, (?X)®N] = [U, (?")®N] =
[U, (¢%%)®N] = 0 for all € R, by taking the derivative at
6 = 0, we get

[U, Xiotl = [U, Yiot]l = [U, Ziot] =0, (D6)

where X 1= lej:le’ Yiot := Zszl Y, and Z =
Zﬁ:’zl Zy. Since V is a unitary operator on a single qubit,
V can be written as V = /@/ToxX+ev1+éz2) \yith some
o1, dx, Py, ¢z € R. This implies that

PON — oiNrI+dx Xiot+dyYiot+dzZior) (D7)

By Egs. (D6) and (D7), we get [V, U] =0 for all
UelUyg, and V e U,. By Eq. (D5), this implies that
[D(L),U] =0 for all U € Uyg,. By Lemma 1, for X =
Cn,g, and Uy g,, we get

&1 x(L) = & x(D(L) = UD(L)U'dp x(U)
UeX

= D(Lydpx(U) =D(L)

Uex

(D8)

for all L € L(H). Since this holds for X =Cy g, and
Un.g,, this implies that <I>17<;N’g2 = ch,Z/{N’g25 or equiva-
lently, Cy g, is a G,-symmetric unitary 1-design.

Next, we consider the symmetry given by G;. We define
D by Eq. (D3). Then, D satisfies D € €, g. By the same
argument as the case of G, we get D(L) € span{V®V |V ¢
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U}. We define D’ € €, g, by

D'(L) = zLN >

N
(1)
(125t RO, TN A1
N
x (]‘[z,ﬁ“k> VL € L(H).

k=1

(D9)

and D” by D" :=D' o D. Then, we get D" € €, g, by
Lemma 16 in Appendix G, and
D'(L) € span{(V + ZVZ)®N | V e U,}. (D10)
It is therefore sufficient to prove that [(V + ZVZ)®V, U] =
0 for all UeUyg, and V e U, in order to show that
UD"(L)U" = D"(L) for all U € Uy g, . Take arbitrary U €
Ung and V e U;. In the same way as Eq. (D6), we can
prove that U satisfies
[U,Z] = 0. (D11D)
Since V is a unitary operator on a single qubit, we
note that V = e/ @I+exX+0y1+622) j e 1 = & cos(¢p)] +
isin(@)(px X + ¢yY + ¢22) /¢ with some ¢y, dx, ¢y, ¢z €

R, where ¢ := ,/¢% + @7 + ¢2. We thus get V+ ZVZ =

26 [cos(¢p)] + isin(p) - ¢z Z/¢p]. We take r > 0 and ¢ €
R such that rcos(y¥) = cos(¢) and rsin(yr) = sin(¢) -
¢z/¢. Then we get V+ ZVZ = 2reeVZ. This implies
that
(V4 zZVZ)®N = Qre'®)N Voot (D12)
By Egs. (D11) and (D12), we get [(V + ZVZ)®N, U] =0
for all U € Uy g, and V € U;. By Eq. (D10), this implies
that [D"(L), U] = 0 for all U € Uy g,. By the same argu-
ment as the case of G, we know that Cyg, is a G-
symmetric unitary 1-design. ]
We note that there exists a group G such that the G-
symmetric Clifford group Cy g is not even a G-symmetric
unitary 1-design. As a simple example, we can take N =
1 and G = {9@?*FY) | g € R} with a, 8 € R satisfying
a > B > 0. In this case, we can show that C, g is not a G-
symmetric unitary 1-design as follows: We take arbitrary
U € Cg. Then, U satisfies

Uei@(az+l3/\’) UT — ei@(otZ+,3X) (D13)

for all 6 € R. By taking the derivative at 6§ = 0, we get

aUZU" + BUXU" = U(aZ + BX)U" = aZ + BX.
(D14)

By noting that both UZU' and UXU' are Pauli operators
and ¢ > B > 0, we get

UzU" =7, UXU' =X YU € C, 6. (D15)
By Lemma 10, we get
UzU" =7, UXU" = X YU € U, g. (D16)

This implies that U = 1 with some 6 € R for all U €
U g, 1.e., Ui g C U, but this contradicts with («Z +
BX)//a? + B% € U; g. We therefore know that C, g is not
a G-symmetric unitary 1-design.

