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Noise-Assisted Digital Quantum Simulation of Open Systems Using Partial
Probabilistic Error Cancellation
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Quantum systems are inherently open and susceptible to environmental noise, which can have both
detrimental and beneficial effects on their dynamics. This phenomenon has been observed in biomolecu-
lar systems, where noise enables novel functionalities, making the simulation of their dynamics a crucial
target for digital and analog quantum simulation. Nevertheless, the computational capabilities of current
quantum devices are often limited due to their inherent noise. In this work, we present a novel approach
that capitalizes on the intrinsic noise of quantum devices to reduce the computational resources required
for simulating open quantum systems. Our approach combines quantum noise characterization methods
with quantum error mitigation techniques, enabling us to manipulate and control the intrinsic noise in
a quantum circuit. Specifically, we selectively enhance or reduce decoherence rates in the quantum cir-
cuit to achieve the desired simulation of open-system dynamics. We provide a detailed description of our
methods and report on the results of noise characterization and quantum error mitigation experiments con-
ducted on both real and emulated IBM Quantum computers. Additionally, we estimate the experimental
resource requirements for our techniques. Our approach holds the potential to unlock new simulation tech-
niques in noisy intermediate-scale quantum devices, harnessing their intrinsic noise to enhance quantum

computations.
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L. INTRODUCTION

The dynamics of a closed quantum system in com-
plete isolation from its surroundings is governed by the
Schrédinger equation of the system degrees of freedom
only and, due to the properties of the Hilbert-space descrip-
tion of quantum many-particle systems, displays a level of
complexity that renders its simulation on a classical com-
puter inefficient. Thus, the founding fathers of the field
of quantum computation posited that a programmable but
otherwise closed quantum device, a quantum computer,
should be able to simulate this dynamics by harnessing
the increased complexity of controlled quantum systems
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to our advantage [1,2]. Thanks to the sustained research
and development effort over the last 30 years we are now
reaching a situation where the construction of ever more
complex quantum information processors is becoming a
reality. However, in practice interactions with uncontrolled
environmental degrees of freedom, also known as noise,
are unavoidable and render present-day quantum informa-
tion processors unsuitable, in principle, for the efficient
simulation of the pure state dynamics of isolated quan-
tum systems. In fact, they are so noisy that even quantum
error correction with an arbitrary overhead in physical
resources would not yet be able to remove the effect of this
noise. In fact, attempting to apply quantum error correc-
tion under these conditions would only worsen the overall
performance.

Under the influence of intense noise, classical correla-
tions tend to prevail, allowing for an accurate and efficient
classical description. But for a moderate level of noise,
such as that present in today’s quantum information pro-
cessors, the situation is different because the full density-
matrix formalism needs to be adopted to achieve an accu-
rate description of the open quantum system. While the
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effect of some environments may be captured accurately
by Markovian master equations [3,4], the situation is even
more challenging for complex environments that display
temporal correlations as then environmental degrees of
freedom need to be accounted for in some detail mak-
ing the full system extremely large and challenging to
simulate [5—11].

This added complexity suggests that under suitable con-
ditions and control, environmental noise on quantum sys-
tems may confer additional benefits, thus motivating the
development of methods to simulate the properties of noisy
quantum systems. The effect of environmental degrees of
freedom on the static and dynamical properties of a quan-
tum system is especially important in cases, where the
time and energy scales involved are likely to make interac-
tions between the system and the surrounding environment
a key factor in their own right in the physics at play.
Indeed, it was recognized early on in the development
of quantum information processing that noise and dissi-
pation may serve as a resource for robust entangled state
preparation [12,13]. More recently, the recognition that
quantum dynamics may play an important role in certain
processes of life [14] led to the discovery that the inter-
play of coherent quantum dynamics and environmental
noise has the potential to impart fundamental advantages
upon these processes [15—18]. The electronic properties of
biomolecular complexes are exceedingly difficult to com-
pute and it is well recognized that such quantum chemistry
challenges represent a promising application for quantum
computers [19]. However, these algorithms typically treat
closed static systems while capturing the properties of
environmentally assisted quantum dynamics requires the
extension of these methods to open-system dynamics on
a quantum information processor. This implies consider-
able, potentially crippling, overheads when pursued in the
standard approaches using fully error corrected and thus
noise-free devices.

These considerations raise the natural question whether
it might be advantageous to use the presence of inter-
nal noise sources of a quantum information processor in
order to increase its efficiency in simulating a desired
open-system dynamics. Indeed, the very first steps in this
direction have been taken in analog quantum simulators
[20] where noise increases the efficiency of the quantum
simulation of open-system dynamics compared to standard
approaches [21]. Nevertheless, until now the field of digi-
tal quantum computation and simulation has been regarded
noise as detrimental, to be fought by quantum error cor-
rection, and the question whether it can be leveraged for
a particular quantum application has not been considered
nor have methods been developed to achieve it. Here
we address this challenge by combining the capability of
a noisy intermediate-scale quantum (NISQ) computer to
execute noisy quantum gate sequences with methods from
error mitigation and controlled addition of errors to reshape

the noise intrinsic to the NISQ device in such a manner
that it models accurately the desired environmental noise
of an open quantum system model of practical interest (see
Fig. 1 for an overview of our scheme).

As a major benefit of this approach, the unavoidable
decoherence of the quantum bits and quantum gates in a
NISQ device is used to replace some of the quantum com-
putational resources, i.e., qubits and two-qubit quantum
gates, that would otherwise be necessary to simulate faith-
fully the effect of noise in the desired open quantum system
model. Thus, the overall resource requirements for achiev-
ing the desired open-system simulation are reduced and the
capabilities of the same device for executing more com-
plex applications are extended. We exemplify our approach
of turning a bug into a feature, with the explicitly worked
out example of the simulation of the time evolution of open
quantum systems. We show that it is possible to lever-
age noise processes, intrinsic and added noise, in a current
NISQ device when the action of the desired environment
to be simulated onto the open system can be approximated
by a Markovian stochastic Pauli noise channel [3], but we
stress that our methods are not restricted to this specific
case.

This paper is organized as follows. In Sec. II, we dis-
cuss the implementation of unitary time-evolution operator
on a quantum circuit via the Trotter-Suzuki product for-
mula and the intrinsic noise of quantum devices. We
briefly explain how the intrinsic noise can be transformed
to stochastic Pauli noise channels by using randomized
compiling [22,23] and how the corresponding error prob-
abilities can be estimated by cycle benchmarking [24]
and error reconstruction [25] techniques. We demonstrate
that the Pauli noise channels with estimated error prob-
abilities enable one to simulate open quantum system
dynamics under a Lindblad-type noise on NISQ devices
in such a way that only the open-system degrees of free-
dom are encoded in the qubits. We show that the open-
system dynamics computed by NISQ devices can be well
described by classical solutions of the Lindblad equation
constructed based on the estimated error probabilities of
the Pauli noise channels. In Sec. III, we discuss the conven-
tional probabilistic error cancellation technique [26—35],
developed to fully mitigate noise in a quantum circuit, and
demonstrate that it can also be employed to partially miti-
gate the error probabilities of stochastic Pauli noise chan-
nels in a controlled manner. We show that our approach can
be used to implement stochastic Pauli noise with desired
decoherence rates on NISQ devices. In Sec. IV, we show
that amplitude damping noise can be implemented effi-
ciently by using reset operations [36], without requiring
ancilla qubits and measurement operations. We then gen-
eralize our approach to other types of local noise. Lastly, in
Sec. V, we compare our scheme with previous approaches
that have been proposed to simulate open quantum systems
on quantum devices.
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Overview of the noise-assisted technique for digital quantum simulation of open-system dynamics proposed in this work.

The kth-order Trotter-Suzuki decomposition of a time-evolution operator exp(—if#) is implemented on a quantum circuit for a given
open-system Hamiltonian A, leading to D Trotter layers U(Af) with a Trotter time step A7 = ¢/D. The intrinsic noise of quantum
devices is transformed to stochastic Pauli noise channels £ by using randomized compiling. In the noise characterization step, the
Pauli error probabilities €; are estimated once for a noisy Trotter layer U/ (Af) by using cycle benchmarking and error reconstruction
techniques. In the digital quantum simulation of open-system dynamics implemented by D Trotter layers, the stochastic Pauli noise
induces decoherence effects on the open-system dynamics. In the noise-control step, the stochastic Pauli noise is partially mitigated in a
controlled manner by using a probabilistic error cancellation (PEC) technique, leading to reduced error probabilities e,((mlt) =€ (1l —rp)
with mitigation factors 7 € [0, 1]. With an optimal choice of the Trotter time step Az, this enables one to implement a Lindblad equation

with target decoherence rates y; = 6,&”“0 /At on NISQ devices.

