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Silicon offers the enticing opportunity to integrate hybrid quantum-classical computing systems on a
single platform. For qubit control and readout, high-frequency signals are required. Therefore, devices that
can facilitate its generation are needed. Here, we present a quantum dot-based radio-frequency multiplier
operated at cryogenic temperatures. The device is based on the nonlinear capacitance-voltage character-
istics of quantum dot systems arising from their low-dimensional density of states. We implement the
multiplier in a multigate silicon-nanowire transistor using two complementary device configurations: a
single quantum dot coupled to a charge reservoir and a coupled double quantum dot. We study the har-
monic voltage conversion as a function of the energy detuning, the multiplication factor, and the harmonic
phase noise and find near ideal performance up to a multiplication factor of 10. Our results demon-
strate a method for high-frequency conversion that could be readily integrated into silicon-based quantum
computing systems and be applied to other semiconductors.
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I. INTRODUCTION

Quantum dots (QDs) show great promise as a scal-
able platform for quantum computation [1], following the
recent demonstrations of universal control of four- and six-
qubit systems [2,3] and the scaling to 4 × 4 QD arrays [4].
QDs in silicon as a host for spin qubits are particularly
attractive due to the demonstrated high-fidelity control
[5–7], industrial manufacturability [8,9], and cointegra-
tion with classical cryogenic electronics [10–12] and the
availability of detailed proposals for large-scale integration
[13–19].

As QDs become an established platform for qubit imple-
mentation, novel ways of operating such devices are
beginning to emerge, providing an opportunity to inte-
grate on the same embodiment additional functionalities.
In particular, by exploiting the nonlinear high-frequency
admittance, QDs can be utilized as compact charge sensors
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[20,21], fast local thermometers [22,23], or as parametric
amplifiers [24] for quantum-limited amplification. Here,
we present a new functional implementation: a QD-based
radio-frequency (rf) multiplier.

A frequency multiplier typically consists of a nonlinear
circuit element that distorts a sinusoidal signal, generat-
ing multiple harmonics. A band-pass filter is then used
to select a particular harmonic. Commercially, this can
be achieved by utilizing, e.g., semiconductor-based diodes
or amplifiers but these dissipate energy reducing their
power-conversion performance. Alternatively, microelec-
tromechanical resonators can be utilized for multiplication
with enhanced performance due to their low-loss nature
[25].

In this paper, we propose and demonstrate a QD-based
radio-frequency multiplier in silicon. We demonstrate fre-
quency multiplication on a single device in two comple-
mentary configurations: a single QD coupled to a reservoir
and a double QD. Due to the nondissipative nature of
the device impedance under elastic tunneling conditions,
the devices show near-ideal power conversion and phase-
noise properties for a multiplication factor of up to 10.
Such devices could be utilized to alleviate the challenges
associated with the delivery of high-frequency signals
to quantum processors from room temperature down to
cryogenic stages in dilution refrigerators while reducing
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the cost and complexity of the room-temperature
electronics.

II. QD FREQUENCY MULTIPLICATION

The device used to demonstrate frequency multiplica-
tion is the same as in Ref. [20]. It consists of a fully
depleted silicon-nanowire transistor with four wraparound
gates in series, as shown in Fig. 1(a). QDs form under the
gates at cryogenic temperatures when biased close to the
threshold voltage [26]. In this demonstration, we utilize
voltages on gates 1 (Vg1) and 2 (Vg2) to form either a QD
coupled to a reservoir or a double QD. Further, we apply
a rf signal via gate 2 and then measure the transmission
through the QD system at the output of an LC lumped-
element resonator connected to gate 1, which acts as a
high-quality band-pass filter around its natural frequency,
fr = 789 MHz. Changes in transmitted voltage through the
setup are directly proportional to the admittance Y of the
device and since, in QD systems, the admittance Y is a
highly nonlinear function of the gate voltage [27–32], they
can be utilized for frequency multiplication when driven
beyond QD’s linear regime, as we see later.

Throughout the text, we refer to the concept of detuning
ε. For a single QD exchanging an electron with a reser-
voir (dot-to-reservoir, or DTR, transition), this represents
the detuning between the QD electrochemical level and
the Fermi level at the reservoir. In the case of an interdot
charge transition (ICT), it is the energy detuning between
QDs that form a tunnel-coupled two-level system. In this
work, we focus on the case of time-dependent detuning
with a constant dc value and an oscillatory rf component
[ε(t) = ε0 + δε cos ωt]. These quantities are directly pro-
portional to the gate voltages throughout this work via
two lever arms: αdc, which defines the static detuning via
ε0 and αrf, which defines the rf driving of the quantum
systems δε. Moreover, we must define a third lever arm,
αc, which represents the relative capacitive coupling to
the gate connected to the band-pass filter, through which
the gate current is ultimately collected and measured. The
relation between these quantities and the more common
lever-arm matrix is outside the scope of this work and is
instead outlined in Appendix A.

