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The spectral statistics of non-Hermitian random matrices are of importance as a diagnostic tool for
chaotic behavior in open quantum systems. Here, we investigate the statistical properties of singular val-
ues in non-Hermitian random matrices as an effective measure of quantifying dissipative quantum chaos.
By means of Hermitization, we reveal the unique characteristics of the singular-value statistics that distin-
guish them from the complex-eigenvalue statistics, and establish the comprehensive classification of the
singular-value statistics for all the 38-fold symmetry classes of non-Hermitian random matrices. We also
analytically derive the singular-value statistics of small random matrices, which well describe those of
large random matrices in the similar spirit to the Wigner surmise. Furthermore, we demonstrate that sin-
gular values of open quantum many-body systems follow the random-matrix statistics, thereby identifying
chaos and nonintegrability in open quantum systems. Our work elucidates that the singular-value statis-
tics serve as a clear indicator of symmetry and lay a foundation for statistical physics of open quantum

systems.
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I. INTRODUCTION

The spectral statistics serve as a defining feature of
chaotic behavior in quantum systems and lack thereof,
and play a fundamental role in the principles of statisti-
cal mechanics [1-3]. According to a number of numerical
and analytical investigations, it is widely accepted that the
spectrum of a nonintegrable quantum system follows the
random-matrix statistics [4], while the spectrum of an inte-
grable quantum system follows the Poisson statistics [5].
Here, the spectral statistics of Hermitian random matrices
are universally determined by the tenfold symmetry clas-
sification [6]. These ten symmetry classes encompass the
three standard (Wigner-Dyson) classes by time-reversal
symmetry [7,8], three chiral classes by chiral symmetry
[9,10], and four Bogoliubov-de Gennes classes by particle-
hole symmetry [6]. Time-reversal symmetry influences the
correlations in the bulk of the spectra, quantified by the
Dyson index 8 = 1,2,4. On the other hand, the impact
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of chiral or particle-hole symmetry arises only around the
symmetric point (i.e., zero eigenvalue) and is classified by
the other random-matrix index o = 0, 1, 2, 3. This tenfold
symmetry classification is also fundamental in understand-
ing mesoscopic transport phenomena, including the Ander-
son transitions [11,12], as well as topological insulators
and superconductors [13—17].

Recently, there has been a remarkable surge of inter-
est in the physics of open quantum systems. As coupling
with the surrounding environment is an inevitable aspect
of realistic physical systems, an understanding of open
quantum systems is important for quantum simulation and
technology. In contrast to closed quantum systems, open
quantum systems are no longer described by Hermitian
Hamiltonians. In general, the dynamics of open quantum
systems is described by Liouvillian superoperators that
map a density operator to another density operator [18—
20]. In addition, non-Hermitian Hamiltonians effectively
capture the open quantum dynamics of individual quan-
tum trajectories subject to measurements or dissipative
processes [21-23], as well as the open classical dynamics
[24-26]. Researchers have discovered unique phenom-
ena that lack analogs in closed quantum systems and
hence are intrinsic to open quantum systems. Prime recent
examples include the entanglement phase transitions
induced by the interplay of the coherent dynamics and
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measurement [27,28], as well as non-Hermitian topolog-
ical phases [29,30].

Moreover, characterization of chaos in open quantum
systems has also attracted growing interest [31-54]. Such
dissipative quantum chaos is relevant to the development
of thermodynamics and statistical mechanics in open quan-
tum systems. As prototypes of open quantum chaotic
systems, researchers have proposed random Lindbladi-
ans [32,34,35,39], as well as dissipative extensions of the
Sachdev-Ye-Kitaev model [40,41,45-47,54]. Analogous
to closed quantum systems, several numerical calculations
have shown that the statistics of complex-valued eigen-
values in nonintegrable open quantum systems follow the
statistics of non-Hermitian random matrices, while those
in integrable counterparts follow the Poisson statistics
for complex numbers. Notably, non-Hermiticity changes
the nature of symmetry, and the spectral statistics of
non-Hermitian random matrices are no longer described
by the tenfold symmetry classification, instead univer-
sally conforming to the 38-fold symmetry classification
[55,56]. These 38-fold symmetry classes are also relevant
to the classification of the Anderson transitions [57—68]
and topological phases [29,30,56,69,70] in non-Hermitian
systems.

In this work, we investigate the spectral statistics of
singular values, instead of complex eigenvalues, in non-
Hermitian random matrices. For a given matrix H, its
singular values are defined as the square roots of eigen-
values of HTH or HH'. When H respects Hermiticity
(i.e., H' = H), singular values reduce to the absolute val-
ues of eigenvalues and hence contain essentially the same
information as eigenvalues. However, in the case of non-
Hermitian matrices H (i.e., H # H), singular values play
a distinct role from eigenvalues and find broad applica-
tions in diverse areas of science. For example, singular
values represent the degree of information associated with
each mode and thus form the basis for principal compo-
nent analysis and various tensor-network techniques. This
also implies that if H is interpreted as a generator of
the open quantum dynamics, its singular values quantify
the amount of information in the quantum operation. The
singular-value decomposition is also utilized to capture
the topological phenomena and bulk-boundary correspon-
dence in non-Hermitian systems [71—73]. Additionally, if
H is interpreted as a reflection or transmission matrix, the
squared singular values give the reflection or transmission
probability, respectively [74,75]. The fluctuations of sin-
gular values from sample to sample, or the suppression
thereof, physically manifest themselves in the universal
conductance fluctuations [76—79].

Here, we demonstrate that the singular-value statis-
tics provide an effective diagnostic tool for understanding
chaotic behavior in open quantum systems. We establish
that singular values of open quantum many-body systems,
including Lindbladians and non-Hermitian Hamiltonians,

follow the random-matrix statistics in the corresponding
symmetry classes. Employing the Hermitization technique
[56,59,66,69], we completely classify the singular-value
statistics of non-Hermitian random matrices across all
the 38 symmetry classes, as summarized in Tables II-V.
Importantly, we reveal that the singular-value statistics
exhibit unique characteristics and serve as a clearer indi-
cator of symmetry compared to the complex-eigenvalue
statistics. In contrast to Hermitian random matrices, the
level repulsion of complex eigenvalues in non-Hermitian
random matrices is universally cubic, regardless of sym-
metry [31]. Additionally, the correlations of complex
eigenvalues in the bulk of the spectra depend solely on
time-reversal symmetry’, and the other symmetries are
irrelevant [36,49]. By contrast, we elucidate that all the
symmetries influence the bulk spectral correlations of sin-
gular values even in non-Hermitian random matrices. Fur-
thermore, we illustrate that these distinctions can be clearly
discerned through the random-matrix indices («, 8), akin
to Hermitian random matrices. Consequently, these results
show the significance of singular-value statistics as a pow-
erful practical measure for characterizing dissipative quan-
tum chaos and its absence, thereby facilitating a deeper
understanding of statistical mechanics in open quantum
systems.

The rest of this work is organized as follows. In Sec. I,
we describe symmetry of non-Hermitian matrices. In Sec.
II1, we study the singular-value statistics of non-Hermitian
random matrices (Table I and Fig. 1). Through Hermiti-
zation, we completely classify the singular-value statistics
of non-Hermitian random matrices for all the 38 sym-
metry classes (Tables II-V). In Sec. IV, we demonstrate
that the singular-value statistics of physical Lindbladians
and non-Hermitian Hamiltonians coincide with those of
non-Hermitian random matrices, characterizing the dissi-
pative quantum chaos. In Sec. V, we conclude this work.
In Appendix A, we discuss the singular-value statistics of
Hermitian random matrices (Table VI). In Appendix B,
we analytically derive the singular-value statistics of small
random matrices for all the symmetry classes. In Appendix
C, we discuss the singular-value statistics of normal ran-
dom matrices. In Appendix D, we develop the symmetry
classification of non-Hermitian reflection matrices.

II. SYMMETRY OF NON-HERMITIAN RANDOM
MATRICES

We begin with the symmetry classification of Hermitian
random matrices. In this work, we focus on square matri-
ces to consider physical applications to quantum chaos.
In general, Hermitian matrices H are classified accord-
ing to the two types of antiunitary symmetry, time-reversal
symmetry

TH*T '=H, TT"=+l, (1)
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TABLE 1.

Singular-value statistics of non-Hermitian random matrices. Class A is characterized by no symmetry; classes Al and

AIl (A" and AII") are characterized by time-reversal symmetry (time-reversal symmetry®); class AIII (AIII") is characterized by
chiral (sublattice) symmetry; classes D and C are characterized by particle-hole symmetry. The number 41 or —1 in each parentheses
specifies the sign of each antiunitary symmetry. In classes AIl, AIlf, and D, all the singular values are twofold degenerate. The
corresponding Hermitized symmetry classes are shown in the column “Hermitization”. There, “Alll x AIII” means that the Hermitized
matrix is decomposed into two independent Hermitian matrices in class AIII (see Sec. III B for details). The analytical results of the
average singular-value-spacing ratios (r) and the average normalized variances (s ) / (Smin)? of the minimum singular value for small

random matrices are shown.