II. ENCODING OF THE TIME EVOLUTION IN A
QUANTUM CIRCUIT

Pauli matrices X, ¥, Z of multiple qubits

For simulations of closed-system dynamics, various
methods have been developed, such as hybrid classical-
quantum variational approaches [37—40], quantum tensor
networks [41—43], and quantum signal processing tech-
niques [44,45]. In this work, we consider the Trotter-
Suzuki product formula [46,47] suitable for closed-system
simulations on NISQ devices [48,49]. We demonstrate that
it can also be used for efficient quantum simulations of
open-system dynamics on a noisy quantum device.

N
A=>3"H, H =P, (1)
j=1

where o; € Rand ﬁ’j = (X, ¥,Z}®" is a Pauli string acting
on n; qubits. As an example, we consider the Hamiltonian
of a linear chain consisting of # molecules

n

_1
A Em A X Jm,m+l v P V. y
H=— E sz + m§:1 (Xme+1 + YmYmJFl)’

2
2

m=1

A. Trotter-Suzuki product formula

The dynamics of a quantum system is governed by a
Hamiltonian H. We consider a Hamiltonian decomposed
into N components represented by the tensor products of

where each qubit describes a two-level molecule consist-
ing of ground and excited states, encoded by |0) and |1),
respectively, with an energy gap of E,. The interqubit
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couplings J,,n,+1 describe a coherent excitation transfer
between nearest-neighbor molecules. This model has been
widely used to study energy-transfer dynamics in various
molecular systems, such as photosynthetic complexes and
organic solar cells, but a more general form of Hamiltonian
can be considered in a noise-assisted digital quantum sim-
ulation, including spin and fermionic models, such as the
Heisenberg [50,51] and Fermi-Hubbard models [48,52],
respectively.

The product formula describing the time evolution of a
quantum system over time ¢ is formally expressed as

D
e M~ T 0w, (3)
d=1

where f/k(At) represents the unitary time evolution over
a finite Trotter time step At, described by the kth-order
Trotter-Suzuki product formula, where the first two lowest-
order examples are given by

N
Uy(an =JJe ™™, )
j=1
1

nefiﬁj,m/z )

N
Up(An) = | [e ™2
j=1 J'=N

The total time evolution is then described by D = t/At

Trotter layers where Uk(At) is considered in each layer.
An estimate for the number of implemented Trotter

layers D = t/ At required to obtain a Trotter decomposi-

tion error ||UP(Af) — e || = O(error) can be given as

follows [46]:
Ik 1417k
Ocomm?

gTrot

for a kth-order Trotter-Suzuki product formula, where,

N
Ceomm = Y [[Hyy- - [y Bl
11,[2 ,,,,, 1k+l:1
and || - || denotes the spectral norm. ﬁlzk denotes a Pauli

string term out of a total of N terms the Hamiltonian is
decomposed into [see Eq. (1)].

We note that variants of Trotter-Suzuki product for-
mulae can also be considered in our approach to reduce
simulation error, such as symmetry-protected formulae
[51], random formulae [53], and implementation of a spe-
cific Trotter sequence of Hamiltonian terms that preserves
the locality of the simulated system [46].

B. Noise characterization

On NISQ devices, the implementation of each uni-
tary gate of a Trotterized time-evolution operator, such as

e At in Eq. (4), suffers from noise and dissipation. As a
result, the time evolution of a quantum system encoded in
the qubits does not depend only on the Hamiltonian imple-
mented on a quantum circuit, but also on the parameters
that characterize the intrinsic noise of the quantum device.
When its noise can be well described by a Markovian the-
ory, as demonstrated in previous studies on superconduct-
ing quantum computing platforms [29,54], the dynamics
of the density matrix 0(¢) of the open system encoded in
the qubits is described by a Markovian quantum master
equation in the form

dp(1)

—— = LIp0] = =il p(O] + Dinrinsc 601, (7)

where Diyuinsic[0(f)] represents a Lindblad dissipator
describing the intrinsic noise of NISQ devices.

In this work, we aim to implement the decoherence of
open quantum systems modeled by a Lindblad equation
by harnessing the intrinsic noise of NISQ devices as a
resource, rather than encoding environmental degrees of
freedom on qubits. Therefore, to simulate open-system
dynamics under various decoherence models of interest,
we need to characterize the noise channels present in
NISQ devices and control the corresponding noise rates.
To that end, we apply a noise characterization technique
to the noisy implementation U/ of the Trotter layer on a
quantum circuit [we omitted the kth order and At depen-
dence of Uy (Af) for simplicity], prior to the implemen-
tation of the digital quantum simulation of open-system
dynamics. We employ the randomized compiling tech-
nique [22,23] to transform the intrinsic coherent noise in
a NISQ device, described by the Kraus operators in the
form of Zj 2k ejkf’j PPy, to stochastic Pauli noise channels

D eklsk ﬁﬁk, where 131( are Pauli strings, including identity
operator, and ¢, are the corresponding error probabilities
satisfying D, €, = 1 and ¢ > 0. Randomized compiling
is implemented on two-qubit gate (CNOT) layers in both
noise characterization and digital quantum simulations of
open-system dynamics on real IBMQ devices, as explained
below.

We employ the cycle benchmarking [24], one of the ran-
domized benchmarking methods [55], together with the
error reconstruction technique [25] to estimate the error
probabilities € of quantum circuits on NISQ devices, as
recently demonstrated in Ref. [23,29,54]. This enables the
characterization of K-qubit Pauli noise channels acting on
K nearest-neighbor qubits. For instance, when K = 1, the
estimated stochastic Pauli noise channels acting on a single
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qubit m are expressed as
5,511)(/3) = 60;6 + 6X),(\lea)%m + eYi]mlailm + eZZm/aZm~ (8)

For K = 2, the stochastic Pauli noise channels acting on
two nearest-neighbor qubits m and m + 1 consist of the
single-qubit noise in Eq. (8), independently acting on each
qubit, and the correlated two-qubit noise acting on two
qubits at the same time

EL 1(0) = EV (D) + EL1 (D) + Exx KnKoi1 SXonKons1,

+ GXYXmYm+1pXmYm+1 + - 5 (9)

where the latter takes into account all possible combi-
nations of the Pauli operators of qubits m and m + 1.
Formally, the K-qubit noise channels are expressed as

4K

Z Ekﬁkﬁﬁlm (10)

k=0

£ (p) =

with P; denoting Pauli strings. For a quantum circuit
consisting of n qubits, when K = n, all possible Pauli
strings are considered in the noise characterization. When
K < n, the K-qubit Pauli noise channels can be charac-
terized independently for each subgroup consisting of K
nearest-neighbor qubits.

We remark that the cycle benchmarking technique can
be employed to characterize the noise acting on a quan-
tum circuit U satisfying U’" =1 for several integer val-
ues m. The Trotter layer Uk(At) constructed based on
an open-system Hamiltonian, however, does not satisfy
this condition in general. In this work, we modified the
parameters of single-qubit gates R,(0) = e ¥%/2 of the
Trotter layer while maintaining its two-qubit gate struc-
ture such that Up(Ar) is a Clifford circuit ¥ logically
equivalent to the identity operator. Therefore, the cycle
benchmarking condition ™ = T is satisfied for every inte-
ger m. Since the degree of noise of two-qubit gates is
approximately 2 orders of magnitude higher than that of
single-qubit gates on superconducting quantum devices,
this approach enables one to estimate the error probabilities
€ of stochastic Pauli noise acting on the original Trot-
ter layer f/k(At) in an accurate manner, as demonstrated
below.

C. Digital quantum simulation of the Lindblad model

To demonstrate that the estimated error probabilities €
of the stochastic Pauli noise channels can be used to inves-
tigate open-system dynamics under a Lindblad-type noise,
we consider a Markovian quantum master equation in the

form

dpn _

dt ,5([)] + Dstochastic[/s(t)]: (1 1)

LIp0] = —i[H

where the Lindblad dissipator Dstocnastic[0] is modeled by

4K

Dstochastic[l(,j] = Z Yk (ﬁkﬁpk - :5) s (12)
k=0

Vi = €x/ At 13)

Here the decoherence rates y; are defined as a function of
the error probabilities €; and the Trotter time step At.

