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Suppressing Recoil Heating in Levitated Optomechanics Using Squeezed Light
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We theoretically show that laser recoil heating in free-space levitated optomechanics can be arbitrarily
suppressed by shining squeezed light onto an optically trapped nanoparticle. The presence of squeezing
modifies the quantum electrodynamical light-matter interaction in a way that enables us to control the
amount of information that the scattered light carries about a given mechanical degree of freedom. More-
over, we analyze the trade-off between measurement imprecision and back-action noise and show that
optical detection beyond the standard quantum limit can be achieved. We predict that, with state-of-the-art
squeezed light sources, laser recoil heating can be reduced by at least 60% by squeezing a single Gaussian
mode with an appropriate incidence direction, and by 98% by squeezing a properly mode-matched mode.
Our results, which are valid both for motional and librational degrees of freedom, will lead to improved
feedback cooling schemes as well as boost the coherence time of optically levitated nanoparticles in the
quantum regime.

DOI: 10.1103/PRXQuantum.4.030331

I. INTRODUCTION

Recent experiments have achieved active feedback
ground-state cooling of a center-of-mass degree of free-
dom of an optically levitated dielectric nanosphere in free
space, that is, in the absence of an optical cavity [1–4].
This achievement requires (i) efficiently measuring the
light scattered by the nanoparticle in order to extract all
the information it carries about the center-of-mass posi-
tion, and (ii) that the motional noise is dominated by the
measurement back action, that is, laser recoil heating [5].
After ground-state cooling, the coherence time of the quan-
tum mechanical degree of freedom of an optically levitated
nanoparticle is still limited by (ii), even though the collec-
tion of the scattered photons (i) is not needed anymore. To
achieve coherence times beyond what laser recoil heating
allows, one needs to either (a) switch off the laser light, a
strategy followed in the context of macroscopic quantum
physics [6–10] and hybrid particle control with electric
and magnetic forces [11–19], or (b) suppress the amount
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of information about the nanoparticle position that is
carried by the scattered light. Option (b) is especially
useful for free-space experiments as it would enable sup-
pressing laser-induced noise while keeping the laser, and
thus the trapping potential, unchanged. Conversely, the
complementary ability to increase the amount of infor-
mation carried by the scattered light would improve the
sensitivity of optical measurements of the particle position,
thus allowing one to cool its motion to lower temperatures.

In this work, we propose a method to suppress recoil
heating or to enhance optical detection sensitivity for
an optically trapped nanoparticle using squeezed light
(Fig. 1). First, we theoretically show that, by squeezing
a particular electromagnetic mode that interacts with the
optically trapped nanoparticle (blue beam in Fig. 1), the
quantum electrodynamical light-matter interaction can be
modified to reduce the information carried by the scattered
light about a given mechanical degree of freedom. Con-
sequently, laser recoil heating is reduced by an amount
proportional to the degree of squeezing. We predict that
the recoil heating can be fully suppressed using a prop-
erly designed squeezed beam and, moreover, that it can be
reduced by at least 60% in current experiments. Second,
we model the optical detection of particle motion and dis-
cuss the trade-off between measurement imprecision and
back-action noise as a function of the squeezing parame-
ters. We show that the sensitivity of optical measurements
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(a) (b)

FIG. 1. (a) We consider a subwavelength particle (green)
trapped by a focused laser beam (red arrow) and interact-
ing with an electromagnetic mode in a squeezed vacuum state
(blue arrow). The functions As(�k, εk) and Az(�k, εk) respec-
tively describe the angular and polarization distributions of the
squeezed beam and of the photons scattered inelastically by the
motion along z in the absence of squeezing. (b) Wigner function
of the squeezed light mode at frequency ω; see Appendix C for
details.

can lie beyond the standard quantum limit (SQL). In anal-
ogy to related ideas in the context of single-mode cavity
optomechanics [20] and electromechanics [21], this fact
opens the door to using squeezed light to reach lower tem-
peratures via feedback cooling of an optically levitated
nanoparticle. Our work allows us to extend early propos-
als to use squeezed light to enhance detection sensitivity in
cavity and one-dimensional (1D) optomechanics [22–26]
to continuum, cavityless, free-space optomechanics.

This article is organized as follows. In Sec. II we derive
the light-matter Hamiltonian in the presence of squeezed
light. Then, in Sec. III, we compute the motional recoil
heating rates and the squeezing-induced modification of
the angular dependence of the scattered photons (infor-
mation radiation patterns [27,28]). In Sec. IV we derive
a theoretical model for photodetection of the particle
motion, namely, we derive input-output relations for the
light modes and compute the minimum mechanical sig-
nal detectable in the output light. We then extend all the
above results from center-of-mass motion to the librational
degrees of freedom of optically trapped nanorotors in Sec.
V. Finally, our conclusions are presented in Sec. VI.

II. HAMILTONIAN IN THE PRESENCE OF
SQUEEZING

In this section we introduce the light-matter Hamilto-
nian and the core quantities characterizing its modification
due to squeezing. First, we summarize the derivation of
the linearized optomechanical Hamiltonian for a subwave-
length dielectric particle in free space in the absence of
squeezing (Sec. II A). Then, we derive its expression in the
presence of squeezed light generated by spontaneous para-
metric down-conversion, by introducing a suitably chosen
basis of collective electromagnetic modes (Sec. II B).

A. Light-matter Hamiltonian in the absence of
squeezing

We consider a subwavelength dielectric particle of mass
m and dielectric permittivity ε trapped at the focus of a
laser beam of frequency ω0 propagating along the posi-
tive z axis and polarized along the x axis [Fig. 1(a)]. We
choose the origin of coordinates at the equilibrium position
of the particle. The fundamental light-matter interaction
Hamiltonian reads

Ĥ = p̂2

2m
+ ĤEM + Ĥint, (1)

and contains the kinetic energy of the particle with center-
of-mass momentum p̂, the Hamiltonian of the electromag-
netic field ĤEM, and the interaction between the field and
the center-of-mass motion Ĥint. In the small-particle limit
the Hamiltonian of the field can be well approximated by
its diagonal plane-wave expansion [29],

ĤEM ≈ �

∫
dk

∑
εk

ω(k)â†(k, εk)â(k, εk) (2)

with ω(k) ≡ ck ≡ c|k| (where c is the speed of light in
vacuum), k ∈ R3 being the wave vector of each plane-
wave mode, and εk ⊥ k denoting each of the two orthog-
onal polarization vectors for each k. The electromag-
netic ladder operators fulfil bosonic commutation rela-
tions, [â(k, εk), â†(k′, εk′)] = δ(k − k′)δεk,εk′ . Similarly,
in the small-particle limit the light-matter coupling can
be described by the interaction Hamiltonian of a polariz-
able point dipole in an electric field, Ĥint = −(α/2)Ê2(r̂)
[28,30–33] with r̂ being the center-of-mass position oper-
ator, α ≡ 3ε0V(ε − 1)/(ε + 2) the particle polarizability,
V its volume, ε0 the vacuum permittivity, and Ê(r) the
electric field operator.

In the presence of a highly populated laser with fre-
quency ω0, the above nonlinear Hamiltonian can be lin-
earized [28,30–33]. As detailed in Appendix A, this results
in the following Hamiltonian in the absence of squeezing:

Ĥ (0)

�
=

∑
μ

�μb̂†
μb̂μ +

∫
dk

∑
εk

�(k)â†(k, εk)â(k, εk)

+
∑
μ

q̂μ
∫

dk
∑
εk

[Gμ(k, εk)â†(k, εk)+ H.c.]

(3)

with �(k) ≡ ω(k)− ω0. The first term describes the
Hamiltonian of the center-of-mass motion along the three
Cartesian axes in terms of bosonic ladder operators,
[b̂μ, b̂μ′] = δμμ′ , and the mechanical frequencies �μ orig-
inating from the optical restoring force. The second term
describes the electromagnetic field Hamiltonian in the
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rotating frame. The third term in Eq. (3) describes the
light-matter interaction in terms of the dimensionless dis-
placement operator q̂μ ≡ r̂μ/r0μ = b̂μ + b̂†

μ with r0μ ≡
[�/(2m�μ)]1/2 the zero-point motion, and of the linearized
coupling rate Gμ(k, εk) in the small-particle limit.