APPENDIX E: DISPROOF OF UNITARY
2-DESIGNS IN THEOREM 3

In this Appendix, we show that for a certain class of
non-Pauli symmetries, the symmetric Clifford group is not
a symmetric unitary 2-design. This is a generalized state-
ment of the latter half of Theorem 3 in the main text.
Concretely, we consider the setup where a system consists
of M > 2 copies of n qubits and a symmetry group G is
given by

G={F*"|FeF} (E1)
with a connected Lie subgroup F of U, on n qubits. In a
physical perspective, this symmetry represents the conser-
vation of the total M quantities each of which is defined on
n qubits. In a mathematical perspective, G is isomorphic to
JF and the conserved quantities on #n qubits are elements of
the Lie algebra | of F. This form of symmetries includes
the U(1) and SU(2) symmetries given by Egs. (7) and (8)
in the main text as special cases. In fact, those two sym-
metry groups are represented with M = N, n =1 and F
given by

F = {ei(?Z | 0 c R} , F = {ei((?)(X+9yY+Gzz)

| 6)(,9)/, 0, € R} . (E2)

Theorem 10.—Generalized version of the 2-design part
of Theorem 3.) Let N € N and G be a subgroup of Uy
given in the form Eq. (E1) with M > 2, n € N and a con-
nected Lie subgroup F of U,. Then, Cy g is a G-symmetric
unitary 2-design if and only if Uy g = Uy .

Since we are going to deal with many Hilbert spaces
in the proof, we define the notations for Hilbert spaces as
follows: In the context of unitary 2-designs, we consider
two copies of the Hilbert space H associated with N qubits,
which we denote by H' and 2. The symmetry G naturally
induces the decomposition of the Hilbert space H/ into M
parts, which we denote the kth part by H,. We denote H;
simply by H; when we need not specify ;.
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Proof—Since Cy is a unitary 3-design [27,28], the “if”
part is trivial. In the following, we consider the “only if”
part. Suppose that Cy g is a G-symmetric unitary 2-design.
We define f as the Lie algebra of F, and we are going to
prove that f C {al | a € R}. We take arbitrary 4 € §. Since
e ¢ F forall 0 € R, we have

M H
R e g. (E3)
k=1

We take arbitrary U € Cy g. Then, U satisfies

M
[U, X e"f)A(H")} — 0. (E4)
k=1

By taking the derivative at 6 = 0, we get
M
[U, ZA(Hk):| =0. (E5)
k=1

We define Bp as the expansion coefficient of P in 4 in the
Pauli basis, i.e., Bp := tr(4P)/2". Then, A can be written
as

A=) BeP. (E6)

PeP,f

By plugging Eq. (E6) into Eq. (ES), we get

M
Uy Y P | =0, (E7)

k=1 pep;F

or equivalently,

M
=>" ) BpP™P. (E8)

k=1 pep;

M
Z Z ,BPP(Hk) Ut

k=1 pep;

We define

M
=33 gp @ P, (E9)

k=1 pep;

Then, we get U®?BU®? = B by Lemma 9. Since this holds
for all Ue Cyg and Cyg is a G-symmetric unitary 2-
design, we get U®?BU®? = B for all U € Uy g by Lemma
10. By noting that the SWAP operator SWAP*1-72) between
the Hilbert space 7, and H, satisfies [swAP711:72) G] = 0
for all G € G, we know that o SWAPTITR) Uy g for all
0 € R. We thus get

2

J o
® eie-SWAP(Hl’HZ)

j=1 j=1

2 . .
® e—i9~SWAP(H/1’H/2)

(E10)

for all & € R. By taking the derivative at 6 = 0, we get

2 o
> swar®™iH) B | = 0. (E11)

j=1

This implies that for any O, R, S € P,,

2 . .
tr ZSWAP(HJI,HJZ)’B (Qm{) @ R & S(H%)) —0.
j=1
(E12)

By using Eq. (E9), we expand the left-hand side of this as
follows:

2
Y 1 1 2
Y swap1:M) B <Q<H1) ®R™) ® S(Hl))

Jj=1

—tr ZSWAP(H H)) Z Z B3 2 p(H}) ®P(H

k=1 pep;f

=1tr ZSWAP(H] Hy) Z > BLPM) @ P

k=1 pep,

(Qm{) @ R™M & S(H%))

(Qm{) ® R™) & S(H%))