In the following, we demonstrate by means of an exam-
ple that the dynamics of a reduced system density matrix
0.(f) simulated by using Egs. (11)~(13) on classical com-
puters is well matched to its counterpart p,(#) obtained
from real and emulated quantum computers, where the sys-
tem Hamiltonian is implemented by using the first-order
Trotter-Suzuki formula in Eq. (4) and the noise character-
istics have been obtained as described above. We note that
the randomized compiling is applied to every Trotter layer
in our approach, so that the stochastic Pauli noise channels,
identified by the noise characterization scheme presented
in Sec. II B, are maintained during the digital quantum
simulation of open-system dynamics (see Appendix A for
more details).

In Figs. 2(a) and 2(b), we consider a quantum system
encoded in two qubits (# = 2) modeled by the Hamilto-
nian in Eq. (2). The structure of the implemented quan-
tum circuit is shown in Fig. 3(a). For a real IBMQ
computer, we estimated the error probabilities €; of the
full stochastic Pauli noise channel (K = 2). As shown
in Fig. 2(a), we found that the error probabilities e
are not uniform with relatively higher values for Py e
{X], Y],Zl,ZQ,Xl Y2 lez,lez}, hll’ltll’lg that qllblt 1 is
more noisy than qubit 2. As shown in Fig. 2(b), the pop-
ulation dynamics of the reduced system density matrices
(i,j | Pg.c(?) 1i,j) simulated by quantum and classical com-
puters are well matched for all possible values of 7,j €
{0, 1}. It is found that when only single-qubit Pauli noise
channels are characterized (K = 1), the quantum and clas-
sical results are not matched (not shown here), which can
be rationalized based on the fact that the error proba-
bilities of two-qubit Pauli noise channels, such as 13k €
{)?1 Y, ?122,2122}, are not negligible. Figure 2(c) shows
that the interqubit coherence dynamics (10| p,.(¢) |01) are
also well matched, where the emulated noisy quantum
device ibmgq jakarta was used instead of the real IBMQ
device due to the long queue waiting time on the IBMQ
platform. In Fig. 2(d), we consider a larger quantum sys-
tem encoded in four qubits (n = 4) with a circuit structure
shown in Fig. 3(b). It is found that the reduced system
dynamics p,(f) computed by the real IBMQ computer
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FIG. 2. (a) Error probabilities €, of stochastic Pauli noise channels estimated for a quantum circuit consisting of two qubits (n = 2)
are shown where the real device zbmq Jjakarta with a circuit structure shown in Fig. 3(a) was employed. The error probabilities of
single-qubit noise channels, X, Yo, Z,, and two- qubit dephasing 7,7, are shown in blue, while the other two- qubit noise channels are
displayed in cyan. (b) Population dynamics of qubits computed by the real device ibmgq jakarta are shown in dots, while those obtained
by classically solving a Lindblad equation with decoherence rates determined by the measured error probabilities in (a) are shown
in crosses (see the main text). The negative error probabilities found within error bars (Z, ¥>) are taken to be zero, and the Lindblad
equation was solved by using the first-order Trotter-Suzuki product formula. (c) Real and imaginary parts of interqubit coherence
dynamics computed by the emulated quantum computer ibmg jakarta are compared with classical solutions of the Lindblad equation
obtained by a standard RK4 solver (see solid lines). (d) For a linear chain consisting of four qubits (» = 4), the population dynamics
of the reduced density matrix Tr; 4[p(¢)] of the second and third qubits are displayed, where the results obtained by the real device
ibmgq lagos are shown in dots and the classical solutions of the Lindblad equation are shown in crosses. In (a),(b), and (d), R = 30
and R = 22 randomized compiled circuits were used, respectively (see Appendix A). In all simulations, dimensionless parameters of
open-system Hamiltonian in Eq. (2) are taken to be E,, = 122 — 0.5m and J,, ,,+-1 = 0.5, motivated by typical electronic parameters of
photosynthetic pigment-protein complexes with site energies 12200 — 50m cm™! and intersite electronic coupling strength 50 cm™!
[14]. The initial state is taken to be |1, 0, ..., 0) where the first qubit is in | 1), while all the other qubits are in |0).

standard RK4-based solver. These results demonstrate that
the intrinsic noise of NISQ devices can be transformed

are well matched to the classical solutions p.(f) of the
Lindblad equation when also two-qubit stochastic Pauli

noise channels are characterized (K = 2). This implies that
the Pauli noise channels acting on more than two qubits
are negligible in our case due to the short depth of the
Trotter layer structure shown in Fig. 3(b). We note that
the first-order Trotter decomposition is considered in both
quantum and classical simulations to investigate the accu-
racy of the noise characterization scheme considered in
our work, independent of the Trotter decomposition error
induced by a finite Trotter time step Az. We performed
all the simulations with a sufficiently small At, for which
classical solutions §.(f) can also be obtained by using a

to the stochastic Pauli noise channels via randomized
compiling, which can be used as a platform to simulate
open-system dynamics under a Lindblad-type noise.

I11. DIGITAL CONTROL OF DECOHERENCE IN A
QUANTUM CIRCUIT

So far we have demonstrated that the intrinsic noise of
quantum devices can be transformed to stochastic Pauli
noise channels and the corresponding error probabilities €
can be estimated, enabling one to implement a Lindblad
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FIG. 3. Implementation of a Trotter layer, constructed

based on the first-order Trotter-Suzuki product formula
together with the Hamiltonian in Eq. (2), is shown for
(@ n=2 and (b) n=4 qubits. Here C% = exp(iE,
ZuA1)2), Coo = exp(—iJpmi1XnXni1A1/2) and C)), | =

exp(—iJmm+1 f’m 3]1n+1 At/2) with At denoting a Trotter time step.

equation on quantum computers with decoherence rates
vi = €/ At [see Egs. (11)«13)]. Now we show that the
error probabilities of the Pauli noise channels can be con-
trolled independently by using a partial probabilistic error
cancellation (PEC) technique [27,28], leading to reduced
error probabilities €;(1 — ) with independent partial mit-
igation factors 7 € [0, 1]. This approach makes it possible
to implement an arbitrary set of target decoherence rates 'y
on NISQ devices, so that one can investigate open-system
dynamics described by a Lindblad equation of interest in
the following form:

4K
lled) - A AN R
Dinaic 1A1= Y T (Pk/OPk - p) , (14
k=0
'y =¢€,(1 —rp)/AL (15)

We note that our method can be modified to implement
more general Lindblad noise models beyond the stochas-
tic Pauli noise channels in Eq. (14), such as amplitude
damping noise as will be discussed later.

A. Probabilistic error cancellation

Here we provide a brief overview of PEC technique [26—
35]. For more details, we refer the readers to recent reviews
such as Refs. [26,27,30]. PEC starts by identifying the
noise channel £ acting on an ideal, noiseless circuit C(p) =
Uk(At) 0 lA];Z(At), for instance, describing the Hamiltonian
dynamics of a quantum system over a Trotter time step Az.
As discussed in Sec. II B, one can characterize the noise of

a quantum circuit, yielding K-qubit stochastic Pauli noise
channels, £(5) = Yi o' e Pu(p) = S o1 euPrpPy with
Py = I®X denoting identity operator. To fully mitigate the
noise, the conventional PEC has considered the inverted
noise channel £~! acting on the noisy quantum circuit,
namely £~ applied to U (p) = £ - C(p). Since £~ ! isnot a
complete-positive (CP) map, one cannot physically imple-
ment it, hence one cannot perfectly cancel in practice the
stochastic Pauli noise channels in /.

When K-qubit Pauli noise channels act on a quantum
circuit consisting of K qubits (n = K), the inverted noise
channel is written as,

4K 4K

E7 =Y @Pi=Cu Y py sign(g) P, (16)
k=0 k=0

PEC
where qo = 14+ ), €k Gi=0 = —€x, P;ﬁ ) = 1gxl/ Cit

with Cpit = D, lgx| called the mitigation cost. In the
probabilistic application of the non-CP map & ~!, one of
the Pauli operators P is randomly chosen based on the

probabilities p,EPEC) and then applied to a Trotter layer. For
a quantum circuit with D = ¢t/ At Trotter layers, the prob-
abilistic non-CP map is applied D times with the Pauli
operators P, independently sampled for each Trotter layer,
as schematically shown in Fig. 4(a).