The general form of the coupling rates is well known
[27,28,34] and given in Appendix A. However, under the
approximations performed in this work, all relevant quanti-
ties depend only on the coupling rate evaluated at the laser
frequency, given by [1,28,33,34] (see also Appendix A 1).

G(k, εk)
∣∣
k=ω0/c

=
√

c3�
(0)
μ

2πω2
0

Aμ(�k, εk). (4)

Here, we define �(0)μ as the recoil heating rate in the
absence of squeezing, namely [28,33],

�(0)μ = 2π
c

|α0|2
[

α

2ε0(2π)3

]2

ω2
0r2

0μ
8πk4

0

3
lμ (5)

with lμ ≡ (1, 2, 7) · eμ/5 and α0 the coherent ampli-
tude of the laser beam (see Appendix A). The square-
normalized function Aμ(�k, εk) describes the coupling
strength between the motion along axis μ and the elec-
tromagnetic mode with polarization εk and propagation
direction given by the two spherical angles �k. It is given
by

Aμ(�k, εk) ≡ iei arg(α0)

√
3

8π lμ
(εk · ex)[(ek − ez) · eμ].

(6)

The above function is directly related to the inelastic dif-
ferential scattering cross section dσμ/d�k (see Sec. III B),
and thus determines the angular distribution of the photons
scattered by the motional degree of freedom μ. For this
reason, Eq. (6) is deeply related to the amount of infor-
mation about the μ degree of freedom that is contained
in the light propagating along direction �k [27,28]. This
fact makes Eq. (6) core to ground-state feedback cooling
experiments [1,2].

B. Squeezing and the collective mode basis

Let us now consider the addition of squeezed light. We
assume that the squeezed light is produced by a standard
cavity-enhanced spontaneous parametric down-conversion
process (more details below), where the electromagnetic
quantum correlations are modified in the frequency domain
[35,36]. It is thus convenient to perform a change of
basis from plane-wave modes to a set of frequency-domain
modes defined by the following annihilation operators:

âs(ω) ≡ k√
c

∫
d�k

∑
εk

As(�k, εk)â(k, εk), (7)

âj (ω) ≡ k√
c

∫
d�k

∑
εk

Aj (�k, εk)â(k, εk). (8)

Here s and j are a single and a continuous index, respec-
tively. Each of the above modes is, by construction, a linear
combination of plane waves with the same frequency
ω and with a distribution of polarizations and propaga-
tion directions given by the weight functions As(�k, εk)

and Aj (�k, εk), respectively. We single out mode âs(ω),
which we identify with the frequency-domain mode whose
fluctuations will be modified by the squeezing. Thus,
function As(�k, εk) describes the angular and polariza-
tion distributions of the squeezed light. Note that this
function depends on the optical elements through which
the squeezed light is sent before interacting with the
particle, and thus can be tuned in each particular imple-
mentation. The squeezed mode âs(ω) is complemented
by the set of modes âj (ω), chosen such that the set
{âj (ω), âs(ω)} forms a complete and orthonormal basis in
the subspace of electromagnetic modes with frequency ω,
that is, [âβ(ω), â†

β ′(ω′)] = δββ ′δ(ω − ω′) for β ∈ {s, j }. We
emphasize that the definition of these modes amounts to a
change of basis with

â(k, εk) =
√

c
k

∑
β=s,j

A∗
β(�k, εk)âβ(ω(k)), (9)

while the state of the electromagnetic field remains yet
undefined. Orthonormality of this basis is guaranteed by
choosing the weight functions to fulfil

∫
d�k

∑
εk

Aβ(�k, εk)A∗
β ′(�k, εk) = δββ ′ . (10)

The above equations also imply the reciprocal identity
∑
β=s,j

A∗
β(�k, εk)Aβ(�k′ , εk′) = δ(�k −�k′)δεkεk′ (11)

[with the solid angle Dirac delta δ(�k −�k′) ≡ δ(θk −
θk′)δ(φk − φk′)], which will be useful in the following.

Squeezing by parametric down-conversion produces a
two-mode squeezed state in the frequency domain between
two sideband modes equally detuned from a laser carrier
[35,36], whose frequency we choose equal to the laser fre-
quency ω0. To describe such squeezing in modes âs(ω), we
apply to the Hamiltonian the unitary transformation [36]

T̂s(η) ≡ exp
∫

dω
[
η(ω)

2
â†

s (ω)â
†
s (2ω0 − ω)− H.c.

]
.

(12)

The modulus and phase of the parameter η(ω) = η(2ω0 −
ω) = r(ω)eiφ(ω) quantify the degree of squeezing and the
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squeezing phase of electromagnetic modes with frequency
ω, respectively [see Fig. 1(b)]. To simplify the integral
expressions below, we assume that the squeezed light is
generated by an optical cavity with linewidth much smaller
than ω0, which is usually fulfilled in typical experiments
[37,38]. This is equivalent to assuming the squeezing
parameter to be peaked around ω0, i.e., r(0), r(2ω0) 	
r(ω0). The squeezing transformation transforms the opera-
tor âs(ω) as

T̂s(η)âs(ω)T̂†
s (η) = Ô(ω)

≡ cosh[r(ω)]âs(ω)

− eiφ(ω) sinh[r(ω)]â†
s (2ω0 − ω),

(13)

and leaves modes âj (ω) unaffected, as they remain in their
vacuum state. Combing the above identities we express the
Hamiltonian in the presence of squeezed light as

Ĥ
�

=
∑
μ

�μb̂†
μb̂μ +

∫
dω�(ω)

∑
β=s,j

â†
β(ω)âβ(ω)

+
∑
μ

q̂μ
∫

dω[G̃μs(ω)Ô†(ω)+ H.c.]

+
∑
μ

q̂μ
∫

dω
∑

j

[G̃μj (ω)â
†
j (ω)+ H.c.] (14)

with �(ω) ≡ ω − ω0, and with modified coupling rates

G̃μβ(ω) ≡ ω√
c3

∫
d�k

∑
εk

Aβ(�k, εk)Gμ(k, εk)

∣∣∣∣
k=ω/c

.

(15)

In the following derivations it is convenient to use the
above form for the Hamiltonian. However, note that by
using the orthogonality relation (11) one can rewrite
Hamiltonian (14) in the form Ĥ = Ĥ (0) + Ĥ ′, with Ĥ (0)

the Hamiltonian in the absence of squeezing, Eq. (3). The
presence of squeezing thus modifies the light-matter inter-
action by adding an optomechanical coupling term that
reads

Ĥ ′ =
∑
μ

q̂μ
∫

dωG̃μs(ω){(cosh[r(ω)] − 1)âs(ω)

− eiφ(ω) sinh[r(ω)]â†
s (2ω0 − ω)} + H.c. (16)

and which vanishes in the absence of squeezing, r(ω) =
0. This additional term in the Hamiltonian—and thus all
the modifications to the mechanical motion introduced by
the squeezing—depends only on the squeezing parame-
ters, r(ω) and φ(ω), and on the modified coupling rate,

G̃μs(ω). Even more, under the approximations undertaken
in this work (see below), all relevant quantities depend
only on their values at the laser frequency ω = ω0. At this
frequency the coupling rate can be written in the simple
form

G̃μs(ω0) =
√
�
(0)
μ

2π
ξμ, (17)

where we have defined the angular and polarization over-
lap between the squeezed light distribution and the angular
and polarization distributions of the bare coupling rate,

ξμ ≡
∫

d�k

∑
εk

As(�k, εk)Aμ(�k, εk). (18)

Equations (16) and (17) show that the impact of the
squeezed light on the optomechanical interaction critically
depends on the overlap integral (18). We can understand
this fact by noticing that this overlap integral ξμ quan-
tifies how well the squeezed mode is matched to the
optical mode that probes and drives the dynamics of the
particle (the so-called “interacting mode”; see Sec. IV).
In the extreme case where the distributions As(�k, εk)

and Aμ(�k, εk) are orthogonal, i.e., if one squeezes only
the electromagnetic modes that do not interact with the
motion along μ, Eq. (17) vanishes and the motion remains
unaffected by the squeezing.

