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W states are a valuable resource for various quantum information tasks, and several protocols to generate
them have been proposed and implemented. We introduce a quantum repeater protocol to efficiently dis-
tribute three-qubit J¥ states over arbitrary distances in a two-dimensional triangular quantum network with
polylogarithmic overhead, thereby enabling these applications between remote parties. The repeater pro-
tocol combines two ingredients that we establish: probabilistic entanglement swapping with three copies
of three-qubit I states to a single long-distance three-qubit ¥ state, and an improved entanglement purifi-
cation protocol. The latter not only shows a better performance, but also an enlarged purification regime as
compared to previous approaches. We show that the repeater protocol allows one to deal with errors result-
ing from imperfect channels or state preparation, and noisy operations, and we analyze error thresholds,

achievable fidelities, and overheads.
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I. INTRODUCTION

Entanglement is the key resource for many quan-
tum information tasks. Different kinds and classes of
entanglement have been identified [1-3], and shown to
be useful for various applications in quantum informa-
tion [4-8]. The most prominent entangled states include
Bell states, Greenberger-Horne-Zeilinger (GHZ) states [9],
graph states [10,11], and the W state [1]. For each of these
state families, several applications are known. While graph
states have found applications in quantum error correc-
tion [12] or as a resource for measurement-based quantum
computation [13], GHZ states are, e.g., used in quantum
metrology [14]. The W state has been shown to provide an
advantage in secure communication [15—18], secret voting
[19], and multiple other quantum information tasks [20—
24]. There exists a multitude of works that discuss how to
generate and manipulate J¥ states in different setups, and
W states have indeed been generated in several platforms,
including linear optics [25,26], trapped ions [27,28], or
superconducting devices [29].

Here we consider the distribution of W states over
long distances in a quantum network or communication
scenario. We introduce a quantum repeater protocol that is
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capable of efficiently generating W states over arbitrary
distances, with an overhead that grows only polyloga-
rithmical with the distance. To this aim, we consider a
triangular two-dimensional (2D) quantum network, where
noisy, elementary three-qubit W states are probabilisti-
cally merged via an entanglement-swapping-type process
to form a three-qubit W state over longer distance. The
loss in fidelity is compensated by employing an entangle-
ment purification for W states, where out of many noisy
copies fewer states with improved fidelity are generated.
This procedure is iteratively applied using the resulting
states of the previous level as elementary copies. Sim-
ilar as in the standard quantum repeater for Bell states
[24,30-39], or its 2D variant for GHZ and graph states
[40—42], this does not only allow one to overcome errors
in state preparation or quantum channels, but also to deal
with noise and imperfections in local operations and mea-
surements that are required to perform state merging and
entanglement purification. The unique entanglement prop-
erties of W states [1], in comparison with, e.g., GHZ or
graph states, make this state conceptually further away
from bipartite structures, and therefore generalization of
bipartite protocols, such as entanglement swapping or
purification, presumably requires more challenging and
dedicated strategies.

While many schemes have been discussed on how to
enlarge the size of W states to more qubits [43—46], here
we introduce a merging or entanglement swapping pro-
cedure that generates the same kind of state, i.e., a W
state of three qubits—though distributed over a longer dis-
tance (see Fig. 1). This is the key to obtaining self-similar
structures over longer and longer distances. The protocol
succeeds only probabilistically with ps' = 2/3, but this
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FIG. 1. Basic illustration of the general idea of a quantum
repeater for three-qubit J¥ states.

is no hindrance to getting an efficient scheme to distribute
W states over arbitrary distances.

Additionally, we propose an entanglement purification
protocol for J¥ states, a modified strategy of the only exist-
ing approach that can distil arbitrarily noisy W states [47],
which notably enhances the performance. In particular,
our protocol can achieve fidelity arbitrarily close to one,
enhanced fidelity improvement, higher success probability,
and lower resource overheads. In addition, the purification
regime is enlarged, i.e., states with a smaller initial fidelity
(Fy ~ 0.465 as compared to Fy =~ 0.48) can be purified.
We study the performance of the entanglement swapping
and purification procedures, as well as the repeater proto-
col, and compute achievable fidelities and error thresholds
for channels and local operations. We find that local oper-
ational noise of up to 2% in the imperfect implementation
of the protocols can be tolerated.

The paper is organized as follows. In Sec. II we review
concepts and tools we make use of, including protocols to
purify W states, and existing quantum repeater protocols
for Bell states and graph states. We also describe the error
model and the overall setting of the quantum network we
consider. In Sec. III we introduce our entanglement swap-
ping protocol for W states, and discuss the performance
of a quantum relay based on it, including also the influ-
ence of noise and imperfections. In Sec. IV we describe
our proposal for an improved entanglement purification
of W states, and compare it with the existing approaches.
We describe the quantum repeater protocol in Sec. V, and
analyze its properties with respect to achievable fideli-
ties, error thresholds, and overheads. We summarize and
conclude in Sec. VI.

II. BACKGROUND AND SETTING

We review in this section all the concepts and tools we
make use of throughout this work.

A. Bell states

The unit of maximal entanglement between two qubits
is given by a Bell state. In particular, we denote the four
Bell states that form an orthonormal basis of the two-qubit

Hilbert space H = C? ® C? [48], as
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A Bell measurement is defined as a two-qubit measure-
ment with respect to the Bell basis, i.e., the outcomes found
are one out of the four Bell states defined above.