PEC can also be applied to a quantum circuit consist-
ing of n qubits where K-qubit Pauli noise channels with
K < n act on several subgroups consisting of K qubits.
Here the noise mitigation can be implemented by consid-
ering multiple inverted noise channels acting on different
subgroups. Figure 4(b) shows an example of n > K =
2 where the inverted noise channels act on every pair
of nearest-neighbor qubits. We note that when different

(a) |

w—u H P u H Pu

(b)

[ {P1,k, | P1,k;

|

Pa,k,

Pa,k;

(d+1)th Trotter layer

dth Trotter layer

FIG. 4. Probabilistic error cancellation technique applied to a
quantum circuit consisting of 7 qubits and multiple Trotter layers.
(a) To mitigate K-qubit Pauli noise channels with K = n, one of
the Pauli strings Py is randomly generated based on a probability
distribution p,(CPEC) for each Trotter layer independently. (b) When
K = 2, one of the Pauli strings 13,,1,;("7 acting on only one or two
qubits is randomly generated for every pair of nearest-neighbor
qubits m and m + 1.
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K-qubit Pauli noise channels act on the qubits in the inter-
section of different subgroups, one needs to adjust the
mitigation probabilities p,ﬁPEC) in such a way that the noise
acting on the shared qubits is not cancelled multiple times.

In PEC, the outcome of an observable O measured
on a noise-mitigated quantum circuit is multiplied by
a product of mitigation costs and other prefactors in
Eq. (16), ]_[5:1 [L. CE::'? sign(q,(cm’d)), where m describes dif-
ferent subgroups of qubits under the action of K-qubit
Pauli noise channels. The value of sign(q,((m’d)) depends
on which Pauli operator P, is randomly sampled in the
dth Trotter layer. The total mitigation cost of quantum
simulation is defined as

D
Co =[] Cu (17)

d=1 m

For a noise-mitigated density matrix pmi(¢), the expecta-
tion value Tr[@ﬁmit(t)] of the observable O is obtained
by classically averaging the outcomes of the PEC scheme,
requiring multiple copies of quantum circuits.

B. Decoherence rate control scheme

So far we have discussed the conventional PEC that
aims to fully mitigate the stochastic Pauli noise channels
[27,28]. Contrary to the previous studies on PEC, here we
aim to partially cancel the noise, so that the controlled error
probabilities of the Pauli noise channels can be used as
a resource for open-system simulations. To that end, we
consider qo = 1+ ) ;o 7e€x and gp=o = —rrex with ry €
[0, 1], renormalizing the probabilities of the PEC scheme,
namely pi'*” = |gi|/Cumit With Conie = Y4y |- The cor-
responding partially inverted noise channel enables one to
reduce the Pauli error probabilities in a controlled manner,
€ = (1 — rp)ex. The reduced error probabilities make it
possible to implement the Lindblad equation in Eq. (14)
on NISQ devices with controlled decoherence rates I'y, =
(1 —rp)/At.

For a given set of target decoherence rates I, our
scheme works as follows. Before our PEC scheme is
applied to a quantum circuit, for a given Trotter time step
At, the decoherence rates y; = €;/At of the stochastic
Pauli noise channels may satisfy I'y > y; for some k. Since
the error probabilities € of the Pauli noise channels can be
decreased but not increased by our PEC scheme, namely
€ = (1 — rp)er with 7 € [0, 1], the decoherence rates y;
implemented on the quantum device can be increased
only by reducing the Trotter time step At. Hence we
decrease Aruntil I'y < y, = €,/ At s satisfied for all & [see
Fig. 5(a)]. Here one can find a range of At € (0, Atmax]
satisfying this condition and take the maximum value
Atmax to minimize the number D = ¢/ Aty of Trotter
layers. After that, for some &k where the target decoherence

(@) Control of Trotter time step (b) Partial noise mitigation

Decoherence rates
B>

9
5

Pauli noise channels Pauli noise channels

FIG. 5. Decoherence rate control scheme consisting of two
steps. (a) For a given set of Pauli error probabilities €, a Trot-
ter time step At is decreased so that y; = €,/ At becomes larger
than or equal to target decoherence rates I'y. The maximum value
of the Trotter time step satisfying this condition is denoted by
Atmax. (b) If ;= e / Atmax 18 larger than the target decoher-
ence rate 'y for some k, the corresponding error probability
€ 1s partially mitigated by using probabilistic error cancella-
tion, so that the target decoherence rate I'y = €;(1 — )/ Atmax
is implemented with an optimal mitigation factor 7.

rates are lower than the implemented decoherence rates,
namely [y < I = €1/ Atmax, We apply our PEC scheme
to partially mitigate the corresponding error probabili-
ties €, so that I'y = €;(1 — )/ Atmax holds for all & [see
Fig. 5(b)]. In this way, one can implement arbitrary target
decoherence rates I'y, in principle, on NISQ devices.

We note that the error probabilities €, of real quantum
devices are not uniform, as shown in Fig. 2(a). This implies
that even a simple decoherence model with uniform target
decoherence rates I'; requires our noise-specific mitiga-
tion scheme with nonuniform values of r;. In addition, the
control of the Trotter time step A¢ alone is not sufficient
to implement arbitrary target decoherence rates, especially
when Iy are small, as a larger Af results in a higher Trot-
ter decomposition error. This is indeed the main issue of
Ref. [56].

C. Implementation

To demonstrate that our partial error mitigation scheme
can be used to implement the Lindblad equation in Eq. (14)
on NISQ devices with controlled decoherence rates in
Eq. (15), here we consider a quantum system encoded in
two qubits (n = 2). For simplicity, we consider a uniform
mitigation factor » = ry for all k. We used the emulated
noisy IBMQ device ibmg lagos as our testbed.

For two different mitigation factors » = 0.1 and r =
0.8, respectively, Figs. 6(a) and 6(b) show the population
dynamics (i, | p,(?) |i,j) withi,j € {0, 1} simulated by the
emulated quantum computer, which are well matched to
the solutions p.(f) of the Lindblad equation solved on clas-
sical computers via a first-order Trotter-Suzuki product
formula so that the Trotter decomposition error is identical
in quantum and classical simulations (coherence dynamics
are also well matched but not shown here). As expected,
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(a),(b) Population dynamics of an open quantum system encoded in two qubits (r = 2), computed by the emulated noisy

IBMQ device with partial noise mitigation scheme. In (a),(b), uniform mitigation factor » = 0.1 and » = 0.8 were considered, respec-
tively, where 90C2, circuits were employed to partially mitigate noise with C2, computed by using Eq. (19). As shown in Eq. (20), the
total mitigation factor Cy, increases exponentially as a function of the number D of Trotter layers and the uniform mitigation factor r.
This implies that the partial PEC cost increases as a function of time ¢, and the number 90C2, of circuits considered in simulations is
smaller for » = 0.1 than for » = 0.8. The simulated results obtained by the emulated noisy IBMQ device are well matched to classical
solutions of the Lindblad equation in Eq. (14) with controlled decoherence rates in Eq. (15), shown in crosses. (¢),(d) To demonstrate
that the number of circuits required for the partial PEC scheme depends on the uniform mitigation factor », the same number of circuits
was considered for » = 0.1 and » = 0.8 in independent simulations, specifically 50 circuits. To quantify the error introduced by a finite
number of circuits considered in the partial PEC scheme, the difference in population dynamics simulated by quantum and classical

computers is considered (see the main text), leading to (c) average error and (d) its standard deviation. The Hamiltonian parameters

considered in simulations are as in Fig. 2.

the open-system dynamics becomes more coherent with a
slower decay of oscillations for a larger mitigation factor r.
Here the number of samples considered in our generalized
PEC scheme is increased until the quantum and classi-
cal results are well matched, and it is found that a larger
number of samples is required for a higher mitigation
factor r.

To demonstrate the dependence of the sampling cost
of our PEC scheme on the mitigation factor r, Fig. 6(c)
shows the difference in population dynamics simulated by
quantum and classical computers, quantified by

1 1

N 1 . A
N(Pg(0, pe() = 7D > 10 1 g0 = pe@ 1),

i=0 j=0
(18)

for the mitigation factors » = 0.1 and » = 0.8. Here the
number of samples of our PEC scheme is taken to be
independent of the mitigation factor r, and the classical
solutions p.(f) of the Lindblad equation were obtained
by using the first-order Trotter-Suzuki product formula.
It is notable that the average difference 1(p,(?), pc(7))
between quantum and classical results is larger for higher
7. In addition, as shown in Fig. 6(d), the variance of
1n(pg(0), pc(?)) is also larger for higher , hinting that the
sampling cost of our PEC scheme, required to obtain reli-
able open-system dynamics, increases as a function of
the mitigation factor », as will be analyzed later in more
detail.