-y /3123tr<[<|:SWAP(H1,H2) ® IMD @ 17 pth g 101 g pUHD ®1<H§>]

PeP;f
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+

+

[
[

swapHD) @ 1D g 1)) 1) @ ptiy) g 10D o P<H2>]

10D @ 101 @ swap™HD) pi) g 101) g pHD & 1<H§)]

i [I(H D @ 1) @ swap™iH) 1) @ pty) @ 1D @ P(v@])

% (Q(H}) ® RM) @ SHD @ 1HD) )] ® ®®I(H A

j=1 k=3

— 22012 Y g2 (tr ([SWAP(H},H;)’P(H}) ®[<H;)] <Q<H}> ®R<H;>) ® PS™ & I(H§>>

PeP;

+tr<[SWAP(H%’H£),I(H%) ®P(H%)] (Qm}) ®R(H5>) ® SHD ®P(H§>)

+tr (PQ(H}) ®RM ® [SWAP(H?’H@, P 1<H%>] (S(H%) ® ﬂH%)))

Lt <Q<H}> ® PR & [SWAP(H%,H%),](H%) ®P<H§>] (Sm%) ®1(H§)))> ‘

The four terms in the sum can be calculated as follows:

tr([SWAP,P @ II(Q® R) ® PS® I)
= tr([SWAP, P ® I1(Q ® R)tr(PS)tr(I)
=tr(SWAP([P ® [,Q ® R])) - 2"6ps - 2"
= 22"8p str(SWAP([P, O] ® R))
= 2%"8p str([P, OIR),

tr([SWAP,I @ PI(O® R) ® S ® R)
= tr([SWAP, / ® P](Q ® R)tr(S)tr(R)
= tr(SWAP[/ ® P,Q @ R]) - 2"85; - 2"8r
= 22"8p 185.,tr(SWAP[ ® P,Q ® I])
=0, (E15)

tr(PQ ® R ® [SWAP,P @ I1(S ® 1))
= tr(PO)tr(R)tr([SWAP, P ® I1(S ® I))
=2"8p g -2"8p - tr(SWAP[P ® 1,S ® I])
= 2%'8p odr tr(SWAP([P, S] ® I))
= 2%"8p p8r str([P, S])
=0, (E16)

tr(Q ® PR ® [SWAP, ] @ P](S® 1))
= tr(Q)tr(PR)tr([SWAP, I ® P](S ® I))
=2"80 - 2"8px - tr(SWAP[I ® P,S ® I1)
=0, (E17)

(E14)

where we used the cyclicity of the trace and the swap trick
tr(SWAP(L ® M)) = LM. By plugging Eqgs. (E13), (E14),

(E13)

(

(E15), (E16), and (E17) into Eq. (E12), we get

22M=Dn g2y ([S, OR) = 0. (E18)

Suppose that Bg # 0. Then, Eq. (E16) means that
tr([S, Q]R) = 0. Since this holds for all O,R € P\, we
have [S,Q] = 0 for all Q € P,. This implies that S = /.
We therefore know that Bg # 0 for all S e P \{I}, or
equivalently, 4 = ;1. Since this holds for all 4 € §, we get
f C {al | a € R}). Since the connected Lie group F can be
generated by e by Corollary 2.31 of Ref. [48], we know
that F C {¢"I | a € R}, which implies that G C {€*] | a €
R}. We thus get Uy g = Uy. ]

APPENDIX F: WEIGHTED UNITARY DESIGNS

In this Appendix, we introduce weighted symmetric uni-
tary designs and show that the condition for a symmetric
Clifford group to be a weighted symmetric unitary design
is equivalent to the condition for it to be an unweighted
symmetric unitary design, which we defined in Definition
4. The definition of weighted symmetric unitary designs is
as follows.

Definition 5.—Weighted symmetric unitary designs.)
Let N,n,t € N, G be a subgroup of Uy, A1, A2,..., A, € R,
and Uy, Us, ..., U, € Uy. A finite set of pairs {( s Uj)}
is a weighted g—symmetrlc unitary 7-design if Z/.: A= 1
and

Z )‘-1 gt,Uj = th,LlN’g . (Fl)

Jj=1
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We present the equivalence between the conditions for a
symmetric Clifford group to be weighted and unweighted
symmetric unitary designs in the following theorem.

