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We present a systematic recipe for generating and classifying duality transformations in one-
dimensional quantum lattice systems. Our construction emphasizes the role of global symmetries,
including those described by Abelian and non-Abelian groups but also more general categorical sym-
metries. These symmetries can be realized as matrix product operators that allow the extraction of a fusion
category that characterizes the algebra of all symmetric operators commuting with the symmetry. Known
as the bond algebra, its explicit realizations are classified by module categories over the fusion category.
A duality is then defined by a pair of distinct module categories giving rise to dual realizations of the bond
algebra, as well as dual Hamiltonians. Symmetries of dual models are, in general, distinct but satisfy a
categorical Morita equivalence. A key novelty of our categorical approach is the explicit construction of
matrix product operators that intertwine dual bond algebra realizations at the level of the Hilbert space
and, in general, map local order operators to nonlocal string-order operators. We illustrate this approach
for known dualities such as the Kramers-Wannier, Jordan-Wigner, and Kennedy-Tasaki dualities and the
interaction-round-the-face–vertex correspondence, a new duality of the t-Jz chain model, and dualities in
models with the exotic Haagerup symmetry. Finally, we comment on generalizations to higher dimensions.
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I. INTRODUCTION

Since the dawn of mathematics, scholars have been fas-
cinated by the existence of dualities. An early example is
the idea of dual polyhedra obtained by interchanging faces
and vertices, as described in volume XV of Euclid’s Ele-
ments by Isidore of Miletus, whereby the isocahedron is
dual to the dodecahedron and the tetrahedron is self-dual
[1]. Crucially, dual polyhedra share the same symmetry
group. This notion of symmetry, and other abstract gen-
eralizations, has remained at the heart of the concept
of duality in modern mathematics and physics. Dualities
effectively express different ways in which abstract sym-
metries can establish themselves and their representations
can be transmuted into one another.

Dualities play a particularly important role in the field of
statistical mechanics and quantum phase transitions, and
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an essential part of the canon of quantum spin physics
consists of constructions such as the Jordan-Wigner
transformation [2–6], the Kramers-Wannier duality [7],
and generalizations thereof involving gauging procedures
[8–13]. Symmetries, in a generic sense as defined below,
are again center stage here and the corresponding dualities
relate theories that implement those symmetries in a differ-
ent way. In the aforementioned examples, the duality trans-
formation maps local Hamiltonians to local Hamiltonians.
More generally, any symmetric local operator is mapped
to a dual symmetric local operator. What makes the dual-
ity nontrivial is that local operators that are not symmetric
in one theory are mapped to nonlocal nonsymmetric oper-
ators in the dual theory. We require these properties to hold
for any (nontrivial) duality transformation.

An especially rich source of dualities has been the
field of exactly solvable lattice models [14]. Famously,
the Kramers-Wannier duality enabled the exact determi-
nation of the critical temperature of the 2D Ising model
[7], while the Jordan-Wigner transformation trivializes
the computation of its partition function by mapping it
to a theory of free fermions [15–17]. Typically, there is
some algebraic structure underlying these integrable lat-
tice models that ensures the existence of an exact solution.
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It is the identification of such an algebra that allowed
Onsager to compute exactly the thermodynamics of the
2D Ising model [18]. This so-called Onsager algebra, and
generalizations thereof such as the Temperley-Lieb [19]
and Birman-Murakami-Wenzl [20,21] algebras, have since
been used to construct a wealth of integrable lattice mod-
els. It was realized early on that different representations of
the same algebra allow one to construct dual integrable lat-
tice models [14,18,19,22,23]. In this work, we reconsider
this observation purely from the point of view of symme-
tries, and define duality without necessarily reference to a
particular model.

Traditionally, symmetries are effected by group trans-
formations and, typically in quantum systems, they are
realized as unitary representations of the group. In this
work, we consider a more general notion of symmetry that
involves transformations whose composition law agrees
with that of a fusion ring. This includes the traditional
group symmetries, as well as noninvertible transformations
that do not admit a unitary representation. These general-
ized symmetries and their multiplication rules are encoded
into higher mathematical structures known as “fusion cate-
gories,” and as such they are most accurately referred to as
”categorical symmetries.” In quantum lattice systems, they
are, in general, nonlocal, in the sense that they cannot be
realized as tensor products of local operators. Instead, they
are realized as matrix product operators (MPOs) [24–30],
a tensor network parametrization that captures the non-
trivial entanglement structure present in these operators
[31–33]. Mathematically, an MPO realization of a fusion
category symmetry is described by a choice of module cat-
egory over this fusion category symmetry [34]. The data
contained in this module category allow one to construct
the local tensors that build up the MPO, as well as all pos-
sible symmetric operators that commute with these MPO
symmetries.

Anyonic chains [35–40] are a well-known class of mod-
els exhibiting MPO symmetries. These can be thought
of as generalizations of the Heisenberg model, whereby
the spin degrees of freedom are promoted to objects in
a fusion category interpreted as topological charges of
quasiparticles, and the tensor product of SU(2) represen-
tations is replaced by the fusion rules of the category
[41]. It is well known that these models satisfy symme-
try relations with respect to operators labeled by objects
in a fusion category. Such categorical symmetries have
received widespread attention in recent years [42–51],
including their applications in the much older classical sta-
tistical mechanics counterparts of anyonic chains [28,30].
In the case that these models are critical, their low-energy
physics is described by a conformal field theory, in which
these nonlocal symmetries are identified as lattice regu-
larizations of the topological defects [52–55] of the con-
tinuum field theory. These quantum spin Hamiltonians
can then be understood as the gapless edge theories of a

(2+1)D system with topological order [27,40,54,56–58],
realizing a lattice version of the well-known holographic
relation between topological field theories and conformal
field theories (CFTs) [59–63].

It is then natural to exploit the powerful formalism
of category theory to establish protocols realizing arbi-
trary duality maps, between seemingly unrelated quantum
Hamiltonians, in a methodical fashion. The main contribu-
tion of this paper is to demonstrate that, at least for the case
of one-dimensional quantum lattice systems, there is a sys-
tematic approach to constructing dualities between local
Hamiltonians based on fusion and module categories. A
key consequence of our categorical approach is that it pro-
vides a classification of all possible dualities of a given
model Hamiltonian based on the classification of fusion
and module categories. Furthermore, our formulation
explicitly provides MPO intertwiners that implement the
duality at the level of the Hilbert space. Those MPO inter-
twiners connect local symmetric operators to dual local
operators symmetric with respect to a different realization
of the symmetry. Explicit dual Hamiltonians can then be
constructed by taking linear combinations of such symmet-
ric operators. While here we focus on the case of quantum
chains, a completely equivalent exposition is possible for
the case of two-dimensional models of classical statisti-
cal mechanics by replacing the Hamiltonian with a transfer
matrix [54,64] constructed from symmetric operators.

More concretely, our recipe for generating duality maps
is summarized in Fig. 1. Given a Hamiltonian H0, we
choose the symmetry that will be used to perform the dual-
ity. It does not need to be the full set of symmetries of H0.
As mentioned above, in general this symmetry is described
by a fusion category, which we call C0, and is realized as
an MPO whose explicit representation is determined by
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C0, M0
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FIG. 1. Flowchart for generation of dualities. Given a Hamil-
tonian H0, we choose the MPO realization of the categorical
symmetry C0, providing a module category M0 over C0. These
data in turn stipulate an input category D corresponding to a bond
algebra. One can then generate all possible dual Hamiltonians Hi
by choosing different module categories Mi over D. Had one
chosen a different MPO symmetry C ′

0 and module category M′
0,

one would have generated a different input category D′, leading
to a different set of dual maps.
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the module category M0 over C0. From these data, one
can construct all local symmetric operators that commute
with these MPOs. These local symmetric operators are
built from generalized Clebsch-Gordan coefficients, and
they generate an algebra called the “bond algebra” [65,66],
to which H0 belongs. These generalized Clebsch-Gordan
coefficients are obtained from the module category M0
thought of as a module category over another fusion cat-
egory D, which we refer to as the “input category.” It is
the input category D that governs the bond algebra, and it
is defined by generalized 6j symbols providing the recou-
pling theory of the generalized Clebsch-Gordan coeffi-
cients. The crux of our approach is that one can find distinct
realizations of the symmetric operators so that they satisfy
the same algebraic relations by choosing different mod-
ule categories Mi over the input category D [34]. These
local symmetric operators define dual models with distinct
realizations of the same symmetry, while the bond algebra
they generate remains the same. The corresponding dual
symmetry MPOs are encoded into fusion categories Ci that
satisfy the so-called Morita equivalence [41]. Crucially,
the categorical data of these different module categories
Mi allow us to explicitly construct MPO intertwiners that
implement the duality transformation between symmetric
operators at the level of the states.

Our construction makes the role of symmetries in duali-
ties very explicit, as the MPO intertwiner depends only on
the different choices of module categories; once this MPO
is constructed, it will serve as the intertwiner between any
two Hamiltonians constructed out of linear combinations
of dual bond algebra elements. The resulting dual mod-
els can be thought of as generalizations of anyonic chains
where the microscopic degrees of freedom are now deter-
mined by the module categories. Generally, the Hilbert
spaces of these models are not necessarily tensor prod-
uct spaces. Dual models may have very different local
degrees of freedom, and may be defined only on a sub-
space where allowed configurations are subject to local
constraints. This means dualities may be realized between
a theory and a subspace of a different dual theory; this
is known as emergent duality [66]. Whenever the cho-
sen duality map reveals itself as an (otherwise hidden)
symmetry of the original model Hamiltonian, as in the
Kramers-Wannier example, the transformation is known as
a self-duality [65]. A necessary (but not sufficient) condi-
tion for a given duality to be a self-duality is that dual and
original symmetries are the same. A key advantage of the
categorical approach is that these dual symmetries can be
simply determined, allowing us to rule out the possibility
that certain dualities are self-dualities.

The central merit of the tensor network representation,
and more specifically of the MPO construction, is the
fact that global nonlocal duality transformations can be
implemented in a local way at the cost of introducing
additional entanglement degrees of freedom. This allows

us to explicitly construct the isometries relating dual
Hamiltonians, ensuring their spectra are related, some-
thing extremely hard to achieve by other means given
the nonlocal character of the transformation. Although we
do not discuss it here, we remark that the intertwining
MPO completely determines the dual variables, including
those relating local order parameters of a system to string
order parameters of its dual theory. Finally, note that the
procedure of gauging is incorporated in our framework
of duality transformations, and our construction recovers
the well-known fact that grouplike symmetries represented
with nontrivial 3-cocycles cannot be gauged as the required
module categories do not exist.

The implementation of a duality at the level of the
Hilbert space as an MPO intertwiner has direct physi-
cal implications. Generically, a duality transformation may
map a gapped phase of a system to another, different
gapped phase. Recent work [51] has exploited this prop-
erty as a means to prepare states associated with a specified
phase from a product (unentangled) state. It was shown,
on a case-by-case basis, that certain dualities can be imple-
mented with use of constant-depth circuits supplemented
with measurement and classical communication [51], and
thus this provides an operational recipe to implement them
in experimental setups. Our exact MPO intertwiners pro-
vide the general theory for these explicit duality imple-
mentations, and translating them into the quantum circuit
language will provide a way to realize a general duality
transformation in experimental setups.