These results demonstrate that a Lindblad equation with
controlled decoherence rates can be implemented on NISQ
devices by our partial error mitigation scheme. We note
that quantum and classical results are also well matched
when a larger quantum system is considered, encoded in
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four qubits (n = 4), together with nonuniform mitigation
factors ry, as shown in Appendix B.

D. Resource scaling of partial noise mitigation

The application of PEC to large quantum circuits faces
a bottleneck due to the enhanced statistical fluctuations.
For a given observable O, when a finite number M of
outcomes is measured in experiments without PEC, the
uncertainty in expectation value (O)r may be described
by its variance AOy o M~ It has been shown that when
PEC is employed, the variance is approximately increased
to AO;SEC) o C2 M~" where Cyo > 1 is the total mitiga-
tion cost in Eq. (17) [27,57]. Therefore, to maintain the
degree of the uncertainty in expectation values, one needs
to increase the number of single-shot measurements from
M to MC?%, when PEC is employed. For the full mitigation
scheme with r;, = 1 for all %, it can be shown that the total
mitigation cost Ci, increases exponentially as a function
of the number n of qubits, the depth of quantum circuits,
and the total error probability ) ,_, € of stochastic Pauli
noise channels.

For the case that the error probabilities €, are par-
tially reduced with the mitigation factors r; € [0, 1], the
total mitigation cost Cy, in Eq. (17) can be computed
analytically

D
Cor = [ []]1 +26) = (1 +26)2™°, (19
d=1 m

where €, = ), € is the sum of the error probabilities
€, weighted by the corresponding mitigation factors r, and
2(n) is the number of K-qubit Pauli noise channels acting

D

@ G (b)

Ciot = 2D (c)

on a quantum circuit consisting of n qubits. For simplicity,
we assume that €, are identical for all the K-qubit stochas-
tic Pauli noise channels acting on different subgroups of
qubits (n > K). Practically we are interested in the limit of
n >> K where a large open system is encoded in a quantum
circuit, and the noise is not strongly correlated amongst
many qubits and therefore well characterized by small
K ~ 2. In this case, the number of different K-qubit Pauli
noise channels acting on nearest-neighbor qubits increases
linearly as a function of the total number n of qubits,
g(n) o« n. In the limit of a small total error probability ¢,
weighted by the mitigation factors and a sufficiently large
number of qubits and/or Trotter layers, namely €, — 0 and
nD — oo, the total mitigation cost can be approximately
described by an exponential function Ci,; ~ €*“". For the
finite values of ¢,,, n, and D, now we show that the total mit-
igation factor can also be well described by an exponential
function in the form

Ctot ~ e)»nDey , (20)

with a positive constant A introduced as a fitting parameter
of simulated results.

In Figs. 7(a) and 7(b), we show the total mitigation
cost Cy; in a logarithmic scale, computed based on its
definition in Eq. (17), as a function of the number D
of Trotter layers. The error probabilities €;, determining
the cost function Cyy, were obtained from a real IBMQ
computer (see Sec. II B). For simplicity, we consider a uni-
form mitigation factor r, satisfying » = r; for all k. The
maximum cost supported by current quantum devices is
highlighted by horizontal dashed lines. In Fig. 7(a), where
r =1, Cy is displayed for different sizes of quantum cir-
cuits, n € {2, 3, 4}. It is found that the numerical results can

Crot = eP

—— (e0=1x10"2¢=0708
(ek)=5%1073: ¢ =0.371
— (&)=2x%x1073: 7= 0.153

10, -2.4=0415 10°| —r=0.25: 8=0.198 10°
n=3a=0.578 r=0.5: B=0.380
107 e 00 107 ——r=0.75: B =0.549 / 107

3 —r=1:3=0.707
£ 10° / 105{ TP /} e 108
5| g 3 // ””””””” 103
10 i 10 ety
/') ‘),)»)" //ﬁg// /
101 girr 104 e 101
5 10 15 20 25 30 5 10 15 20 25 30 5 10 15 20 25 30

Trotter iterations D Trotter iterations D Trotter iterations D

FIG. 7. (a),(b) For the Pauli error probabilities estimated from real device ibmgq lagos, (a) the total mitigation cost Cyy is shown as a
function of the number D of Trotter layers for different numbers of qubits, n € {2, 3,4}, with a fixed uniform mitigation factor » = 1.
The total mitigation cost Cy is well fitted by an exponential function e*?, as shown in solid lines, with the values of « shown in the
inset. The dependence of Ci; on the number # of qubits can be well described by o = (0.186 £ 0.007)n. (b) Ciy is shown as a function
of D for several values of uniform mitigation factor, » € {0.25,0.50,0.75, 1.00}, where the number of qubits is taken to be n = 4. Cyo
can be well fitted by an exponential function ef?, and the dependence of Ci,; on the uniform mitigation factor # is well described by
B ~ (0.678 £ 0.013)r. (c) Ciot is shown as a function of D for n = 4 and » = 1 where the Pauli error probabilities were randomly
generated from Gaussian distributions with equal average (e;) and FWHM Ag; = Lie,) for all k. Horizontal dashed lines indicate the

2
maximum cost supported by current quantum devices, defined by the number of circuits that can be executed in 24 h [58].
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be well fitted by an exponential function in the form ¢*"?

with o (n) &~ 0.186n, demonstrating the linear dependence
of log(Ciot) on the number n of qubits. In Fig. 7(b), where
n =4, Cyy is shown for different uniform mitigation fac-
tors 7 € {0.25,0.50,0.75,1.00}, where numerical results
can be well fitted by e?P with 8 ~ 0.678r, revealing the
linear dependence of log(Cio) on the partial mitigation fac-
tor . These results are in line with the approximate form
of the total mitigation cost Ciy in Eq. (20).

We note that the total mitigation cost Cy,; of our gen-
eralized PEC scheme decreases exponentially, as the par-
tial mitigation factor » < 1 is reduced, when compared
to the conventional full mitigation scheme with » = 1.
This implies that our PEC scheme can be applied to a
larger quantum circuit consisting of an increased number
of qubits and/or Trotter layers, hinting that digital quan-
tum simulation of open-system dynamics via our technique
may be a promising application to NISQ devices. It is
also notable that the total mitigation cost can be expo-
nentially decreased further as the noise probabilities e
are reduced in the future quantum devices. To highlight
this aspect, in Fig. 7(c), where n = 4, we computed Ciy
based on randomly generated error probabilities €, from
Gaussian distributions with equal average (¢;) and FWHM
A€ = %(ek) for all k. It is found that when (¢;) = 0.01,
this model can quantitatively reproduce the total mitiga-
tion cost computed based on the error probabilities of a
real IBMQ computer [see the case of n = 4 in Fig. 7(a)].
As the average error probabilities (¢;) are reduced from
0.01, via 0.005, to 0.002, the total mitigation cost decreases
exponentially, as shown in Fig. 7(c).

These results demonstrate that our partial noise mitiga-
tion scheme can be employed to implement a Lindblad
model with arbitrary target decoherence rates I'y on NISQ
devices, but it requires a sufficiently large number of

samples that scales with C2 . In real quantum devices,

however, the maximum number MS;ILSQ) of circuits that

can be executed within a given period of time is finite.
According to Ref. [58], ,ﬂjﬁfQ) ~ 108 for moderate cir-
cuit depths within a day. Therefore, the number of samples

required for our technique should satisfy C2, ~ e*"Per <

MS;ILSQ). For a given set of target decoherence rates Iy,

this inequality can be expressed as

(NISQ)
€ < F_t ln(Mnax )’ (21)
~ D 2anD?
where € = ), € denotes the total Pauli noise probabil-
ity, ' =) ,_, I'x the total target decoherence rate, and ¢
the simulation time with a Trotter time step Af < Afyax
(see Sec. III B). The first term in Eq. (21) shows that the
total Pauli noise probability € scales linearly with the total
target decoherence rate I'. On one hand, this implies that
when the total target decoherence rate I' is sufficiently

high, the corresponding Lindblad model can be readily
implemented on a quantum device even if its total noise
probability € is high. On the other hand, when the total tar-
get decoherence rate I' is low, the quantum device should
have a sufficiently low total noise probability €, or the Pauli
noise channels should be heavily mitigated, requiring a
high sampling cost. The second term in Eq. (21) shows
that the total Pauli noise probability € allowed by our par-
tial noise mitigation scheme may be linearly increased
by exponentially enhancing the capability of a quantum
device to run several copies of circuits within a given
period of time, quantified by MS:;SQ) . Note that the second
term in Eq. (21) is inversely proportional to the number 7
of qubits and the square of the number of Trotter layers,
D?, implying that a higher MBS g required for digital
quantum simulations of a larger open quantum system on
a longer time scale.