III. RECOIL HEATING RATES AND
INFORMATION RADIATION PATTERNS

In this section we derive the recoil heating rates of the
mechanical motion, namely, the rate of phonon increase
due to scattering of laser photons (Sec. III A), and the
information radiation patterns, namely, the angular and
polarization distributions of such scattered photons (Sec.
III B). Both these quantities are core to current ground-
state cooling experiments based on optical detection of the
particle motion [1–3].

A. Effective dynamics and recoil heating

To derive the effective dynamics of the center-of-mass
motion under the influence of the squeezed free-space elec-
tromagnetic modes, we derive their dynamical equation
by tracing out the electromagnetic field modes under the
Born-Markov approximation [33,39]. This approximation
is valid under two conditions. First, the optomechanical
coupling in the presence of squeezing must be weak, i.e.,
|Gμ(k, εk)|ω=ω0er(ω0) must be sufficiently small. In the
absence of squeezing the coupling rates |Gμ(k, εk)|ω=ω0
fulfil this condition well, as the recoil heating rates cal-
culated under this assumption agree with experimentally
measured values [5,33]. Since, for the parameters con-
sidered in this work, the factor added by the squeezing
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remains of order one (er(ω0) � 6), the weak coupling con-
dition is also safely fulfilled in the presence of squeezing
[40]. Second, the bare coupling rates |Gμ(k, εk)| must be
smooth functions of ω around the laser frequency ω0, a
condition that is also known to be fulfilled in free-space
experiments. Additionally, we assume the electromagnetic
modes to be in a zero-temperature thermal state (vac-
uum), since the main contributions to the dynamics will
stem from optical frequency modes. Note that decoher-
ence induced by black-body radiation is much weaker than
photon recoil heating, and can thus be neglected [7,31].

Under these approximations, we can trace out the elec-
tromagnetic degrees of freedom [33,39] to obtain a master
equation for the mechanical density matrix, ρ̂:

dρ̂
dt

= 1
i�

∑
μ

[�μb̂†
μb̂μ, ρ̂] −

∑
μμ′

�μμ′

2
[q̂μ, [q̂μ′ , ρ̂]]. (19)

Here, we have neglected the frequency shifts in the
mechanical Hamiltonian. These shifts are independent of
the squeezing and thus the same as in free-space levitated
optomechanics in the absence of squeezing, where they are
known to be negligible. The dissipative rates are given by

�μμ′ = �(0)μ δμμ′ + 2
√
�
(0)
μ �

(0)
μ′ |ξμξμ′ |

× [s2
0 − s0c0 cos(φs − ψμ − ψμ′)]. (20)

Here, we have defined the complex phase of the over-
lap (18) as ψμ ≡ arg(ξμ), assumed that As(�k, εk) ∈ R

for simplicity, and defined the squeezing functions s0 ≡
sinh(rs) and c0 ≡ cosh(rs)with rs = r(ω0 +�μ′) and φs =
φ(ω0 +�μ′). For simplicity, noting that typical cavity-
enhanced spontaneous down-conversion squeezed light
sources have linewidths on the order of tens of megahertz
[37,38], much larger than the mechanical frequencies �μ,
hereafter we approximate rs ≈ r(ω0) and φs ≈ φ(ω0). The
off-diagonal terms μ 
= μ′ in Eq. (20) describe squeezing-
mediated interactions between mechanical modes μ and
μ′. Throughout this work, we assume that the overlap
function is only significant along one direction (|ξμ′ 
=μ| 	
|ξμ| � 1), and hence these couplings can be neglected.
Conversely, the diagonal terms �μμ ≡ �μ correspond to
the recoil heating rates for motion along the μ axis, which
can be written as

�μ

�
(0)
μ

= 1 − |ξμ|2
[

1 − e2rs sin2 φs − 2ψμ
2

− e−2rs cos2 φs − 2ψμ
2

]
. (21)

The above expression shows that the squeezed vacuum
state can modify the motional heating rates, an effect also
predicted for atoms in the context of sideband cooling

(a)

(b)

FIG. 2. (a) Recoil heating rate for the mechanical motion along
the z axis as a function of the degree of squeezing for φs −
2 arg(ξz) = 0 (lower three lines) and φs − 2 arg(ξz) = π (upper
three lines). Here �(0)z is the recoil heating rate in the absence
of squeezing. (b) Recoil heating rate versus squeezing phase for
rs = 1.73 (15 dB). In both (a) and (b) we show the perfect overlap
case (|ξz| = 1, dashed) and the case of squeezed light propagat-
ing along the negative z axis and focused by a lens of numerical
apertures 0.8 (green) and 0.5 (purple); see the text for details.

[41,42]. In the limit of no squeezing, rs → 0, the heat-
ing rates (21) recover the known expression (5). According
to Eq. (21), maximal reduction or increase of �μ requires
a squeezing phase φs = 2ψμ or φs = 2ψμ + π , respec-
tively, a large degree of squeezing, rs � 1, and perfect
overlap between the squeezed mode distribution and the
bare coupling distribution (6) (related to the photon scatter-
ing amplitude in the absence of squeezing; see Sec. III B),
i.e., ξμ → 1.

In Figs. 2(a) and 2(b) we show the recoil heating rate
as a function of the degree of squeezing rs and the phase
of squeezing φs, respectively. The black dashed lines cor-
respond to perfect overlap |ξμ| = 1, and are independent
of the motional axis considered. That is, the recoil heating
along any of the three motional axes μ can be arbitrarily
suppressed, by engineering the distribution of the squeezed
mode As(�k, εk) such that ξμ → 1. This can be attained,
e.g., via wavefront shaping of the incoming squeezed light
[43,44]. For this perfect overlap scenario with a squeezing
of 15 dB (rs ≈ 1.73)—achievable in spontaneous paramet-
ric down-conversion experiments at infrared laser wave-
lengths [37]—the recoil heating rate can be suppressed
by about 98%. Note that squeezing the opposite quadra-
ture results in an increase of recoil heating by a factor of
approximately 32.

Even without perfect mode overlap, the recoil heating
rates can be significantly suppressed in current experi-
ments. To show this, in Figs. 2(a) and 2(b) (colored lines)
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(a)

(c)

(b)

FIG. 3. (a) Modification of the recoil heating of the motion
along the z axis is maximized for a squeezed beam counter-
propagating with respect to the light. (b) Differential scattering
cross section dσz/d�k in the absence of squeezing (information
radiation pattern). The value of the function is encoded in the
radial distance to the origin and the color scale encodes the rela-
tive amplitude within each panel. (c) Differential scattering cross
section for squeezed light with a Gaussian spatial profile of differ-
ent numerical apertures. Upper and lower rows correspond to 13
dB and φs − 2 arg(ξz) = 0 and to 3 dB and φs − 2 arg(ξz) = π ,
respectively.

we show the recoil heating rate for the motion along the
μ = z axis. For these plots, we assume that the squeezed
light is x polarized and propagates along the negative z
axis [see Fig. 3(a)], in order to maximize the overlap
with the backscattering-dominated function |Az(�k, εk)|2
[Fig. 3(b)]. In addition, we assume that the squeezed light
is focused onto the particle by a lens of numerical aperture
NA, so that the squeezed mode distribution is Gaussian:

As(�k, εk) = Ce−(sin θk/NA)2�(−θk + π/2)

× [−δεk,eθk
cos θk cosφk + δεk,eφk

sinφk]
(22)

with eθk and eφk the polar and azimuthal spherical vectors
associated with direction k ≡ k(sin θk cosφk, sin θk sinφk,
cos θk), �(x) the Heaviside theta function, and C a nor-
malization constant. For such a Gaussian profile, and at
15 dB squeezing, we have exp(−2rs) 	 1 and the reduc-
tion of the recoil heating rate is limited by the imperfect
mode overlap, �z ≈ �(0)z (1 − |ξz|2). As shown in Fig. 2(a)
and 2(b), for NA = 0.9 the recoil heating can be reduced
by about 60%, or, at the opposite squeezing phase φs −
2ψμ = π , increased by a factor of about 20. These mod-
ifications should allow current motional reheating experi-
ments [5] to clearly observe the impact of light squeezing
in the measurement back-action noise.