Class Symmetry Hermitization r (s2.) / (Smin)*
A No Alll 0.6026 1.2732
Al Time-reversal symmetry (41) BDI 0.5358 1.6018
Al Time-reversal symmetry’ (+1) CI 0.5358 1.2732
All Time-reversal symmetry (—1) cl 0.6761 1.1291
Al Time-reversal symmetry’ (—1) DIII 0.6761 1.2732
Alll Chiral symmetry A 0.4206 1.4786
Al Sublattice symmetry AIIL x AIII 0.4206 1.2732
D Particle-hole symmetry (41) DIII 0.6761 1.2732
C Particle-hole symmetry (—1) CI 0.5358 1.2732

and particle-hole symmetry

CH'C™'=—-H, CC* =4I, )
with unitary matrices 7 and C. As a combination of time-
reversal symmetry and particle-hole symmetry, we can
also introduce chiral symmetry, or equivalently sublattice
symmetry, by

SHS'=—-H, &*=+1, (3)
with a unitary matrix S. These two antiunitary symme-
tries and one unitary symmetry form the tenfold Altland-
Zirnbauer (AZ) symmetry classification (see also Table VI
in Appendix A) [6]. Classes A, Al, and AlI are the three-
fold standard (Wigner-Dyson) classes [7,8], classes Alll,
BDI, and CII are the threefold chiral classes [9,10], and
classes D, DIII, C, and CI are the fourfold Bogoliubov-
de Gennes (BdG) classes [6]. These AZ symmetry classes
yield the tenfold classification of Hermitian random matri-
ces [1,6], as well as the Anderson transitions [11,12] and
topological insulators and superconductors [13—17].

The nature of symmetry changes in non-Hermitian
matrices, leading to the 38-fold classification [55,56]. First,
the two types of antiunitary symmetry in Eqgs. (1) and
(2) remain to be time-reversal symmetry and particle-hole
symmetry even for non-Hermitian matrices H, respec-
tively. In addition to these symmetries, we can also intro-
duce two additional antiunitary symmetries by

TH'T'=H, TT*=4+l, 4)

and

CH*C'=—H, CC*==l, (5)

with unitary matrices 7 and C. These symmetries are,
respectively, denoted by time-reversal symmetry’ and
particle-hole symmetry’ since they are obtained by addi-
tional Hermitian conjugation to time-reversal symmetry in
Eq. (1) and particle-hole symmetry in Eq. (2), respectively
[56]. While time-reversal symmetry in Eq. (1) and time-
reversal symmetry’ in Eq. (4) are equivalent for Hermitian
matrices, this is not the case for non-Hermitian matrices.

The unitary symmetry in Eq. (3) is still symmetry and is
denoted by sublattice symmetry for non-Hermitian matri-
ces. Similarly to the antiunitary symmetries, we can also
consider the Hermitian conjugate of Eq. (3) by

SH'S™' = —-H, &*=+1, (6)
with a unitary matrix S. In contrast to Eq. (3), unitary
symmetry in Eq. (6) is called chiral symmetry for non-
Hermitian matrices. Here, while chiral symmetry and sub-
lattice symmetry are equivalent to each other for Hermitian
matrices, they are different for non-Hermitian matrices.
The combination of time-reversal symmetry in Eq. (1)
and particle-hole symmetry in Eq. (2), as well as the
combination of time-reversal symmetry’ in Eq. (4) and
particle-hole symmetry” in Eq. (5), yields chiral sym-
metry in Eq. (6); on the other hand, the combination
of time-reversal symmetry and particle-hole symmetry",
as well as the combination of time-reversal symmetry?
and particle-hole symmetry, yields sublattice symmetry in
Eq. (3). Chiral symmetry in Eq. (6) is also equivalent to
pseudo-(anti-)Hermiticity [80].

Different symmetries lead to different universality
classes, resulting in the 38-fold classification of non-
Hermitian random matrices. Specifically, time-reversal
symmetry’ in Eq. (4) changes the complex-eigenvalue
statistics of non-Hermitian random matrices in the bulk
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FIG. 1. Singular-value statistics of non-Hermitian random

matrices. All the results are averaged over (a),(b) 10* and
(c),(d) 5 x 10* realizations of 10> x 103 matrices in the Gaussian
ensemble. (a),(b) Level-spacing-ratio distributions of singular
values in classes (a) A, Al AT, AII, AIIT, (b) AIIL, AIII", D, and
C. The black dashed curves are the analytical results for small
random matrices [Egs. (B8) and (B14)]. Classes Al, AI', and
C (classes All, All', and D) follow the same distribution char-
acterized by § =1 (8 = 4). Classes Alll and AIIT" follow the
same distribution. (c),(d) Distributions of the minimum singular
value spin in classes (c) A, AL, AI", AII, AII", (d) AIIL, AIII",
D, and C. The probability distribution functions are normalized
such that their averages (smin) are 1. The black dashed curves
are the analytical results for small random matrices [Egs. (B17),
(B19), and (B21)]. Classes A, AI', AIlf, AIII", D, and C fol-
low the same distribution characterized by « = 1. No symmetry
classes considered here and listed in Table I follow Eq. (B19)
with o = 2.

of the spectra [36] while the other symmetries change
the complex-eigenvalue statistics at the symmetric lines
or point [49]. Moreover, the 38-fold classification charac-
terizes the universality classes of the Anderson transitions
[64—66] and topological phases [56,70] of non-Hermitian
systems. In this work, we below show that symmetry deter-
mines the universal statistics of singular values in non-
Hermitian random matrices and comprehensively classify
them for all the 38 symmetry classes.

II1. SINGULAR-VALUE STATISTICS OF
NON-HERMITIAN RANDOM MATRICES

The complex-eigenvalue statistics of non-Hermitian
random matrices have recently been investigated as a
diagnostic of dissipative quantum chaos. Here, we study
the spectral statistics of singular values in non-Hermitian

random matrices. While eigenvalues and singular val-
ues contain essentially the same information in Hermitian
matrices, they exhibit distinct behavior in non-Hermitian
matrices. We demonstrate that the singular-value statis-
tics exhibit the behavior that distinguishes them from the
complex-eigenvalue statistics and serve as an effective
measure of dissipative quantum chaos. While we focus on
non-Hermitian random matrices from the Gaussian ensem-
ble p (H) ox e~ H'M/2 for clarity, our results should be
independent of the specific details of the ensemble and uni-
versally determined by symmetry alone. In fact, we below
show that the random-matrix statistics appear even in open
quantum chaotic systems, suggesting the universality of
the singular-value statistics (see Sec. IV for details).

In Sec. III A, we first provide the singular-value statis-
tics for the nine symmetry classes where no symmetry
or only one symmetry is present (Table I and Fig. 1). In
Sec. III B, we reduce the singular-value statistics of non-
Hermitian random matrices to those of Hermitian random
matrices in the corresponding symmetry classes, using
the Hermitization technique. In Sec. III C, we provide the
complete classification of the singular-value statistics of
non-Hermitian random matrices for all the 38 symmetry
classes (Tables [1-V).

A. Singular-value statistics

We first focus on the nine symmetry classes where no
symmetry or only one symmetry is present (Table 1) and
provide the complete classification for all the 38 symme-
try classes shortly in Sec. III C (Tables II-V). Singular
values of a matrix H are the square roots of eigenvalues
of H'H or HH'. As a clear difference from eigenvalues,
singular values are always real and non-negative even in
non-Hermitian matrices. Then, we calculate the distribu-
tions of singular-value-spacing ratios r, [Figs. 1(a), 1(b)],
in a similar manner to the spacing ratios of real eigenvalues
[81,82]. Specifically, 7, is defined as

. Sn+1 — Sn Sp — Sn—1
r,,::mln( , , 0<r, <1, (1)
Sp — Sn—1 Sn+1 — Sn

for an ordered set of singular values s,,’s. In classes All,
AII", and D, all the singular values are twofold degenerate,
and we calculate 7, by identifying the two degenerate sin-
gular values with the one singular value. While we can also
study the statistical distributions of singular-value spacing
Sp+1 — S, (see also Appendix B), the statistical distribu-
tions of 7, are independent of the local density of singular
values and hence do not require the unfolding of singular
values, which facilitates the calculations for physical open
quantum systems.

The singular-value-spacing ratios exhibit the three dif-
ferent distributions in the presence of time-reversal sym-
metry in Eq. (1) or time-reversal symmetry” in Eq. (4).
Here, non-Hermitian matrices without symmetry belong
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to class A, and those with Eq. (1) [Eq. (4)] belong to
classes AI and AII (AIT and AII") [56]. Notably, time-
reversal symmetry changes the level-spacing distributions
even for arbitrary singular values. By contrast, while time-
reversal symmetry! changes the bulk statistics of com-
plex eigenvalues [33], time-reversal symmetry changes the
eigenvalue statistics only around the real axis [49,83—86].
Thus, the singular-value statistics give a clearer measure of
time-reversal symmetry in non-Hermitian random matri-
ces. It is also notable that all the level-spacing distributions
of complex eigenvalues exhibit the cubic level repul-
sion [31,36,38] in contrast to Hermitian random matri-
ces. Conversely, the singular-value-spacing distributions
exhibit the threefold level repulsion even in non-Hermitian
random matrices,

prxrf (0<r<«l) (8)
for

1 (classes Al and AT");
2 (class A); ©)
4 (classes AIl and AITT).

18=

All the other symmetries also change the level-spacing-
ratio distributions of singular values [Fig. 1(b)]. Remark-
ably, in classes AIIl and AIII", where chiral and sub-
lattice symmetries in Egs. (6) and (3) are respected by
definition, the probability density is nonvanishing even
for small level-spacing ratio 0 < » < 1, which implies the
weaker level repulsion between singular values. Still, the
level-spacing-ratio distributions deviate from the Poisson
statistics

pr(r) = (10)

(1+7)?

for uncorrelated singular values. We elucidate these uncon-
ventional level-spacing-ratio distributions through Hermi-
tization in Sec. III B.

While some symmetry classes (e.g., classes Al and AIT)
exhibit the same level-spacing distributions, they can be
distinguished by the distributions of the minimum singular
value smin [Figs. 1(c), 1(d)]. Here, in contrast to the spac-
ing ratio », the minimum singular value sy,;, depends on the
normalization of random matrices; in our numerical cal-
culations in Figs. 1(c), 1(d), we normalize spi, such that
its average is unity (i.e., {Smin) = 1). For example, non-
Hermitian random matrices in classes Al and AI" follow
the same level-spacing distributions but exhibit clearly dif-
ferent distributions of the minimum singular value. The
former is quantified by the average singular-value-spacing
ratio (r) while the latter by the average normalized vari-
ances (sfmn) / (Smin)? of the minimum singular value, as

summarized in Table I. Additionally, each symmetry class

can be distinguished between by the power-law decay of
the probability distribution pp;, for small sy;y,

Pmin X S(rxnin (0 =< Smin K 1) (11)
with
0 (class Al);
o= 11 (classes A, Al', All", AIlI", D, and C); (12)

3 (class All).