We remark that the number D of Trotter layers, required
to achieve a desired Trotter decomposition error ety in
Eq. (6), depends on the structure of the Hamiltonian of
a target open quantum system, the simulation time ¢, and
the order & of the Trotter-Suzuki product formula consid-
ered in simulations. As an example, we may consider the
first-order product formula (k = 1), and a linear chain (or
square grid) structure of qubits with a uniform nearest-
neighbor coupling strength J and on-site energy E [see
Eq. (2)]. In this case, the number D of Trotter layers can
be expressed as

d 2
DZO(nJ(JJrE)t)’ 22)

ETrot

where d = 1 (or 2) for the linear chain (or two-dimensional
square grid) structure (for other classes of Hamiltonian, see
Ref. [46]). Using Eq. (22), now we can express Eq. (21) as
a function of the Trotter decomposition error &t

NIS!
62,0 (Mo ?)

ETrotF (23)
2An2AH1J2(J 4+ E)24 )

€e<0
n?J(J + E)t

Note that the total Pauli noise probability € allowed by
our scheme increases as a function of the Trotter decom-
position error ey, and it is inversely proportional to the
parameters J and E of the open-system Hamiltonian, and
the simulation time z.

IV. AMPLITUDE DAMPING

So far we have demonstrated that the stochastic Pauli
noise models in Eq. (14) can be implemented by using our
partial noise mitigation scheme. Here we show how the
Lindblad models beyond the stochastic Pauli noise can be
implemented on quantum devices with controlled decoher-
ence rates, such as amplitude damping that has been widely
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considered in classical simulations of open-system dynam-
ics [3]. We demonstrate that local noise models can be
efficiently implemented by using reset operations without
introducing costly ancilla qubits.

A. Amplitude damping noise with ancilla qubits

The local amplitude damping of qubit m is described by
the Kraus operator in the form

gr(nad)(p) =w, G( )p0(+)+0 )"A(O) (24)

with 6.7 = (0) (1,, = 3%, +iY,), 657 = |1><0|m =

L&, — i%,), and a<’”)—-(1+«/1—wm) m+ 5 (1—

V1= wm) Zm, where w,, represents an 1nc0herent transi-
tion probability from |1) to |0) of qubit m. The amplitude
damping noise model in Eq. (24) cannot be described by
the stochastic Pauli noise channels [59] in Eq. (10), thus
requiring an approach different from Sec. III. To that end,
one could introduce an ancilla qubit coupled to the qubit m
where the interaction between them is described by a cir-
cuit shown in Fig. 8(a), consisting of three CNOT gates and
single-qubit rotations Ry(+6/2) = e¥Ya/* with a Pauli
operator Y, acting on the ancilla qubit [60].

In this approach, the initial state of the ancilla qubit
is reset to |0) in each Trotter layer, as schematically
shown in Fig. 8(b), and the amplitude damping probabil-
ity w,, = sin*(9/2) can be controlled by the single-qubit
rotations Ry(46/2). The Lindblad dissipator correspond-
ing to the repeated application of this quantum channel to
each Trotter layer is described by

n
pl=> T, (6,5;%,,&“ ~{6\15, “,p}), (25)
m=1

L = wan/ A, (26)
(a) — s>
£led) =
i e e R
(b) d'th Trotter layer (d+1)th Trotter layer

u u

LAl

£(ad) gy(:d)

Oac—  H Al 10

FIG. 8. (a) Interaction £ between open-system qubit m and
ancilla qubit, devised to introduce amplitude damping of the
qubit m. (b) In each Trotter layer, the ancilla qubit is initialized
in the state |0). Followed by the interaction £ with qubit m,
the ancilla qubit is reset via a measurement operation, so that
it is reused in the next Trotter layer. The amplitude damping
probability of qubit m over a Trotter layer is w,, = sin® 0/2).

where {A B} denotes the anticommutator of two operators
A and B.

However, this approach has several drawbacks. The
ancilla qubits are not desirable on current quantum hard-
ware due to the limited number of qubits (up to 433 qubits
on the most recent IBMQ device), and the restricted qubit
connectivity, e.g., superconducting devices have at most
nearest-neighbor qubit connectivity distributed on a square
2D grid such as current Google quantum devices. Fur-
thermore, additional two-qubit gates are needed to couple
system qubits to ancilla qubits, as shown in Fig. 8, increas-
ing the mitigation cost of our scheme. The use of mid-
circuit measurement operations may also introduce non-
negligible errors, both because of crosstalk and because the
execution time of a measurement operation can be an order
of magnitude longer than that of a two-qubit gate as in cur-
rent IBMQ and Google superconducting quantum devices.
During the long execution time of the measurement oper-
ation, unknown errors may occur, resulting in increased
stochastic Pauli noise probabilities when randomized com-
piling is employed. Therefore, the measurement-based
implementation of the amplitude damping may increase
the total mitigation cost. To test this prediction, we per-
formed simulations using the emulated quantum device
ibmgq oslo and found that for an open system encoded in
two qubits (n = 2) the amplitude damping and stochas-
tic Pauli noise channels can be implemented at the same
time, but the total error probability ) °,_ € of the stochas-
tic Pauli noise channels is substantially increased. This
implies that the amplitude damping noise cannot be effi-
ciently implemented by using the scheme in Fig. 8, based
on ancilla qubits and measurement operations. In Sec. V
we comment on other recently proposed schemes to sim-
ulate amplitude damping, which require ancilla qubits and
face the same issues as the method previously discussed.

B. Amplitude damping noise without ancilla qubits

Here we propose a different approach where the ampli-
tude damping is implemented solely by reset operations,
which does not require ancilla qubits and midcircuit mea-
surement operations.

We consider the stochastic application of the following
reset channel to each Trotter layer:

ETsN () = (1 — wu)I I + W R (p), (27)
Ru(p) = 10) (01, £ 10) (O], + 65655, (28)

where R,,(0) is a reset operation applied to qubit m with
probability w,,. Recently, fast high-fidelity reset operations
(with reset failure probability of approximately 10~3 and
time durations comparable to two-qubit gates with very
low crosstalk error [61]) have been demonstrated for both
superconducting [36] and ion-trap quantum devices [62].
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The stochastic application of the reset channel enables one
to implement a Lindblad dissipator in the form

D= T (600557 - 316760,51)

m=1
+Zn:&(2 67 — P) (29)
o 4 mPLm — L),
Ty = wan/At, (30)

which is a sum of the amplitude damping noise with rates
I',, and single-qubit dephasing with rates I',,,/4. We note
that the single-qubit dephasing rates can be controlled by
our partial noise mitigation scheme in Sec. III B. There-
fore, one can selectively implement the amplitude damping
only, in principle, by using the reset operation.

To demonstrate that the amplitude damping noise can
be efficiently implemented by the reset operation with
controlled amplitude damping rates, we performed sim-
ulations on an emulated IBMQ device. After performing
the noise characterization in Sec. 11 B, we computed the
time evolution of an open system encoded in two qubits
with controlled stochastic Pauli and amplitude damping
noise. As shown in Fig. 9, quantum simulation results
are well matched to the classical solutions of the target
Lindblad equation [see Egs. (14) and (25)]. We assumed
that the reset operation has an application time length
of approximately 250 ns, similar to two-qubit gates, and
reset failure probability of approximately 10~3, which are
consistent with the recent implementation of the reset oper-
ations on superconducting and ion-trap quantum hardware
[36,61,62]. We found that the error of the reset opera-
tion, considered in our simulations as &, = peri /3? + (1 —
Per)R(P), being per ~ 1073 the error failure probability,
is comparable to that of single-qubit gates, which is 1 or
2 orders of magnitude lower than two-qubit gates. This
error can also be accounted for in our simulations and mit-
igated by increasing the reset application probability w,,
in Eqgs. (27). This implies that a small number of reset
operations applied to a quantum circuit does not require
additional error mitigation and therefore can be employed
to efficiently implement the amplitude damping model on
current quantum devices. We note that the reset operations
can be employed instead of the measurement operations
in the ancilla-based scheme in Sec. IV A to avoid the
errors caused by the measurements, but the mitigation cost
increased by the ancilla qubits cannot be avoided.