B. Information radiation patterns

The information radiation patterns (IRPs) describe the
angular distribution of the photons that are scattered from
the laser into other electromagnetic modes by absorption
or excitation of a mechanical phonon. Since, as discussed
below, these photons carry information about the particle
position, knowledge of this distribution is key to opti-
mal photodetector placement and thus to optimal feedback
cooling.

To calculate the IRPs, it is sufficient to compute the total
transition probability for the process where a phonon is
excited in the mechanical mode μ, initially in its ground
state, via exchange of a photon between the laser mode and
a free-space plane-wave mode [28]. Since a squeezed vac-
uum has nonzero occupation, we need to account for two
possible processes, namely, (i) the creation of a phonon by
scattering a laser photon into the free-space mode {k, εk},
with transition amplitude T +

μ (k, εk), and (ii) the creation
of a phonon by absorbing a photon from the squeezed
vacuum mode {k, εk} into the laser mode, with transition
amplitude T −

μ (k, εk). The transition amplitudes are given
by

[T +
μ (k, εk)

T −
μ (k, εk)

]
≡ lim

t1,−t0→∞〈S|
[
α∗

0 â†(k, εk)

α0â(k, εk)

]
b̂μÛ(t1, t0)|S〉,

(23)

where Û(t1, t0) is the time evolution operator for the
linearized Hamiltonian (3) and |S〉 ≡ T̂s(η)|0〉tot is the
squeezed light state with |0〉tot the compound vacuum state
of the electromagnetic field and the mechanical motion.

Under the approximations discussed in Sec. III A, we
can calculate the above amplitudes to first order in time-
dependent perturbation theory [28], obtaining

T ±
μ (k, εk) = if ±

μ (k, εk)

2πk0
δ(k − k0), (24)

in terms of the scattering amplitudes

f +
μ (k, εk) = −α∗

0

√
(2π)3�(0)μ

c

× [Aμ(�k, εk)+ A∗
s (�k, εk)gμ], (25)

f −
μ (k, εk) = −α0

√
(2π)3�(0)μ

c
A∗

s (�k, εk)g∗
μ, (26)

and the squeezing coefficient gμ ≡ ξμs0(s0 − c0 exp
[i(φs − 2ψμ)]). These scattering amplitudes can be used
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to define the differential scattering cross section [28,45]

dσμ
d�k

=
∑
εk

(|f +
μ (k, εk)|2 − |f −

μ (k, εk)|2). (27)

Note that to describe the total probability of scattering pho-
tons into mode {k, εk}, the two scattering amplitudes must
be subtracted, as the second process removes photons from
mode {k, εk} and transfers them into the laser mode. The
information radiation pattern is defined as the normalized
differential scattering cross section,

Iμ(�k) ≡ (dσμ/d�k)∫
d�k(dσμ/d�k)

= c
(2π)3|α0|2�μ

dσμ
d�k

.

(28)

In Fig. 3(b) we show the differential scattering cross
section for the μ = z mechanical mode in the absence of
squeezing. As shown by the figure and known in the lit-
erature [1,2,27,28,34], the photon scattering in this case
is dominated by backscattering. In Fig. 3(c) we show the
differential scattering cross section in the presence of a
counterpropagating squeezed beam with Gaussian inten-
sity profile, Eq. (22). At φs = 2ψz, the total amount of
inelastically scattered light is suppressed, whereas at φs =
2ψz + π it is enhanced. This is consistent with the results
of Figs. 2(a) and 2(b); that is, a decrease (φs = 2ψz) or
an increase (φs = 2ψz + π ) in the amount of information
about the motion that is leaked to propagating electromag-
netic modes results in a decrease or increase in the total
mechanical decoherence. As the squeezed beam becomes
more focused (increase in NA), the overlap ξz increases,
efficiently suppressing photon scattering across a wider
solid angle. In the limit of perfect overlap (ξμ → 1) and
high squeezing (rs � 1) we obtain dσμ/d�k → 0 and
the mechanical motion is perfectly protected from laser
shot-noise decoherence.

IV. POSITION DETECTION BEYOND THE
STANDARD QUANTUM LIMIT

In this section we model the optical detection of the
mechanical motion in the presence of squeezed light. We
first compute the interacting modes and their input-output
relations in Sec. IV A. Then, we compute the minimum
detectable signal as a function of squeezing parameters in
Sec. IV B.

A. Interacting modes and input-output theory

Our aim is to derive the state of the electromagnetic field
after its interaction with the mechanical motion. We start
by deriving, from Hamiltonian (14), the coupled Heisen-
berg dynamical equations for the mechanical and photon

operators,

db̂μ
dt

= −i�μb̂μ − i
∫

dω
{ ∑

j

G̃μj (ω)â
†
j (ω)

+ G̃μs(ω)Ô†(ω)+ H.c.
}

, (29)

dâβ(ω)
dt

= −i�(ω)âβ(ω)− i
∑
μ

q̂μQμβ(ω), (30)

with Qμβ(ω) = G̃μj (ω) for β = j and Qμβ(ω) = G̃μs(ω)

cosh[r(ω)] − G̃∗
μs(2ω0 − ω) sinh[r(ω)]eiφ(ω) for the

squeezed mode β = s. We now formally solve Eq. (30) in
terms of an initial condition, namely, a time t0 → −∞ in
the distant past,

âβ(ω, t) = âβ(ω, t0)e−i�(ω)(t−t0)

− i
∫ t

t0
ds

∑
μ

q̂μ(s)e−i�(ω)(t−s)Qμβ(ω), (31)

and introduce the result into Eq. (29). Under the approxi-
mations undertaken in this work, we can cast the resulting
equation in the form [46]

db̂μ
dt

= −i�μb̂μ − i
√
�(0)[ãin

μ(t)+ H.c.]. (32)

The ladder operators ãin
μ(t) fulfil bosonic commutation

relations, [ãin
μ(t), ãin†

μ′ (t′)] = δμμ′δ(t − t′). They correspond
to the “interacting mode” [1,34], namely, the single collec-
tive electromagnetic mode that couples to the mechanical
degree of freedom μ. This operator reads

ãin
μ(t) ≡ ãin(0)

μ (t)+ 1√
�
(0)
μ

∫
dωe−i�(ω)(t−t0)

× G̃∗
μs(ω)[Ô(ω, t0)− âs(ω, t0)], (33)

with the interacting mode operator in the absence of
squeezing defined as [1,34]

ãin(0)
μ (t) ≡ 1√

�(0)

∫
dk

∑
εk

G∗
μ(k, εk)

× â(k, εk, t0)e−i�(ωk)(t−t0). (34)

Since the interacting mode is the only electromagnetic
mode interacting with the mechanical degree of freedom,
it contains all the information about the mechanical motion
that is carried by the light. The next step is thus to derive
input-output relations for the interacting mode. For this
purpose, we rederive Eqs. (31) and (32) in terms of a final
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condition, namely, a time t1 → ∞ in the distant future.
This allows us to define output operators ãout

μ (t), given by
Eq. (33) under the substitution t0 → t1, and to formally
relate them to the input operators,

X̃ out
μ (t) = X̃ in

μ (t), (35)

Ỹout
μ (t) = Ỹin

μ (t)−
√

4�(0)μ q̂μ(t)

= Ỹin
μ (t)−

√
4�(0)μ q̂f

μ(t)−
√

4�(0)μ q̂ba
μ (t), (36)

where we have defined the interacting mode quadratures
X̃ in /out
μ (t) ≡ ãin/out,†

μ (t)+ H.c. and Ỹin /out
μ (t) ≡ iãin/out,†

μ

(t)+ H.c. In the last step of Eq. (36) we have used the
formal solution of Eq. (32), namely,

b̂μ(t) = b̂μ(t0)e−i�μ(t−t0)

− i
√
�
(0)
μ

∫ t

t0
dsX̃ in

μ (s)e
−i�μ(t−s)

≡ b̂f
μ(t)+ b̂ba

μ (t), (37)

to define two contributions, namely, the unperturbed, free
evolution of the mechanical mode b̂f

μ(t) ≡ b̂μ(t0) exp[−i�μ
(t − t0)], which is the signal we aim at detecting, and its
modification due to the interaction with the light, which
constitutes the back-action term b̂ba

μ (t).