When more qubits share entanglement, the features and
properties of the states become more complex and diverse.
In particular, different entanglement classes arise, contain-
ing states that cannot be transformed into states of another
class employing local operations [2].

(1)

[v*) ;= —= (101) 45 £ [10) 4) .

B. W states
The three-qubit W state is defined as

1
= —(1001) + [010) + |100) ), 2
) ﬁ“ ) +1010) +[100) ) )

and can also be understood as a particular case of a three-
particle Dicke state with a single excitation [49], whose
generalization for a larger number of parties is direct, i.e.,
W) = > 1 Xi |0)®" //n, where X; is Pauli-X operator
acting on qubit .

W states constitute one of the two nonequivalent entan-
glement classes for three-qubit systems, with the GHZ
state being the representative of the other class [1]. This
implies that a W state cannot be transformed into a GHZ-
like state with local operations. In compliance with this
property, W states exhibit different entanglement features,
with respect to GHZ states, such as entanglement robust-
ness under losses, that make them unique and particularly
promising for different quantum applications.

The challenges of generalizing bipartite protocols (such
as entanglement purification or swapping) for W states,
in opposition to, e.g., GHZ states, can be better under-
stood by attending to the entanglement properties of both
classes of states. Consider a three-qubit GHZ of the form
IGHZ) = (1000) + [111) )/+/2, up to local unitaries. The
entanglement of each bipartition, i.e., the entanglement of
each of the qubits with respect to the rest, which can be
easily computed by studying the entropy of entanglement
of the reduced density operators [48], is exactly one ebit
(the amount of entanglement contained in a Bell state). A
three-party GHZ state can be deterministically transformed
into a Bell state between any two constituents by sim-
ply measuring the third in the Pauli-X basis. On the other
hand, the entanglement structure of the W state, Eq. (2),
tells us that the entanglement of any qubit with respect
to the rest is always strictly less than one. Although this
provides certain advantages, such that the aforementioned
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robustness under noise and losses, it makes it impossible
to achieve a deterministic transformation into one of the
Bell states between two predetermined parties, a process
that can only succeed with some probability [50,51]. This
makes GHZ-like states closer in a certain sense to bipartite
entanglement, a feature which is evidenced by the more
direct generalization of many protocols and tools from
Bell to GHZ states. Such straightforward extensions are
not usually found with W states, which require dedicated
approaches.

Substantial efforts have been focused on successfully
preparing [25,52] and increasing the size of W states, by
fusion [45,46,53], i.e., merging two W states into a big-
ger one, and expansion techniques [43], i.e., adding qubits
to enlarge a W state, for which different experimental
realizations have been proven [54].

C. W-state entanglement purification protocol

Entanglement purification protocols (EPPs) [55] refer
to the set of techniques and approaches that allow one to
increase the fidelity of entangled states using local opera-
tions. From an ensemble of noisy copies, an EPP consists
of local joint manipulation of the states in such a way that
fewer copies, but with enhanced fidelity, are obtained. The
fidelity of some state p is the typical figure of merit used
to evaluate the protocols, and it is given by

F=Wlply), 3)

with respect to the pure target state |v/).

EPPs are utilized in repeater schemes as a fundamental
building block. When aiming to construct long commu-
nication links, the detrimental effects of noise become
worse with the distance. EPPs provide a tool to recur-
sively recover the fidelity of entangled copies, by sacri-
ficing others, at designed intermediate stations, such that,
when combined with entanglement swapping (see below),
the aforementioned high-quality long-distance connections
can be achieved.

Different approaches have been proposed for bipartite
entanglement purification [S6—59], and generalizations to
multipartite entanglement, including different entangle-
ment structures, such as, e.g., GHZ-like states [60], or
graph states [60,61], have been proposed.

However, EPP approaches for W-like states have drawn
less interest. To the best of our knowledge, there exists
only a single proposal that achieves purification of arbi-
trary noisy W states [47], which is based on stabilizer
measurements on three noisy copies that iteratively cor-
rect for most kinds of errors. In the following, we denote
this purification protocol as “stabilizer EPP.” Alternative
approaches have been proposed that correct only specific
kinds of noise affecting a W state, such as, e.g., amplitude
damping [62,63].

We briefly review here the stabilizer-EPP strategy and
propose in Sec. IV modifications of the approach that sig-
nificantly increase the protocol working performance, and
therefore the efficiency of the IW-state repeater.

The stabilizer EPP introduced in Ref. [47] consists in
alternating between two recurrence subroutines, denoted as
‘P and P. Each routine takes as input three identical copies
of a three-qubit noisy W state, operates jointly (but still
locally) on the three copies and probabilistically provides
a single state with increased fidelity, i.c., P/P: p5o. —
Plpc- In each iteration of the protocol, subroutine P or
P is heuristically implemented depending on which one
provides higher fidelity.

Subroutine ‘P. Each party (4, B, and C) performs a pro-
jective measurement of the form {A7°°0, (%01, 37010, p7100}
on their three qubits (corresponding to the three different
copies), where

I e A D G

and |W) = (ZX; + Z1.X; + X1 Z3) lijk) 53 /+/3. The
remaining three-qubit subsystems are mapped into a
single-qubit one following {| W1}, |W010), |W'%)} — |0)
and {[WO11), [A10), [0} = |1),

In case the three parties obtain the same outcome and,
as long as the outcome is not M, the protocol iteration
succeeds and the remaining W state exhibits an increased
fidelity. Otherwise, the state is discarded.