C. Generalized reset channels

Here we show that other types of nonstochastic local
noise can be implemented by using a combination of
reset operations and single-qubit gates. We consider the
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FIG. 9. Population dynamics of an open quantum system

encoded in two qubits (n = 2), computed by the emulated noisy
IBMQ device (ibmgq lagos) with controlled stochastic Pauli noise
and amplitude damping (dots), and solved classically by using
the corresponding Lindblad equation (solid lines). Here we con-
sidered a uniform mitigation factor » = 0.2 for the stochastic
Pauli noise and an amplitude damping rate of (a) J and (b) 3/,
with J denoting the coupling strength between system qubits [see
Eq. (2)]. The single-qubit dephasing term arising from the reset
channel in Eq. (29) was fully mitigated. The Hamiltonian param-
eters considered in the simulation are as in Fig. 2. We executed
90C2, quantum circuits for each data point.

following generalized reset channel:

Ep) = (1 —p)Ipl +pV(p), (€3]
V(D) = W) (@] 5| D) (¥] + [W) (DT [p]DH) (V], (32)
where |W) = 710),, |®) = U|0),, and |®L) = U|1),,

with U and 7 denoting single-qubit gates applied before
and after the reset operation acting on qubit m. The
stochastic application of the generalized reset operation to
each Trotter layer with probability p leads to a Lindblad
dissipator

D[p] = Dywyie/[0] + Dyyy (0L [0], (33)
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where

1
Diaypilp] =y (Ia) (BIo1B) (el — SUB) (Bl ,,5}),
(34)

y =p/At (35)
As a special case, when U = 7, the generalized reset chan-
nel leads to the amplitude damping and local dephasing in
the {|®), |®1)} basis, described by

D3] = |9) (@415104) (@] = T {|05) (@1, )

+Z<AAmAT:5A2mUT_16)a

; (36)

Where UZ Ut = | D) (] — | D) (D], Therefore by tak-
ing UZ Ut to be a Pauli operator, such as Xm, one can
implement amplitude damping in the eigenbasis of the
Pauli operator of choice, while the additional dephas-
ing rate y /4 is controlled by our partial noise mitigation
scheme. In addition, one can implement the relaxation
noise where the populations of |0) and |1) states are
incoherently transferred to each other with different rates
by stochastically applying the standard (U=1) and gen-
eralized (U = X) reset operations to each Trotter layer
with different probabilities. Such a relaxation model, also
known as generalized amplitude damping, has been widely
considered in classical simulations of open-system dynam-
ics at finite temperatures [3]. More generally one can
consider arbitrary single-qubit gates U and ¥, which lead
to various Lindblad dissipators that cannot be described by
the stochastic Pauli noise models in Eq. (14).

V. COMPARISON TO PREVIOUS WORKS

Several theoretical studies have proposed to introduce
noise on quantum systems to improve the efficiency
of quantum simulations, such as engineered dissipation
for the preparation of ground states [63—65] (see recent
reviews for more details, such as Ref. [66]). In the context
of quantum simulations of open-system dynamics, ana-
log quantum simulators provided the first step [20,67—70].
However, the programmability of these devices is typically
restricted [70], as one needs to map the Hamiltonian of
interest to the ones that analog quantum simulators can
consider. In this context, leveraging the noise in digital
quantum simulations has an advantage since one can con-
sider a broader range of Hamiltonian models thanks to the
universal set of quantum gates. Furthermore, our noise-
assisted technique enables one to control the degree and
type of Lindblad noise without changing quantum hard-
ware at the cost of a classical overhead, namely the repe-
titions of quantum simulations. Therefore, both the open-
system Hamiltonian and Lindblad noise are programmable
in noise-assisted digital quantum simulation.

Concerning previous proposals to digitally simulate
open-system dynamics, which do not harness the noise of
quantum devices, a significantly larger number of qubits
and two-qubit gates is required to take into account envi-
ronmental degrees of freedom when compared to closed-
system simulations [20,60,71—78]. We remark that our
noise-assisted technique does not require ancilla qubits
and therefore additional two-qubit gates for the interac-
tion between system and ancilla qubits, while its overhead
comes in the form of a higher sampling cost, making it suit-
able for current NISQ devices. As the previous approaches
do not use the noise as a resource, the full error miti-
gation is required to obtain accurate simulated results on
NISQ devices. As discussed in Sec. III D, our partial noise
mitigation scheme can provide an exponential speedup
against the full noise mitigation considered in the pre-
vious approaches, namely a reduced classical overhead.
Furthermore, we do not make use of variational approaches
[75] where resource estimation prior to quantum simula-
tions is a nontrivial issue. As shown in Sec. III D, in our
case, it is straightforward to estimate the computational
resources required to simulate a given open-system model
on a specific quantum device.

To the best of our knowledge, there are only a few
theoretical studies that proposed to harness the noise of
quantum devices for digital quantum simulations [56,79,
80]. Our scheme has several advantages over previous
approaches. Firstly, we do not assume a simple noise
model solely described by 77 and T, relaxation times [56,
79,80], namely amplitude damping and dephasing noise of
individual qubits. Current NISQ devices are not fully char-
acterized by the 7 and 7, relaxation times, since there
are additional intrinsic noise channels, such as coherent
and stochastic Pauli noise, including depolarizing chan-
nel [59,81]. Contrary to Refs. [56,79,80], we transformed
the intrinsic noise of NISQ devices to the stochastic Pauli
noise using randomized compiling and then performed
noise characterization to fully take into account actual
noise present in real quantum devices. Secondly, in the
previous approaches, decoherence rates were controlled
solely by changing a Trotter time step Az [56,79,80]. In
this case, all the local amplitude damping and dephasing
rates are uniformly modified in such a way that the ratio
between decoherence rates is maintained. This implies that
in the case that the 7; and T, relaxation times of qubits
are inhomogeneous, as is the case of real NISQ devices,
one cannot even implement a simple noise model of uni-
form decoherence rates by using the previous approaches.
This is in contrast to our scheme where decoherence rates,
including both stochastic Pauli noise and amplitude damp-
ing rates, can be controlled individually using partial noise
mitigation and reset operations.

Recently, some of the techniques considered in our
work, namely randomized compiling, cycle benchmark-
ing, and probabilistic error cancellation, were employed
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to simulate a closed quantum system [29] where all the
stochastic Pauli noise was fully mitigated. The quan-
tum system was encoded in ten qubits (z = 10) and the
transverse-field (TF) Ising model was considered where
the Hamiltonian is described by a one-dimensional array
of qubits

= _JZZmZm+l +h ZX (37)

m=1

To demonstrate how the classical overhead of the full and
partial noise mitigation schemes depends on the number
of qubits, we consider single-qubit stochastic Pauli noise
and amplitude damping channels, described by a Lindblad
dissipator

,,Z > Puplu—p)

m=1 Pe{X,Y.,Z}
‘f‘FdZ( (- )AA(Jr) _{G(+)6rf1) A}>’ (38)

with uniform decoherence rates I', and I'yq. In Fig 10,

we show the iteration mitigation cost Cie = ]_[ Cl(:l'l’t)
as a function of the number »n of qubits, from n =2 to
10, which determines how rapidly the total mitigation cost,

approximately ((Cier)?P), increases with the number D of
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FIG. 10. Iteration mitigation cost Cje, of the TF Ising model

as a function of the number n of qubits, depending on uni-
form stochastic Pauli noise rate I', and amplitude damping rate
I"ag. The full noise mitigation results (I, = I',g = 0) are shown
in black, while the partial noise mitigation results in the pres-
ence and absence of amplitude damping, namely (I',, ) =
J/2,J/4) and (I'y,Taq) = (J/2,0), are shown in blue and
orange, respectively. Hamiltonian parameters are taken to be
h =1 and J = 0.5236 with a Trotter time step At = 0.25 as in
Ref. [29]. Noise characterization was performed on an emulated
noisy IBMQ device (ibmg mumbai).