We also note that class AIIl is characterized by unique
singular-value statistics, as discussed shortly. If matrices
additionally respect Hermiticity or normality, they exhibit
different singular-value statistics (see Appendices A and C
for details).

B. Hermitization

We demonstrate that the singular-value statistics are
captured by Hermitization. Previously, the Hermitization
technique was applied to the complex-eigenvalue statistics
[59]. It is also relevant to the classification of the Anderson
transitions [66] and topological phases [56,69] in non-
Hermitian systems. For a given non-Hermitian matrix H,
we introduce a Hermitized matrix

~ (0 H -2 (HHT 0
H._(HT 0), H_(O HTH)' (13)

Singular values of A are given as eigenvalues of ~HHT
and v H'H, and hence coincide with singular values of H.
Thus, the singular-value statistics of non-Hermitian matri-
ces H reduce to those of the corresponding Hermitian
matrix H. We provide the singular-value statistics of Her-
mitian random matrices in Appendix A (Table VI). Impor-
tantly, Hermitized matrices H respect additional chiral
symmetry by construction,

~ ~ 1 0
o, Ho, =—H, o,:= (0 _1),

which changes the relevant symmetry classes. For exam-
ple, for non-Hermitian matrices that respect only time-
reversal symmetry in Eq. (1) (i.e., classes Al or All), the
Hermitized matrices belong to classes BDI or CII. We
also summarize the correspondence of symmetry classes
in Table I, as well as Tables II-V.

Through Hermitization, the singular-value statistics of
non-Hermitian random matrices H with time-reversal
symmetry in Eq. (1), particle-hole symmetry in Eq.
(2), time-reversal symmetry’ in Eq. (4), or particle-hole
symmetry’ in Eq. (5) reduce to the real-eigenvalue statis-
tics of Hermitized matrices H in the chiral [87-89] and
BdG [6,90] classes. In fact, this correspondence is consis-
tent with our numerical calculations of the singular-value

(14)
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statistics (compare Table I and Fig. 1 with Table VI and
Fig. 4, respectively). The joint probability distribution
functions of singular values s;’s are given as

o ({si}) x l_[S‘l?‘l_[ |Si _Sj|/3e_zislg

i<j

(15)

with the random-matrix indices « in Eq. (11) and 8 in Eq.

(8).
By contrast, in the presence of chiral symmetry in Eq.
(6), the Hermitized matrices H satisfy

iHS 0

g L(1 -
o -ins) "= plis -s)
(16)

mﬁﬁz(

and hence the singular values of A further reduce to
the singular values of the Hermitian matrices iHS and
—iH S without any symmetry (i.e., class A). When the non-
Hermitian matrix H is taken from the Gaussian ensemble,
the Hermitian matrices iHS and —iH S also belong to the
Gaussian ensemble. Since singular values of Hermitian
matrices are given as the absolute values of their eigenval-
ues, the singular-value statistics without symmetry reduce
to the real-eigenvalue statistics of two independent ensem-
bles one of which corresponds to positive eigenvalues and
the other of which corresponds to negative eigenvalues.
There, uncorrelated levels can be close to each other, and
the level repulsion is significantly weakened, which is the
origin of p, (r = 0) # 0 in Fig. 1(b). Still, a part of the
level repulsion survives, resulting in the deviation from the
Poisson statistics.

Furthermore, non-Hermitian matrices H with sublattice
symmetry in Eq. (3) can be generally expressed as

(0 M
i=(i %)
with two non-Hermitian matrices 4; and A, where we

assume S = o,. Hence, the singular values of H consist of
the singular values of the two independent non-Hermitian

)

TABLE II.

matrices #; and A,. Consequently, the spacing distribu-
tions in the bulk of the singular-value spectra again reduce
to those of Hermitian matrices without symmetry. On the
other hand, the minimum singular value of H reduces to
the smaller one of the minimum singular values of 4; and
h, the distribution of which obeys that of Hermitian matri-
ces with chiral symmetry (a subtle difference can arise in
generic cases; see Sec. II1 C for details). In the absence of
chiral or sublattice symmetry, positive and negative eigen-
values of Hermitized matrices A are correlated owing to
symmetry, leading to the level repulsion between singular
values.

C. Classification

Based on Hermitization, we completely classify the
singular-value statistics of non-Hermitian random matri-
ces for all the 38 symmetry classes in Tables [V, nine of
which are summarized also in Table I. In a similar manner
to the tenfold AZ symmetry classes for Hermitian matrices,
time-reversal symmetry in Eq. (1), particle-hole symmetry
in Eq. (2), and chiral symmetry in Eq. (6) form the ten-
fold symmetry classes for non-Hermitian matrices (Tables
II and III). Furthermore, time-reversal symmetry’ in Eq.
(4), particle-hole symmetry' in Eq. (5), and chiral symme-
try in Eq. (6) form additional tenfold symmetry classes,
which are the AZ" symmetry classes for non-Hermitian
matrices (Tables II and IV). Taking sublattice symme-
try into consideration as additional symmetry (Tables II
and V), we have the 38-fold symmetry classification for
non-Hermitian matrices [56]. Some symmetry classes in
Tables II-V give the equivalent symmetry classes, which
are not double counted in the 38-fold symmetry classi-
fication. For example, time-reversal symmetry in Eq. (1)
and particle-hole symmetry’ in Eq. (5) lead to essentially
the same universal spectral statistics of both eigenval-
ues and singular values [91]. Consequently, classes Al
and AII are equivalent to classes D and CT, respectively
(Table III).

In these classification tables, we provide the random-
matrix indices 8 for the singular-value statistics in the bulk
of the spectra [i.e., Eq. (8)] and « for the statistics of the

Singular-value statistics in the complex Altland-Zirnbauer (AZ) symmetry classes of non-Hermitian matrices. The com-

plex AZ symmetry classes consist of chiral symmetry (CS) and sublattice symmetry (SLS). The subscript of SLS S, specifies the
commutation (+) or anticommutation (—) relation to CS: 'Sy = £S5, T'. The Hermitized symmetry classes and the corresponding
random-matrix indices («, 8) for the singular-value statistics are shown. In the columns of “B” and “«”, “N/A (A)” means that the
singular-value statistics are not characterized by («, 8) but given by those in Hermitian matrices in class A.

Class CS SLS Classifying space Hermitization B o
A 0 0 C ATl 2 1
Alll=A+7n 1 0 Co A N/A (A) N/A (A)
Alll 455 1 1 C AllL 2 1
A +8 = Al 0 1 C x C AIIL x AIII N/A (A) 1
Al +S_ 1 1 Co x Co AxA N/A (A) N/A (A)
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TABLE III.  Singular-value statistics in the real Altland-Zirnbauer (AZ) symmetry classes of non-Hermitian matrices. The real AZ
symmetry classes consist of time-reversal symmetry (TRS), particle-hole symmetry (PHS), and chiral symmetry (CS). The Hermitized
symmetry classes and the corresponding random-matrix indices (¢, 8) for the singular-value statistics are shown. In the columns of
“B” and “a”, “N/A (AI)” and “N/A (AII)” mean that the singular-value statistics are not characterized by («, 8) but given by those in

Hermitian matrices in classes Al and All, respectively.

Class TRS PHS CS Classifying space Hermitization B o
Al =Dt +1 0 0 R BDI 1 0
BDI +1 +1 1 R, D 2 0
D 0 +1 0 R; DIII 4 1
DIII —1 +1 1 Ra All N/A (AID) N/A (AIL)
All=Cf -1 0 0 Rs cl 4 3
ClI -1 -1 1 R C 2 2
C 0 -1 0 R; CI 1 1
CI +1 -1 1 Ro Al N/A (AD) N/A (AD)

minimum singular value [Eq. (11)]. On the other hand,
the symmetry classes for which the corresponding Hermi-
tized matrices belong to the standard classes (i.e., classes
A, Al and AII) are not characterized by these random-
matrix indices (o, ), as discussed above. In the symmetry
classes for which the Hermitized matrices respect addi-
tional unitary symmetry and hence are block diagonalized,
the singular-value statistics in the bulk of the spectra are no
longer described by S, whereas the statistics of the mini-
mum singular value can still be described by «. Further-
more, we analytically derive the singular-value statistics
of small random matrices in Appendix B. These small-
N analytical results well describe the large-N results, in
the similar spirit to the Wigner surmise [7,8,82]. This also
contrasts with the complex-eigenvalue statistics of non-
Hermitian random matrices, where a significant deviation
arises between the large-N and small-N results [36,49].

In the presence of chiral symmetry in Eq. (6), singu-
lar values of a non-Hermitian matrix H generally reduce
to singular values of Hermitian matrices iHS and —iHS
with certain symmetry, as shown in Eq. (16). It should be
noted that the spectral supports of iHS and —iHS can
differ from each other for generic random matrices, as

well as physical models such as Lindbladians and non-
Hermitian Hamiltonians (see Sec. IV below). The two
spectra may not overlap when all the eigenvalues of iHS
(—1HS) are positive (negative). In such a case, the level
repulsion between eigenvalues is manifested also in the
singular-value statistics, which contrasts with the weaker
level repulsion discussed in Sec. I1I B. Conversely, for the
non-Hermitian matrix H from the Gaussian ensemble, the
two Hermitian matrices iHS and —iH S also belong to the
Gaussian ensemble and share the same spectral support.
Similarly, to obtain the universal results in the presence of
chiral symmetry, the spectrum of the Hermitian matrices
+iHS should be chosen to be statistically symmetric with
respect to zero.