Subroutine P. In this dual routine, each party
first applies a local basis change V, which leaves
unchanged [000) and |111), but exchanges |001) <
1110), [010) <> [101), and [100) <> |011), i.e., pS5- —
ViVeVe pr?’C V4VsVc. Then, each party performs a pro-
jective measurement given by {#%%, 1 — A%} on their
three qubits, where M0 = ATMOPA [see Eq. (4)], with
A = HH,H; SWAP, 3. In case the three parties obtain the
outcome MY the protocol iteration succeeds and the
fidelity of the final state is eventually increased. Otherwise,
the state is discarded. _

By selectively choosing subroutines P or P an (almost)
perfect W state can be distilled. In Ref. [47] a numeri-
cal analysis of the protocol is provided, showing an upper
bound on the achievable fidelity of F = 0.999. We show
in Sec. IV how to overcome this limitation, by substituting
subroutine P, also leading to increased performance and
success probability.

D. Quantum repeater

Quantum repeaters [30—38] are fundamental communi-
cation tools that allow for long-range quantum commu-
nication overcoming the detrimental effect of noise and
decoherence that naturally affect qubits and entanglement
when physically distributed. Such a goal is achieved by
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combining entanglement swapping [30] with entangle-
ment purification [31] in dedicated intermediate stations.
Quantum repeaters have been proven and analyzed experi-
mentally [64—66] and constitute a basic building block for
viable quantum networks [67—69].

The simplest repeater construction is the bipartite one,
where Bell pairs are established. In order to overcome the
exponential reduction in success probability and fidelity
when transmitting quantum information over longer dis-
tances directly, one splits up the channel into smaller
segments and places intermediate repeater stations. Bipar-
tite entangled states are distributed between neighboring
repeater stations in such a way that each repeater sta-
tion shares an ensemble of noisy copies with the previous
and the next one. Subsequently, a Bell measurement in a
repeater station between qubits of differently directed Bell
copies, a process also denoted as entanglement swapping,
directly leads to a Bell state of larger distance, however
with reduced fidelity. One can then use EPP strategies (see
Sec. 11 C) to obtain fewer copies with improved fidelity.
EPPs operate locally on multiple copies and in general
succeed probabilistically. One then faces exactly the same
situation as in the beginning, but with elementary Bell
states of enlarged distance and same (or higher) fidelity.
One can then apply the same procedure in a nested fash-
ion, doubling the distance of resulting Bell pairs in each
step while maintaining their fidelity. This allows one to
achieve high-fidelity Bell states over arbitrary distances,
with an overhead in resources that scales only polyloga-
rithmic with distance [30,31]. Notice that it is important to
run the protocol in a nested way, as a sequential application
of entanglement swapping and entanglement purification
still leads to an exponential scaling of resources. One may
also start with an EPP step if the fidelity of the initially
generated elementary copies is not large enough.

This basic repeater functionality has been generalized
for multipartite settings [40—42], where the desired long-
distant connections involve more than two parties. In par-
ticular, extensions with GHZ [40,70], cluster states [40]
and graph states [41] have been proposed, such that an
architecture for establishing long-distance entangled states
of that kind is built in a 2D fashion, and analyzed for
different realizations.

As mentioned above, we focus here on developing a
repeater scheme for a different kind of multipartite entan-
glement, i.e., W states.

E. Setting and noise model

We consider a typical quantum communication scenario,
where some source generates perfect three-qubit /¥ states,
and distributes each qubit to spatially separated stations.
During the distribution, the qubits are subjected to noise
and decoherence. We model this process by applying local
depolarizing noise to each of the qubits with parameter

[T }]

q,” of the form

1— 3
D(p)=qp+—4qzakpak, (5)
k=0

where o; = {1,X,Z, Y} are the Pauli matrices. Depolar-
izing noise constitutes the worst local noisy case [48],
since all the information is completely lost with probability
(1 — ¢), and therefore is a common choice to analyze how
noise affects the performance of communication proto-
cols [48].

Several copies of the noisy W states are then stored in the
stations, which locally manipulate their qubits of different
W states to implement the repeater protocol we propose in
this work, which is comprised of entanglement purification
(if needed) and entanglement swapping. We consider the
case where the operations involved in the protocols are not
perfect, and we model this by introducing additional local
depolarizing noise to each qubit, Eq. (5), with parameter
“p,” before performing the ideal operation required for an
entanglement swapping or EPP step. We denote this source
of noise and imperfection as “operational noise.”

In this way, a recursive process can be constructed, that
allows for a recursive distribution of high-fidelity W states
over long distances. In the following, we introduce and
explain in detail the entanglement swapping and purifica-
tion protocols required for a viable repeater process, and
analyze the performance of the approach under different
situations.

III. ENTANGLEMENT SWAPPING FOR W STATES

We introduce a method to merge three three-qubit W
states into a larger three-qubit W state, by locally manip-
ulating the states in a pairwise manner at three different
repeater stations, in the same spirit as the so-called 2D
quantum repeaters [40]. The protocol succeeds with prob-
ability 2/3 and provides a tool to build repeater stations for
a viable distribution of such kinds of states.

We consider three identical copies of a I state, where
we label the qubits as [W);,u, W) iyryuy W) 13150, Where
l;, v, u; indicate the left, right, and upper qubit of the ith
states respectively (see Fig. 1). In practice, we find three
copies of a mixed state p" where, without loss of gener-
ality, we assume that the component |W)(W]|, Eq. (2), is
dominant. The protocol comprises the following steps, see
also Fig. 2.