Another far-reaching mathematical and physical conse-
quence of our category-theoretical approach is the long
sought elucidation of the non-Abelian duality problem
[67]. In the categorical formulation, we define a non-
Abelian duality as a duality whose fusion category D
governing the bond algebra is derived from a non-Abelian
group, and at least one of the module categories involved
in the duality is also based on a non-Abelian group. Within
our construction, we circumvent the difficulties associ-
ated with traditional approaches, which partly stem from
these non-Abelian dualities typically giving rise to dual
symmetries that can no longer be described by a group.
These findings could lead to rigorous derivations of gener-
alized particle-vortex dualities [68], some of them relating
fermionic to bosonic theories, in (2+1)D quantum and
topological field theories.

This paper is organized as follows: First, we give
a heuristic exposition of our construction in Sec. II.
After reviewing relevant key concepts of category the-
ory, we present our systematic recipe for Hamiltonian
models with nontrivial dual theories based on the for-
malism of MPO symmetries, and relate this construc-
tion to the bond-algebra approach to dualities. Finally, in
Sec. III, we illustrate our approach with dualities between
distinct realizations of symmetries encoded into various
fusion categories. Using our formalism, we present a new
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emergent duality of the t-Jz chain model as well as other
emergent dualities in Secs. III F, III G, and III H. Non-
Abelian dualities, extensions, bulk-boundary correspon-
dence, and future work on higher spatial dimensions are
discussed in Sec. IV.

II. HAMILTONIANS WITH CATEGORICAL
SYMMETRIES

We present in this section a systematic construction
of categorically symmetric local operators that yield dual
(1+1)D quantum Hamiltonians.

A. Heuristics

Before going into technical details, we provide the moti-
vation for our formalism. We consider (1+1)D quantum
Hamiltonians—a priori defined on infinite chains—of the
form HA = ∑

i hA,i, where for simplicity we restrict the
local terms hA,i to include up to two-site interactions. In
general, hA,i is defined in terms of a valence-3 tensor A as

(1)

and from now on we use the usual graphical notation for
describing tensors and their contractions. We are interested
in Hamiltonians that satisfy specific symmetry relations.
At the level of the tensors A, these require the existence
of MPO symmetries satisfying so-called pulling-through
conditions:

A = A ,

(2)

where curved red lines depict indices along which MPO
tensors get contracted to one another. Elementary exam-
ples of such tensors A are built from Clebsch-Gordan
coefficients of a finite group G, which are invariant under
the action of any of its generators. The MPO symme-
tries are thus labeled by group variables and can be fused
together via group multiplication. More generally, we are
interested in MPO symmetries with operators that are not
necessarily invertible and whose properties are encoded
into a fusion category. The tensors A can then be thought of
as generalized Clebsch-Gordan coefficients invariant under
the action of such operators.

A central insight of this paper is the following: given a
tensor A, we can often define another tensor B related to A
via the existence of an MPO intertwiner, which is distinct
from an MPO symmetry, encoding the action of a duality:

A = B .

(3)

Crucially, tensors B obtained in this way satisfy sym-
metry conditions of the form (2) with respect to MPOs
whose properties are encoded into a fusion category that
is similar—in a sense to be specified below—to that of the
symmetry operators of A. The Hamiltonian HB built out of
tensors B is then dual to HA. In particular, the MPO inter-
twiner can be used to construct an isometry connecting HA
and HB, thus implying a relation between their spectra.

More concretely, given MPO symmetries encoded into a
given fusion category D, the tensors A can be constructed
from a piece of data known as the F symbols of D. The
existence of distinct tensors B satisfying the properties
outlined above is then guaranteed if there are distinct so-
called module categories over D. These module categories
M contain data that can be used to construct the afore-
mentioned generalized Clebsch-Gordan coefficients. Anal-
ogously to the way ordinary Clebsch-Gordan coefficients
can be recoupled via Wigner 6j symbols, the generalized
Clebsch-Gordan coefficients can be recoupled using the
F symbols of D regardless of the choice of M. The fact
that the tensors A and B share the same recoupling theory
confirms that they are strongly related to one another.

A particular manifestation of this relationship can be
observed when one is considering the algebra generated by
all local symmetric operators constructed from these gen-
eralized Clebsch-Gordan coefficients, the so-called bond
algebra [66]. The bond algebras constructed from different
generalized Clebsch-Gordan coefficients are isomorphic,
since their structure constants are derived from the same
recoupling theory. In Ref. [66], it was argued that this
implies the existence of an isometry relating these bond
algebras and by extension the two Hamiltonians, providing
motivation for the notion of isomorphic bond algebras as a
formalization of duality. Our formulation of these concepts
allows us to go beyond this in that we are able to explicitly
construct this isometry map from the MPO intertwiners.
It turns out that the precise nature of this transformation
requires a thorough understanding of the different sym-
metry sectors of the models, information that is naturally
provided in the categorical formulation [28,54].

To gain some intuition, consider the simple case of Z2
symmetry. For concreteness, we examine the transverse
field Ising chain model; however, we note that the MPO
intertwiners implementing the relevant dualities are the
same for any Z2-symmetric model. We contemplate an
infinite chain with Z2-valued “matter” degrees of free-
dom at sites labeled by half-integers, governed by the
Hamiltonian HA = ∑

i hA,i:

hA,i = −J (Xi− 1
2
Xi+ 1

2
+ gZi+ 1

2
) . (4)

This Hamiltonian has a (global) Z2 symmetry real-
ized by the tensor product of Pauli Z operators act-
ing on half-integer sites. The local terms hA,i can be
conveniently constructed from a tensor A as in Eq. (1) such
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that the Z2 symmetry descends from the pulling-through
condition

A

Z
= A

Z

Z

.

(5)

A duality can be obtained by gauging the global Z2 sym-
metry, which in this setting is achieved by following
the procedure outlined in Ref. [69]. At sites labeled by
integers—in between the matter degrees of freedom—we
introduce additional Z2 “gauge” degrees of freedom
together with local constraints

Gi+ 1
2

:= ZiZi+ 1
2
Zi+1

!= 1. (6)

Local projectors onto the G = 1 subspaces are then
given by PG = (1 + G)/2. Since projectors on different
sites commute, states in the constrained subspace can be
obtained by applying the MPO intertwiner

i− 3
2 i− 1

2 i+ 1
2

i−2 i−1 i i+1
PG PG PG

,

(7)

on the matter degrees of freedom, at the expense of dou-
bling the gauge degrees of freedom. This doubling is done
to implement the constraints in a local way, with projec-
tors centered on the matter degrees of freedom. While it
is not strictly required in this case and we even undo the
doubling in a later step, it is indicative of the way the cat-
egorical framework implements these kinds of constraint.
The matter degrees of freedom at sites i + 1/2 can be dis-
entangled from the gauge degrees of freedom at sites i and
i + 1 by acting with a local unitary on these matter and
gauge degrees of freedom. A more conventional notation
for the building block of this MPO is then provided by

(8)

where the addition a + b is modulo 2. The action of the
MPO intertwiner on hA,i can be understood as follows.
Acting on the Zi+1/2 term, we find the dual term

(9)

while for Xi−1/2Xi+1/2, the dual term is

(10)

These dual terms can be written in terms of a tensor B,
which now satisfies the pulling-through condition

(11)

Notice that due to the doubling, we have two gauge degrees
of freedom per site i + 1/2, and therefore the MPO sym-
metry locally acts as XiXi+1. Removing this redundancy
leads to tensors symmetric with respect to tensor prod-
ucts of Pauli X operators acting on integer sites, which is
an equivalent but distinct implementation of the global Z2
symmetry. Putting everything together, we obtain the dual
Hamiltonian HB = ∑

i hB,i such that

hB,i = −J (Xi + gZiZi+1). (12)

This Hamiltonian has a global Z2 symmetry with respect
to a tensor product of Pauli X operators acting on the inte-
ger sites. Up to a local change of basis, we recognize the
Kramers-Wannier dual of the initial Hamiltonian. Despite
our having derived the MPO intertwiner in the context of
the Ising model, it is general in the sense that it performs
the Kramers-Wannier duality for a generic Z2-symmetric
model.

A second duality of the Ising model—perhaps not
always thought of as such—is the mapping to free fermions
via the Jordan-Wigner transformation [66]. In essence,
this transformation reinterprets a bosonic spin up/down
degree of freedom at some site as the presence/absence of
a fermion at that site. For a single spin, this is achieved
through the following substitution:

S+
i = 1

2
(Xi + iYi) �→ c†

i , S−
i = 1

2
(Xi − iYi) �→ ci ,

(13)

where the fermionic creation operator c†
i satisfies canonical

anticommutation relations, {ci , c†
j } = δij, whereas indepen-

dent spin operators commute. For several spins, one is thus
required to consider the transformation [2]

S+
i �→ Ki c

†
i , S−

i �→ Ki ci , Zi �→ 1 − 2c†
i ci , (14)

with Ki = exp
(
iπ

∑i−1
j=−∞ c†

j cj

)
an operator that defines

the total fermionic parity at sites j < i, ensuring that the
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spin operators satisfy the expected commutative alge-
bra. Applying these relations to HA yields the dual
Hamiltonian [70]

HC = −J
∑

i

(
c†

i− 1
2
c

i+ 1
2

+ c†
i− 1

2
c†

i+ 1
2

+ h.c.

− g(2c†
i+ 1

2
c

i+ 1
2

− 1)
)
, (15)

a model of noninteracting fermions that can be read-
ily diagonalized. The Jordan-Wigner transformation can
be interpreted as an MPO intertwiner, with the MPO
represented in the form of a fermionic tensor network
[71]. Denote by ni(a) = 0, 1 the fermionic occupation
number at site i with ni(0) = 0 and ni(1) = 1 such that
|ni(a)〉 ≡ (c†

i )
ni(a)|∅〉. It follows from the anticommuta-

tion relations of fermionic operators that |ni(a)〉|nj(b)〉 =
(−1)ab|nj(b)〉|ni(a)〉. Given this notation, the MPO inter-
twiner implementing the Jordan-Wigner transformation
has building block

(16)

where again additions are modulo 2. Notice that the total
parity of fermionic occupation numbers of this tensor is
even. This implies that when one is constructing the MPO
intertwiner by contracting copies of this building block
along virtual degrees of freedom, the parity of the vir-
tual occupation number ni(a) at site i is equal to the total
parity associated with fermions at sites j < i. Acting with
the operator Xi = S+

i + S−
i on the spin degree of freedom

of the MPO tensor at site i, it follows from the previous
remark that

∑

a,b

|ni− 1
2
(a)〉|ni(b)〉〈ni+ 1

2
(a + b)|〈b + 1|

=
∑

a,b

|ni− 1
2
(a)〉|ni(b + 1)〉〈ni+ 1

2
(a + b + 1)|〈b|

=
∑

a,b

|ni− 1
2
(a)〉(c†

i + ci)|ni(b)〉〈ni+ 1
2
(a + b + 1)|〈b|

=
∑

a,b

Ki (c
†
i + ci)|ni− 1

2
(a)〉|ni(b)〉〈ni+ 1

2
(a + b + 1)|〈b|.

(17)

Denoting the MPO intertwiner as OJW and noting that c†
i +

ci commutes with the even MPO tensors, one can write

OJWXi = Ki(c
†
i + ci)O

′
JW, (18)

showing that this MPO intertwiner indeed implements the
Jordan-Wigner transformation. Here O′

JW has an additional
operator on the virtual leg between sites i and i + 1 that
flips the parity. As in the Kramers-Wannier duality exam-
ple, the MPO intertwiner performs the Jordan-Wigner
transformation for any Z2-symmetric model, and can be
obtained from the categorical formulation.