Theorem 11—Equivalence between unweighted and
weighted symmetric unitary designs for symmetric Clif-
ford groups.) Let N,teN, G be a subgroup of
Uy g. Then, there exists n € N, Aj,Az,..., 4, € R and
Uy, Us,...,U, € Cygsuchthat {(};, U<)}]’»’:1 is a weighted
G-symmetric unitary z-design if and only if Cyg is an
unweighted G-symmetric unitary ¢-design.

By combining this theorem with Theorems 1, 3, and 4 in
the main text, we know that the condition for an ensemble
of Cy g is an unweighted G-symmetric unitary #-design.

Proof—First, we prove the “if” part. We suppose that
Cyg is an unweighted G-symmetric unitary f-design. We
define n := |CN,g/(Z/{0])|, )\_j = 1/|CN,g/(U()])| for allj €
{1,2,...,n}, and take U;, U,,..., U, from all the equiva-
lence classes of Cy g/(Uol). Then, we get

Z)\j gt,Uj = q)t,CN,g = th,Z/{N,g' (F2)

j=1

This means that {(%;, Uy)}7_, is a weighted G-symmetric
unitary #-design.

Next, we prove the “only if” part. We suppose that there
exists neN, A, ..., A, €R and U, U,,...,U, €
Cy.g such that {(A;, U; )}]"’:1 is a weighted unitary 7-design.
We define a map D on L(H®') by

D:=> K&y (F3)
j=1
Then, we have
D=®yy,- (F4)
Since D € €, g, by Lemma 1, we get
Qicyg oD =Dy - (F5)

Since wyy g is left invariant and e, ; is normalized, we
get

CDt,CN’g o q)t,Z/{N,g

—[ [ ety Wi
UeCy,g JUely g

= / f gt,U/Ud:u“CN’g (U)d/’LUN’g (U)
UeCyg JUely g

= / / gt,UdMCN,g (U,)d/’LZ/IN,g (U)
UeCyg JUelly g

— [ Ewdun o)
Uely g

=Py g- (Fo)

By Egs. (F4), (F5), and (F6), we get

DPreyg = Preyg © D= DPreyg © Prityg = Pratyg-
(F7)

This means that Cy g is an unweighted G-symmetric uni-
tary ¢-design. u

APPENDIX G: TECHNICAL LEMMAS

In this Appendix, we present the technical lemmas that
we use in the proofs of the theorems in this work.

1. Transformation of Pauli subgroups into the
standard form

For the proofs of Lemma 3 and Theorem 7, we show that
any Pauli subgroup can be transformed into the form of Eq.
(B16) up to phase via some Clifford conjugation action.
For that purpose, we prepare two simple properties about
Pauli operators. First, we prove that any Pauli operator can
be transformed into the Z operator on the first qubit up
to multiplicity of a constant via some Clifford conjugation
action.

Lemma 12—Let N € N, P € Py, and P &€ Pyl. Then,
there exists some W e Cy such that WPW' = xZ, with
X € Po.

Proof—By noting that Sij (SJ.T)Jr =X; and H,X; Hj =
Z;, we can construct W € Cy with SjT and H; such that
WlPWJI =x l_[jl.vzl Z;Lj with x € Py and p; € {0, 1}. Since
P & Pyl, we can take some a € {1,2,...,N} such that

Ia = 1. We next define W5 := [, 1 2. ny (o) (CNOT; )™ .

Then, Wz(]_[J].vlejw)W; =Z;. We finally define W; :=
SWAPy; if j # 1 and W3 :=1 if j = 1. We define W :=
WsW,W,. Then, WPW' = xZ,. [ |

Next, we prove that any pair of two noncommutative
Pauli operators can be simultaneously transformed into the
Z and X operators on the first qubit up to multiplicity of a
constant via some Clifford conjugation action.

Lemma 13—Let N € N, P,P' € Py, and P and P’ be
noncommutative with each other. Then, there exists some
W e Cy such that WPW' = xZ, and WP'W' = x'X; with
x> x" € Po.