(0) The states are distributed and arranged as depicted
in Fig. 1, such that one can operate jointly on
each pair of qubits {/,us}, {r1,us}, and {r,, 5} in
each so-called repeater station. Note the symmetry
degeneracy in the arranging of the qubits.

(1) At each repeater station, the pair of qubits is mea-
sured with respect to a two-outcome projective
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Take three copies of a W state:
‘I/I])llrlﬂl |VV>127'21L2 |VV>137“3U3

v

‘ Measure {P°, P°} in wuly, in ryug, and 7l ‘

I

outcome

! ! }

Py Ry, B, Py, B, B, ‘ P°P°P* or P°P°P°
Measure ryl; in the
Measure 7 l; and w1, computational basis,
in the Bell basis and wu,l, and ryuy in
the Bell basis

I

outcome in ryly

v

Perform local
correction operation
l v
SUCCESS FAIL

FIG. 2. Schematic treelike representation of the entanglement
swapping protocol for a IV state.

measurement given by {P?, P¢}, where

P¢ = [00)(00] + [11)(11],

, (6)
P° =101)(01| + [10)(10].
The results of the measurements are classically
communicated to the other stations. Observe how
the measurement projects both qubits into a two-
dimensional subspace, such that the qubits remain
entangled with the rest in a certain way.

(2) Depending on the combination of outcomes found
in the previous step, the repeater stations proceed as
follows. Note the results apply for all permutations
of outcomes.

(2.1) Outcome P° P° P¢. A measurement in the Bell basis
is performed in the states where P° was obtained in
step 1, while no operation is required in the station
where P¢ was found. The protocol succeeds when
the outcomes of the Bell measurements are Wﬂ
or W*>, Eq. (1) (not necessarily coinciding). Local
Pauli corrections, depicted in Table I for each case,
are finally applied.

(2.2) Outcome P¢ P° P°. One of the two pairs where P°¢
is obtained is measured in the computational basis,
while the other two pairs are measured in the Bell
basis. The protocol succeeds if, for the qubits mea-
sured in the computational basis the outcome |00)
is found, and the Bell measurements of the P¢ and

TABLE 1. Correction operations depending on the different
outcomes in the entanglement swapping protocol for W states.

Measurement outcomes Correction operation

P’(')l I3 Pgllzple% w;?:h w;llz none
1?:13 wljllz Zuy
wr: I3 ;112 Zr3
W”_l I3 WL‘_IIZ Z,
Pf] lspsllngzus P?1013 1:/2 w:gle Xy
Pglols ;Lllz ;2113 Yy Zy,
P91013 ¢; ) ':;Mz Y,
P:‘)lok ¢H_112 ;;us Xy Zu,

P pairs of qubits give |¢*) and |*), respectively.
Local Pauli unitary corrections are again applied
(see Table I).

(2.3) Outcome P° P° P° or P¢ P¢ P¢. The protocol fails.

In a noiseless operation of this repeater protocol, each
ith favorable outcome succeeds with probability p; = 1/9,
leading to an overall protocol success probability

2
succ

=-. 7
P 3 (N
Importantly, as analyzed later, the repeater protocol suc-
ceeds with approximately similar probability, indepen-
dently of the operational noise or the form of the initial

p" states.

A. Quantum relay for W states: resource analysis

We evaluate here the performance of the entanglement
swapping protocol in a repeater context, without entan-
glement purification, memories, and channel decoherence.
This approach is also known as a quantum relay [71,72],
which allows one to overcome exponentially dropping suc-
cess probability of generation and merging processes. Gen-
erating elementary copies in optical setups typically have
a certain success probability, either because the source
produces states probabilistically (e.g., using some paramet-
ric down-conversion process), or because of photon-loss
errors in channels. Already in a 1D setup, if each ele-
mentary copy is produced with probability p, the success
probability to obtain all N states among the chain and
successfully merge them is given by p”. This can be over-
come if multiple elementary copies are generated, and the
ones where the process is successful are merged with ones
from the neighboring link. On average, one needs 1/p ele-
mentary copies to have one available for merging, and
(quasi)deterministically produce one long-distance entan-
gled pair.

In our case, not only the generation process of ele-
mentary states may be probabilistic, but also the merging
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process itself. The effect, however, is similar, and one
can overcome exponential scaling by operating only on
states where the previous merging process was successful.
This requires some (limited) quantum memory, or at least
the possibility to selectively operate on different copies.
Here we consider a two-dimensional version of a quantum
relay, where three elementary W states are merged to form
a long-distance one, thereby growing in distance in two
dimensions. Importantly, we need to consider that entan-
glement swapping is performed in a nested way, i.e., that
the distance of copies is doubled in each step.

Observe that in the way the W-state repeater is con-
ceived, the process can be iterated in a parallel way in
the different stations, making the total resources a relevant
figure of merit to be evaluated.

We start our analysis by computing the number of
resources R, i.e., the expected number of I states, required
to distribute a single W state over a distance L in the
noiseless case. We assume that elementary IV states are
distributed over a distance £, and then merged using entan-
glement swapping, thereby doubling the distance in each
step. In the next round, only states where the entangle-
ment swapping process was successful are considered and
selected. A single iteration takes as input three W states
over a distance x and with probability p**°° generates a W
state over a distance 2x, where the distance is enlarged in
two dimensions simultaneously as we deal with a 2D set-
ting. Therefore, the number of resources to establish a W
state over a distance L is given by R, =3 Ry 2 /p**‘. As
we assume R, = 1, to establish a W state over a distance
L = 2"¢ the number of resources, i.e., the total number of
elementary copies, is given by

9\ " 1\ 2lom(3)-1 LN\
R=(2) =(= ~(2) . @
=) -G <) e

The number of copies per segment is given by R, =
(L/€)10g2(3)—1 ~ (L/£)0.59.