B. Technical preliminaries

As alluded to above, our construction requires two
pieces of category-theoretical data—namely, a fusion cat-
egory and a module category over it (see Ref. [41] for
precise definitions). Let D be a (spherical) fusion category.
Succinctly, it is a collection of simple objects interpreted
as topological charges of various quasiparticles that can
fuse with one another. Throughout this paper, isomorphism
classes of simple objects in D are denoted by α,β, . . . ∈
ID (Greek lowercase letters) and their respective quan-
tum dimensions are denoted by dα , dβ , . . . ∈ C. The fusion
of objects is defined by the so-called monoidal structure
(⊗,1,F) of D, where ⊗ is an associative product rule, 1
is a distinguished object interpreted as the trivial charge,
and F is an isomorphism F : α ⊗ (β ⊗ γ )

∼−→ (α ⊗ β)⊗
γ referred to as the “monoidal associator.” Denoting by
Hγ

α,β := HomD(α ⊗ β, γ ) � |αβγ , i〉 the vector space of
maps from α ⊗ β to γ , we have α ⊗ β  ⊕

γ N γ

αβ γ ,
where N γ

αβ := dimC Hγ

α,β ∈ N are the fusion multiplici-
ties. The monoidal associator boils down to a collection
of isomorphisms

Fαβγ

δ :
⊕

ν

Hν
β,γ ⊗ Hδ

α,ν
∼−→

⊕

μ

Hμ
α,β ⊗ Hδ

μ,γ (19)

that can be graphically depicted as

(20)

where i, j , k, and l label basis vectors in Hμ
α,β , Hν

β,γ , Hδ
α,ν ,

and Hδ
μ,γ , respectively. In these diagrams, tensor products

are ordered from top to bottom in agreement with Eq. (19).
Let us now consider a (finite semisimple C-linear)

right module category M over D, which is broadly
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speaking a category with a right action over D. Hence-
forth, isomorphism classes of simple objects in M are
denoted by A, B, . . . ∈ IM (roman uppercase letters). Sim-
ple objects of M act on the topological charges of D via
the module structure (�, �F), where − � − : M × D →
M is the action and �F is an isomorphism �F : A �(α ⊗
β)

∼−→ (A �α) �β referred to as the “module associator.”
For instance, every fusion category D defines a module
category over itself, which we refer to as the “regu-
lar module category.” Introducing the notation VB

A,α :=
HomM(A �α, B) � |AαB, i〉, we find the module associator
�F boils down to a collection of isomorphisms

�FAαβ
B :

⊕

γ

Hγ

α,β ⊗ VB
A,γ

∼−→
⊕

C

VC
A,α ⊗ VB

C,β (21)

that can be depicted as

(22)

where i, j , k, and l label basis vectors in VC
A,α , Hγ

α,β , VB
A,γ ,

and VB
C,β , respectively. Notice that we use a different color

(purple) for strands labeled by simple objects (A, B, . . .) in
the module category M, and we refer to these as “mod-
ule strands.” The matrix entries of these isomorphisms,
which are referred to as “�F symbols,” can be graphically
represented as [72]

(23)

where, for completeness, we also include the matrix entries
associated with the inverse �F̄ of the module associa-
tor. Unless otherwise stated, we work with �F symbols
that are unitary and real, which in our convention implies
(�FAαβ

B

)γ ,jk
C,il = (�F̄Aαβ

B

)γ ,jk
C,il . Note that we keep the module

strands unoriented as the corresponding labels will be
summed over in practice. By convention, �F symbols for
which the fusion rules are not satisfied everywhere vanish.
Crucially, the module associator �F must satisfy a consis-
tency condition, known as the pentagon axiom, involv-
ing the monoidal associator F and that ensures that the
equation

(24)

holds for any choice of simple objects and basis vectors.
Henceforth, we omit drawing gray patches associated with
basis vectors that are being contracted (e.g., p and q in the
previous equation).

By our interpreting the diagrams in Eq. (23) as the
nonvanishing components of valence-4 tensors, it follows
from Eq. (24) that these tensors can be used to define a ten-
sor network representation [24–26,73,74] of the ground-
state subspace of a string-net model with input data D
[75–78]. Crucially, these tensors exhibit symmetry condi-
tions with respect to nontrivial MPOs defined by tensors
whose nonvanishing components are of the form

(25)

The symmetry conditions then ensure that these opera-
tors can be freely deformed throughout the tensor network
away from their endpoints according to the pulling-through
condition

(26)

These symmetry operators, whose properties are encoded
into another fusion category C ∼= D∗

M known as the Morita
dual of D with respect to M [41], can then be used
to characterize degenerate ground states and create any-
onic excitations of the topological string-net model. In
this context, different choices of module categories M
yield different tensor network representations of the same
topological model [34]. Interestingly, given a string-net
model, it is possible to define distinct tensor network
representations across different regions of the underlying
lattice via the introduction of MPO intertwiners. Crucially,
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these intertwining operators can be fused with the sym-
metry operators associated with either representation in an
associative way. Analogously to the symmetry operators,
these can be freely moved through the lattice, ensur-
ing that the tensor network representations are locally
indistinguishable.

C. Categorically symmetric local operators

Before addressing our recipe for constructing duality
maps, we consider the following situation: Let D be a
fusion category and M let be a module category over it.
If we invoke the graphical calculus sketched above, every
treelike diagram of the form

(27)

labeled by simple objects in ID and IM such that the vec-
tor spaces V C̃

A,α̃ and VB
C̃,β̃

are nontrivial, is interpreted as

a state · · · ⊗ |Aα̃C̃, ĩ〉 ⊗ |C̃β̃B, l̃〉 ⊗ · · · in a Hilbert space.
Diagrams of the form

(28)

labeled by simple objects in ID such that the vector spaces
Hγ

α,β and (Hγ

α̃,β̃
)� are nontrivial, can then be interpreted

as local operators acting on such a Hilbert space of tree-
like diagrams. The action of these operators can be readily
computed via the change of basis provided by Eq. (22) and
its inverse:

(29)

This is a generalization of the usual anyonic chain con-
struction [35–40]. Note that the definition of these opera-
tors depends only on D, whereas the Hilbert space is spec-
ified by a choice of M, suggesting that distinct choices of
D module categories should yield dual models.

Let us now formalize this construction. Given a spheri-
cal fusion category D and a D module category M, we are
interested in local operators acting on (total) Hilbert spaces
of the form

(30)

with Vi+1/2 := HomM(Ai �αi+1/2, Ai+1). Throughout this
paper, we implicitly work with infinite chains, unless
otherwise stated. Importantly, the Hilbert space (30) is
typically not a tensor product of local Hilbert spaces.
We choose the convention that unlabeled module strands
denote the morphism

(31)

where the second sum is over basis vectors in the endomor-
phism spaces EndM(A). As suggested by the definition, we
also consider (fermionic) module categories whose simple
objects may have nontrivial endomorphism algebras, but
from now on we take all endomorphism spaces to be iso-
morphic to C unless otherwise stated. In the same spirit,
unlabeled gray patches as depicted below are provided by

(32)

where |AαB, i〉 ∈ VB
A,α and 〈AαB, i| ∈ (VB

A,α)
� are basis vec-

tors for any i = 1, . . . , dimC VB
A,α . Given this notation, we

consider local operators bM
a,i of the form

(33)

where ba(α, α̃,β, β̃, γ , j , j̃ ) ∈ C. In virtue of Eqs. (23),
(31), and (32), the operator on the right-hand side is such
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that

(〈AαC, i| ⊗ 〈CβB, l|)bM
a,i

(|C̃β̃B, l̃〉 ⊗ |Aα̃C̃, ĩ〉)

=
∑

γ

∑

k,j ,j̃

ba(α, α̃,β, β̃, γ , j , j̃ )
(�FAαβ

B

)γ ,jk
C,il

(�F̄Aα̃β̃
B

)γ ,j̃ k
C̃,ĩl̃ ,

(34)

where the contribution of the �F symbols

(35)

matches that in Eq. (29).
We commented earlier that the tensors whose nonvan-

ishing components are evaluated to the �F symbols sat-
isfy symmetry conditions translating into pulling-through
conditions of the form depicted in Eq. (26). It follows
from the definition of bM

a,i in terms of these tensors that
they commute with the corresponding symmetry MPOs
[35,36,40]. These nonlocal operators and their proper-
ties being encoded into (fusion) categories—in contrast
to mere groups for instance—justifies why we refer to
the bM

a,i defined in this section as categorically symmetric
operators. We point out that we restrict ourselves to two-
site operators for simplicity. Multiple-site operators can be
constructed in the same way.

D. Bond algebras and duality

Given an input category D and the symmetric local
operators bM

a,i , we would like to argue that the different
representations of the bM

a,i associated with any choice of
D module category M provide a way of constructing
dual models. The concept of quantum duality was formal-
ized in Ref. [66] introducing the notion of bond algebras.
This formulation turns out to be particularly suited to our
construction.

Consider the set of all symmetric local operators bM
a,i

as defined previously and let us refer to them as bonds.
These bonds define an algebra A{bM

a,i } known as the bond
algebra, generated by taking all possible finite products of
all possible bonds, as well as the identity operator:

{id,bM
a,i ,bM

b,j b
M
c,k ,bM

a,i b
M
b,j b

M
c,k , . . .} . (36)

In general, elements of the bond algebra as defined above
are not all linearly independent, but we can find a basis
{OM

x } so that bonds and products of bonds can be decom-
posed into it. By definition, these basis elements satisfy

operator product expansions

OM
x OM

y =
∑

z

f z,M
xy OM

z , (37)

where f z,M
xy are the structure constants of the bond algebra

so that bond algebras with the same structure constants are
isomorphic.

Given our definition of the bonds in Eq. (33), prod-
ucts of bonds are computed by invoking the recoupling
theory encoded into Eq. (24) of tensors (23) thought of
as some generalized Clebsch-Gordan coefficients. For a
choice of basis of the bond algebra, Eq. (24) can thus be
used repeatedly to explicitly compute the structure con-
stants. Crucially, this recoupling theory is invariant under
a change of D module category M. Indeed, it is manifest
from Eq. (24) that recoupling does not involve the objects
in M and depends only on the monoidal structure of D
via its F symbols. As such, the structure constants of the
bond algebras associated with our models depend only on
the choice of D:

f z,M
xy = f z

xy(F). (38)

Consequently, the bonds {bM
a,i } generate isomorphic bond

algebras for any choice of D module category M. It
follows from the results in Ref. [66] that categorically sym-
metric local operators that differ only by the choice of D
module category are dual to one another, formalizing the
intuition that dualities are maps between local operators
preserving their algebraic relations.

In our formalism, the existence of such an isomorphism
between the two bond algebras is ensured by the fact that
we have access to MPO intertwiners mapping bonds asso-
ciated with distinct module categories onto one another.
In the scenario where one of the modules is taken to be
the regular module category, these intertwining operators
admit particularly simple expressions in terms of tensors
whose nonvanishing components are evaluated to the �F
symbols:

(39)

Pulling such an intertwining operator through bonds asso-
ciated with the regular module category yields bonds
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associated with M according to

(40)

These operators implement the bond algebra isomorphism
and therefore the duality at the level of the local tensors,
where the nonlocality is captured by the fact that the virtual
bond dimension of this operator is nontrivial. Intertwiners
between bond algebras obtained from two generic mod-
ule categories can be obtained from the ones above via
composition; they are described by module functors [34].