We now explain the nonlinearity of QD systems in
detail. The nonlinear admittance arises from the depen-
dence of the gate charge (Qg) on the gate voltage. More
particularly, for a QD coupled to a reservoir in the fast-
relaxation regime, f � �R, where �R is the charge tunnel-
ing rate, the gate charge reads

Qg = eαcP(t) = eαcf (ε(t)) = eαc

exp[ε(t)/kBT] + 1
, (1)

where P is the electron-occupation probability, f is the
Fermi-Dirac probability distribution, kB is the Boltzmann
constant, e is the charge of an electron, and T is the system
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FIG. 1. The device and the experimental setup. (a) A false-
colored scanning electron micrograph of a silicon-nanowire tran-
sistor with wraparound gates, under which QDs form (yellow
circles). An rf signal is applied to gate 2 via a fast line. The
signal is measured in transmission from gate 1 via a lumped-
element LC resonator, which acts as a narrow band-pass filter at
fr. (b),(c) The normalized change in rf voltage due to electron
tunneling across a (b) DTR transition and (c) the ICT probed at
fr.The insets in both figures schematically represent the tunneling
processes and show the charge-stability maps with the relevant
transitions and how detuning ε is defined. (d),(e) Simulations of
the electron-occupation probability of a QD for (d) zero and (e)
nonzero detuning ε0 for different driving amplitudes δε. (e) By
strongly driving the system, a nonlinear response occurs, tending
toward a square, where the duty cycle can be tuned by adjusting
ε0
δε

, which here is set to 75%.

temperature. In the case of a double quantum dot (DQD),
in the adiabatic limit, the gate charge is

Qg = eαcP(t) = eαc

2

[
1 + ε(t)√

ε(t)2 + �2

]
=

= eαc

2
[1 + �(t)] , (2)

where in this case ε(t) refers to the energy detuning
between QDs with the corresponding collection lever arm.
Besides � = 2tc is the coupling term, where tc is the tun-
nel coupling [30]. When subject to the oscillatory detuning
due to the rf excitation, an oscillatory gate current flows
through the system proportional to its admittance:

Ig = eαc
dP(t)

dt
= YVg . (3)

Changes in device admittance occur either due to DTR
charge transition, as shown in Fig. 1(b), or ICTs, depicted
in Fig. 1(c) with their corresponding fits using the cal-
culated admittance. If the rf excitation is small (δε �
kBT, �), the DTR transition or ICT respond linearly to
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the input voltage. In this regime, the charge oscillates
at the rf frequency, with a phase shift dependent on the
magnitude of the Sisyphus resistance [31] [see the blue
traces in Figs. 1(d) and 1(e)]. When driving the systems
beyond their linear regime, the charge distribution gets
distorted as the QD is either filled or emptied. As long
as δε remains smaller than the charging energy, the sys-
tem is required to obey 0 ≤ P ≤ 1 at all times. Eventually,
in the large-signal regime (δε � kBT, �), P(t) acquires a
square-wave-like response containing high-frequency har-
monics of the original signal [see Figs. 1(d) and 1(e) and
Appendix B]. By comparing Eqs. (1) and (2), we note
how in the thermally broadened regime, the DTR transition
depends exponentially on ε, while �(ε) is a polynomial
function. If the transitions are lifetime broadened, Eqs. (1)
and (2) are convolved with a Lorentzian distribution (see
Appendix C). Regardless, we expect the DTR transition to
show a higher degree of nonlinearity than the ICT in the
intermediate-signal regime, as we see later.

Following the derivation in Appendix C, we can
then express the rf-voltage output at the N th harmonic,
|�V rf, out

N |, in terms of the N th harmonic of the gate current
and hence that of the charge occupation probability,

|�V rf, out
N | ∝

∣∣∣∣∣
∫ 2π

Nω

0
eiNωtP(t)dt

∣∣∣∣∣ ≡ PN . (4)

For a DTR transition with tunnel rate �R, a simple analyti-
cal solution can be found for the output voltage at the N th
harmonic,

|�V rf, out
N | ∝

∣∣∣∣ �R

�R + iNω
fN

∣∣∣∣ , (5)

where we define fN as

fN = ω

2π

∫ 2π
ω

0
eiNωtf (ε0 + δε cos ωt)dt.