B. Entanglement swapping for W states: perfect
operations

Next, we continue our analyses by concentrating on
the W entanglement-swapping process with channel noise.
We investigate the impact of noise from the generation
of states, and from the quantum channels through which
qubits are sent to the stations. The merging of three noisy
W states leads to a larger W state, which is however sub-
jected to a higher amount of noise, with in general an
altered form.

We identify operational thresholds based on the mini-
mum fidelity required to purify a W state. This fidelity is
slightly higher than the one found in Ref. [47] for random
W mixed states. In our case, numerical analysis indicates
that any state p” coming from a repeater process can be

purified as long as its fidelity is larger than iy ~ 0.465 (see
Sec. V).

In addition, we make use of different parameters to eval-
uate the protocol’s performance. The distance is given by
2", where n is the number of iterative rounds. This can be
understood from the fact that, after each swapping round,
the distance between any two parties sharing a W state is
doubled. Observe also that after » iterations, 3" states are
used to generate the larger target three-party W state.

Figure 3 shows the entanglement swapping performance
as a function of the channel noise parameter and the dis-
tance with perfect and noisy operations. The noise model
used is the one introduced in Sec. II E, where initial copies
are affected by a depolarizing noise of strength ¢, and oper-
ations by a depolarizing channel of strength p. In Figs. 3(a)
and 3(c) we observe the reachable distance before the
fidelity drops below the purification threshold in perfect
and imperfect operation mode, respectively. In Fig. 3(b)
we show how the fidelity decreases with the distance.
Finally in Fig. 3(d) we plot the maximum tolerable channel
noise ¢ as a function of the operation noise p for different
distances.

All figure results presented are obtained by proper sim-
ulations of the whole protocol.

(a) (b)

1.0 T T

"

N —7=0.9999

[SR RS
— T

Distance/ ¢
S
Fidelity

(SRS}

10! 1072 10°% 1074

(@ (d)
2 T 1.00 ‘ g S—
P 7
. —n=1
<° b o———-mn =3
o 0.96
; 2F n =
g o L = - n=
22
28 092 F~——_
2L —1 L T —
Il 1 L L ——
107! 1072 107 10 0.94 0.96 0.98 1.00
l—g=1-p p

FIG. 3. Performance of the entanglement swapping approach
for W states with perfect (a),(b) and imperfect (c),(d) local oper-
ations and measurements specified by error parameter p, and
channel noise specified by parameter ¢. (a) Achievable distance
2"¢ (where n is the number of consecutive rounds, and the
elementary W states are distributed over a distance £) before
the fidelity drops below the purification threshold Fjy ~ 0.465.
(b) Fidelity of the obtained states as a function of the dis-
tance. (c) Achievable distance 2"¢ with imperfect operations
(p = q) before the fidelity drops below the purification thresh-
old. (d) Maximum tolerable channel noise ¢ as a function of the
operation noise p for different distances.
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C. Entanglement swapping for W states: imperfect
operations

Here we investigate the effect of imperfect operations
during the entanglement swapping routine. We model this
effect by introducing local depolarizing noise in every
qubit before the ideal implementation of the operations.
This simplified model allows one to illustrate the impact of
noise in the same way as done for 1D [30,31] and 2D [40—
42] standard quantum repeaters, however with the crucial
difference that no entanglement purification is considered.

The performance of the entanglement swapping under
these circumstances is analyzed in Figs. 3(c) and 3(d).
Figure 3(c) shows the reachable distance when the oper-
ational noise is comparable to the channel noise, where
we observe a moderate efficiency reduction compared to
the operational noiseless case. On the other hand, Fig. 3(d)
analyzes the threshold ¢ value that corresponds to the max-
imum acceptable channel noise for a given operational
noise and for different numbers of rounds.

IV. IMPROVED ENTANGLEMENT
PURIFICATION FOR W STATES

In Sec. IIC we have reviewed the only existing EPP
[47] that has been proposed to purify arbitrarily noisy W
states. We propose here a modification of that protocol
that offers several immediate advantages: lower required
fidelity, significantly better performance (higher fidelities
are reached with fewer steps), enhanced success probabil-
ity, and unbounded achievable fidelity.

The stabilizer-EPP approach of Ref. [47], see also
Sec. IIC, exhibits certain limitations mainly due to the
dual subroutine P. We identify and propose an alterna-
tive subprotocol, substituting the routine P by P’, that
overcomes these limitations. This improved EPP version
hence consists of two recurrence subroutines, P and P/,
which are again iteratively applied, acting on three or two
copies, respectively, probabilistically providing a state of
increased fidelity, i.e., P': p55r — 0)pc-

Subroutine P. Identical to subprotocol P from Ref. [47].
See Sec. IIC.

Subroutine P’. Only two copies of the noisy W state
are manipulated. Each party (4, B, C) performs the two-
outcome measurement projecting into even and odd sub-
space, described by projectors P¢, P° [see Eq. (6)]. Only in
case all three parties find outcome P¢, the protocol itera-
tion succeeds. After performing the mapping (relabeling)
[00) — |0) and |11) — |1) into a single-qubit subsystem
at each party, we obtain again a three-qubit system, but
with increased fidelity. If any other outcome is found, the
state is discarded.