To appreciate how the bond-algebraic formulation of
duality works, let us consider two Hamiltonians H =∑

i hi whose local terms are constructed by taking some
linear combination of the bonds:

hi =
∑

a

Jab
M
a,i . (41)

This defines two dual Hamiltonians HA and HB, acting
on Hilbert spaces HA and HB, respectively, where the
Hamiltonian HA is constructed by taking the regular D
module category and HB is built from an arbitrary D mod-
ule category M. The MPO symmetries of these models
are then given by the Morita duals D∗

D ∼= D and D∗
M ∼= C,

respectively, and the Hamiltonians are transformed into
one another by action of the MPO intertwiner. To under-
stand the action of the duality map at the level of the
Hilbert spaces, we consider the models on rings of finite
size. The presence of MPO symmetries indicates that the
Hilbert spaces HA and HB can be decomposed into direct
sums of n sectors:

HA =
n⊕

i

HA,i and HB =
n⊕

i

HB,i, (42)

where i roughly labels all possible charges under the MPO
symmetry, as well as all symmetry-twisted boundary con-
ditions. Consequently, the Hamiltonians are block diagonal
and decompose as

HA =
n⊕

i

HA,i and HB =
n⊕

i

HB,i. (43)

The Hilbert spaces HA and HB need not be of the same
dimension, as the fusion categories describing the MPO

symmetries D and C are typically not (monoidally) equiv-
alent, but the number of sectors is the same for both. Math-
ematically, this is guaranteed by the fact that the fusion
categories D and C are Morita equivalent; the sectors
are given by the monoidal centers of these fusion cate-
gories, which are equivalent for Morita-equivalent fusion
categories [41]. At the level of the MPO symmetries, the
monoidal center can be constructed from the tube alge-
bra [26,29], the central idempotents of which correspond
to the different sectors in the model. The dimension of
these central idempotents is, in general, different for the
two models, which is reflected in the difference in Hilbert
space dimension.

The fact that these models have isomorphic bond alge-
bras implies the existence of a set of unitary transforma-
tions:

Ui : HA,i × Haux
A,i → HB,i × Haux

B,i

such that Ui(HA,i ⊗ 1A,i)U
†
i = HB,i ⊗ 1B,i ,

(44)

where the auxiliary Hilbert spaces Haux are chosen to
account for the potential mismatch in Hilbert space dimen-
sion between HA,i and HB,i; a prototypical instance where
this occurs is in dualities obtained by gauging a non-
Abelian symmetry. The existence of such unitary trans-
formations is discussed in Ref. [66] and implies that up
to degeneracies, the Hamiltonians HA and HB have the
same spectrum, but its explicit construction for generic
models has not been obtained. In our formalism, however,
these unitary transformations can be explicitly constructed
from the MPO intertwiners together with the knowledge
of their interaction with the MPO symmetries of the two
models. A detailed description requires an analysis of the
sectors of these two models in terms of the idempotents of
tube algebras and generalizations thereof involving MPO
intertwiners.

Finally, the local operators in these theories admit a sim-
ilar characterization in terms of tube algebras, and are able
to change the sector by acting on a state in a process that
is equivalent to the fusion of anyons. A detailed exposition
of these aspects will be presented elsewhere.

III. EXAMPLES

In this section we illustrate the previous construction
for various choices of input category-theoretical data and
bonds building up a Hamiltonian. We consider examples
realizing familiar dualities, which can be studied without
invoking category theory, as well as more exotic examples
to showcase the general applicability of our approach.

A. Z2: Transverse field Ising model

Let D = VecZ2 be the category of Z2-graded vector
spaces, where we write the simple objects of VecZ2 as
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{1, m}. The nontrivial fusion rules read 1 ⊗ 1  1  m ⊗
m and 1 ⊗ m  m  m ⊗ 1. As an example, we consider
the model

H = −J
∑

i

bM
1,i − Jg

∑

i

bM
2,i , (45)

defined by the bonds

(46)

where γ ∈ ID is uniquely specified by the fusion rules.
The bond bM

2,i is a one-site operator in disguise, which we
write as a two-site operator for consistency with the other
bonds in this work. For this example, the module associa-
tor is evaluated to the identity morphism for any choice of
module category so that the �F symbols equal 1 when the
fusion rules are satisfied and equal 0 otherwise.

Let M = VecZ2 be the regular VecZ2 module category.

As per Eq. (31), we have .
Imposing hom spaces to be nontrivial in the definition
Eq. (30) of the total Hilbert space H constrains objects {α}
in ID to be determined by a choice of objects {A} in IM via
the fusion rules. Since hom spaces in M are all one dimen-
sional, it follows that H is isomorphic to

⊗
i(C ⊕ C),

where C ⊕ C  C[ ]  C2, such that the physical
spins are located in the ‘middles’ of the module strands.
The operator bM

1,i acts on strand i as |1/m〉 �→ |m/1〉,
whereas the operator bM

2,i projects out states whose strands
i − 1 and i + 1 have distinct labeling objects, and acts as
the identity operator otherwise. It follows that in the Pauli
Z basis, the Hamiltonian (45) reads

H = −J
∑

i

(
1i−1Xi1i+1 + g

2
(Zi−1Zi1i+1 + 1i−1ZiZi+1)

)

= −J
∑

i

(
Xi + gZiZi+1

)
, (47)

which we recognize as the transverse field Ising model,
seemingly first introduced in Ref. [79].

Let us now consider the category M = Vec, which is a
VecZ2 module category via the forgetful functor VecZ2 →

Vec. We denote the unique simple object in Vec via 1  C
such that 1 �α  1 for any α ∈ ID. According to Eq. (30)
the total Hilbert space is given by

H =
⊗

i

⊕

α
i+ 1

2

HomM(1 �αi+ 1
2
,1) 

⊗

i

C2. (48)

It follows immediately from the definitions of bM
1,i and bM

2,i
that in the Pauli Z basis the Hamiltonian (45) now reads

H = −J
∑

i

(
Xi− 1

2
Xi+ 1

2
+ gZi+ 1

2

)
, (49)

which we recognize as the Kramers-Wannier dual of the
Hamiltonian given in Eq. (47). The MPO intertwiner cor-
responding to this duality is obtained from the module
associator via Eq. (39), and in this simple case reduces to
Eq. (8).

If we denote the model associated with the regular
VecZ2 module category as HA and the model associ-
ated with Vec as HB, their duality implies the existence
of a unitary transformation mapping one to the other, as
discussed above. For closed boundary conditions, these
Hamiltonians are block diagonal in the four symmetry sec-
tors, corresponding to even/odd charge under the global Z2
symmetry and periodic/antiperiodic boundary conditions.
These sectors are all of the same dimension and therefore
no auxiliary Hilbert spaces are required to construct a uni-
tary transformation relating the individual blocks of the
Hamiltonians. Interestingly, this unitary transformation, as
provided by the MPO intertwiners, interchanges the even
(odd), periodic (antiperiodic) sector of HA with the peri-
odic (antiperiodic), even (odd) sector of HB, illustrating
the subtle interplay between duality transformations and
symmetry properties of the Hamiltonians involved.

To investigate another duality of the Ising model, it is
convenient to think of the input category D as the cat-
egory sVec of super vector spaces, which is equivalent,
as a fusion category, to VecZ2 . We denote the simple
objects of sVec as {1,ψ}. Let M = sVec/〈ψ  1〉 be the
(fermionic) sVec module category whose unique simple
object 1 satisfies 1 �1  C1|0 × 1 and 1 �ψ  C0|1 × 1,
where C1|0  C is usually omitted, and C0|1 is the purely
odd one-dimensional super vector space. It follows that the
local Hilbert spaces Vi+1/2 are now given by

Vi+ 1
2

= HomM(1 �1,1)⊕ HomM(1 �ψ ,1)

 C1|0 ⊕ C0|1 = C1|1, (50)

where C1|1 is a super vector space with one even and one
odd basis vector. We identify the basis vector in C1|0 with
the empty state |∅〉 and the basis vector in the odd vector
space C0|1 with c†

i |∅〉, where ci is a fermionic operator sat-
isfying {ci , c†

j } = δij and {ci, cj} = 0. Replacing m by ψ in
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Eq. (46), we notice that the first two terms in the definition
of bM

1,i act on states

(

c†
i− 1

2

)n
i− 1

2

(

c†
i+ 1

2

)n
i+ 1

2 |∅〉 ∈ C1|1 ⊗ C1|1 (51)

via c†
i−1/2ci+1/2 and c†

i−1/2c†
i+1/2, respectively, and simi-

larly for the last two terms, whereas the operator bM
2,i

acts as 1/2((−1)ni−1/2 + (−1)ni+1/2). It follows that the
Hamiltonian (45) now reads

H = −J
∑

i

(c†
i− 1

2
c

i+ 1
2

+ c†
i− 1

2
c†

i+ 1
2

+ h.c.

− g(2c†
i+ 1

2
c

i+ 1
2

− 1)
)
, (52)

which we recognize as the Jordan-Wigner dual of the
Hamiltonian given in Eq. (49). The MPO intertwiner corre-
sponding to this duality is obtained from the module asso-
ciator via Eq. (39) and reduces to Eq. (16) when combined
with the Kramers-Wannier MPO intertwiner. There exists a
fairly straightforward generalization of this class of exam-
ples obtained by replacing the spherical fusion category D
by the category VecG of G-graded vector spaces, with G
an arbitrary finite group. This is the input data of topologi-
cal gauge theories known as (untwisted) Dijkgraaf-Witten
theories [80], whose lattice Hamiltonian incarnations were
studied by Kitaev [81]. Indecomposable module categories
over VecG are well understood and are labeled by pairs
(L, [ψ]), with L ⊂ G a subgroup of G and [ψ] a cohomol-
ogy class in H 2(L,C×) [82]. Applying our construction for
various choices of module categories, we expect to recover
dual versions of the Ising-like Hamiltonians investigated
in Refs. [83,84]. As with VecZ2 , two particularly interest-
ing choices of VecG module categories are provided by
M = Vec and M = VecG. The MPOs intertwining the
corresponding tensor network representations of the VecG
string-net model are particularly simple:

where the black dots represent group δ functions. As men-
tioned earlier, these intertwining operators map the bonds
of the Hamiltonian associated with M = VecG to those of
the Hamiltonian associated with M = Vec. Invoking the
property

(53)

where Rh : |g〉 �→ |gh−1〉 and Lh : |g〉 �→ |hg〉, we can
readily confirm that this operator implements the duality
transformation between the Ising-like Hamiltonians. This
tensor network can also be thought of as implementing
a gauging map. In particular, applying such an operator
to product states yield Greenberger-Horne-Zeilinger-like
states, thus providing a nonlocal map relating short-range
order and long-range order. A further generalization is
obtained by considering the fusion category VecαG, which
differs from VecG only by its monoidal associator, which
is now evaluated to some normalized representative of a
cohomology class [α] in H 3(G, U(1)). Module categories
over this category are also well understood [82]. Interest-
ingly, as long as [α] is not the trivial class, it is not possible
to choose Vec as a module category. This corresponds to
the “anomaly” that presents an obstruction to gauging the
corresponding quantum models.

B. Z2: Heisenberg XXZ to t-Jz model

In the previous section, we illustrated how our approach
reproduces the well-known Kramers-Wannier and Jordan-
Wigner dualities. We now show how our approach leads
to new dualities that were previously not known. Taking
again D = VecZ2 , we consider the model

H = 2t
∑

i

bM
1,i + Jz

∑

i

bM
2,i , (54)

defined by the bonds

(55)

where γ is again uniquely specified by the fusion rules.
If we take the module category M = Vec and use the

same arguments as before, it is straightforward to see that
this leads to the Hamiltonian

H = t
∑

i

(
Xi− 1

2
Xi+ 1

2
+ Yi− 1

2
Yi+ 1

2

)

+ Jz

4

∑

i

(
Zi− 1

2
+ 1i− 1

2

)(
Zi+ 1

2
+ 1i+ 1

2

)
. (56)

Up to an irrelevant constant, this is the spin-1/2 Heisen-
berg XXZ model in the presence of a magnetic field.