B. Minimum detectable signal as a function of
squeezing

To model photodetection, we compute the output power
spectral densities, defined for two arbitrary quadratures
Aμ, Bμ ∈ {X̃ in/out

μ , Ỹin/out
μ } as

Sμ,AB(ω) ≡
∫

dτ
2π

eiωτ 〈Âμ(t + τ)B̂μ(t)〉 (38)

with the expectation value taken over the vacuum state.
As shown by Eqs. (35) and (36), optimal photodetection
of the mechanical motion relies on detecting the quadra-
ture Ỹout(t). Its power spectral density, assuming no initial
correlations between the electromagnetic field and the
mechanical motion [〈q̂f

μ(t0 + τ)âκ(t0)〉 = 0], reads

Sout
μ,YY(ω) = Sin

μ,YY + 4�(0)μ
r2

0μ
Sf
μ(ω)

+ 4�(0)μ
r2

0μ
Sba
μ (ω)−

√
4�(0)μ
r0μ

Sc
μ(ω). (39)

The first term in Eq. (39) describes the original fluctua-
tions of the light field, namely, the original imprecision

in the light due to photon shot noise [27]. The second
term contains the unperturbed power spectral density of
the mechanical mode,

Sf
μ(ω) ≡ r2

0μ

2π

∫
R

dτ 〈q̂f
μ(t + τ)q̂f

μ(t)〉eiωτ , (40)

and corresponds to the signal to be detected in the output
light. The third term in Eq. (39) describes the disturbance
in the measurement caused by the back action of the light
on the mechanical mode [27]. Finally, the fourth term
describes the amplitude-phase correlations of the output
light. Both terms can be explicitly calculated in terms of
power spectral densities of the input light. Specifically, as
shown in Appendix B,

Sba
μ (ω) ≡ r2

0μ

2π

∫
R

dτ 〈q̂ba
μ (t + τ)q̂ba

μ (t)〉eiωτ

= r2
0μ�

(0)
μ Sin

μ,XX |2m�μχμ(ω)|2 (41)

and

Sc
μ(ω) ≡ r0μ

2π

∫
R

dτeiωτ

×
[
〈Ỹin
μ (t + τ)q̂ba

μ (t)〉 + 〈q̂ba
μ (t + τ)Ỹin

μ (t)〉
]

= r0μ

√
�
(0)
μ Re[2m�μχμ(ω)](Sin

μ,XY + Sin
μ,YX ),

(42)

where we define the mechanical susceptibility

χμ(ω) ≡ 1
m

1
�2
μ − ω2 − iγμω

≡ 1
m�2

μ

χ̃μ(ω) (43)

with γμ the mechanical damping, due to, e.g., collisions
of the particle with the surrounding gas, and χ̃μ(ω) an
adimensional susceptibility defined for convenience. The
power spectral densities of the input quadratures, which
reflect the modified fluctuations present in the initial
squeezed state, are given in Appendix B.

To detect the mechanical motion in the output light, the
second term in Eq. (39) (the signal) must be larger than the
sum of the remaining terms (imprecision, back action, and
correlations). We define the minimum detectable mechan-
ical signal as

Sμ,min(ω) ≡ r2
0μ

4�(0)μ
Sin
μ,YY + Sba

μ (ω)− r0μ√
4�(0)μ

Sc
μ(ω). (44)

Using all the above expressions, we can cast it as

Sμ,min(ω) = πSμ,SQL(ω)

2

[
u|χ̃μ(ω)|Sin

μ,XX + Sin
μ,YY

u|χ̃μ(ω)|

− Re(χ̃μ(ω))
|χ̃μ(ω)| (Sin

μ,XY + Sin
μ,YX )

]
. (45)
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Here, u ≡ 4�(0)μ /�μ is the adimensional ratio between
the bare recoil heating rate (i.e., in the absence of
squeezing) and the mechanical frequency, and Sμ,SQL ≡
|χ̃μ(ω)|r2

0μ/(π�μ) is the absolute minimum signal that can
be detected in the absence of squeezing, namely, the stan-
dard quantum limit. Indeed, in the absence of squeezing
(2πSin

μ,XX , 2πSin
μ,YY → 1 and Sin

μ,XY + Sin
μ,YX → 0) Eq. (45)

reduces to

S(0)μ,min = Sμ,SQL

2

[
u|χ̃μ(ω)| + 1

u|χ̃μ(ω)|
]

, (46)

which, as a function of u, has a minimum value
minu(Sμ,min) = Sμ,SQL(ω) at u = |χ̃μ(ω)|−1. In the pres-
ence of squeezing, Eq. (45) reaches a different minimum
value at u = |χ̃μ(ω)|−1[Sin

μ,YY/S
in
μ,XX ]1/2, which is given by

min
u

[
Sμ,min(ω)

Sμ,SQL(ω)

]
=

√
(2πSin

μ,XX )(2πSin
μ,YY)

− Re(χ̃μ(ω))
|χ̃μ(ω)| 2π

Sin
μ,XY + Sin

μ,YX

2
.

(47)

At resonance, ω = �μ, the above expression is always
larger than 1, and the minimum signal remains above the
standard quantum limit even in the presence of squeezing.
For ω 
= �μ, Eq. (47) is minimized at a squeezing angle
φs − 2ψμ = 3π/2 if Re(χ̃μ(ω)) > 0 (or, equivalently, for
ω < �μ), and at a squeezing angle φs − 2ψμ = π/2 if
Re(χ̃μ(ω)) < 0 (or, equivalently, for ω > �μ). In both
cases the minimum detectable signal can be written in
compact form as

min
u,φs

[
Sμ,min(ω)

Sμ,SQL(ω)

]
= 1 − |ξμ|2 + |ξμ|2

∑
η=±1

e2ηrs

2

×
[

1 − η
|Re(χ̃μ(ω))|

|χ̃μ(ω)|
]

. (48)

The sensitivity is thus maximized for |Re(χ̃μ(ω))/χ̃μ(ω)|
→ 1 or, equivalently, for off-resonant frequencies |ω −
�μ| � γμ. This condition is fulfilled at almost all frequen-
cies in typical levitated optomechanics experiments where
γμ 	 �μ. Hereafter we focus on this range of frequencies.

In Fig. 4(a) we show Sμ,min in the presence of squeezing
and in the low-frequency limit ω 	 �μ for simplicity. For
φs = 2ψμ, the back action, and thus the recoil heating rate,
is reduced (see Fig. 2), and the minimum signal shifts to a
higher value of u. For φs = 2ψμ + π , the opposite behav-
ior occurs. At φs = 2ψμ + 3π/2 the minimum detectable
signal decreases below the SQL. At this squeezing phase,
the amplitude-phase correlations Sc

μ(ω) in the input light
minimize the detection noise [34,47,48], and the sensitivity

(a)

(b)

FIG. 4. (a) Minimum detectable signal for ω 	 �μ in units of
its SQL as a function of 4�(0)μ /�μ, in the absence of squeez-
ing (dashed) and for 15 dB squeezing and perfect overlap,
|ξμ| = 1, along different quadratures (colored). Inset: Wigner
function of the input light for these curves (see Appendix
C for details). The black circle indicates the Wigner func-
tion size in the absence of squeezing. (b) Minimum signal
minu(Sμ,min/Sμ,SQL)|φs−2 arg(ξμ)=3π/2 as a function of the degree
of noise reduction e2rs and mode overlap |ξμ|. The upper ticks
mark the value of the overlap |ξz| corresponding to a squeezed
beam with Gaussian angular profile and NA = 0.3, 0.5, 0.7, and
0.9. Constant-value isolines are marked by dashed curves.

reads

min
u

[
Sμ,min(ω)

Sμ,SQL(ω)

]
φs−2ψμ=3π/2

= 1 − |ξμ|2(1 − e−2rs).