In every purification step, the subroutine P or P’ that
provides the higher fidelity is applied. In Fig. 4, we pro-
vide numerical evidence of the performance enhancement
of this modified protocol with respect to the stabilizer

(a) (b)
S[ = improved EPP g R
N o= stabilizer EPP e 0.9 i
of —q=0.975 - o
L Q[ —¢= 0900 R 1 _08f°
£ F—q=0800 . B y
g N <07 0= 0.
< ¢ e . = s
S L - - - L q="9.
N4 . i B 0.6 o 0.68 —
Moo " ane L oAb c Buge BB 05 . . improved EPP -e-
/\Q [ e v oo i I S R stabilizer EPP -o-
R 04p ‘ .
0 2 4 6 8 10 12 14 16 18 20 0 5 10 15
Iterations Iterations
(c) (d)
10° T T T 1.0
— improved EPP
F — stabilizer EPP E 09F
2
8 z 0.8F — improved EPP 7
g ) — stabilizer EPP
2 = 0.7 I
~ =]
0.6 -
0.5F

0.96 0.97 0.98 0.99 1.00

Iterations

FIG. 4. Comparison of EPP performance between our
improved EPP proposal and the stabilizer-EPP strategy from
Ref. [61]. (a),(b) Fidelity evolution in a logarithmic (a) and
linear (b) scaling as a function of the number of iterations of
the EPP for W states with different initial fidelities. (c) The
accumulative amount of resources required for each protocol for
initial W states with local depolarizing noise of strength ¢ = 0.9.
(d) Maximum achievable and minimum required fidelities as a
function of the operational noise described by local depolarizing
noise with strength p acting before each iteration.

EPP [47]. In Figs. 4(a) and 4(b), we show the fidelity after
each iteration for noisy-W states subjected to local depo-
larizing noise as input. Observe that (1) for any number of
iterations a higher fidelity is obtained and (2) unlike the
stabilizer EPP, our improved protocol can provide purified
states with fidelity arbitrarily close to one. Moreover, in
Fig. 4(c) we show the number of required resources for a
certain number of purification steps is notably improved
because of a larger success probability, and because sub-
routine P’ operates only on two states. This implies that
fewer states need to be discarded, and one obtains a higher
yield and efficiency. The operating regime under local
operations is also enhanced with our improved EPP, as
shown in Fig. 4(d), where the maximum achievable and
the minimum required fidelities are plotted as a function
of the local depolarizing strength (g) that affects the states
before each iteration. Finally, we remark that our improved
EPP strategy can purify W states affected by local depolar-
izing noise with fidelity above Fy ~ 0.465 [see in Fig. 4(b)
the initial fidelity from which the purification protocol
no longer succeeds], overcoming the threshold of the
stabilizer-EPP approach, i.e., Fy & 0.48 [47].

We can then make use of the modified EPP to improve
the performance of the W state quantum repeater, which
we analyze in detail in the following section.
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V. PERFORMANCE OF THE QUANTUM process, the fidelity drops to the dashed lines and, in case it
REPEATER FOR W STATES is above the purification threshold, it is again increased via
purification in several steps, recovering the initial fidelity
We finally consider in this section the whole repeater  and completing one repeater round. Similar qualitative
protocol for W states, which includes the entanglement  pehavior is observed when compared to, e.g., bipartite
purification and swapping strategies introduced before. We  repeater strategies [30,31].
analyze the performance and find operational thresholds Finally, Fig. 5(c) refers to the number of local resources
of the protocol under imperfect operations that are mod-  (Af) required as a function of the operational fidelity for
eled by applying local depolarizing noise with parameter different local noise scenarios. When comparing these
“p.” Eq. (5), in each qubit before each swapping round and  resylts with bipartite [30,31] or the different multipartite
each purification iteration. Noise on elementary W states is [40-42] repeater approaches, one can see the performance
described by depolarizing noise acting on each qubit, with of the W state repeater is lower, i.e., more resources are
parameter “g,” modeling imperfect state preparation and  required. One could expect such a lower performance
channel noise. given the nature of the ¥ state (see discussion in Sec. I B).
Figure 5(a) shows the operational thresholds of the pro-  We nevertheless stress that, with the entanglement swap-
tocols, i.e., minimum required and maximum achievable  ping and improved purification protocols introduced in
fidelity, as a function of the local operation noise. One  thjs work, one obtains an efficient quantum repeater pro-
can directly see how, on one hand, the EPP introduced  tocol for W states that can also deal with noise in local
in Sec. IV can tolerate around 3.5% of noise, whereas operations.
this threshold gets reduced to slightly less than 2% when Direct comparison with other multipartite repeater
entanglement swapping (Sec. III) is involved. The latter  approaches (e.g., Ref. [40]) is possible. Several of the
curve, Fr(rﬁ; assumes initial states with fidelity given by the results we present in this work correspond to the analog
maximum reachable fidelity of the EPP, Fyy,, which are  analyses shown in those works. One can observe that the
then combined via entanglement swapping and should still ~ J/-state repeater exhibits lower performance rates, includ-
have a ﬁdelity larger than the minimum required ﬁdelity ing worse ﬁde]ity thresholds, higher resource require-
for purification, F¥). Notice that the threshold for required  ments, and lower efficiency under operational noise. The
fidelity of initial elementary states is given by F*), how- differences mainly arise from the purification protocol,
ever, the threshold for the repeater protocol is given by the  since the entanglement swapping approaches differ only in
crossing point of Fp,x and F I(Iﬁr)l, Pmin ~ 0.981. the 2/3 success probability in the W-state case. GHZ states
Figure 5(b) shows the repeater loop for connecting W  (and graph states in general) have been extensively studied
states. The fidelity increment due to the improved EPP  and multiple purification approaches have been proposed.
(solid lines), and the fidelity reduction due to entangle-  In contrast, //-state purification protocols have received
ment swapping (dashed lines) are shown for perfect local  less attention and, despite the improvements we present
operations, and noisy local operations with 1% of local  in this paper, we hope that our work can trigger further
operational noise. The initial fidelity before each itera-  research in that direction. As discussed in Sec. II B, funda-
tion is given by the dotted diagonal. After the swapping  mental differences of entanglement properties with respect