We now consider sVec as a module category over
VecZ2 . As before, we denote the simple objects of sVec
as {1,ψ}; the fusion rules are A �1  C1|0 · A, 1 � m 
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C0|1 · ψ , and ψ � m  C0|1 · 1. The local Hilbert spaces
are given by

Vi+ 1
2

=
⊕

A,B,α

HomM(A �α, B)  C2|2, (57)

where C2|2 is the super vector space with two even
and two odd basis vectors. We choose basis vectors for
the two-dimensional even component given by |∅±〉 =
1/

√
2(|111〉 ± |ψ1ψ〉), while for the two-dimensional

odd component we define the basis vectors |↑ 〉 = |1mψ〉
and |↓ 〉 = |ψm1〉. We note that the identification of the
degrees of freedom here differs from the M = VecZ2 con-
sidered above, where we interpreted the module strands as
the effective degrees of freedom. In this basis, we denote
via c̄i,σ , with σ ∈ {↑, ↓}, the constrained fermion opera-
tors defined by their nonzero components c̄†

i,σ |∅+〉 = |σ 〉
and c̄i,σ |σ 〉 = |∅+〉. These operators correspond to the cre-
ation/annihilation of fermions with the constraint that no
two fermions, regardless of their spin, can occupy the
same site [6]. The full Hilbert space is a subspace of⊗

i C
2|2. This subspace is characterized by the fact that

two fermions separated by any number of holes |∅+〉
(including none) must have opposite spins, i.e., it displays
antiphase domains related to string order. As we see later,
configurations involving |∅−〉 are projected out by the
Hamiltonian, and therefore we can effectively restrict the
local degrees of freedom to {|∅+〉, |↑ 〉, |↓ 〉}. On this sub-
space, using the fact that the �F symbols of the module
category sVec are all trivial, the action of the Hamiltonian
can be written in terms of constrained fermion operators as

H = t
∑

i,σ

(
c̄†

i− 1
2 ,σ

c̄i+ 1
2 ,σ + h.c.

) + Jz

∑

i

Sz
i− 1

2
Sz

i+ 1
2

, (58)

which is the Hamiltonian of the well-known t-Jz model.
Here the spin operators are defined as Sz

i = (n̄i,↑ − n̄i,↓),
with n̄i,σ = c̄†

i,σ c̄i,σ the constrained fermion number opera-
tors. This model is particularly relevant in the context of
cuprate superconductivity [85].

Therefore, we established a new emergent duality
between the t-Jz model in a subspace and the XXZ model
in a magnetic field. In Ref. [86] it was shown that the
ground state of the t-Jz model belongs to that subspace
and this quasi-exact-solvability was used to determine its
quantum phase diagram. By recasting this insight into
our formalism, we are able to demonstrate that the rela-
tion between these two models is a duality, which was
previously unknown.

Importantly, the duality defined above can be extended
to the full Hilbert space of the t-Jz model by introducing
symmetry twists into the definition of the Hilbert space.
These effectively act as antiphase domain walls for the
{1,ψ} degrees of freedom labeling the module strands,

and when inserted between fermions (separated by any
number of holes) force them to have the same spin. In
this way, one can build the full Hilbert space of the t-Jz
model; the Hamiltonian is block diagonal in the number
of symmetry twists. Through duality maps, each of these
blocks can be related to an XXZ-type model that will
depend on the number of symmetry twists. The precise
nature of this mapping requires a detailed understanding of
symmetry twists and their relation to charge sectors under
duality [87]; we will elaborate on this in future work. The
t-Jz model was recently studied in the context of Hilbert
space fragmentation [88,89], and we expect this new dual-
ity to contribute to our understanding of the thermalization
properties of these systems.

C. Z2 × Z2: Kennedy-Tasaki transformation

As mentioned above, indecomposable module cate-
gories over VecG are labeled by pairs (L, [ψ]), with L ⊆
G and [ψ] ∈ H 2(L,C×). To showcase the effect of the
2-cocycle ψ , we consider the simplest example with a
nontrivial cohomology class [ψ] is nontrivial. Let D =
VecZ2×Z2 be the category of (Z2 × Z2)-graded vector
spaces. We write the simple objects as {11,1m, m1, mm}.
The associator of VecZ2×Z2 is evaluated to the identity
morphism so that the F symbols equal 1 as long as all
the fusion rules are satisfied and equal 0 otherwise. As an
example, we consider the model

H = J1

∑

i

bM
1,i + J2

∑

i

bM
2,i + J3

∑

i

bM
3,i , (59)

defined by the bonds
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where γ is again uniquely specified by the fusion rules.
Let M = Vec, which is obtained by our choosing L =

Z2 × Z2 and taking [ψ] to be the trivial cohomology
class in H 2(Z2 × Z2,C×)  Z2. We denote the unique
simple object of Vec as 1, such that 1 �α  1 for any
α ∈ ID. The nonvanishing �F symbols are all equal to 1.
Given the definition of the bonds bM

a,i and the fusion rules
in VecZ2×Z2 , the Hamiltonian acts on the effective total
Hilbert space

H eff=
⊗

i

⊕

α
i+ 1

2
�=11

HomM(1 �αi+ 1
2
,1) 

⊗

i

C3. (60)

With this choice of module category, the Hamiltonian
becomes

H = J1

∑

i

Sx
i Sx

i+1 + J2

∑

i

Sy
i Sy

i+1 + J3

∑

i

Sz
i Sz

i+1, (61)

where we work in the spin-1 basis provided by

Sx =
⎛

⎝
0 0 −i
0 0 0
i 0 0

⎞

⎠, Sy =
⎛

⎝
0 1 0
1 0 0
0 0 0

⎞

⎠ ,

Sz =
⎛

⎝
0 0 0
0 0 1
0 1 0

⎞

⎠ .

This is the Hamiltonian of the spin-1 Heisenberg XYZ
model [90].

Let M = Vecψ , which is obtained by our choosing
L = Z2 × Z2 and taking [ψ] to be the nontrivial cohomol-
ogy class in H 2(Z2 × Z2,C×)  Z2. The simple object
and fusion rules are the same as for Vec, so the effective
total Hilbert space is unchanged. The difference lies in the
�F symbols, the relevant entries of which are now given by

(�F1αβ
1

)α⊗β,11
1,11 = ψ(α,β) =

⎛

⎝
1 1 1

−1 1 −1
−1 1 −1

⎞

⎠

αβ

, (62)

where {α,β} ∈ {1m, m1, mm}. With this choice of module
category, the Hamiltonian can be readily checked to be

H = −J1

∑

i

Sx
i Sx

i+1 + J2

∑

i

Sy
i eiπ(Sz

i +Sx
i+1)Sy

i+1

− J3

∑

i

Sz
i Sz

i+1. (63)

The duality relating this Hamiltonian to the one given in
Eq. (61) is known as the Kennedy-Tasaki transformation
[91]. It provides a map between a model with symmetry-
protected topological order in the ground state, such as the

Haldane phase of the spin-1 Heisenberg model, to a model
without symmetry-protected topological order. This trans-
formation was generalized in Refs. [92,93] to the case of
Abelian groups G of the form G  H × H , where H is
some group. In a sense, our approach further generalizes
this transformation to arbitrary G.

D. Ising: Critical Ising model

Let D = Ising be the fusion category with simple
objects {1,ψ} ⊕ {σ }. The nontrivial fusion rules read ψ ⊗
ψ  1, σ ⊗ ψ  σ , and σ ⊗ σ  1 ⊕ ψ such that d1 =
1 = dψ and dσ = √

2. The nontrivial F symbols are then
provided by

Fσσσ
σ = 1√

2

(
1 1
1 −1

)

, Fσψσ

ψ = Fψσψ
σ = (−1). (64)

As an example, we consider the model

H = −
∑

i

bM
i , (65)

defined by the bond

(66)

where γ = 1 � ψ is a shorthand defined via the diagrams
above.

Let M = Ising be the regular Ising category. As per
Eq. (31), we have

(67)

Given the definition of bM
i and the fusion rules in Ising,

the Hamiltonian acts on the effective total Hilbert space

(68)

Let us focus on either of the two Hilbert spaces appear-
ing in this decomposition. First, notice that all the hom
spaces are one dimensional. We then identify a mod-
ule strand labeled by σ as the presence of a defect and
C[ ]  C2 as the local Hilbert space of a
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physical spin, which we locate as before in the middle
of the corresponding strand. The operator bM

i acts differ-
ently depending on whether the module strand at site i is
labeled by 1/ψ or σ . In the former case, it follows from
the definition of the F symbols that bM

i acts on strand
i as |1/ψ〉 �→ 1/2(|1/ψ〉 + |ψ/1〉 − |1/ψ〉 + |ψ/1〉) =
|ψ/1〉 and identically on strands i − 1 and i + 1 labeled
by σ . In the latter case, we notice that the first term in the
definition of bM

i acts as the identity or the zero operator
depending on whether strands i − 1 and i + 1 have match-
ing labeling objects, and vice versa for the second term.
Putting everything together, we obtain in the Pauli X basis
the Hamiltonian

H = −
∑

i

(|σ 〉〈σ | ⊗ Z2i ⊗ |σ 〉〈σ | + X2i ⊗ |σ 〉〈σ | ⊗ X2i+2
)

eff=−
∑

i

(
Zi + XiXi+1

)
, (69)

which we recognize as the critical transverse field Ising
model. Taking into account the second Hilbert space in the
decomposition (68) of H, we obtain a direct sum of two
copies of the model.

The critical Ising model can be used to illustrate the
distinction between noninvertible symmetries and duality
transformations. At criticality, the symmetries of the Ising
model are encoded into the fusion category D∗

M = Ising
such that the MPO labeled by ψ performs the global spin-
flip Z2 symmetry, and the MPO labeled by σ essentially
swaps the two terms in the decomposition (68) of the
total Hilbert space. Note that it is crucial to define the
model on the total Hilbert space (68) for σ to correspond
to a symmetry, otherwise it is interpreted as perform-
ing the Kramers-Wannier duality between the two terms
[28,30]. Promoting Kramers-Wannier duality to a symme-
try amounts to constructing the Ising fusion category by
“gauging” the duality defect labeled by the VecZ2 module
category Vec [53,94]. Although it can be generalized, note
that this approach is limited to dualities where the different
realizations of the symmetries are encoded into monoidally
equivalent fusion categories, whereas, in general, Morita
equivalence is sufficient to ensure duality. Furthermore, a
generic model with Ising symmetry does not necessarily
split into a direct sum; therefore, the σ MPO cannot be
interpreted as a duality transformation in general.