Proof—Since P and P’ are noncommutative with each
other, P ¢ Pyl. By Lemma 12, we can take W) € Cy
such that WlPWI = xZ; with x € Py. Since WlPWT and
WP W}L are noncommutative, WP’ WI can be written as
W\P'W, = nX; @ P" or WiP'W, = Y, ® P" withn € Py
and P” € Py_,. We define W, := I in the former case and
W, = SI in the latter case. Then, (WoW,)P' (WoW))" =
nXi @ P". If P" & Pyl, we can take W € Cy_; by Lemma
12 such that WP'WT = y'Z, with n’ € Py. We define
W3 =W -CZi, and x' :=nn'. If P” € Pyl, we define
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Wi :=1 and x' :=1n. We define W:= W3W,W;. Then,
WPW' = xZ; and WP' W' = x'X,. [ ]

By using the two lemmas above, we prove that we can
transform any Pauli subgroup into the form of Eq. (B16) up
to multiplicity of a constant via some Clifford conjugation
action.

Lemma 14—1Let n € N and Q be a subgroup of P,.
Then, there exists W e C, and ny,ny,n3 > 0 such that
PoWOW' = Pyll, X,Y,Z}®" @ {I,Z}®"2 @ {I}®"3.

Proof—We prove this lemma by mathematical induc-
tion about n. Since the statement of Lemma 14 trivially
holds for n = 1, it is sufficient to show that any subgroup
Q of Py satisfies the following two properties for all
keN:

(1) If Q has a noncommutative pair of elements, then
PoWOW' = Po{l,X,Y,Z} ® Q with some W € Ci; and
subgroup Q' of P;.

(ii) If every pair of the elements of Q is commutative
and Q ¢ Pyl, then PyWOW' = Po{l,Z} @ Q' with some
W € Cjy1 and commutative subgroup Q' of Py.

Under the assumption of these two properties, we can
construct the mathematical induction as follows. Sup-
pose that the statement of Lemma 14 holds for n =
ke N and take an arbitrary subgroup Q of Piyi.
If O has a noncommutative pair of elements, by
the property (i), PoWOW' = Py{l,X,Y,Z} ® Q' with
some W e Cryy and subgroup Q' of Pj. Since we
suppose that the statement of Lemma 14 holds for
n=k Q satisfies PoW QW' =Py, X,Y,Z}%" @
{(I,Z)%2 @ {I}®*5 with some W eC, and ki, ks, k3 >
0. We therefore get Po[( @ W)W]Q[U @ W)HW]' =
Poll, X, Y, 2}t @ (I, Z)®k2 @ (I}®%3. If every pair of
the elements of Q is commutative and Q ¢ Pyl, by the
property (ii), PoWOW' = Py{l,Z} @ Q' with some W e
Cry1 and commutative subgroup Q' of P. Since we
suppose that the statement of Lemma 14 holds for n =
k, Q satisfies PoW QW' = Py{l,Z}** @ {I}*5 with
some W € C; and ky, k3 > 0. We therefore get Po[(I ®
WYWIQLU ® WHWIT = Poll, Z}¥k+! @ (1}, If Q C
Pol, we trivially get Py Q = Py. In all cases, the statement
of Lemma 14 holds for n = k + 1, and we can complete
the proof by mathematical induction.

In the following, we prove the properties (i) and (ii).
First, we prove the property (i). Since Q is a finite group,
Q can be expressed as the group ({Q; }jM: ,) generated by
some Q1,0,...,0y € Q. We take a,b € {1,2,...,M}
such that Q, and Q; are noncommutative with each other.
By Lemma 13, we can take W € Ci such that WQ, W' =
xZi and WO,W' = x'X, with some x, x' € P,. For any
Jjef{l,2,.... M}, WQ, W' can be written as

wo,w' =27"x" ® 0, (G1)

with some p;, v; € {0, 1} and O} € Py. We therefore get

PoW QW' =Py ((WQ; WYIL,)

= Po (xZ, X' X1, (WO W'} (12, (o)
= Po (Z1,X1, {Q} Vel 2,.. M\ ap))
= 7)0 <Z>X) &® Q/