@ . (0) (©)

100

—p = 0.9999

08 0t

& — p = 0.9995
k = p=0.999
& < — p = 0.9985
= 0.6 F =
2 : AN N e
= 2 e p =099
= e
O 04} // Repeater loop —— - 40 b
”””” J T A p—
=T improved EPP —— \‘
0.2 - entan. swaping ---- -+ 20 L 1 1
. L L !
o e o 05 0 100 0.92 0.94 0.96 0.98 1.00
p Input fidelity 7

FIG. 5. Performance of the improved EPP and the quantum repeater for ¥ states. (a) Minimum required and maximum achievable
fidelity, as a function of the operational noise, i.e., local depolarizing noise with parameter p acting on all qubits before each swapping
of purification iteration. The different curves correspond to maximal reachable fidelity using EPP (Fj,.x, blue) and minimal required
fidelity for EPP (F¥, red), and the minimal required fidelity to perform a repeater round, i.e., entanglement swapping and EPP
(F® yellow). (b) Repeater loop that shows the enhancement of fidelity after one round of EPP (solid), and fidelity reduction due to
entanglement swapping (dashed), with ideal (blue) and 1% (yellow) operational noise. (¢) Amount of local resources, M, required to
maintain the repeater operation for different local noises.
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to, e.g., GHZ or 2D cluster states, make W states particu-
larly complicated to deal with, however leading to unique
features.

VI. SUMMARY AND OUTLOOK

In this work, we have introduced the first proposal
for a quantum repeater of W states, an important and
unique class of multipartite entangled states with various
applications. We have proposed entanglement swapping
and entanglement purification protocols, which are the
two main ingredients for a viable quantum repeater, ana-
lyzing their performance in ideal and noisy operational
regimes. We have demonstrated that our modified EPP
has improved performance, including higher efficiency and
larger purification range, thereby leading to an efficient
repeater protocol with polylogarithmic scaling of resources
with the distance.

However, the performance of quantum repeaters is
intrinsically linked to the performance of entanglement
swapping and entanglement purification protocols. While
we believe that the success probability of entanglement
swapping for W states cannot be increased to unity, there
might be further room for improvement regarding entan-
glement purification for /¥ states. Despite the enhancement
our protocols show over previous approaches, it still seems
that these protocols are less efficient than protocols for Bell
states and graph states. In particular, existing EPPs for ¥/
states are all recurrence protocols, while it is known that
hashing and breeding protocols can have a significantly
higher yield [37,42,55,73,74]. It would be interesting to
develop such improved protocols for I states.

Nevertheless, we hope that our results can open the
doors for further improvements and generalizations. Pre-
liminary results show how similar approaches as the entan-
glement swapping we introduce here, can be applied for W
states of an arbitrary number of qubits, however, it is not
clear how to optimize this strategy and generalize it for
other Dicke states with different numbers of excitations.
Similarly, generalizations of entanglement purification for
arbitrarily large W states, and Dicke states in general, and
that offer good performance, are required.

ACKNOWLEDGMENTS

This work was supported by the Austrian Science Fund
(FWF) through Projects No. P36009-N and No. P36010-N.
Finanziert von der Europdischen Union - NextGenera-
tionEU.

APPENDIX A: DETAILS OF THE W-STATE
ENTANGLEMENT SWAPPING PROTOCOL

In this section, we provide additional equations for ana-
lyzing and reproducing the results of the entanglement

swapping protocol shown in Fig. 3 and explained in
Sec. 111

First, we recall the “even” and “odd” projec-
tors are given by P¢ =100)(00| + [11)(11] and P° =
|01)(01| 4 |10)(10|, and the four Bell states by \q&i) =
(100 £ 11)) /+/2 and |*) = (101) £ [10)) /v/2.

The entanglement swapping protocol starts with three
copies of a W state distributed over a distance L, and prob-
abilistically outputs a single W state over a distance 2L,
ie.,

(01 = 1) (W @ 1Y Wiy ® WV Wi,
|W><W|lluzr3'

> 2 =

The protocol consists of the steps shown in Sec. I11. In case

in the first step we obtain output P}, P;, Py ., we can

proceed with the second step and the output state is given
by OV p0Y), where

0(1) |1//+) w-‘r‘
0% — |1/,+)
)
)

W N, P
W N s, P
O =y )y, N P
v )

0(4) = |w ‘rllg, |w v/ ‘ullz rau3’

On the other hand, if in the first step, we obtain

Py Py, P, We then measure /3 in the computational

basis and u;/, and r,u3 in the Bell basis. The projectors
corresponding to the success outcomes are given by