Furthermore, in the presence of sublattice symmetry in
Eq. (3), singular values of a non-Hermitian matrix H gen-
erally decompose into singular values of two independent
non-Hermitian matrices /4, and /; in Eq. (17). In particular,
the minimum singular value of H reduces to the smaller
one of the minimum singular values of 4; and 4;. In the
sole presence of sublattice symmetry (i.e., class AIIl" in
Table II), the distribution of the minimum singular value
in H coincides with that in %, or A,. However, this is not

TABLE 1V. Singular-value statistics in the real Altland-Zirnbauer’ (AZ") symmetry classes of non-Hermitian matrices. The real
AZ" symmetry classes consist of time-reversal symmetry’ (TRS"), particle-hole symmetry™ (PHST), and chiral symmetry (CS). The
Hermitized symmetry classes and the corresponding random-matrix indices (c, 8) for the singular-value statistics are shown. In the
columns of “B” and “«”, “N/A (AI)” and “N/A (AIl)” mean that the singular-value statistics are not characterized by («, 8) but given
by those in Hermitian matrices in classes Al and AlI, respectively.

Class TRS' PHS' CS Classifying space Hermitization B o
i +1 0 0 R, CI 1 1
BDI' +1 +1 1 Ro Al N/A (AI) N/A (Al
D' = Al 0 +1 0 Ri BDI 1 0
purt -1 +1 1 R D 2 0
Allf -1 0 0 Rs DIII 4 1
cif -1 -1 1 R4 All N/A (AIl) N/A (AII)
Ch=All 0 -1 0 Rs CII 4 3
crf +1 -1 1 Re C 2 2
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TABLE V. Singular-value statistics in the real Altland-Zirnbauer (AZ) symmetry classes with sublattice symmetry (SLS). The sub-
script of SLS Sy specifies the commutation (+) or anticommutation (—) relation to time-reversal symmetry (TRS) and/or particle-hole
symmetry (PHS). For the symmetry classes that involve both TRS and PHS (i.e., classes BDI, DIII, CII, and CI), the first subscript
specifies the relation to TRS and the second one to PHS. The Hermitized symmetry classes and the corresponding random-matrix
indices («, B8) for the singular-value statistics are shown. In the columns of “B” and “a”, “N/A (A)”, “N/A (AI)”, and “N/A (AIl)”
mean that the singular-value statistics are not characterized by («, 8) but given by those in Hermitian matrices in classes A, Al, and

AlI, respectively.

Class Classifying space Hermitization B o
BDI+S, R BDI 1 0
DII+S__=BDI+S__ R; DIIT 4 1
CIl+S, Rs ClII 4 3
Cl+S__=Cll+S5 Rq CI 1 1
Al+S_=All+S_ C Alll 2 1
BDI+S_, =DII+S_, Co A N/A (A) N/A (A)
D+S, ¢ Al 2 1
DII+S_, =BDI+S_, Co A N/A (A) N/A (A)
All+S_=Al+S_ C Alll 2 1
ClI+S_,=CI+S_, Co A N/A (A) N/A (A)
C+§8, C Alll 2 1
CI+S_, =CII+S_, Co A N/A (A) N/A (A)
BDI+S__=DII+S__ R; DIII 4 1
DII+S, . Rs cl 4 3
Cl+S_ _=CI+S8__ R; CI 1 1
CI+S8,, Ry BDI 1 0
AL+ S, Rix Ry BDI x BDI N/A (AI) 0
BDI+S,_ Ry x Rs D x D N/A (A) 0
D+S_ R3 X Rs DIII x DIII N/A (AIT) 1
DI+ S, R4 x Ry All x All N/A (AIl) N/A (AIl)
All+ S, Rs x Rs CII x CII N/A (AID) 3
Cll+S,_ Re x Re CxC N/A (A) 2
C+S_ Ry x Ry CI x CI N/A (Al) 1
CI+8,_ Ro x Ro Al x Al N/A (AI) N/A (A)
necessarily the case, in general. For example, in the addi-  leading to
tional presence of time-reversal symmetry that commutes
with sublattice symmetry (i.e., class Al + S, in Table V), H) d F 2+s oS /4=s (h)

2. . ) Pain () = Fiain (8) = F Piin () -
each non-Hermitian matrix /4, or A, respects time-reversal ds 2

symmetry and belongs to class Al. According to the analyt-
ical result, the distribution of the minimum singular value
in &y or &y is [see Eq. (B17) in Appendix B]

2+ _Sz/g s/2

P (8) = Pyin (8) = =~

(18)

and the cumulative distribution function is
FU (5) = / Pty dt = e @B (19)
N

Then, the cumulative distribution function Flgm) (s) for the

original non-Hermitian matrix A is obtained as

F(H) ( ) — F(hl) ( )F(h2) (S)

min min min

7S‘ (4+S)/4, (20)

21)

Still, there is merely a slight difference between pmﬁlg (s)

and pml’rf (s). In fact, both of them do not vanish for
s — 0 and hence are characterized by o = 0. Addition-
ally, we have (s2.)/ (Smin)? = 1.6862--- for p{D (s)
and (s2.) / (smin)? = 1.6018 - for p;ﬁ; (s), which are
nearly equal to each other. We also numerically obtain
(sfnin) / (Smin)> = 1.6795--- from 5 x 10* realizations of
10° x 103 non-Hermitian random matrices in the Gaussian
ensemble, which is consistent with the analytical result
(525n) / (Smin)* = 1.6862 - - -

IV. DISSIPATIVE QUANTUM CHAOS

Eigenvalues of nonintegrable quantum systems isolated
from the environment obey the statistics of Hermitian ran-
dom matrices, characterizing their chaotic behavior [1-4].
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As its generalization to dissipative quantum chaos, we
show that singular values of nonintegrable open quantum
systems obey the statistics of non-Hermitian random matri-
ces. To this end, we study the singular-value statistics of
nonintegrable Lindbladians (Sec. IV A) and non-Hermitian
Hamiltonians (Sec. IV B).

A. Lindbladians

We investigate open quantum systems described by the
quantum master equation dp/dt = L (p) with the Lindbla-
dian [18-20,92,93]

1
L(p) =—i[H,p] + Xn: [anLZ —3 {Lan,p}] , (22)

where H is a Hermitian Hamiltonian for the coherent
dynamics, and L,’s are dissipators for the coupling with
the surrounding environment. Here, we choose the Hamil-
tonian as the quantum Ising model

L—-1 L

H=-JY (+e)ojor, — > (hoy +hoy), (23)
n=1

n=1

where the open boundary conditions are imposed, and ¢,
is randomly chosen from [—0.1,0.1] for each site n to
break unwanted symmetry. We choose the dissipators as
damping

L, = .\/yo, (24)
or dephasing

L, = Jyo:. (25)

We study the singular-value statistics of the Lindbla-
dian £ by doubling the Hilbert space. Specifically, we
map the density operator p = Zi’j pij 1i) (j| to a pure
state |p) = Zi?/. pi 1i)[j) in the double Hilbert space.
Through this vectorization procedure p — |p), the Lind-
blad equation reduces to (d/dt) |p) = L |p), where L is the
non-Hermitian operator in the double Hilbert space:

L=—-1(HQI —I"QH")
1 1
L, QL — —(L'L, @) — —(ITQLTLY) |.
+Xn:[®n S ®1) 2(®nn)]
(26)

We calculate the spacing ratios of singular values for the
Lindbladians £ with the damping and dephasing (Fig. 2).
There, we focus on singular values of the traceless non-
Hermitian operator £ — (tr L/tr ) I by shifting the Lind-
bladian £ by a constant tr L /tr[.

(a) 2° (b) 20
> >
=15 = 150,
=) - =} e
3 ?}"% 3 e
5 |7 z S
S o5t Al £ os
2 4 e
%80 02 04 06 08 10 %o 02 04 06 08 10

level-spacing ratio level-spacing ratio
FIG. 2. Singular-value statistics of level-spacing ratios for
many-body Lindbladians with open boundaries (L = 7,J = 1.0,
h, = —1.05, h, = 0.2, y = 0.75) subject to (a) damping L, =
J/vo, (class Al) and (b) dephasing L, = ,/yo; (class BDI").
Singular values of the shifted Lindbladians £ — (tr L/tr 1) I are
considered. The averages of the singular-value-spacing ratios are
(a) (r) =0.529 and (b) (r) = 0.425. All the results are taken
from singular values away from the spectral edges and averaged
over 20 disorder realizations. The black dashed curves are the
analytical results for small non-Hermitian random matrices in
classes (a) Al [Eq. (BS) with 8 = 1] and (b) BDI' [Eq. (B14)
with g = 1].

Since arbitrary Lindbladians £ are required to preserve
Hermiticity of density operators, they are invariant under
modular conjugation (see, for example, Ref. [54]),

JLIT '=L, (27)

where J is an antiunitary operator that exchanges the bra
and ket degrees of freedom,

J(0"®0 ) J'=0"®0", JzJ'=z, (28)
for arbitrary bosonic operators OF and complex num-
bers z € C. Consequently, singular values of the damped
Ising model obey the random-matrix statistics in class Al
[Fig. 2(a)]. As also discussed above, time-reversal symme-
try affects complex eigenvalues only around the real axis of
the Lindbladian spectrum; conversely, time-reversal sym-
metry even changes the local correlations of arbitrary
singular values and manifests itself more clearly in the
singular-value statistics.