(49)

This expression, shown in Fig. 4(b), is identical to the min-
imum achievable value of �μ/�(0)μ [see Eq. (21)]. The
results of Fig. 4 extend the concept of enhancement of
displacement sensitivity via injection of squeezed vacuum
light, studied extensively in 1D and cavity optomechan-
ics in contexts such as gravitational wave detection [22–
26,47,49], to levitated optomechanics in free space, i.e.,
without optical cavities. We remark that, in contrast to
methods where squeezed light is used only at the detector
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(a) (b) (d)

(c)

FIG. 5. (a) Our formalism can be directly extended to the libration of an anisotropic particle around its equilibrium orientation along
the laser polarization. (b) Differential scattering cross section for the libration along y in the absence of squeezing. (c) Recoil heating
for the libration along y as a function of the degree of squeezing for φs − 2 arg(ξy) = 0 (upper three lines) and φs − 2 arg(ξy) = π

(lower three lines). The black dashed curves correspond to the perfect overlap case |ξy | = 1 and are identical to the black dashed lines
in Fig. 2, whereas colored curves to a squeezed beam focused by a lens of numerical apertures NA = 0.5 (purple) and NA = 0.8
(green). (d) Differential scattering cross section for the libration along y, for a copropagating squeezed light beam [see panel (a)]
focused by lenses of different numerical apertures. Upper and lower rows correspond to 13 dB and φs − 2 arg(ξμ) = 0 and to 3 dB and
φs − 2 arg(ξμ) = π , respectively.

(e.g., injected at the vacuum port of a detection inter-
ferometer), the sensitivity enhancement shown in Fig. 4
stems from the fundamental modification of light-motion
interaction attained by shining squeezed light directly at
the nanoparticle. Note that this enhancement can also be
used to overcome technical limitations in the optical mea-
surement of the mechanical displacement, which unavoid-
ably reduce the detection efficiency below unity. Our
results show that, by properly tuning the squeezing param-
eters, this efficiency can be effectively increased, which
can lead to performance improvements for measurement-
based cooling schemes [50].

V. EXTENSION TO LIBRATION OF
NANOROTORS

Let us show how the formalism derived in this work can
be directly extended from the motional degrees of freedom
of spherical particles to the librational degrees of free-
dom of nanorotors [51–58]. We consider an anisotropic,
cylindrically symmetric, subwavelength dielectric particle
in the presence of a laser beam propagating along the pos-
itive z axis and polarized along the x axis [Fig. 5(a)]. The
particle is assumed fixed at the origin but free to rotate
along its axes, and has a polarizability tensor α that, in
the body frame, reads αij = αiδij with α1 = α2 < α3. The
laser beam aligns the long axis of the particle along the
polarization axis x, allowing it to undergo small angular
displacements ημ along the axes μ = {y, z}. As shown in
Appendix A, the Hamiltonian of the electromagnetic and
librational degrees of freedom has the same form as Eq.

(3), namely,

Ĥ (0)/� =
∑
μ

�μb̂†
μb̂μ + ĤEM,r/�

+
∫

dk
∑
εk

∑
μ

q̂μ(G(l)
μ (k, εk)â†(k, εk)+ H.c.)

(50)

with linearized coupling rates for libration G(l)
μ [labeled by

the superindex (l) to distinguish from their center-of-mass
motion analogues] that, at the laser frequency ω = ω0, take
the form of Eq. (4), i.e.,

G(l)
μ (k, εk)

∣∣
k=k0

=
√

c3�
(0)
μ

2πω2
0

A(l)μ (�k, εk), (51)

where �(0)μ is the recoil heating rate in the absence of
squeezing [59],

�(0)μ = V
4π2c

|α0|2
(
α3 − α1

2ε0(2π)3

)2 8πk2
0

3
r2

0μω
2
0, (52)

and where the orthonormal and square-normalized libra-
tion angular distributions are given by

A(l)μ (�k, εk) ≡ −eiarg(α0)

√
3

8π
(εk · eμ). (53)

Note that these functions are simpler than their motional
analogues. Specifically, in the absence of squeezing the
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differential scattering cross sections for libration along the
μ axis take the form of the field radiated by a dipole
pointing along the μ axis [Fig. 5(b)].

Once expressed in this form, the whole derivation in all
the sections above remains valid as it only assumes that
the form of the Hamiltonian is given by Eq. (3) and that
the coupling rates fulfil identity (4). All the expressions in
the article are thus directly generalizable to libration by just
substituting the overlap ξμ by its corresponding analogue
for libration,

ξμ → ξ (l)μ ≡
∫

d�k

∑
εk

As(�k, εk)A(l)μ (�k, εk). (54)

The modification of the recoil heating rates for the libra-
tion along the y axis is shown in Fig. 5(c). The dashed
lines, which indicate the case of perfect overlap |ξ (l)μ | = 1,
are identical to those in Fig. 2(a), indicating that the libra-
tional recoil heating rate could also be fully suppressed
using a suitable angular distribution of the squeezed light
As(�k, εk). The colored lines show the recoil heating mod-
ification for a squeezed beam propagating along the z axis,
polarized along the y axis [see Fig. 5(a)] and focused
onto the particle by a lens of numerical aperture NA. To
describe this beam, we use the expression in Eq. (22) under
the substitution�(−θk + π/2) → �(θk − π/2). At 15 dB
and for NA = 0.8, the librational recoil heating can be sup-
pressed by 40% or increased by a factor 13, depending on
the squeezing phase. These modifications, especially the
large increase, could also be measured in current experi-
ments [58]. Note that the recoil heating modifications are
less pronounced than for the motion along the z axis [com-
pare with Fig. 2(a)], due to the lower overlap of function
Aμ(�k, εk) with the squeezed beam. This is evidenced by
the differential scattering cross sections in Fig. 5(d). As
shown by this panel, at least half of the photon scattering
profile (i.e., across about a 2π solid angle) remains unaf-
fected by the squeezing. A possible way to achieve higher
performance in current experiments would be to shine onto
the particles two counterpropagating squeezed beams in a
standing wave configuration [28].

VI. CONCLUSION

To conclude, we have theoretically shown that squeezed
light can be used to control the information that the light
scattered by an optically levitated nanoparticle carries
about its mechanical degrees of freedom. Our formalism
applies to both the center-of-mass motion of nanospheres
and to librational degrees of freedom of optically trapped
nanorotors [51–58]. Our results predict that one can either
reduce measurement back-action noise to boost the coher-
ence time of the quantum mechanical degree of free-
dom or reduce imprecision noise to perform more effi-
cient displacement measurements in levitated free-space

optomechanics. We have shown that this method can be
promptly used to reduce displacement measurement sensi-
tivities below the standard quantum limit. Our results are
timely as they provide a new tool to improve the quantum
control of current experiments cooling optically levitated
nanoparticles [1–3,60–62]. This in turn paves the way to
preparing more complex quantum states (e.g., mechanical
squeezed states, non-Gaussian quantum states) that is key
to test quantum mechanics and develop quantum enhanced
sensing schemes [11,63].
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APPENDIX A: DERIVATIONS OF MOTIONAL
AND LIBRATIONAL HAMILTONIANS

In this appendix we summarize the derivation of the fun-
damental light-matter Hamiltonian (3) and its analogue for
nanorotor libration.