0 =100){001,,, [¢* W& ™|, ,, [ v,
0@ = 100)(001,, [ o™ |,,.,, [V )w ™|
07 = 1000001, [&~ o~ |,,.,, [V )]
0% =100)(001,.4, [¢~ o~ |,,,, [ Nv |

2u3

rou3’

rousz ’

raus

If we obtain the output of projector OV, the correction
operation we need to implement to the resulting state is
given by CY), where

1 2
C( ) = ]ll|u2r3a C( ) = ]111V3Zu29

C(3) = ﬂlluzzrp C(4) = le 1112137
C(S) :)(}l]luzr3; C(é) = YIIZuz ]lr3’
C(7) Yll 11/2!”3’ C(s) = )(11 Zuz ]lr3~

Therefore, the total success probability of the protocol

reads
8
e 330 (4] -2

Jj=1
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where the factor 3 on the left side takes into account
all permutations for the outcome in the first step, i.e.,
Po/epo/e Pe/o Po/ePe/a Po/e and Pe/oPo/e Po/e

ril3" uply” M2U3> o3t uplh” 12U3 ril3” uyly” r2u3:
In the noisy case, the input state consists of three copies
of a noisy W state, i.e., F = (W|p"|W) < 1. In this case,
the output state is given by

. . 3 . .
8 trﬁzluzg[CQ)OW(pL)@ Owc(/)]

ptt = , (A
o tr[OU) (pL)®3]
and the success probability is given by
8
piuee =3 Z tr|:0(]) ] (A2)

Jj=1

Starting from elementary W states over a distance ¢ and
iterating the entangling swapping protocol n times, one
can prepare a W state over a distance L = 2"¢. However,
if the elementary W states are noisy, the fidelity of the
states decreases after each interaction, i.e., (W|p*L|W) <
(Wp*w).

In Fig. 3 we consider copies of a W state over a dis-

tance ¢ affected by local depolarizing noise, i.e., p* =

DE3(|1W) (W), where DP* = {/qiq;qx 0 ® 0} ® 04}, 4
and go = ¢ and g;23 = (1 — ¢)/4. In Figs. 3(c) and 3(d)
we also consider noisy operations, meaning that before
each iteration the input states are affected by local depo-
larizing noise, i.e., in Eqs. (A1) and (A2) we substitute p”
by D (p")-

APPENDIX B: DETAILS OF THE W-STATE
ENTANGLEMENT PURIFICATION PROTOCOL

In this section, we provide detailed equations for analyz-
ing the stabilizer EPP and the improved EPP introduced
in Sec. IV (see also Fig. 4). Again, we first recall a few
definitions.

The W basis is given by given by

1 ..
(Z2X3 + 21X, + X123) |ijk) 103

-
\W] )123 = ﬁ
fori,j,k € {0, 1}, and the stabilizer projectors by

ljk {lek)(ij| +X®3 |lek><lek|X®3

In order to analyze the purification protocols, given a
three-qubit input state, p;_; € H4 ® Hp ® H¢, weneed to
compute the output state for each subroutine oy, its fidelity

fr and the success probability 7. For the subroutine P:

-
= Ztr<Mj{ M) M p,‘?fl),

ijkeS
ok = ZNUk NUk Uk ®3 N’lk' Ngk-i Ngk*' (Bl)
ykeS
Je=Wleor W),
where S ={001,010,100}, N = |0)(W¥*| + |1){W*|

X® and gy is a three-qubit state.
For the subroutine P:

ik = tr (M M MV, VpVe p),
0 = =Na Ny Ne P& NI Nj N, (B2)
k
Je= (Max ),
where  M%%0 = ATMOOA, A = H HH3SWAP, 5, V=
X®3+(|000)—|111>)(<000| (111)) and N = (|4)
(| — =) () AV, |£) = (10) £ [1))/+/2.

For subroutlne P’ we obtain

n, = tr PSPy PE o),

1 ~

op = — P Py P 2% PN Py LT, (B3)
Nk

£ = (Wop IW),

where P¢ = |0)(00] + |1)(11].

Then for the stabilizer EPP we choose either subroutine
‘P or subroutine P, and hence the state after the & iteration
and the state, the fidelity and the success probability are
given by

Pk+1 = Ok Pk = Ok
iffy > fi = { Fir+1 =/fr , otherwise = { F; fk
psucc — T)k pliuCC - 7,_]

and for the improved EPP we choose either subroutine P
or subroutine P’, and hence the state after the & iteration
and the state, the fidelity and the success probability are
given by

Pie+1 = Qk pk =0,
iffy > ' = { Frs1 =/fi , otherwise = { Fr =f, .
pliuCC —_ nk pzuCC — nl/(

The number of required resources, i.e., the expected
number of initial states py one needs to obtain a single copy
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of p, is given by

o0
. i—1 M
Ry = mkkalpliucc ZJ (1 _pzuCC)J = psucc Ri—1,
j=1 g

where Ry = 1, m; = 3 for the stabilizer EPP, and

3 iffi>f
my = . >
2 iffi <f/
for the improved EPP.

In Fig. 4 we take as the initial state a ¥ state affected by
local white noise, i.e., oo = D> (|W)(W)).

In Fig. 4(d), we analyze the performance of the protocols
under noisy operations, meaning we consider local depo-
larizing noise acting before each iteration. In this case, we
use the same equations as in the noiseless case but sub-
stituting py_; by DZ93 (pr—1) in Egs. (B1), (B2), and (B3).
Given a certain value of p we can find the minimum
required and maximum reachable fidelities with each of the
protocols by numerical analyses.
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