Let M = Ising/〈ψ  1〉 be the (fermionic) Ising mod-
ule category obtained via fermion condensation of ψ (see
Refs. [95,96] for detailed constructions). This module cat-
egory has two simple objects denoted by {1,β} such
that EndM(1)  C and EndM(β)  C1|1. The nontrivial
fusion rules are indicated in the table below:

� 1 ψ σ

1 1 C
0|1 · 1 β

β β β C
1|1 · 1

. (70)

Components of the module associator �F are even iso-
morphisms, and a nonexhaustive list of nonvanishing �F
symbols is given by

(�Fβσσ

β

)1,eo
1,oe = (�Fβσσ

β

)1,eo
1,eo = −i

(�Fβσσ

β

)1,ee
1,oo = 1

dσ
,

(�Fβσσ

β

)ψ ,eo
1,oe = −(�Fβσσ

β

)ψ ,eo
1,eo = i

(�Fβσσ

β

)ψ ,ee
1,oo = 1

dσ
,

(�F1σσ
1

)1,ee
1,ee = (�F1σσ

1

)ψ ,eo
1,eo = (�F1σσ

1

)ψ ,eo
1,oe = 1 ,

where the labels “o” and “e” refer to the oddness and even-
ness of the basis vectors. We note that these �F symbols are
not real, and one has to take a complex conjugate to obtain
�F̄ . As per Eq. (31), we have

(71)

Henceforth, we assume that , where
the odd basis vectors on the left-hand side are ordered
from left to right. Noticing that the odd basis vector in
V1
β,σ  C1|1 can be obtained from the even basis vector

by acting on it with the odd element in EndM(β), we can
fix basis vectors in split spaces to be even. It follows that
the Hamiltonian acts on the effective total Hilbert space

(72)

at which point our derivation follows closely that in
Ref. [95]. Focusing on either of the Hilbert spaces appear-
ing in the decomposition above, we identify the module

strand labeled by 1 as a vacancy and C[ ]
 C1|1 as the local Hilbert space of a physical fermion.
Analogously to the previous choice of M, we distinguish
two actions for the operator bM

i depending on the label-
ing of module strand i. If the labeling of strand i takes
a value in EndM(β), it follows from 1 �ψ  C0|1 · 1
and the evenness of �F that bM

i acts as the fermion par-
ity operator. If strand i is labeled by 1, the definition of
the �F symbols guarantees that the operator bM

i acts on
strands i − 1 and i + 1 as the hopping or pairing operator,
e.g., |e, o〉 �→ 1/2(|e, o〉 + |o, e〉 − |e, o〉 + |o, e〉) = |o, e〉.
Putting everything together, we obtain the massless free
fermion Hamiltonian

H
eff= −

∑

i

(
c†

i ci+1 + c†
i c†

i+1 + h.c. − (2c†
i ci − 1)

)
, (73)

which is the Jordan-Wigner dual of the Hamiltonian given
in Eq. (69).
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E. Isingop � Ising: Heisenberg XXZ model

Let D = Isingop � Ising be the Deligne tensor product
of two copies of Ising [97], such that the simple objects are
of the form (α1,α2) ≡ α1 � α2, with α1,α2 ∈ IIsing. The
fusion rules are obtained from those of Ising according to
(α1 � α2)⊗ (β1 � β2) = (β1 ⊗ α1)� (α2 ⊗ β2), and the
F symbols are given by

F (α1�α2)(β1�β2)(γ1�γ2)
(δ1�δ2) = F̄γ1β1α1

δ1
⊗Fα2β2γ2

δ2
, (74)

where the Ising F symbols on the right-hand side are
defined in Eq. (64). As an example, we consider the model

H = −J
∑

i

bM
1,i − J

∑

i

bM
2,i + Jg

∑

i

bM
3,i , (75)

defined by the bonds

(76)

where 1 � ψ is defined via Eq. (66) and we introduced the
shorthand σσ ≡ σ � σ , which we use in diagrams.

Let M = Isingop � Ising be the regular module cate-
gory. We have

(77)

so, given the definition of bM
a,i , the Hamiltonian acts on

an effective total Hilbert space that decomposes into four
terms as

(78)

Given the obvious symmetry, we focus on the first two
terms in this decomposition. Mimicking the previous study
for D = Ising, we find that the operators bM

1,i and bM
2,i

effectively act in the same way on these two vector
spaces as 1i ⊗ h̃i and hi ⊗ 1̃i, respectively, where hi =
ZiZi+1 + Xi and h̃i = Z̃iZ̃i+1 + X̃i+1 in the Pauli Z basis.
But we distinguish different actions for the operator bM

3,i .
Indeed, it effectively acts on the first two terms in Eq. (78)

as Z̃i−1XiZ̃i + Zi−1X̃i−1Zi and XiX̃i + ZiZ̃iZi+1Z̃i+1, respec-
tively. Putting everything together, we obtain a Hamilto-
nian H = H1 ⊕ H2 with

H1
eff= −J

∑

i

(
hi ⊗ 1̃i + 1i ⊗ h̃i

− g(̃Zi−1XiZ̃i + Zi−1X̃i−1Zi)
)

(79)

and

H2
eff= −J

∑

i

(
hi ⊗ 1̃i + 1i ⊗ h̃i

− g(XiX̃i + ZiZ̃iZi+1Z̃i+1)
)
, (80)

which both describe two coupled critical Ising models that
decouple for g = 0.

Let M = Ising be the module category over Isingop �
Ising defined via A �(α1 � α2)  (α1 ⊗ A)⊗ α2, for any
A ∈ IM. In particular, one has σ �(σ , σ)  2 · σ and
1 �(σ , σ)  1 ⊕ ψ . A nonexhaustive list of nonvanishing
�F symbols is given by

(�Fσ(σ ,σ)(σ ,σ)
σ

)(γ1,γ2),11
σ ,il = 1

d2
σ

⎛

⎜
⎝

1 1 1 1
1 −1 1 −1
1 1 −1 −1

−1 1 1 −1

⎞

⎟
⎠

(il)(γ1,γ2)

,

(�FA(σ ,σ)(σ ,σ)
B

)(γ1⊗A,γ2),11
C,11 = 1

dσ

(
1 1
1 −1

)

Cγ1

,

where A, B, C, γ1, γ2 ∈ {1,ψ} and i, l ∈ {1, 2} such that the
fusion spaces are all nontrivial. Unlabeled module strands
are given by Eq. (67), so the effective total Hilbert space
decomposes as

(81)

where 1 ⊕ 2 refers to the two basis vectors in Vσσ ,(σσ).
The operator bM

1,i + bM
2,i − gbM

3,i acts on the first vector
space appearing in this decomposition in the Pauli Z basis
as Zi−1/2Xi+1/2 + Xi−1/2Zi+1/2 − gYi−1/2Yi+1/2, whereas it
acts on the second term as Zi−1Xi1i+1 + 1i−1XiZi+1 −
gZi−11iZi+1. Conjugating every other site of these spin
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chains via a Hadamard matrix yields an effective Hamilto-
nian H = H1 ⊕ H2 with

H1
eff= −J

∑

i

(
Xi− 1

2
Xi+ 1

2
+ Zi− 1

2
Zi+ 1

2
+ gYi− 1

2
Yi+ 1

2

)
,

(82)

which we recognize as the spin-1/2 Heisenberg XXZ
model [90], and

H2
eff= −J

∑

i

(
XiXi+1 + ZiZi+1 − g(XiXi+2 + ZiZi+2)

)
.

(83)

We can readily check via repeated use of Kramers-Wannier
duality that these Hamiltonians are indeed dual to the
coupled chains provided in Eqs. (79) and (80), respec-
tively [14,66,98,99]. Our construction complements the
treatment of the Isingop � Ising CFT done in Ref. [46].

Let M = Ising/〈ψ  1〉 be the (fermionic) Isingop �
Ising module category obtained from the module category
Ising via fermion condensation. The underlying category
was described in the previous example and the module
structure is such that 1 �(σ , σ)  C1|1 · 1, 1 �(ψ ,1) 
C0|1 · 1 and β �(σ , σ)  C2|2 · β. Among others, we have
the following �F symbols:

(�F1(σ ,σ)(σ ,σ)
1

)(1,1),1e
1,ee = −(�F1(σ ,σ)(σ ,σ)

1

)(1,1),1e
1,oo = 1

dσ
,

(�F1(σ ,σ)(σ ,σ)
1

)(ψ ,1),1o
1,oe = i

(�F1(σ ,σ)(σ ,σ)
1

)(ψ ,1),1o
1,eo = 1

dσ
,

(�F1(σ ,σ)(σ ,σ)
1

)(1,ψ),1o
1,oe = −i

(�F1(σ ,σ)(σ ,σ)
1

)(1,ψ),1o
1,eo = 1

dσ
,

(�F1(σ ,σ)(σ ,σ)
1

)(ψ ,ψ),1e
1,ee = (�F1(σ ,σ)(σ ,σ)

1

)(ψ ,ψ),1e
1,oo = 1

dσ
.

It follows from the fusion rules that the Hamiltonian acts
on the total Hilbert space

(84)

where as before e ⊕ o refers to the purely even and odd
basis vectors in C1|1. Applying the same techniques as
previously, up to local unitaries, we find an effective

Hamiltonian H = H1 ⊕ H2 with

H1
eff= −J

∑

i

(

2c†
i− 1

2
c

i+ 1
2

+ 2c†
i+ 1

2
c

i− 1
2

+ g
(

2c†
i− 1

2
c

i− 1
2

− 1
) (

2c†
i+ 1

2
c

i+ 1
2

− 1
))

(85)

H2
eff= −J

∑

i

(
2c†

i ci+1 + 2c†
i+1ci

+ 2g
(

c†
i (2c†

i ci − 1)ci+2 + c†
i+2

(
2c†

i ci − 1
)

ci

))
,

(86)

i.e., the Jordan-Wigner duals of the Hamiltonians (82)
and (83), respectively. We note that H1 corresponds to
the standard Kogut-Susskind prescription for discretizing
a Dirac fermion [9].

F. Rep(S3): Heisenberg XXZ model

The category of finite-dimensional representations of a
finite group G forms a fusion category, denoted as Rep(G).
Similarly to the VecG case, (indecomposable) module cat-
egories over Rep(G) are classified by pairs (L, [ψ]), with
L ⊆ G a subgroup of G and [ψ] a cohomology class in
H 2(L,C×). The module categories are then denoted as
Repψ(L), the categories of (projective) representations
of the subgroup L. Let D = Rep(S3) be the category of
finite-dimensional representations of the symmetric group
S3. There are three isomorphism classes of simple objects
denoted by 0,1, and 2, respectively, corresponding to the
trivial, sign, and two-dimensional irreducible representa-
tions. The nontrivial fusion rules are given by 1 ⊗ 1  0,
1 ⊗ 2  2 ⊗ 1  2, and 2 ⊗ 2  0 ⊕ 1 ⊕ 2. The subset of
relevant F symbols for our construction is given by

(
F022

0

)0,11
2,11 = (

F122
1

)0,11
2,11 = (

F022
2

)2,11
2,11 = −(

F122
2

)2,11
2,11 = 1,

(
F022

1

)1,11
2,11 = (

F122
0

)1,11
2,11 = (

F222
0

)2,11
2,11 = −(

F222
1

)2,11
2,11 = 1,

(
F222

2

)0,11
0,11 = (

F222
2

)0,11
1,11 = (

F222
2

)1,11
0,11 = (

F222
2

)1,11
1,11 = 1

2

and

(
F222

2

)0,11
2,11 = (

F222
2

)2,11
0,11 = 1√

2
,

(
F222

2

)1,11
2,11 = (

F222
2

)2,11
1,11 = − 1√

2
.

As an example, we consider the model,

H = 2J
∑

i

bM
1,i − Jg

∑

i

bM
2,i (87)
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defined by the bonds

(88)

Let M = Rep(Z1)  Vec, where we denote the unique
simple object of Vec as 1. The nontrivial fusion rules are
given by 1 � 0  1 � 1  1 and 1 � 2  2 · 1. The �F sym-
bols are given by the Clebsch-Gordan coefficients of S3,
the relevant entries of which being

(�F122
1

)0,11
1,12 = (�F122

1

)0,11
1,21 = 1√

2
,

−(�F122
1

)1,11
1,12 = (�F122

1

)1,11
1,21 = 1√

2
= 1√

2
,

(�F122
1

)2,12
1,11 = (�F122

1

)2,11
1,22 = 1.