On the other hand, the dephased Ising model addition-
ally respects time-reversal symmetry

Lr=1r, (29)

leading to the singular-value statistics in class BDI'
[Fig. 2(b)]. There, chiral symmetry arising from the com-
bination of Egs. (27) and (29) weakens the level repul-
sion between singular values even in the chaotic regime.
We emphasize that the Lindbladians £ are represented
by sparse matrices because of the locality constraint, as
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FIG. 3.

level-spacing ratio

level-spacing ratio

Singular-value statistics of level-spacing ratios for many-body non-Hermitian Hamiltonians under the open boundary condi-

tions (J = 0.2) for (a) h = 0.5, D = 0.9, L = 13 (class A; red dots), (b) h = 0.5, D = 0, L = 13 (class Al; blue dots), and (c) # = 0.0,
D = 0.9 with L = 13 (class AII'; green dots) and L = 14 (class AI"; purple dots). The averages of the level-spacing ratios are (a)
(r) = 0.600, (b) (r) = 0.531, and (c) () = 0.673 for L = 13 and (r) = 0.530 for L = 14. All the results are taken from singular values
away from the spectral edges and averaged over 50 disorder realizations. The black dashed curves are the analytical results for small
non-Hermitian random matrices in classes A, Al", and AIIf [Eq. (B8) with 8 = 2, 1,4, respectively].

opposed to random matrices. Nevertheless, the singular-
value statistics of £ follow the random-matrix statistics,
providing a defining feature of chaos and nonintegrability
in open quantum systems.

B. Non-Hermitian Hamiltonians

In addition to the Lindbladians, we also show that sin-
gular values of nonintegrable non-Hermitian Hamiltonians
follow the random-matrix statistics in the corresponding
symmetry classes. We study a non-Hermitian spin model
[36,94]

L—1 L
H=— Z (I +iJey)ogor,, — hZ (=210 +07)
n=1 n=1
L1
1 ST (30)

n=1

under the open boundary conditions. Here, &, is ran-
domly chosen from [—1,1] for each site n to break
unwanted symmetry (e.g., translation symmetry), and
D := D (&, + ¢.) /+/2 is the degree of the Dzyaloshinskii-
Moriya interaction. Owing to the nonintegrability of this
non-Hermitian spin model H, singular values obey the
random-matrix statistics (Fig. 3). Depending on the param-
eters, H belongs to classes A, AI', and AIIT, as follows:

(i) For A # 0 and D # 0, the non-Hermitian spin model
does not respect any symmetries and belongs to
class A [Fig. 3(a)].

(i) For A # 0 and D = 0, the non-Hermitian spin model
respects time-reversal symmetryT

H' =H (31)

and belongs to class Al [Fig. 3(b)].

(iii) For # = 0 and D # 0, the non-Hermitian spin model
respects time-reversal symmetry

L L -1
(]_[ a,{) HT <]_[ o;> =H (32)
n=1 n=1

and belongs to class AI' for even L and class AII'
for odd L [Fig. 3(c)]. For odd L, all the singular
values are twofold degenerate.

Time-reversal symmetry’ also changes the universal
level-spacing statistics for complex eigenvalues [36]. Nev-
ertheless, it does not impact the level repulsion for small
level spacing but rather influences the peak of the prob-
ability distribution. Conversely, time-reversal symmetry"
even affects the level repulsion of singular values, as illus-
trated in Fig. 3. The distinctive singular-value statistics
among the different symmetry classes are clearly dis-
cerned according to the power-law behavior for small level
spacing, as in Eq. (8).

V. DISCUSSIONS

The spectral statistics play a pivotal role in elucidating
the nature of chaos and integrability in both closed and
open quantum systems, forming the fundamental basis of
statistical mechanics. In this work, we study the statisti-
cal properties of singular values, as opposed to complex
eigenvalues, in non-Hermitian random matrices, offering
a powerful diagnostic tool for characterizing dissipative
quantum chaos. By means of Hermitization, we establish
the exhaustive classification of the singular-value statis-
tics for all the 38-fold symmetry classes of non-Hermitian
random matrices, summarized as Tables II-V. We also
analytically obtain the singular-value statistics of small
random matrices, which well describe those of small ran-
dom matrices in the similar spirit to the Wigner surmise.
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Furthermore, we demonstrate that singular values of non-
integrable Lindbladians and non-Hermitian Hamiltonians
conform to the random-matrix statistics, enabling the iden-
tification of chaos and nonintegrability in open quantum
many-body systems.

Notably, we show that the singular-value statistics pro-
vide a useful measure that quantifies dissipative quan-
tum chaos, providing distinct information compared to
the complex-eigenvalue statistics. Specifically, the corre-
lations of complex eigenvalues in the bulk of the spectra
are governed solely by time-reversal symmetry® in Eq.
(4) [36], while the other symmetries play a role only in
the vicinity of the symmetric lines or points [49], which
makes the role of symmetry in dissipative quantum chaos
elusive. By contrast, symmetries irrelevant to the complex-
eigenvalue statistics in the bulk, such as time-reversal
symmetry in Eq. (1), change the spectral statistics of
singular values even in the bulk. Additionally, the differ-
ence in the bulk complex-eigenvalue statistics among the
symmetry classes is much more subtle compared to Hermi-
tian random matrices [36]. For example, the level repulsion
of complex eigenvalues is universally cubic regardless of
time-reversal symmetry’ [31]. Conversely, we show that
the level repulsion of singular values relies on symmetry
as in Eq. (8), reminiscent of the Wigner-Dyson univer-
sality of Hermitian random matrices. Thus, the singular-
value statistics yield a clearer indicator of symmetry in
open quantum systems. The combination of the two types
of spectral statistics—complex-eigenvalue and singular-
value statistics—leads to a more profound understanding
of dissipative quantum chaos.

One of the significant applications of the spectral statis-
tics is the identification of phase transitions between the
chaotic and integrable regimes, including the Anderson
transitions. In a similar manner to the eigenvalue statistics,
the singular-value statistics should be utilized to obtain
the universal critical exponents and scaling functions of
the Anderson transitions, which we leave for future work.
In this respect, it is noteworthy that the critical points of
the Anderson transitions generally depend on the eigen-
values. Consequently, to capture the critical behavior pre-
cisely, we need to focus on the spectral statistics within a
fixed window of eigenvalues. However, for non-Hermitian
systems, the complex-eigenvalue window includes fewer
eigenstates since complex eigenvalues are distributed in
the two-dimensional complex plane, thereby making the
numerical finite-size scaling more challenging [65]. On the
other hand, owing to the real-valued nature of the singu-
lar values, even in non-Hermitian systems, qualitatively
more singular values are included in a fixed window of
singular values. Thus, the singular-value statistics should
be advantageous for precisely characterizing the Anderson
transitions in open systems.

Finally, it is also worthwhile to further explore the fun-
damental role of singular values in the physics of open

quantum systems. The singular-value statistics are also rel-
evant to closed quantum systems. As a prime example,
reflection matrices in the scattering process are generally
non-Hermitian, even when the corresponding Hamiltonian
is Hermitian. Accordingly, singular values of reflection
matrices, square roots of the reflection probability, describe
various quantum transport phenomena, such as mesoscopic
electronic transport and nuclear reactions. Notably, for
Hermitian Hamiltonians within the AZ symmetry class,
the corresponding non-Hermitian reflection matrices gen-
erally belong to the AZ" symmetry class, as demonstrated
in Appendix D. Thus, the statistical properties of singular
values in non-Hermitian reflection matrices are described
by our classification tables, especially those for the tenfold
AZ" symmetry class in Tables II and IV.
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APPENDIX A: SINGULAR-VALUE STATISTICS
OF HERMITIAN RANDOM MATRICES

As discussed in Sec. III B, the singular-value statis-
tics of non-Hermitian random matrices reduce to those of
Hermitian random matrices. Here, we study the singular-
value statistics of Hermitian random matrices in all the
tenfold AZ symmetry classes (Table VI and Fig. 4). Fig-
ures 4(a)—4(c) show the density of singular values whose
spectral radius is normalized to be unity. Away from
zero singular value s = 0, it is described by the Wigner
semicircle law

&)= 217

for all the symmetry classes. Equivalently, squared sin-
gular values s? follow the Marchenko-Pastur distribution
[95]

(AT)

2 [1—¢2
:0(52)=; $2

(A2)

for square matrices. Around s = 0, on the other hand,
the density of singular values exhibits different behaviors
depending on symmetry classes, as discussed below.
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FIG. 4.

minimum singular value

minimum singular value

Singular-value statistics of Hermitian random matrices. All the results are averaged over (a)~f) 10* and (g)—(i) 5 x 10*

realizations of 10° x 10 matrices in the Gaussian ensemble. (a)—(c) Density of singular values s for the (a) standard classes (classes
A, Al and All), (b) chiral classes (classes AIIl, BDI, and CII), and (c) Bogoliubov-de Gennes (BdG) classes (classes D, DIII, C,
and CI). The singular-value spectra are normalized such that their radii are 1. The black dashed curves are the Wigner semicircle law
o = (4/7m) +/1 — s2. (d)~(f) Level-spacing-ratio distributions for the (d) standard classes, (e) chiral classes, and (f) BdG classes. The
black dashed curves are the analytical results for small Hermitian random matrices. (g)—(i) Distributions of the minimum singular
value sy for the (g) standard classes, (h) chiral classes, and (i) BdG classes. The probability distribution functions are normalized
such that their averages (smin) are 1. The black dashed curves are the analytical results for small Hermitian random matrices.

Figures 4(d)4(f) show the distributions of the level-
spacing ratios » of singular values in Eq. (7). The average
of r gives a useful measure that distinguishes between
different symmetry classes, as summarized in Table VI.
The singular-value spectra exhibit the twofold (fourfold)
degeneracy in classes AlIll, BDI, D, All, C, and CI (DIII
and CII). In the chiral and BdG classes, eigenvalues come
in opposite-sign pairs because of chiral or particle-hole
symmetry, and hence the level-spacing-ratio (or level-
spacing) distributions p, = p, (r) of singular values reduce
to those of eigenvalues [81,82], which are determined only
by time-reversal symmetry and described by the Dyson
index B. In the standard classes, by contrast, p,’s are not
described by any of the conventional eigenvalue statistics.
For example, the probability density for zero level-spacing
ratio, p, (r = 0), is nonvanishing in the standard classes in
contrast to the vanishing probability in the chiral and BdG

classes. This behavior originates from the fact that uncorre-
lated levels can be close to each other in the singular-value
spectrum without chiral or particle-hole symmetry. In fact,
p,’s in the standard classes reduce to those of eigenval-
ues for two independent random matrices. Notably, a part
of the spectral correlations still survives, which leads to
the threefold distributions with p, (r = 0) #£ 0 but (r) >
(M) poisson = 210g2 — 1 =0.38629 - - - for the Poisson dis-
tribution in Eq. (10). In Appendix B, we analytically
derive the level-spacing-ratio distributions of singular val-
ues for small random matrices. These analytical results
well describe the level-spacing-ratio distributions for large
random matrices in the similar spirit to the Wigner surmise.