1. Center-of-mass Hamiltonian

We consider a subwavelength spherical particle of rela-
tive permittivity ε, mass m, and volume V situated at the
origin of coordinates and interacting with the electromag-
netic field. The total Hamiltonian Ĥ = p̂2/(2m)+ ĤEM +
Ĥint contains the kinetic energy of the particle with center-
of-mass momentum p̂, the Hamiltonian of the electromag-
netic field ĤEM, and the interaction between the field and
the center-of-mass motion Ĥint. In the small-particle limit
the latter two terms can be well approximated in terms
of plane-wave modes, labeled by the wave vector k ∈
R3, polarization vectors εk ⊥ k, and frequency ω(k) =
c|k| [29], as ĤEM ≈ �

∫
dk

∑
εk
ω(k)â†(k, εk)â(k, εk) and

Ĥint = −(α/2)Ê2(r̂) [30–33], respectively, with r̂ the
center-of-mass position operator, α ≡ 3ε0V(ε − 1)/(ε +
2) the particle polarizability, and Ê(r) the electric field
operator,

Ê(r) = i
∫

dk
∑
εk

√
�ω(k)

2ε0(2π)3
(εkeikrâ(k, εk)− H.c.).

(A1)

Let us now expand the interaction Hamiltonian Ĥint to
second order in center-of-mass-position operators r̂μ with
μ ∈ {x, y, z} (Lamb-Dicke expansion). The zeroth-order
term is negligible in the small-particle limit [29], whereas
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the second-order term provides the harmonic trapping
potential. The total Hamiltonian is then written as

Ĥ ≈ Ĥp + ĤEM − α

2
(r̂ · ∇)Ê2(0) (A2)

with Ĥp = �
∑

μ �μb̂†
μb̂μ, �μ the mechanical frequency,

and b̂†
μ and b̂μ the motional creation and annihilation oper-

ators defined through the center-of-mass position operators
r̂μ ≡ r0μ(b̂μ + b̂†

μ) with r0μ ≡ [�/(2m�μ)]1/2 the zero-
point displacement along axis μ.

We aim at studying the behavior of the system in the
presence of (i) an optical laser, here modeled as a single
electromagnetic plane-wave mode {k0, εk0} whose occupa-
tion is very large, and (ii) the squeezed state of a collective
mode formed by a linear combination of plane waves.
We first account for (i) by applying the following unitary
transformation to the Hamiltonian:

T̂1(t) ≡ exp[α∗
0 â(k0, εk0)− H.c.]

× exp
[

iω0t
∫

dk
∑
εk

â†(k, εk)â(k, εk)

]
, (A3)

i.e., a transformation into a frame rotating at the laser
frequency ω0 and a coherent displacement of mode
{k0, εk0} by an amplitude α0 ∈ C. The bosonic electromag-
netic operators are transformed as T̂1(t)â(k, εk)T

†
1(t) =

e−iω0t[α0δ(k − k0)δεkεk0
+ â(k, εk)]. The transformed

Hamiltonian can be split into three terms of different orders
in |α0|. For |α0| � 1, we can neglect the O(1) term, thus
linearizing the Hamiltonian. Furthermore, assuming that
the laser frequency ω0 is optical, we can neglect rapidly
rotating terms at frequencies ±2ω0 under a rotating-wave
approximation. This results in a linearized Hamiltonian

Ĥ/� =
∫

dk
∑
εk

�(k)â†(k, εk)â(k, εk)+
∑
μ

�μb̂†
μb̂μ

+
∫

dk
∑
εk

q̂μ[Gμ(k, εk)â†(k, εk)+ H.c.] (A4)

with q̂μ ≡ b̂†
μ + b̂μ, �(k) ≡ ω(k)− ω0, and Gμ(k, εk) the

linearized coupling rates. For a laser mode {k0, ε0} propa-
gating along the positive z axis and polarized along the x
axis, the coupling rates read

Gμ(k, εk) ≡ iα0α

√
ω(k)ω0

2ε0(2π)3
(ε∗

k · ex)r0μ[(k − k0ez) · eμ].

(A5)

The above expression assumes that the gradient of the
laser phase at the trap center is equal to k0, an approxi-
mation valid in the Lamb-Dicke regime [33]. At the laser

frequency, the coupling rates can be expressed as

Gμ(k, εk)
∣∣
k=k0

=
√

c3�
(0)
μ

2πω2
0

Aμ(�k, εk) (A6)

with �(0)μ the recoil heating in the absence of squeezing,
�k the two spherical angles describing the direction of the
unit vector ek ≡ k/k, and Aμ(�k, εk) an orthonormal set
of angular distributions (μ = x, y, z) given by

Aμ(�k, εk) ≡ iei arg(α0)

√
3

8π lμ
(εk · ex)[(ek − ez) · eμ].

(A7)

The two remaining undefined quantities, namely, the dis-
placed mode amplitude |α0| and the mechanical frequency
�μ, can be expressed in the paraxial approximation in
terms of the laser power Pt and its waist at the focus Wt
as [33]

|α0|2 = 16π2Pt

�c2k0W2
t

, (A8)

�x = �y = �z

√
2πWt

λ0
=

√
ε − 1
ε + 2

12Pt

πcρW4
t

(A9)

with λ0 = 2πk−1
0 and ρ = m/V the mass density.

2. Hamiltonian for nanorotor libration

The above derivation can also be applied to the libra-
tional degrees of freedom of nanorotors [51–58]. We
consider a subwavelength anisotropic particle (e.g., a nan-
odumbbell) interacting with an optical laser that is linearly
polarized along the x axis and propagating along the pos-
itive z axis. The linear electromagnetic response of the
particle is modeled by an isotropic relative permittivity ε
and a polarizability tensor α that, in the body frame, reads
(αBF)ij = αij = αiδij with α1 = α2 < α3. We assume that
the position of the center of mass of the particle is fixed
at the origin, but that the particle is free to rotate about
its three axes. The laser aligns the long axis of the parti-
cle with its polarization axis. We therefore assume that the
particle is aligned along the x axis and can undergo small
angular displacements ημ along the axes μ ∈ {y, z}, i.e.,
small rotations around the {z, y} axes. Spinning around the
main axis of the particle can be neglected for thin rotors
[59]. The Hamiltonian is then given by

Ĥ =
∑
μ

L̂2
μ

2I
+ ĤEM − 1

2
Ê(0) · αLF · Ê(0) (A10)

with I the moment of inertia, assumed equal for rotations
along y and z axes, L̂μ the μ component of the angular
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momentum operator, ĤEM the electromagnetic field Hamil-
tonian as given in Eq. (2) in the main text, and αLF the
polarizability tensor in the laboratory frame.

We now proceed in similar steps as for the center-of-
mass motion. First, we assume that the angular displace-
ments are small, and hence expand the polarizability tensor
to second order in the angular displacements as αLF ≈
αBF + (�α)M (η̂y , η̂z)+ O(η̂3

j ) with �α ≡ α3 − α1 and

M (η̂y , η̂z) ≡
⎡
⎣−(η̂2

z + η̂y)
2 η̂y η̂z

η̂y η̂2
y η̂y η̂z

η̂z η̂y η̂z η̂2
z

⎤
⎦ . (A11)

The contribution of the constant term αBF is again neg-
ligible in the small-particle limit that leads to αLF ≈
(�α)M (η̂y , η̂z). Using the rotated spherical coordinate sys-
tem {x, y, z} = r{cos θ , sin θ cosφ, sin θ sinφ}, and to first
order in the polar angle θ , the small displacements can
be written as ηy ≈ θ cosφ and ηz ≈ θ sinφ, allowing us
to write the angular momenta in the kinetic term as L̂2

z +
L̂2

y ≈ −�2[∂2
ηz

+ ∂2
ηy

]. Then, we apply the unitary opera-
tor in Eq. (A3) and linearize the Hamiltonian, assuming
that the coherent amplitude is large, |α0| � 1. Next, we
apply the rotating-wave approximation and neglect terms
oscillating at frequencies ±2ω0. The remaining terms con-
tain (i) a harmonic potential (I/2)�2(η̂2

z + η̂2
y) that allows

us to define bosonic ladder operators b̂μ for the rota-
tional degrees of freedom, via η̂μ = r0μ(b̂μ + b̂†

μ) with the
zero-point angular displacement r0μ ≡ [�/(2I�)]1/2 and
libration frequency

� =
√
�α

I
�ω0|α0|2
ε0(2π)3

, (A12)

and (ii) a linearized interaction between the librational
degrees of freedom and the electromagnetic field. The total
Hamiltonian can be written in analogous form to Eq. (3),
namely,

Ĥ (0) = �

∑
μ

�μb̂†
μb̂μ + ĤEM,r

+ �

∫
dk

∑
εk

∑
μ

q̂μ(G(l)
μ (k, εk)â†(k, εk)+ H.c.)