The total Hilbert space is given by H  ⊗
i C

2, with C2 
HomM(1 � 2,1), and the Hamiltonian reads

H = J
∑

i

(Xi− 1
2
Xi+ 1

2
+ Yi− 1

2
Yi+ 1

2
+ gZi− 1

2
Zi+ 1

2
) , (89)

which we again recognize as the spin-1/2 Heisenberg XXZ
model.

Let M = Rep(Z3), whose simple objects we denote by
0Z3

, 1Z3
, and 1∗

Z3
. The fusion rules are given by A � 0 

A � 1  A and A � 2  ⊕
B �A B, where A and B are simple

objects in Rep(Z3). The relevant �F symbols are given by

(�FA22
A

)0,11
B,11 = (�F

0Z3
22

0Z3

)1,11
1Z3

,11 = (�F
1Z3

22
1Z3

)1,11
0Z3

,11 = 1√
2

= (�F
2Z3

22
2Z3

)1,11
0Z3

,11 = −(�F
0Z3

22
0Z3

)1,11
2Z3

,11

= −(�F
1Z3

22
1Z3

)1,11
2Z3

,11 = −(�F
2Z3

22
2Z3

)1,11
1Z3

,11,

(�FA22
B

)2,11
C,11 = 1,

where A, B, C ∈ IRep(Z2) are all required to be distinct
simple objects. We have

(90)

so the local Hilbert space is isomorphic to C3. Importantly,
however, the global Hilbert space is subject to the con-
straint that no two neighboring sites can be labeled by the
same simple object. Putting everything together, we find
the Hamiltonian is given by

H = 2J
∑

i

(Vi + V†
i )

− Jg
3

∑

i

(Ui−1U†
i+1 − Ui−1UiUi+1 + h.c.), (91)

with ω = e2π i/3, ωUV = VU,

U =
⎛

⎝
1 0 0
0 ω 0
0 0 ω2

⎞

⎠ , and V =
⎛

⎝
0 1 0
0 0 1
1 0 0

⎞

⎠ .

While this model is a priori defined only on the con-
strained Hilbert space, the Hamiltonian in Eq. (91) can
be extended to act on the full space Hext = ⊗

i C
3. The

enlarged model is dual only to the spin-1/2 XXZ model
on the subspace H ∈ Hext, meaning that for the enlarged
model this duality is emergent. Because of its duality to
the spin-1/2 XXZ model on H, the enlarged model is
integrable on a subspace, making it an example of a quasi-
exactly-solvable model [86,89,100]. In this subspace, the
model displays an emergent U(1) symmetry generated by
i(UiU

†
i+1 − U†

i Ui+1)/
√

3, obtained as the dual of the gen-
erator Zi+1/2 of the U(1) symmetry in the XXZ model. It
would be difficult to identify this symmetry without the
duality transformation to the XXZ model, as this requires
the identification of the correct subspace; this is manifest
in our approach.

Let M = Rep(Z2), whose simple objects are denoted
by 0Z2

and 1Z2
. The nontrivial fusion rules are given

by 0Z2
� 1  1Z2

, 1Z2
� 1  0Z2

, and 0Z2
� 2  1Z2

� 2 
0Z2

⊕ 1Z2
. The relevant �F symbols are

(�FA22
A

)0,11
B,11 = (�FA22

(A � 1)

)1,11
B,11 = 1√

2
,

(�FA22
B

)2,11
C,11 =

⎧
⎨

⎩

1√
2

if A ⊗ B ⊗ C  0Z2 ,
−1√

2
if A ⊗ B ⊗ C  1Z2 ,

(92)

where A, B, C ∈ IRep(Z2) and A ⊗ B ⊗ C refers to the
monoidal structure of Rep(Z2) as a fusion category. We
have

(93)
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which together with the fusion rules gives the Hilbert space
H  ⊗

i(C ⊕ C)  ⊗
i C

2. The Hamiltonian becomes

H = J
∑

i

(Zi−1Zi+1 + Zi−1XiZi+1 − gXi). (94)

The duality between this Hamiltonian and the spin-1/2
Heisenberg XXZ model was also obtained in Ref. [66], but
with use of a bond algebra based on D = Rep(Z2). The
Hamiltonian (94) can also be understood as the half-integer
sector of the spin-1 su(2)4 chain considered in Ref. [36].

Let M = Rep(S3) be the regular module category.
We have , and the
Hamiltonian acts on a Hilbert space of the form

(95)

spanned by all admissible configurations of simple objects
{A}. It is convenient to think of such allowed configura-
tions as paths on the adjacency graph

(96)

associated with the fusion rules N Ai+1
Ai2

. The �F symbols
are given by the F symbols of Rep(S3). The Hamilto-
nian does not admit a particularly nice form, but has been
studied before as an anyonic spin chain based on the two-
dimensional representation of S3 [101], or equivalently as
the integer sector of an su(2)4 spin-1 chain [36]. Impor-
tantly, the dualities between this model and the previous
ones are all examples of non-Abelian dualities. The duality
to the XXZ chain has been observed before, in Ref. [101].

G. Rep(Uq(sl2)): Quantum IRF-vertex models

In seminal work, Pasquier [22] derived an intertwiner
between the interaction-round-the-face (IRF) model and
the vertex model using different representations of the
Temperley-Lieb algebra. Interestingly, his construction is
effectively equivalent to the categorical approach advo-
cated in this paper. This example is slightly beyond the
framework used so far as the input data do not quite
meet all the requirements to be a fusion category. How-
ever, our construction still largely applies, allowing us to
define dual models with categorical symmetries. Let D =
Rep(Uq(sl2)) be the representation category of the quan-
tum group defined as the q-deformed universal enveloping
algebra Uq of the Lie algebra sl2. We restrict ourselves to
the case where q is not a root of unity. Isomorphism classes

of simple objects in D are labeled by half-integer spins
j ∈ 1/(2)N, with fusion rules given by

j1 ⊗ j2 
j1+j2⊕

j =|j1−j2|
j3. (97)

The F symbols of this category are well known, and those
required for our derivations can be found in Refs. [22,102].
In the limit q → 1, these boil down to the so-called 6j
symbols of SU(2). As an example, we consider the model

H =
∑

i

bM
i , (98)

defined by the bond

(99)

Let M = Rep(Uq(sl2)) be the regular module category.

We have , and the Hilbert space
is given by our summing over over all possible spin con-
figurations such that neighboring sites are labeled by spins
that differ by 1/2:

(100)

The Hamiltonian is then defined by

〈ji−1, j ′
i , ji+1|bM

i |ji−1, ji, ji+1〉 = δji−1,ji+1

√�ji�q�j ′
i �q

�ji−1�q
,

(101)

where �j �q is defined as �j �q = (qj − q−j )/(q − q−1).
This Hamiltonian is the quantum analogue of the IRF
model.

Let M = Vec, where we again denote the unique
simple object of Vec as 1. The fusion rules are given
by 1 � j  (2j + 1) · 1, and the �F symbols can be
found in Refs. [22,102]. In the limit q → 1, these boil
down to the Clebsch-Gordan coefficients of SU(2). The
total Hilbert space is now given by H  ⊗

i C
2, with
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C2  HomM(1 � 1/2,1), and the Hamiltonian becomes

H = −1
2

∑

i

(
Xi− 1

2
Xi+ 1

2
+ Yi− 1

2
Yi+ 1

2

+ q + q−1

2

(
Zi− 1

2
Zi+ 1

2
− 1

)
+ q − q−1

2

×
(

Zi− 1
2

− Zi+ 1
2

))
, (102)

which is the (1+1)D quantum analogue of the 2D classi-
cal six-vertex model. Note that it coincides with the XXZ
model up to an additive constant and a boundary term.
The M = Rep(Uq(sl2)) model is dual to this model on
subspace H in Eq. (100), which makes it an emergent
duality.

H. H3: Haagerup anyonic spin chain

Most of the dualities considered thus far involve fairy
simple symmetric operators and most of them were exten-
sively studied in the past with use of more conventional
methods. We now consider a much less trivial class of
models based on the Haagerup subfactor H3 fusion cat-
egory, which cannot be derived from (quantum) group the-
ory [103,104], bringing our approach to full fruition. This
means, in particular, that the bonds cannot easily be writ-
ten in terms of more conventional operators such as Pauli
matrices stemming from (quantum) group theory, and are
best defined directly in terms of F symbols. In addition,
the Hilbert spaces of these models do not admit a tensor
product structure, and therefore all the dualities presented
in this section are emergent. The relevant categorical data
are taken from Refs. [105,106]. Let D = H3, with sim-
ple objects {1,α,α2, ρ,αρ,α2ρ}. The quantum dimensions
are given by d1 = dα = dα2 = 1 and dρ = dαρ = dα2ρ =
(3 + √

13)/2. If we define χ := ρ ⊕ αρ ⊕ α2ρ, the fusion
rules read

⊗ 1 α α2 ρ αρ α2ρ

1 1 α α2 ρ αρ α2ρ

α α α2 1 αρ α2ρ ρ

α2 α2 1 α α2ρ ρ αρ

ρ ρ α2ρ αρ 1 ⊕ χ α2 ⊕ χ α ⊕ χ

αρ αρ ρ α2ρ α ⊕ χ 1 ⊕ χ α2 ⊕ χ

α2ρ α2ρ αρ ρ α2 ⊕ χ α ⊕ χ 1 ⊕ χ

.

Introducing the notation α0 := 1, we remark that the sim-
ple objects {αi}, with i ∈ {0, 1, 2}, form a VecZ3 subcat-
egory. We have the following subset of nonvanishing F
symbols:

(
Fαiρρ
αi

)1,11
(αiρ),11 = 1 ,

(
F (αiρ)ρρ
(αiρ)

)1,11
αi,11 = dρ − 3,

(
F (αiρ)ρρ
(αiρ)

)1,11
(αj ρ),11 = √

dρ − 3 .

As an example, we consider the model

H = −
∑

i

bM
i , (103)

defined by the bond

(104)

Let M = H3 be the regular module category. The Hamil-
tonian acts on an effective total Hilbert space of the
form

(105)

which decomposes over all admissible configurations of
simple objects {A}. It is convenient to think of such allowed
configurations as paths on the adjacency graph

(106)

associated with the fusion rules N Ai+1
Aiρ

, with Ai ∈ H3. The
Hamiltonian can be derived from the F symbols provided
above, but does not admit a nice form, so we refrain from
writing it down explicitly. This model—or its classical
statistical mechanical counterpart—were studied numer-
ically in Refs. [107,108], showing evidence that these
models are critical. These studies provide concrete indi-
cations that a CFT based on the Haagerup subfactor exists,
going against the current belief that all CFTs can be built
from standard methods and supporting the claim that one
can associate a CFT with any modular fusion category.
There is a conceptual subtlety associated with these mod-
els; as a fusion category, H3 is not modular and as such
should not describe a CFT. This can be remedied by instead
considering the double of H3, denoted as Z(H3), as the
input to a lattice model. The problem with models based
on Z(H3) is that their local Hilbert space is very large,
making them numerically intractable. Using our formal-
ism, however, it can be shown that any model built from
H3 is dual to a Z(H3)model by considering H3 as a mod-
ule category of Z(H3). In this way, we obtain models for
which it can be shown, numerically, that they are critical,
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and because of their duality relation this implies criticality
for the associated Z(H3) model.