Figures 4(g)—4(i) show the distributions of the mini-
mum singular value sy,;, whose average is normalized to
be unity (i.e., (smin) = 1). Here, the average normalized
variance of the minimum singular value, (sfnin) / (Smin)?,
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TABLE VI. Singular-value statistics of Hermitian random matrices. The tenfold Altland-Zirnbauer (AZ) symmetry classes consist
of time-reversal symmetry (TRS), particle-hole symmetry (PHS), and chiral symmetry (CS). For TRS and PHS, the entries “+1” mean
the presence of symmetry and its sign, and the entries “0” mean the absence of symmetry. For CS, the entries “1” and “0” mean the
presence and absence of symmetry, respectively. Each class is characterized by the random-matrix indices («, 8) for the singular-value
statistics. Both numerical results and analytical results based on the Wigner surmise (WS) (i.e., analytical results for small Hermitian

random matrices) of the average of level-spacing ratios, (r), and the average normalized variance of the minimum singular value,
(2.} / {Smin)?, are obtained from the Gaussian ensemble. All the numerical results are averaged over 10* and 5 x 10* realizations of

min

10° x 10° matrices for (r) and (s2. ) / (smin)?, respectively.

AZclass TRS PHS CS g o () um. "ws [(Zin) / Smin) ], [SEin) / (Smin)* s
A 0 0 0 NA NA 0422245-.. 0420601 - 151134 - 1.4786 - - -
Al 0 0 1 2 1 0.599681---  0.602658 - 1.27376- - - 127324 - --
Al +1 0 0 NA NA 0423589... 0421018 1.58809 - - - 1.5708 - - -
BDI +1 411 1 0  0.530654---  0.535898.-- 1.60343 - - - 1.6018 - - -
D 0 +1 0 2 0 0599653---  0.602658 - 1.58237 - -- 1.57954- - -
DIII -1 411 4 1 0.674358---  0.676168- - 1.2766 - - - 127324 -
All -1 0 0 NA NA 0411438--- 0409746 1.44107 - - - 1.32916- - -
cI -1 -1 1 4 3 0.674414---  0.676168- - 1.13004 - - - 1.12916- - -
¢ 0 -1 0 2 2 059974---  0.602658 - 117321 - -- 1.17531 - --
I +1 -1 1 1 1 0.530768---  0.535898 - 1.27165 - - - 1.27324 - -

gives a useful measure that distinguishes between different
symmetry classes and does not depend on the normal-
ization of singular values. In the chiral and BdG classes,
the distributions of the minimum singular value, ppi, =
Pmin (Smin), reduce to the distributions of the minimum non-
negative eigenvalue. In the standard classes, by contrast,
Pmin’ S do not reduce to any of the eigenvalue statistics.
In Appendix B, we analytically derive py, for small ran-
dom matrices in the standard classes. Importantly, the
combination of the level-spacing-ratio (or level-spacing)
distributions p, and the distributions pp;, of the minimum
singular value completely distinguishes the tenfold sym-
metry classes, each of which is described by the Dyson
index B in Eq. (8) and the other random-matrix index «
in Eq. (11), respectively. While some symmetry classes
can exhibit the same level-spacing-ratio distribution p,
(e.g., classes Alll, D, and C), the distributions pp, of
the minimum singular value are different between different
symmetry classes.

APPENDIX B: WIGNER SURMISE OF
SINGULAR-VALUE STATISTICS

We analytically derive the singular-value statistics of
small Hermitian random matrices in all the ten symmetry

(7r/2) se~ 714
ps(8) = (32/712) s2e=4/m
(262144/72973) s*e=045"/9m

classes. Wigner proposed using small Hermitian random
matrices to capture the level-spacing distribution of suffi-
ciently complex nuclei of heavy atoms [7]. Similarly, we
show that the analytical results of the singular-value statis-
tics for small random matrices well capture those for large
random matrices and also physical systems in the chaotic
regime. As also discussed in Appendix A, the singular-
value statistics in the chiral and BdG classes reduce to
the eigenvalue statistics. In the standard (Wigner-Dyson)
classes, by contrast, the singular-value statistics do not
reduce to any of the conventional eigenvalue statistics and
exhibit the weaker level repulsion than those in the chi-
ral and BdG classes (Fig. 5). In Table VI, we summarize
the average level-spacing ratios () and the average
normalized variances <Sr2nin> / (Smin)? of the minimum
singular value for small random matrices, which well
describe the singular-value statistics of large random
matrices and serve as useful measures that distinguish
between different symmetry classes.

1. Level-spacing distribution

In the chiral and BdG classes, the level-spacing dis-
tributions of singular values reduce to the level-spacing
distributions of non-negative eigenvalues, leading to [1,85]

(B = 1: classes BDI and CI) ;
(B =2 :classes Alll, D, and C) ;
(B = 4 : classes DIII and CII),

(BI)
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FIG. 5. Singular-value statistics of small Hermitian random matrices in the standard classes (i.e., classes A, Al, and AII). All the
numerical results are taken from the Gaussian ensemble and averaged over 107 realizations of 2 x 2, 3 x 3, 4 x 4, or 6 x 6 matrices
and (a)~(f) 10* and (g)—(i) 5 x 10* realizations of 10° x 10° matrices. The black dashed curves are the analytical results. (a)~(c) Level-
spacing distributions for classes (a) A, (b) Al, and (c) AIlL (d)Hf) Level-spacing-ratio distributions for classes (d) A, (e) Al and (f)
AL (g)(i) Distributions of the minimum singular value for classes (g) A, (h) Al, and (i) AIl. The probability distribution functions of
the level spacing and minimum singular value are normalized such that their averages are 1.

where p; (s) is normalized by (s) = 1. We have

4/ =1.27324 - -. (B =1 : classes BDI and CI) ;
— =137/8=1.1781--- (B =2 : classes Alll, D, and C) ; (B2)
457 /128 = 1.10447--- (B =4 : classes DIII and CII) .

(

In the standard classes, the smallest random matrices to ~ where we assume |A;| < |X,|, and the normalization con-
study the level-spacing distributions of singular values are  stant is
2 x 2 (4 x 4) Hermitian random matrices for classes A and
Al (class AIl). The joint probability distribution function

of the two eigenvalues in the Gaussian ensemble is given 277 (B =1":class Al);
as Ny={2/m (B=2:classA); (B4)
2 2
p (hi,A2) = Ng [A — AP e¥1772, (B3) 2/3m (B =4:class All).

040312-14



SINGULAR-VALUE STATISTICS OF NON-HERMITIAN. .. PRX QUANTUM 4, 040312 (2023)

The distributions of the level spacing between the two singular values, |A;| — 1], are obtained as

0 o0 0 o0
ps(s>=2/ dm/ dxzpm,xz)a(s—<A2—x1>>+2/ dM/ s p Oty 72) 8 (s — (a4 A1)
0 A —00 -\

oo

diy [p (A, A1 +8) + p (A1, A +9)]

I
ro
S—

2
—|1+ \/Esesz/zerfc (S/\/i)> e (B =1:class Al);
T 2
2 2 2 2
= \/: \/:S + (1 +5%) e erfe (S/‘/E>> e’ (B =2:class A); (B5)
T T
2 [ 6s+2s° s\ 2
— 14+ — | &5/ 2erfi 2 - =4 : class All).
o +( —|—3>e erc(s/f) e (B class All)

We normalize p; (s) by ps (8) 1= cpps (c,gs) with

N (1/2) /7/2 (B =1:class Al);
cgp :=/0 ds sps (s) = 3<ﬁ_1)/ﬁ (B=2:class A); (B6)

(22ﬁ _ 23) /6JT (B =4:class All),
which satisfies fooo ds sps (s) = 1. We also have

8(2—@) /= 1.49169 - .- (B =1":class Al) :
2
i 2(77—2)/9([2—1) — 1.4786- - - (B=2:class A); (B7)
12 97 — 20) / (22ﬁ - 23)2 —1.50863--- (B =4:class All).

Notably, the probability distribution functions do not vanish even for small level spacing 0 < s < 1 in contrast with the
chiral and BdG classes. This is because the two singular values can be close to each other in the absence of chiral and
particle-hole symmetry even if the corresponding two eigenvalues are away from each other. Still, a part of the level
repulsion survives, which leads to p, (0) < [ps (0)]poisson = 1 and (s?) / (s)? < [(s?) / (s)*Ipoisson = 2 With the Poisson
statistics [ps (8)]pojsson = €

2. Level-spacing-ratio distribution

In the chiral and BdG classes, the level-spacing-ratio distributions of singular values reduce to the level-spacing-ratio
distributions of non-negative eigenvalues in the chiral and BdG classes, similarly to the level-spacing distributions, leading
to [82]

B
1 (r+r%)
pr(r) = Z (+r+ r2)1+(3/2)ﬂ9 (=7 (B8)
with the normalization constants
4/27 (B =1 : classes BDI and CI) ;
Zp = {2m/81y/3 (B =2:classes Alll, D, and C) ; (B9)

27/729v/3 (B =4 : classes DIII and CII) .
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The average level-spacing ratio is obtained as

4 —2/3=10.535898- - (B = 1: classes BDI and CI) ;
(ry =123/ —1/2 =0.602658 - - - (B = 2 : classes Alll, D, and C) ; (B10)
32/53/37 —1/2 =0.676168--- (B =4 : classes DIII and CII).