=Pll,X,Y, 72} ® Q, (G2)

where Q" := ({Q} }icq1.2,.. M\ (ah})-

Next, we prove the property (ii). As in the proof of
the property (i), Q can be expressed as Q = ({Q; jM: D
with some Q1,0,,...,0u € Q. Since Q ¢ Pyl, we can
take a € {1,2,...,M} such that O, & Py/. By Lemma
12, we can take W e Ciy such that WO, W' = xZ,
with some x € Py. Since every pair of elements of O
is commutative, [WQ; W', Z,] = x~'[WQ, W', wQ,W'] =
x"'W0O;, 0,0 =0 for all j e({l,2,...,M}. This
implies that for any j € {1,2,...,M}, WQ; W' can be
written as

wo,w' =2 ® Q) (G3)

with some p; € {0,1} and Q; € Py. We therefore get

PoW QW' =Py ((WQ; WYL
= Po (xZ1, (WO W e, )
= Po(Z1,{Q }jei 2.\ (a})
=P (Z)®Q

=Poll.Z}® 2, (G4)

where Q' := ({Q]’. }iet12,..Mp\(a))- Since every pair of ele-
ments of Q is commutative, we have for any j,j’ €
{1,2,...,M}\{a},

P i Ky g
(0,01 =12 WO, W', 2, W@, W']
= [(x "' wo.whr wo, W',
x (XleQaWT)Mj/WQj/WT]
= x M WO 05,04 QW = 0. (G5)

This means that every pair of elements of Q' is commuta-
tive. |

2. Property of 3-bit sequences

For the proof of Lemma 8, we prove the following
property of 3-bit sequences.
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Lemma 15—Let {xj},{x {0, 1} satisfy

AR
3 3 3 3 3

— . / / X /

Xi=) ¥, Xp =) Vo XjX;
j=1 =t j=1 j=1  j=l

3
= Z ¥y} (mod 2), (G6)

andp,q € {1,2,3} and 0 € Gj satisfy x, () # X, () for all
J €{1,2,30\{p}, y; #y, forj € {1,2,3}\{q}, and x(’,(/) =
yj forallj € {1,2,3}. Then, x ) _xa(q)

Proof—We define z; := x,(;) and z; := x[ ;. Then,

3 3 3 3
D= X =.%5=) v (G7)
Jj=1 Jj=1 j=1 j=l1

3 3 3 3
YoH =Y =2 5= ¥ (G8)
j=l j=1 j=1 =1

sz = fofw"ao)

Jj=1

3 3
ijxjf = Zyjyj’ (mod 2).

Jj=1 Jj=1
(G9)

Since {z;} and {y;} satisfy Eq. (G7), z; #z, for all j €

{192a3}\{p}, and y] #yq for all] € {1’2’3}\{q}5 we can
take w € {0, 1} such that for anyj € {1,2,3},

zi =W+, vy =w+ 84 (mod2). (G10)

By Egs. (G8), (G9), and (G10), we get

3

Z i qj

Z‘S/p

—wz = Z(Vf
j=1

— w)y]f (mod 2)

EZ(ZJ
j=1
= ZZ/Z _Zy/y/ -w ZZ _ny

j=1
= 0. (G11)

Since z),,y, € {0,1}, this implies that z, = y,;. By com-
bining thls the definition of {z/} and the assumption that
x5y =y forallj € {1,2,3}, we get

Xow) =Zp =Yg =Xg(g)- (G12)

3. Property of 7-fold mixture maps

In order to construct #-fold G-symmetric Clifford conju-
gation mixture maps D in Lemma 3 and D” in Theorem 9,
we prove that the set &, g of all -fold G-symmetric Clifford
mixture maps is closed under composition.

Lemma 16—Let N,t € N, G be a subgroup of Uy, €, ¢
be the set of all t-fold G-symmetric Clifford conjugation
mixture maps defined by Eq. (B6) and D, D’ € €, g. Then,
DoD € Q:,,g.

Proof—Since D, D’ € &, g, D and D’ can be written as

n Vl/
D= Z,xjg,,uj, D = 2)\]&,5,1,]_/ (G13)

Jj=1 Jj'=1
with some n,n' €N, U, Us,..., U, U,U,,...,U, €
Cnvg and A, Ag,..., A A0, A, € R satisfying

i

Aj —Zj: 1 &, = 1. Then we get

n/

n " n,
DoD = ZZ )»j)»_}/gt,Uj o gr,U]’., = Z Z )Lj)\-f{/ Uj UJ/"’

j=1j'=1 j=1j'=1
(G14)
U;U,, € Cy.g, and the coefficients satisfy
n n n
/ /

S un =D [Don ) =1 ©G15)

j=1j'=1 j=l1 j'=1
We therefore get D o D’ € €, g. n

4. Bijections induced by Clifford operators

We use the following lemma in the proofs of Lemma 9
and Theorem 4 in the main text.