Let M = M3,1 be the H3 module category with sim-
ple objects {�,�α,�α2,�}. The fusion rules are provided
by (�αi) �αj  (�αi+j ), where i, j ∈ {0, 1, 2} and i + j is
modulo 3, � �αi  �, and

� ρ αρ α2ρ

� �α ⊕ �α2 ⊕� � ⊕ �α ⊕� � ⊕ �α2 ⊕�

�α � ⊕ �α ⊕� � ⊕ �α2 ⊕� �α ⊕ �α2 ⊕�

�α2 � ⊕ �α2 ⊕� �α ⊕ �α2 ⊕� � ⊕ �α ⊕�

� ϒ ϒ ϒ

,

where ϒ := � ⊕ �α ⊕ �α2 ⊕�. A subset of �F symbols
is given by

(�F (�αi)ρρ
(�αi)

)1,11
�,11 = √

7 − 2dρ ,

(�F�ρρ
�

)1,11
(�αi),11 =

√
4 − dρ

3
,

(�F (�αi)ρρ
(�αi)

)1,11
(�αj ),11 = (�F�ρρ

�

)1,11
�,11 = √

dρ − 3 ,

where i, j ∈ {0, 1, 2} are such that the fusion spaces are all
nontrivial. The effective Hilbert space has the same form as
Eq. (105) but admissible configurations are now identified
with paths on the adjacency graph

(107)

associated with the fusion rules N Ai+1
Aiρ

, with Ai ∈ M3,1. The
explicit Hamiltonian is then obtained from the �F symbols
provided above, but does not admit a concise presentation.

Let M = M3,2 be the H3 module category with sim-
ple objects {�,�ρ}. The fusion rules are � �αi  �,
� �αiρ  �ρ, �ρ �αi  �ρ, and �ρ �αiρ  �⊕ (3 ·
�ρ). A subset of �F symbols is given by

(�F�ρρ
�

)1,11
(�ρ),11 = 1,

(�F (�ρ)ρρ

(�ρ)

)1,11
�,11 = dρ − 3,

(�F (�ρ)ρρ

(�ρ)

)1,11
(�ρ),11 = (�F (�ρ)ρρ

(�ρ)

)1,11
(�ρ),23

= (�F (�ρ)ρρ

(�ρ)

)1,11
(�ρ),32 = √

dρ − 3,

where we listed all the �F-symbols of the form(�F (�ρ)ρρ(�ρ)
)
(�ρ), ij 1,11 that are non-vanishing. The

Hilbert space is given by

where admissible configurations are identified with paths
on the adjacency graph

(108)

associated with the fusion rules N Ai+1
Aiρ

, with Ai ∈ M3,2. As
before, the explicit Hamiltonian is obtained from the �F
symbols provided above.

IV. DISCUSSION AND OUTLOOK

We proposed a systematic framework to establish dual
maps between (1+1)D quantum models displaying cate-
gorical symmetries. We illustrated our construction with
examples that are simple and yet nontrivial. Dualities
as constructed above are all realized as nonlocal trans-
formations on the Hilbert space, implemented by MPO
intertwiners with nontrivial virtual bond dimension.

A. Classification of duality maps

One of the key merits of our approach is that, given a
Hamiltonian in the framework of category theory, a classi-
fication of exact nontrivial dualities emerges. These dual-
ity maps are required to (i) preserve the spectra of the dual
Hamiltonians up to degeneracies, (ii) preserve the physical
locality of the dual Hamiltonians, and (iii) act nontrivially
on generic operators or physical degrees of freedom. The
first two conditions imply that we want a map between
two local descriptions of analogous underlying physics in
two different languages. We require condition (iii) because
we want to consider nontrivial maps, i.e., dualities that
transform the thermodynamic phase of the model system
on which they act (such as strong-coupling–weak-coupling
relations).

We have considered the general case where the sym-
metries of the model system are described by a fusion
category C, in which case the order operators that charac-
terize the phase of the model are described by the monoidal
center Z(C). Then, possible nontrivial actions of a dual-
ity on the order operators amount to braided equivalences
of the form Z(C) → Z(C ′). It is understood that the exis-
tence of such an equivalence is the same as requiring
C and C ′ to be Morita equivalent [41]. In other words,
every representative in the Morita class of C yields a dual-
ity map. Statements regarding the exhaustiveness of our
approach follow from mathematical results pertaining to
Morita equivalence: representatives of the Morita class
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of C are in one-to-one correspondence with the different
choices of module categories over C. Our approach assigns
a Hamiltonian to each such choice of module category,
and therefore exhausts all dualities of this kind. The clas-
sification of this type of duality is then equivalent to the
classification of module categories over a fusion category.
For several fusion categories of interest, this classification
is known.

B. Non-Abelian dualities

We briefly comment on folklore results pertaining to
so-called non-Abelian dualities, which questions the pos-
sibility of having dualities in models with non-Abelian
symmetries [12]. Clearly, the notion of non-Abelian dual-
ity needs to be refined, since the relevant symmetry for a
duality is the one used to construct the bond algebra [67].
For instance, the Kennedy-Tasaki transformation of the
spin-1 Heisenberg model is based on its Z2 × Z2 symme-
try and as such is an Abelian duality, despite the presence
of a larger (non-Abelian) SU(2) symmetry in the model.
A non-Abelian duality thus requires a bond algebra based
on a non-Abelian symmetry, but additionally has to be
such that the duality cannot be obtained from an Abelian
bond algebra. An example of the latter case is provided
in Sec. III F, where the bond algebra is described by the
fusion category D = Rep(S3). The duality between M =
Vec and M = Rep(Z2) can also be obtained from a bond
algebra based on Rep(Z2) (see Ref. [66]). In contrast, the
duality between M = Vec and M = Rep(S3) cannot be
obtained from an Abelian bond algebra, so it is a true non-
Abelian duality. We thus define a non-Abelian duality as a
duality where the fusion category describing the bond alge-
bra is based on a non-Abelian group and at least one of the
module categories involved is also based on a non-Abelian
group.

Typically, dual symmetries associated with a non-
Abelian duality are not invertible and are most naturally
described using the language of fusion categories. The
categorical approach advocated in this paper takes these
fusion categories as a starting point and is therefore par-
ticularly apt to deal with such non-Abelian dualities. This
demonstrates the suitability of the categorical approach
to completely solve the non-Abelian duality conundrum,
at least for the one-dimensional case. Importantly, these
non-Abelian dualities are typically not self-dualities, as the
corresponding dual symmetry realizations are, in general,
distinct.

C. Extensions

Within the same mathematical framework, our study can
be extended in several directions: Firstly, we can account
for choices of boundary conditions and establish how such
choices interact with the duality relations. Secondly, we
can systematically define the order and disorder operators

of the (1+1)D models. As evoked earlier herein, these
are related to the anyons of the topological phase that
shares the same input category-theoretical data, and are
described by the center Z(C) of the fusion category C
that describes the symmetries. Moreover, we can readily
compute how these operators transform under the duality
relations via the MPO intertwiners, which provides a lat-
tice implementation of all possible braided equivalences
Z(C) → Z(C ′). Thirdly, our construction naturally applies
for Hamiltonians with longer-range interactions as well.
Indeed, relying on the recoupling theory of the underlying
tensors, we can readily define bonds simultaneously acting
on a larger number of sites. Fourthly, in our examples, we
mainly focused on establishing exact duality transforma-
tions involving the complete Hilbert space of the theory.
Exact dualities between theories may also emerge in cer-
tain subspaces of the whole Hilbert space, such as the
low-energy sector of a given model Hamiltonian [65,66].
Engineering emergent dualities can be considered a the-
oretical tool to construct quasi-exactly-solvable models
[86,89,100] starting from integrable ones, as illustrated in
Sec. III F. Finally, duality relations of classical statistical
mechanics models in terms of their transfer matrices can
be investigated using the same tools. These studies will be
reported in a subsequent publication.

The last example we considered, namely the IRF-vertex
correspondence, suggests possible extensions beyond the
current framework. In particular, it seems possible to relax
some of the defining properties of a spherical fusion cat-
egory while still being able to consistently define dual
models. For instance, it would be interesting to derive
Hamiltonian models with symmetries associated with cate-
gories of representations over Lie groups (see, for instance,
Ref. [109] for a discussion of module categories over
Rep(SL(2))). There are, in principle, subtleties associated
with relaxing the finiteness constraint of fusion categories
and working with tensor categories instead. We expect
that for models of physical interest, with compact Lie
group symmetries, these subtleties will be irrelevant and
our framework will still apply.

D. Bulk-boundary correspondence

Dualities have been considered in the context of bound-
ary theories of topological quantum field theories [46,
110,111]. One can think of a (1+1)D quantum field the-
ory as living on the boundary of a (2+1)D topologically
ordered system. For a given bulk topological order, one
can typically define distinct boundary theories that through
the bulk-boundary correspondence all encode the same
physics. For a class of lattice models known as quantum
doubles, this strategy was used to obtain certain (1+1)D
quantum lattice models on their boundaries that are dual
to one another [83,112]. It is important to note, however,
that the formalism developed in this paper is significantly
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different since our dualities apply to generic Hamiltoni-
ans (gapped or gapless), which are not required to be
the boundary theory of a higher-dimensional topologi-
cally ordered system. Most importantly, our construction
is inherently algebraic and relies purely on the symmetry
of the bond algebra to extract the relevant categorical struc-
tures. Nonetheless, tensor networks provide a very natural
and precise language for constructing boundary theories
[113], and we expect one can extend bulk-boundary con-
structions to more general string-net models. Indeed, since
it is known that gapped boundaries of string-net models
are classified by module categories [114–116], we foresee
a relation to our classification of dualities.

E. Higher space dimensions

An even more tantalizing direction consists in gen-
eralizing our construction to (2+1)D quantum models.
Formally, this amounts to considering a categorification
of the present construction, whereby the input category-
theoretical data are provided by a spherical fusion 2-
category and a choice of a finite semisimple module
2-category over it [117,118]. The first step of such a gener-
alization then amounts to defining the higher-dimensional
analogues of the tensors given in Eq. (23). In the sim-
ple case where the input spherical fusion category is that
associated with the (3+1)D toric code, we distinguish two
tensor network representations that satisfy symmetry con-
ditions with respect to stringlike and membranelike opera-
tors, respectively [119,120]. Furthermore, it was shown in
Ref. [119] that the corresponding intertwining tensor net-
work realizes the duality between the (2+1)D transverse
field Ising model and Wegner’s Z2 gauge theory [7,10–13].
Mimicking the example in Sec. III A, we should be able
to use these tensor network representations to explicitly
reconstruct these Hamiltonians within our formalism.

A general framework for defining such higher-
dimensional tensors and deriving the corresponding sym-
metry conditions is outlined in Ref. [121] with an emphasis
on generalizations of the (3+1)D toric code for arbitrary
finite groups. Akin to the lower-dimensional analogues,
we distinguish two canonical tensor network represen-
tations associated with module 2-categories labeling the
so-called rough and smooth gapped boundaries of the topo-
logical models. Moreover, we also obtain duality maps as
the intertwining operators between these tensor network
representations, recovering results obtained in Ref. [69].
Following the notation in Eq. (53), these duality maps are
of the form

Just as their one-dimensional analogues relate param-
agnetic eigenstates to long-range ordered Greenberger-
Horne-Zeilinger states (see the end of Sec. III A), these
operators map symmetry-protected topologically ordered
states to states exhibiting intrinsic topological order [122].
It will be very interesting to consider those questions
from the point of view of fusion 2-categories, to con-
sider duality relations beyond that described above, and to
explicitly construct (2+1)D Hamiltonian models related by
such duality relations.
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