In the standard classes, the smallest random matrices to study the level-spacing-ratio distributions of singular values are
3 x 3 (6 x 6) Hermitian random matrices for classes A and Al (class All). The joint probability distribution function of
the three eigenvalues in the Gaussian ensemble is

p (A, ha,A3) = Ng [A — 2alP (22 — A317 |25 — Ay P e, (B11)
where we assume |A1| < |Ay| < |[A3] and A; > 0, and the normalization constant is
n/8«/§ (B =1:class Al);
Ng = {73?%/8 (B=2:class A); (B12)
45732/8 (B =4 : class All).
We have four possible cases: (i) 0 <A <Ay <Az (1) 0< A <A <Az (A1) 0<A <A <23 (V)0 <A <
—Az2 < —A3. For example, for the case (i), we have three singular values 0 < A; < X, < A3. Let us introduce

x:=Xx —A; >0 and y := A3 — Ay > 0, which satisfy A, = A; +x, A3 =A; +x+y, and fooo dh fflo dhy f;’; dhz =

Jo~dn foo'o dx fofo dy. The level-spacing ratio of the singular values is 7 = x/y forx < y andr = y/x forx > y. Then, the
level-spacing-ratio distribution of the singular values for the case (i) is obtained as

00 oo y
/ dM/ dy/ dx p (A, AL +x,0 +x+Y)6(r—x/y)
0 0 0
o o0 X
+/ d)n/ dx/ dy p (A, A +X, A +Xx+y)8(r—y/x)
0 0 0
o0 o0
=/ dM/ dy p (A, i+, A+ +1y)y
0 0
—i—/ d)q/ dx p (A, A +x, A0+ (A +7r)x)x. (B13)
0 0
The other three cases can be evaluated in a similar manner, and the sum of the four terms is given by
o0 o0
pr(r)=/ dM/ dylp A, M+, +A+ny)+ oG, -2 —rv, .+ (1 +1)y)
0 0
+o A, h +r, = — (A +ny)+p G, —A —ry, =2 = (A +1)»)]y
o0 o0
+/ dm/ dx[p Gut, i+, 00+ (L4 90) + p Gty =4 — x4+ (147 1)
0 0
+IO (}“19)"1 +x’ _)"1 - (1 +r)-x) +p()"15_)"1 — X, _)"1 - (1 +r)x)]x' (B14)

For arbitrary 8 = 1, 2, 4, this integral can be expressed by elementary but complicated functions. We have

(64f — 40 — 23ﬁ> /87 = 1.52488 . - (B =1: class Al) :
pr(r=0)={1/24+2v2/7 = 1.40032 - -- (B =2 : class A); (B15)
(136192[ — 100224 — 32481ﬁ> /172807 = 1.65293--- (B = 4 : class All),
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and

0.421018--- (B =1:class Al);
(r) = 10.420601--- (B=2:classA); (B16)
0.409746--- (B =4 :class All).

While the level repulsion arises even in the singular-value spectrum for the cases (i), (iii), and (iv), it is weakened for the
case (ii), which results in the nonzero probability density for » = 0.

3. Distribution of the minimum singular value

In the presence of chiral or particle-hole symmetry, the distributions of the minimum singular value reduce to the
distributions of the minimum non-negative eigenvalue. In the chiral classes, they are exactly obtained as [87—89]

(s/2) e/ (¢ =1 :class AIll) ;
Pinin () = { 2 4 5) e /85124 (a =0 : class BDI); (B17)

(/2)'2 3223 (s) (@ =3 : class CII),

where 7, (s) is the modified Bessel function of the first kind. We then have

4
—=1.27324... (¢ =1 :class Alll) ;
T
) 8 — 4+/2em erfc (1/\/5)
{Sinin) _ 5= 16018 - (e = 0 : class BDI) ; (B18)
(Smin)? e (erfc (1 /ﬁ))
2 (2 oy erf(l /ﬁ))
=1.12916--- (¢ =3 :class CIl).
erm
In the BdG classes, we have [90]
(1/m) (6s —4s® + 7 (3 — 45> + 4s%) e erfe (s)) 2 (¢ =0:classD);
Pinin (5) = { 4se2" (¢ = 1:classes DIIland CI); (B19)

2/37) 52 (3os — 453 4 7 (15 — 1252 + 45%) e erfic (s)) e (@ =2:class C),

and
2
) 2(3n—8)/(7—4ﬁ) — 1.57954. .. (@=0:class D):
% =14/7 =1.27324--. (¢ =1 : classes DIII and CI) ; (B20)
Smin

2
2 (157 —32) /75 (2 - ﬁ) —1.17531-- (¢ =2 : class C).

In the standard classes, the smallest random matrices to study the distribution of the minimum singular value are 2 x 2
(4 x 4) Hermitian random matrices for classes A and Al (class AIl). The joint probability distribution function of the
two eigenvalues in the Gaussian ensemble is given as Eq. (B3), where we assume |A;| < |A;|. The distributions of the
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minimum singular value |A| are obtained as

o0 o0 0 [e9)
pmin(s):zf dm/ dxzp(m,xz>6<s—xl)+2/ dm/ Do 0 (1, 32) 8 (54 A1)
0 A —00 —A

2 o
2\/:6_2S (B =1:class Al);
T
2 (/2
= ﬁ («/_SE + (1 + 2s2) e erfe (s)> 2 (B=2:class A); (B21)
1 [6s+28s3 4
NG (”?3—\/; + (1 + 452 + §s4> erfe (s)) e (B =4:class All).
We normalize pin (5) bY Pmin (5) = ¢gPmin (cps) with
1/+/27 (B =1:class Al);
cp = / ds Spmin () = 3 (2 — «/5) /247 (B=2:class A); (B22)
0

(23 - 11[2) /6JT (B =4: class All),
which satisfies fooo ds SPpmin () = 1. We also have

2(3+2ﬁ>(n—2)/9=1.4785--- (B =1:class Al);
<Srznin>

)2 =17/2=15707--- (B=2:classA); (B23)
Smin

6 (771 + 506fz) (97 — 16) /82369 = 1.3291--. (B = 4 : class All) .

As shown in Fig. 5, while the small-N results well describe the large-N results for classes A and Al, a significant deviation
is observed for class All.

To explain the deviation of the small-N result from the large-N result in class All, we further calculate the distribution
of the minimum singular value for 2m x 2m Hermitian random matrices in class AlIl with larger sizes (m > 2). For a
generic number m of eigenvalues, the joint probability density function of eigenvalues A, A,, - - -, A, in the Gaussian
ensemble is

10()‘1,)‘12,-'-’)%1) :N4;ml_[()w‘ _)hj)“eiz:ikl2 (B24)

i<j

with the normalization constant Ny, > 0. We examine the probability F (s) of all singular values being larger than s,
given as

F(S):N4;m/ / p()hl’)“Za--'a)\m)d)bl"‘d)“m- (st)
[A1]>s [Am|>s

From F (s), the distribution pp;, (s) of the minimum singular value is obtained as

dF (s)
Pmin (8) = — F (B26)
s
Expanding the term ]_[kj (Ai — Aj)4 in Eq. (B24) as a polynomial, we find that each term takes the form,
Copgseiimy A3+ A (B27)
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Notably, after performing the integral in Eq. (B25), only
the terms with all ny, - - -, n,,, being even contribute, and the
other terms vanish. Meanwhile, since A;’s are only dummy
variables, we can rewrite A A5 - A" as A} A% - - o
where n), n, ---, n, represent the values ny,ns,...,ny,
arranged in descending order. The integral can be decom-
posed into independent Gaussian integrals, each of which

J

is given as

o 1 [* 1 1
/ ey = = f X" ~%dx = T (n + =,
p 2 Je 2 2

(B28)

with the incomplete gamma function I'. Thus, in principle, we can calculate F (s) for arbitrary m. This calculation can be
straightforwardly carried out by a computer algebra system. For example, ppin (s) with m = 3 is obtained as

—3s2

e
Pmin () = 1307372

—4/mse” (645" 4 325" 4 2645° — 845" — 3057 + 495) erfc (s) + 4 (645" + 308s* — 300s> — 495) 52> :

In this manner, we analytically calculate pp;, (s) for m =
2,3,4 (i.e., 4 x4, 6 x 6, 8 x 8 Hermitian random matri-
ces in class All) [Fig. 6(a)]. Notably, we find a significant
even-odd effect depending on the number m of different
eigenvalues. Such an even-odd effect disappears for large
random matrices [Fig. 6(b)], and pmin (s) converges to the
large-m results in Fig. 5(i) that lie between the small-even
and small-odd results.

To understand this even-odd effect, let us consider the
eigenvalues Ay, Ay, - -+, A, arranged in ascending order.
Since the eigenvalue spectrum statistically distributes in a
symmetric manner with respect to zero, one can expect that
the smallest singular value corresponds to the eigenvalue
near the middle of the spectrum. Then, for even m, the
two eigenvalues A,,/> and A, /241 can be the smallest singu-
lar value, and the situation for A,,» < 0 and .51 > 0is

12 12 —
(a) — 11 (b) o
All(N = 4) All (N = 504)
1ot 1ot
2 AlN=g| & All (N = 506)
7] 72
g 08r g 08r All (N = 508)
s e —
2 067 2 06f .,
S 04f \ S 04f
° <
S o02f S o02f
a a
0.0 - o 0.0

0 1 2 3 4 0 1 2 3 4
minimum singular value minimum singular value

FIG. 6. Distributions of the minimum singular value for Her-
mitian random matrices in class AlIl. The probability distribution
functions are normalized such that the average of the minimum
singular value is 1. (a) Analytical results for 4 x 4 (black dashed
curve), 6 x 6 (orange dashed curve), and 8 x 8 (green dashed
curve) matrices. (b) Numerical results averaged over 2 x 10°
realizations of 504 x 504 (blue dots), 506 x 506 (red dots), and
508 x 508 (green dots) matrices.