(A13)

with linearized coupling rates for libration [labeled by
the superindex (l) to distinguish from the center-of-mass
motion analogues]

G(l)
μ (k, εk) ≡ −α0(�α)

√
ω(k)ω0

2ε0(2π)3
r0μ(εk · eμ). (A14)

In deriving this Hamiltonian we have also neglected a term
that reads �(η̂2

z + η̂2
y)

∑
κ(g

′
κ â†
κ + H.c.) as the associated

coupling rates are much smaller for typical parameters,
namely, |g′

κ |/|G(l)
μ (k, εk)| ∼ r0μ 	 1.

At the frequency of the laser light, the coupling rate
(A14) also takes the form of Eq. (4), i.e.,

G(l)
μ (k, εk)

∣∣
k=k0

=
√

c3�
(0)
μ

2πω2
0

A(l)μ (�k, εk) (A15)

with a recoil heating rate in the absence of squeezing given
by

�(0)μ = V
4π2c

|α0|2
(

�α

2ε0(2π)3

)2 8πk2
0

3
r2

0μω
2
0 (A16)

and square-normalized libration angular distributions
given by

A(l)μ (�k, εk) ≡ −eiarg(α0)

√
3

8π
(εk · eμ), (A17)

which are also orthonormal.

APPENDIX B: EXPRESSIONS FOR INPUT, BACK
ACTION, AND CORRELATION POWER

SPECTRAL DENSITIES

In this appendix we derive the expressions of the power
spectral densities used in the main text and state some
properties. We first focus on the power spectral densities
of the input light, which reflect the modified fluctuations
present in the squeezed state. To do so, we apply the
definition

Sμ,AB(ω) ≡
∫

dτ
2π

eiωτ 〈Âμ(t + τ)B̂μ(t)〉 (B1)

to two arbitrary input quadratures Aμ, Bμ ∈ {X̃ in
μ , Ỹin

μ }.
Under the approximations used in this work, the spectral
densities are straightforward to compute and read

2πSin
μ,XX = �μ

�
(0)
μ

= 1 + 2|ξμ|2s0(s0 − c0 cos(φs − 2ψμ)),

(B2)

2πSin
μ,YY = 1 + 2|ξμ|2s0(s0 + c0 cos(φs − 2ψμ)), (B3)

2π(Sin
μ,XY − Sin

μ,YX ) = 2i, (B4)

2π
Sin
μ,XY + Sin

μ,YX

2
= −2|ξμ|2s0c0 sin(φs − 2ψμ). (B5)

Let us now focus on the back action and correlation power
spectral densities, defined in Eqs. (41) and (42). By direct
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computation we find that

Sba
μ (ω) ≡ r2

0μ

2π

∫
R

dτ 〈q̂ba
μ (t + τ)q̂ba

μ (t)〉eiωτ

= r2
0μ�μ

2π

∣∣∣∣ 2�μ
�2
μ − ω2

∣∣∣∣
2

(B6)

and

Sc
μ(ω) ≡ r0μ

2π

∫
dτeiωτ

× [〈Ỹin
μ (t + τ)q̂ba

μ (t)〉 + 〈q̂ba
μ (t + τ)Ỹin

μ (t)〉]

= r0μ

√
�
(0)
μ

2�μ
�2
μ − ω2 (S

in
μ,XY + Sin

μ,YX ). (B7)

The divergences at ω = �μ are due to the fact that the
mechanical damping has so far been neglected. We cor-
rect this by noting that, as expected [47], one can write the
above expressions as

Sba
μ (ω) = r2

0μ�μ

2π
|2m�μχ0μ(ω)|2 (B8)

and

Sc
μ(ω) = r0μ

√
�
(0)
μ Re[2m�μχ0μ(ω)](Sin

μ,XY + Sin
μ,YX ),

(B9)

in terms of the zero-loss susceptibility

χ0μ(ω) ≡ lim
γμ→0+

χμ(ω) ≡ lim
γμ→0+

1
m

1
�2
μ − ω2 − iγμω

(B10)

with χμ(ω) the mechanical susceptibility. This allows us
to extend the above results to the case of nonzero damping
by substituting by the real susceptibility, i.e., χ0μ(ω) →
χμ(ω).

APPENDIX C: WIGNER FUNCTION OF THE
INPUT LIGHT

In this final appendix we derive the Wigner function of
the input light shown in the insets of Figs. 1(b) and 4(a). To
do so, we define detection modes in terms of the interacting
modes as [34]

âμ ≡
∫ ∞

−∞
dth(t)ãμ(t) (C1)

with a square-normalized function h(t) guaranteeing
bosonic commutation relations [âμ, â†

μ] = 1 for both input

and output detection modes. Without loss of generality we
choose for h(t) a modulated step function,

h(t) = �(−t + T/2)�(t + T/2)ei�̃t/
√

T (C2)

with �̃ an arbitrary frequency and 1/T a detection band-
width that, in the spirit of the slowly varying couplings
and squeezing functions, is taken much wider than the cho-
sen frequency, �̃T 	 1. We can now define amplitude and
phase quadratures X̂μ = â†

μ + H.c., Ŷμ = iâ†
μ + H.c. and,

using the commutation relation of the interacting modes
[64], derive the Wigner function

Win
μ(X , Y) = 1

2π
√

det[Cμ]
exp

[
− Xμ · C

−1
μ · Xμ

2

]

(C3)

with Xμ ≡ [Xμ, Yμ]T and Cμ the unnormalized covariance
matrix,

C ≡
[

2πSin
μ,XX −2πSin

cross
−2πSin

cross 2πSin
μ,YY

]
, (C4)

where Sin
μ,cross ≡ (Sin

μ,XY + Sin
μ,YX )/2. The Wigner function

(C3) is displayed in the inset of Fig. 4(a) in the main text. A
similar expression can be derived using the bare squeezed
detection mode

â(ω) ≡ 1√
ε

∫ ω+ε/2

ω−ε/2
dω′âs(ω

′) (C5)

with ε small enough such that r(ω ± ε/2) ≈ r(ω) and
φ(ω ± ε/2) ≈ φ(ω). We define quadratures Q̂(ω) ≡
â†(ω)+ H.c. and P̂(ω) ≡ i[â†(ω)− H.c.], and compute
the following expected values in the squeezed vacuum
state:

〈Q̂2(ω)〉 = e2r(ω) cos2[φ(ω)/2] + e−2r(ω) sin2[φ(ω)/2],
(C6)

〈P̂2(ω)〉 = e2r(ω) sin2[φ(ω)/2] + e−2r(ω) cos2[φ(ω)/2],
(C7)

〈Q̂(ω)P̂(ω)+ P̂(ω)Q̂(ω)〉 = −2 sinh[2r(ω)] sin[φ(ω)].
(C8)

Using these equations, we can construct the Wigner func-
tion of the electromagnetic field at frequency ω in full
analogy with Eq. (C3). This function is shown in Fig. 1(b)
in the main text.
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[60] U. Delić, M. Reisenbauer, K. Dare, D. Grass, V. Vuletić, N.
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