Trotter layers. Note that Cj, of the partial noise mitigation
scheme increases more slowly than that of the full miti-
gation scheme with I', = I'yg = 0, implying that a larger
number of qubits can be considered in open-system simu-
lations than in closed-system simulations for a given total
mitigation cost. For a given set of target decoherence rates
of the stochastic Pauli noise channels, Cj,, becomes larger
when the amplitude damping channel is included, as shown
in Fig. 10, as the reset operations increase the local dephas-
ing rates [see Eq. (29)]. These results demonstrate that our
noise-control technique may be suitable for quantum sim-
ulations of large open-system dynamics under Lindblad
noise on current NISQ devices, which deserves a separate
investigation and will be presented in a forthcoming paper.

VI. CONCLUSIONS

In this work, we have established the concept of intrin-
sic noise-assisted digital quantum algorithms and demon-
strated the principle in real and emulated IBM Quantum
computers based on superconducting qubits. We have
shown that the application of intrinsic noise-assisted digital
quantum algorithms in real-world devices can be achieved
using three key steps. First, the coherent system dynam-
ics is decomposed via Trotterization into product formulae
with time step Atz of our choice to gain a first level of
control over the effective noise realized in the quantum
simulation. Based on this, the second crucial step is the
characterization of the intrinsic noise in the NISQ device
on which the algorithm is run, which depends on how the
system Hamiltonian is implemented within a Trotter layer.
This can be achieved via randomized compiling, cycle
benchmarking, and error reconstruction techniques. Build-
ing on this intrinsic noise reconstruction, the third and
final step uses probabilistic error cancellation to control
the noise in the quantum circuit, enabling implementation
of a target decoherence model, including both stochastic
and generalized amplitude damping noise based on reset
operations.

The principle of digital quantum simulation assisted by
the device’s intrinsic noise offers a number of advantages
in the field of NISQ computation. First, the noise-assisted
digital quantum algorithm does not need to alter the quan-
tum hardware to tune the intrinsic noise but achieves it via
results postprocessing. Secondly, it does not require addi-
tional quantum computational resources, i.e., additional
qubits and CNOT gates, for simulating open quantum sys-
tems compared to more standard approaches [71-73,75,
76,82]. The quantum resource reduction is achieved via
an additional classical overhead, i.e., an increased num-
ber of runs of the algorithm in the device, due to the use of
a quantum error mitigation technique to control the noise
acting on the qubits. As a result, our work provides guiding
principles for the execution of quantum digital simulation
of open quantum systems on real-world devices, where
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noise is not detrimental, but leveraged for a more efficient
computation.

In future work, we expect that the results can be
extended in a variety of fruitful directions. First of all,
it will be interesting to benchmark (and adapt) the pro-
posed noise-assisted technique on (to) different quantum
hardware technologies beyond superconducting quantum
devices, which may exhibit particularly useful intrinsic
noise. Secondly, in this spirit, the addition of modest
quantum resources may allow for the extension to the effi-
cient digital simulation of non-Markovian environments
combining it with techniques exposed in Ref. [20,83].
For instance, in the case of bosonic environments, it has
been shown that a continuous bosonic environment inter-
acting with an open system can be effectively described
by a few bosonic modes under Lindblad noise, such as
pseudo and surrogate modes, when an optimal Lindblad
noise model is constructed based on environmental cor-
relation functions [20,83]. In case that such a concept
of an effective small environment under Lindblad noise
is considered in quantum simulations, one needs to find
a way to control the noise on quantum devices and in
this context our noise-control technique may be useful.
Thirdly, we expect these techniques to find fruitful com-
binations with Quantum TEDOPA [11], a technique to
simulate nonperturbative dynamics of open quantum sys-
tems in a quantum computer, by making use of the results
of a recent work on Markovian closure [84]. Finally, we
expect further efficiency enhancements of our technique to
be possible with improvements in tailormade characteriza-
tion and error-control techniques to give access to general
nonperturbative dynamics of open quantum systems.
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APPENDIX A: RANDOMIZED COMPILING

The noise we considered in the quantum simulations
(see Sec. IIB) is given by stochastic Pauli noise chan-
nels defined as ), €,PypPy. The absence of coherent noise

dow Zk f)k,éf)k/ in this stochastic noise model allows us to
efficiently cancel it in the quantum circuit by implement-
ing Pauli operators via the PEC scheme (see Sec. III).
Therefore, a stochastic Pauli channel is a desirable noise
model to have in quantum circuits since it can be straight-
forwardly cancelled by PEC. In superconducting quantum
devices however, several types of noise may occur on the
course of the implementation of a set of gates, specifically
coherent errors arising from qubit crosstalk or under- and
over-rotations of gates, and incoherent ones, such as ampli-
tude damping or stochastic Pauli noise. In view of obtain-
ing a stochastic noise model in our quantum simulations,
we applied a quantum error mitigation technique, namely
randomized compiling [22,23], that transforms coherent
noise into stochastic Pauli noise, both in the noise charac-
terization routines and in the digital quantum simulations
implemented on the real IBMQ devices.

Randomized compiling consists of creating several
copies of the circuit and for each noisy gate G acting on
0 qubits in each copy, a randomly sampled Q-qubit Pauli
string Py is applied as follows:

G = ﬁ’kéﬁ’k, IS’k = (A;]A)kGT.

@ —[H}FF

(AT)

)
=

(D
LV

(c) A [ A ] A
— 1 1Cs] Cs
A ey A L a
— G DG HDH G
]
PyRz(0)P;
FIG. 11. Example of the application of randomized compiling

to the operation e~'@/2X®X 4 term that appears when evolving a

quantum system via the Hamiltonian in Eq. (2), decomposed into
Hadamard (H), cNOT, and R (6) gates as shown in circuit (a).
Randomized compiling consists of, firstly applying uniformly
sampled random two-qubit Pauli strings Py to the CNOT gates in
circuit (a) together with the Pauli gates 13,/c as defined in Eq. (A1).
This procedure is displayed in circuit (b). The next and final
step is to compile the circuit, such that the added Pauli strings
in the circuit are absorbed into other nearby single-qubit quan-
tum gates. This compilation process creates a new single-qubit
gate ék from the previous ones as shown in circuit (c).
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We assumed G to be part of the Clifford group, such that PA;{
is another Pauli string. Note that if G is not part of the Clif-
ford group, P’ would not be a Pauli string, and potentially
additional two-qubit gates would be required to be applied
in the circuit [22,23], hence increasing error probabilities.

CNOT gates are the most noisy gates in a quantum cir-
cuit, hence we applied randomized compiling to them as
exemplified in Fig. 11. We executed several R random-
ized compiled circuits and then classically averaged the
outcomes, thus obtaining an average stochastic Pauli noise
process acting on the qubits.

APPENDIX B: FOUR-QUBIT
NOISE-CONTROLLED EVOLUTION
SIMULATIONS WITH INTERACTION-SPECIFIC
MITIGATION

We performed a noise characterization and noise-
controlled quantum simulation of a 1D array of n =4
qubits by characterizing and mitigating two-qubit stochas-
tic Pauli channels (i.e., K = 2) on the emulated ibmgq lagos
device. The structure of the circuit is shown in Fig. 3(b),
where we used a first-order Trotter-Suzuki product for-
mula. We implemented nonuniform mitigation factors in
the quantum simulations and compared the results with a
classically solved Trotterized Lindblad equation where the
decoherence rates are given by Eq. (15). The results are
shown in Fig. 12. We measured the population terms of the
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FIG. 12. Population dynamics of an open system encoded
in four qubits (n = 4) simulated by a quantum computer with
nonuniform mitigation factors, shown in dots, which are well
matched to classical solutions of the corresponding Lindblad
equation, shown in crosses. Here the time evolution of the
reduced density matrix Tr; 4[0(#)] of the second and third qubits
is displayed. The one- and two-qubit dephasing noise channels,
namely Pk IS {Zn, 2m2m+1 }, were mitigated by r, = 0.5, while all
the other K = 2 stochastic Pauli noise channels P were weakly
mitigated by 7 = 0.1. Hamiltonian parameters and initial state

are as in Fig. 2, and 90C2, circuits were considered in PEC.

reduced two-qubit density matrix (second and third qubit
in the 1D array) on the emulated IBMQ device.

The quantum simulation results show a good qualitative
agreement with the classical simulation outcomes, suggest-
ing that the proposed noise-assisted simulation technique
with nonuniform mitigation factors can be applied for n >
K = 2 digital quantum simulations on IBMQ computers.
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