(—3ne2§2 (8 (25° + 45 + 155 — 15) 5> + 165) (erfec (s))*

(B29)

(

most likely. Without loss of generality, we can assume that
Amja+1 > 0 contributes to the smallest singular value. In
this scenario, the eigenvalue A,,/>4 experiences the asym-
metric level repulsion due to the presence of m/2 negative
eigenvalues and m/2 — 1 positive eigenvalues. This asym-
metry of the level repulsion becomes significant for small
m. The stronger level repulsion due to the negative eigen-
values prevents the eigenvalue A, >4 from approaching
zero closely, which causes the peak of pyi, (s) to shift away
from the origin s = 0 [see Fig. 6(a)]. For odd m, on the
other hand, A(,+1),2 lies in the middle of the eigenvalue
spectrum and should contribute to the smallest singular
value. The most likely situation is that half of the remain-
ing m — 1 eigenvalues are positive while the other half are
negative. In this scenario, the middle eigenvalue A (41,2
experiences the equal strength of level repulsion from both
the negative and positive eigenvalues. Consequently, it
tends to approach zero in the eigenvalue spectrum, lead-
ing to the peak at the origin in the distribution pp, (s). In
contrast to class All, the even-odd effect should not be sig-
nificant even for small random matrices in classes A and
Al owing to the weaker level repulsion.

APPENDIX C: NORMAL RANDOM MATRICES

Normal matrices are an important family of matrices. A
normal matrix H is required to satisfy
[H,H']=0 (C1)

as its defining property. Hermitian matrices are a subfamily
of normal matrices. While generic non-Hermitian matrices
are not necessarily diagonalized by unitary matrices, a nor-
mal matrix H is always diagonalized by a unitary matrix U,

H = UAU', (C2)
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where A := diag(z;) is a diagonal matrix composed of
complex eigenvalues z; € C. One way of generating an
ensemble of normal matrices is to start from an ensemble
of generic random matrices and selectively include normal
matrices while excluding non-normal ones. A numerical
algorithm for generating such an ensemble of normal ran-
dom matrices was provided, for example, in Ref. [96]. The
joint probability distribution function of eigenvalues for
normal random matrices without any symmetry (i.e., class
A) in the Gaussian ensemble was shown to be identical to
that of generic non-Hermitian random matrices [96—98].
Consequently, generic and normal random matrices share
the same eigenvalue-spacing and eigenvalue-spacing-ratio
statistics.

In contrast with the complex-eigenvalue statistics,
the singular-value statistics exhibit distinctions between
generic and normal random matrices. While singular val-
ues and eigenvalues are not related to each other in generic
non-Hermitian matrices, singular values s;’s of a normal
matrix are given as the absolute values of its eigenvalues,

S; = |Zl'| . (C3)
Then, since the eigenvalues z;’s of a normal matrix are dis-
tributed uniformly in a circle in the complex plane, the
density of the singular values s;’s is given as
p(s)=2s (0=<s=<1)), (C4)
with the spectral radius normalized to unity. Remarkably,
this clearly deviates from the semicircle law in Eq. (A1),
which is respected for generic non-Hermitian random
matrices.

Furthermore, spacings and spacing ratios of singular
values follow the Poisson statistics for normal random
matrices. For two adjacent singular values, s; and s;, the
corresponding eigenvalues, z; = s;¢ and z; = s;¢, can
be well separated from each other due to different phases, 6;
and 6, . Specifically, the probability that z; and z; are adja-
cent complex eigenvalues, which entails }z,- -z | < § with
8 > 0 being a constant on the order of the mean level spac-
ing of complex eigenvalues, is proportional to §. Given
that § is of the order O (N~'/?) for the matrix size N,
the probability scales as O (N~'/?) and vanishes entirely
as N — oo, suggesting the vanishing repulsion between
the adjacent singular values. Notably, this situation differs
from the Hermitian case, where the repulsion between sin-
gular values similarly weakens but a part of it persists. This
difference arises because Hermiticity makes eigenvalues
z;’s real and enforces 6; = 0 or 6; = . In the presence of
such a constraint, the probability of |z,- -z | < § scales as
O (1), leading to the deviations from the Poisson statistics.

It is also worthwhile to study the singular-value statistics
of normal random matrices in the presence of symme-
try. As an illustrative example, we here study 2 x 2 real

normal random matrices (i.e., class Al) and show that
time-reversal symmetry has a significant impact on the
singular-value statistics. A generic 2 x 2 real matrix H can
be parameterized as

H = agoy + a,o0, +1ia,0, + a.o. (C5)
with @; € R and Pauli matrices o; (i =0,x,y,z). The
normality condition in Eq. (C1) requires the constraints
axa, = 0 and a,a. = 0, further leading to (i) a, =a. =0
and a, # 0, or (ii) a, = 0. Within the ensemble of nor-
mal random matrices induced from the larger ensemble,
the probability of the case (ii) is much higher than that of
the case (i) since fine tuning of the additional parameter is
necessary for the case (i). Thus, in the ensemble of nor-
mal random matrices with time-reversal symmetry, almost
all matrices are required to respect Hermiticity, resulting
in the distinct statistics of eigenvalues and singular values.
We leave more systematic exploration on the interplay of
normality and symmetry for future study.

APPENDIX D: SYMMETRY CLASSIFICATION OF
NON-HERMITIAN REFLECTION MATRICES

The singular-value statistics are also relevant to the
physics of closed quantum systems. As a prime example,
reflection matrices in the scattering process are generally
non-Hermitian, even when the corresponding Hamiltonian
is Hermitian. Singular values of these reflection matrices,
square roots of the reflection probability, describe quantum
transport phenomena. The fluctuations of singular values
from sample to sample, or the suppression thereof, are
reflected in the conductance fluctuations [76—79]. Here,
we show that if original Hermitian Hamiltonians belong to
the AZ symmetry class, the corresponding non-Hermitian
reflection matrices generally belong to the AZT symmetry
class. Specifically, we establish that time-reversal symme-
try in Eq. (1) and particle-hole symmetry in Eq. (2) of
Hamiltonians impose time-reversal symmetry® in Eq. (4)
and particle-hole symmetry’ in Eq. (5) on reflection matri-
ces. Similarly, chiral symmetry in Eq. (3) of Hamiltonians
leads to chiral symmetry in Eq. (6) of reflection matrices.
Thus, the singular-value statistics of non-Hermitian reflec-
tion matrices are described by our classification tables for
the tenfold AZ" symmetry class (Tables IT and IV).

The following discussions are based on the Mahaux-
Weidenmiiller formula [11,99,100]:

1 — inK (E)

S(E) = | +inK (E)’

1
R
K (E) = W'o—— W, (DI)

where E € R is a single-particle energy of the incident and
scattered waves, and W is a coupling matrix between the
system and the ideal leads that is assumed to share the same
symmetries as the system. The scattering matrix S reads
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[74,75],

v t
S:=<L L),
IR TR

where 7, () is a reflection matrix from the left to the
left (from the right to the right), and #z (#,) is a transmis-
sion matrix from the left to the right (from the right to the
left). If the Hamiltonian respects Hermiticity (H' = H),
the scattering matrix respects unitarity (SST = S7S = 1).
We stress that the reflection matrix » is generally non-
Hermitian even if the corresponding Hamiltonian H is
Hermitian. In Ref. [101], the Mahaux-Weidenmiiller for-
mula is used to understand the bulk-boundary correspon-
dence of non-Hermitian Hamiltonians. Here, we instead
consider Hermitian Hamiltonians and study symmetry
of the corresponding non-Hermitian reflection matrices.
When Hamiltonians lack Hermiticity, reflection matrices
are no longer described solely by the AZ" symmetry class
but are still categorized into one of the 38 symmetry
classes.

(D2)

1. Time-reversal symmetry

Suppose that Hermitian Hamiltonians respect time-
reversal symmetry in Eq. (1), leading to

TK'(EYT '=K (F), (D3)

and

TSTEYT '=S (). (D4)
While W typically satisfies 7 W*T ~I = W for ideal leads,
we only need 7W*7T ! = W with arbitrary 6 € R to
have these relations (this is also the case for particle-hole
and chiral transformations below). Thus, we have

TrT(EYT ' =r(E), (D5)
which means that the reflection matrix » respects time-
reversal symmetry’ in Eq. (4) for arbitrary £ € R. It should
be noted that the matrix sizes of 7 are different between
Egs. (D4) and (D5). While 7 in Eq. (D4) acts on the
incoming and outgoing modes on both left and right sides,
7T in Eq. (D5) acts solely on those on either left or right
side.

2. Particle-hole symmetry

Suppose that Hamiltonians respect particle-hole symme-
try in Eq. (2), leading to

CK*(EyC'=w' W=—K(-E), (D6)

E+H

and
CS*(E)C™' =8 (—E). (D7)
Thus, for zero modes £ = 0, we have
CrE=0C'=rE=0), (D8)

which means that the reflection matrix » respects time-
reversal symmetry, or equivalently, ir respects particle-
hole symmetry in Eq. (5). It should be noted that particle-
hole symmetry® is respected only for zero modes E = 0
and is explicitly broken for £ # 0.

3. Chiral symmetry

Suppose that Hamiltonians respect chiral symmetry in
Eq. (6), leading to

SK(E)S™! = WTE+HW= —K (-E), (D9)
and
SST(E)S'=S(-E). (D10)
Thus, for zero modes £ = 0, we have
SHE=0S8"'=rE=0), (D11)

which means that the reflection matrix » respects pseudo-
Hermiticity, or equivalently, i respects chiral symmetry in

Eq. (6).
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