Lemma 17—Let N € N and U € Cy. Then, there exist
some function sy : 73;? — {%1} and some bijection 4 on
Py such that

UPU' = sy(P)hy(P) (G16)
forall P € Py.

Proof—U € Cy implies that for any P € Py, UPU' €
PN, i.e.,

UPU" = §'P' (G17)
with some s’ € {£1, +i} and P’ € Py . Since P and P’ are
hermitian, we have

s*P = (P = (UPUNH = UPU' =sP'.  (G18)
Thus we get s™* = ', and s’ € {£1}. We define sy(P) := s’
and hy(P) := P'. For any Py, P, € Py satisfying P| # P3,
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we get

tr(hy(P1)hy(Pa)) = tr(sy(P)UP, U - sy(P) UP,UY)

= sy(P1)sy(P)tr(P1Py) =0,
(G19)

and thus we get hy(P1) # hy(P;). This implies that A is
injective. By noting that Py is a finite set, we know that
hy is bijective. |

5. Connectedness of symmetric unitary groups

For the proof of Lemma 11, we prove the connectedness
of Uy g for a general subgroup G of U (H). Here we give
a detailed explanation that an operator that is commutative
with all representations of a group should be in the form of
Eq. (2.26) of Ref. [40], or Eq. (G32).

Lemma 18—1Let N € N and G be a subgroup of Uy.
Then, Uy g is connected.

Proof—We consider the regular representation o (G) of
g, ie., p(G) =G for all G € G. Since p(G) is a unitary
representation, p(G) is completely reducible. Thus there
exist Hilbert spaces {H}5, {Z;}, and {75}, satisfying

H=PH. H:=T,0 (G20)
2z
and p(G) is decomposed in the form of
p(G) =P (@ @17 (G21)

A

with irreducible representations 0, (G) of G on Z; such
that p; , (G) and p;, (G) are inequivalent if A; # A;. For the
proof of this lemma, it is sufficient to prove

Uvg = {EBI(IA) ® U | U, e U(Jx)} - (G22)

A

By using this relation, the connectedness of Uy g follows
from the connectedness of I/ (7;) for all A.

SinceUy.g > {@, 1% ® U™ | U € U | is riv-
ial, we are going to prove the converse inclusion relation.
We take arbitrary U € Uy g. Equation (G21) can equiva-
lently be expressed as

PG =) Ti(p@&DT]  (G23)
A

with isometries I';, from H;, to H. Since U commutes with

0(G) forall G € G, for any p and v, we have

T'HU, p(@IT, = 0. (G24)

By plugging Eq. (G23) into Eq. (G24), we get

> I3 |Uri 0.6 ® DT = Ton(6) @ DI Y| T, = 0.
A
(G25)

By noting that FLFAZ =7 if Ay = X, and FLF,\Z =0 if
A1 # Ap, this implies that

T, UL, (0, (G) ® 1) — (pu(G) @ DTLUTT = 0. (G26)

For each  and v, we take a basis {£,,, ;}; of L(Z, — Z,,).
Then, F,TL UT', can be written as

FZ;UTV = Z Uu,v,l ® Ep,,v,l (G27)

i

with some U, ,; € L(J, = J,). By plugging Eq. (G27)
into Eq. (G26), we get

> Uuwip(G) = pu(@ Uy ) ® Eyyy = 0. (G28)

/

This implies that U, ;0,(G) — p,(G)U,,; = 0. Since
this holds for all G € G, by Schur’s lemma (Propositions
5.3.3 and 5.3.4 of Ref. [49]), we get

_uud G p=v)
Uit = {o GF o 2 v).

Since FAFI is the projection onto H, and H = @, H,, U
can be written as

U= (Z r#r;) U(Z mj) =Y I.(jur,)r}.
" v U,V

(G30)

(G29)

By plugging Eqgs. (G27) and (G29) into Eq. (G30), we get

U= TuUpuis ® Eppd)Th = > Tl @ Ep )
JTRIN) .l
xTh=>"T,d®U)T}, (G31)

i

where U, =) ,u,E, ;. This can equivalently be
expressed as

U= o v (G32)
A

with some U, € L(J,). For any A, U, € U(J,) follows
from U € U(H). We therefore get Eq. (G22). |
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