For the ICT, there is no simple general analytical solu-
tion for the output voltage, equivalent to Eq. (4) (see
Appendix B). However, using a semiclassical approach,
we derive a simple expression for the driven probability
distribution. In the regime of fast relaxation, i.e., �P �
ω, where �P is the coupling rate to the phonon bath,
absorption and emission mix the ground and excited states,
driving them to thermal equilibrium faster than the basis
rotation caused by the rf perturbation [31]. If we define

n0 = b
(√

�2 + ε2
0

)
, where b(E) = 1/(eE/kBT − 1) is the

Bose-Einstein distribution, we find a simple expression for

the driven probability distribution:

P(t) = 1
2

+ 1
2n0 + 1

�(t). (6)

Equation (6) presents the same large-signal square-wave
limit discussed thus far but with a different response to the
DTR transition in the intermediate regime. We note that
the equation is valid in the limit of �2 � �ωδε, where the
evolution can be considered adiabatic.

Finally, we find that in the large-signal regime, (δε �
kBT, �), both systems, QD and DQD, produce an output
voltage given by

|�V rf, out
N | ∝ 1

N
sin

[
N arccos

( ε0

δε

)]
, (7)

which unifies the large-signal response of the DTR tran-
sition and ICT, as it only depends on ε0 and δε and not
on the physical characteristics of the particular quantum
systems. Equation (7) also highlights that the maximum
voltage conversion at the N th harmonic follows a N−1

trend, which translates into the maximum N−2 trend for the
well-known maximum power-conversion efficiency of an
ideal frequency multiplier. Further, we note that the detun-
ing offset, ε0, changes the duty cycle DC of the squarelike
output wave (see Appendix B) as we vary the probability
of the QD being filled or emptied, as shown in Fig. 1(e).
Accordingly,

Dc = 1
π

arccos
( ε0

δε

)
, (8)

if δε ≥ |ε0|, while the QD remains trivially empty or full
if ε(t) never changes sign. The offset detuning dependence
of DC, and thus �V rf, out

N , enables changing of the relative
amplitude of the spectral components of the voltage output,
as we see later.

III. EXPERIMENTAL RESULTS

Equation (4) shows how large rf perturbations can be
used to demonstrate a QD-based frequency multiplier. Due
to the fixed resonance frequency of our resonator (fr ∼
789 MHz), which acts as a sharp band-pass filter (see
Appendix D), we fix the output frequency by setting the
local oscillator (LO) used for homodyne mixing at fr. To
probe the various harmonics, we perturb the system via an
rf signal along gate 2 at integer fractions of the frequency
f = fr/N of the resonator. In Fig. 2, we show how the
second and third harmonics evolve as a function of driv-
ing δε and detuning offset ε0 for a DTR transition and an
ICT. We observe that all harmonics are symmetric along
zero detuning (up to a phase of (N + 1)π ) and are char-
acterized by N lobes in the magnitude response signal.
For the even harmonics, the maximum voltage transfer
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FIG. 2. QD-based frequency multiplier line shapes. (a)–(d) The experimentally measured (a),(c) second- and (b),(d) third- harmonic
line shapes as a function of driving rf signal for the DTR transition and ICT, respectively. (e)–(h) Simulations of the corresponding
panels above, carried out to demonstrate experimental agreement with the theory. (i)–(l) Line cuts at a driving rf amplitude of 0.37
meV peak to peak [red dotted line in (a)–(d)]. Data points are in black and the fits are solid lines.

occurs at ε0 = ± sin (π/N )δε and is zero at ε0 = 0 (see
Appendix H). In contrast, for the odd harmonics, the signal
is a maximum at ε = 0. As a result, the optimum detun-
ing point to operate frequency multiplication varies for the
different harmonics.

To accurately simulate the line-shape response for the
various harmonics for both DTR transitions and ICTs, we
develop a Lindblad framework. The method entails iter-
ating the Lindblad master equation (LME) [33], defined
as

�
d
dt

ρ = −i[H(t), ρ] +
∑

i=+,−
��iD[Li], (9)

with

D[Li] = L†
i ρLi − 1

2

{
L†

i Li, ρ
}

(10)

to numerically obtain the QD-occupation probability
P(t) = ρ1,1(t). Combined with Eq. (4), this allows us to
simulate the rf-reflectometry line shapes without making
use of the approximations in Eqs. (1) and (2). A mathemat-
ical derivation of the jump operators Li and their relative

relaxation rates �i for the DTR transition and the ICT can
be found in Appendix E. The gate lever arms (αdc

∣∣
DTR =

0.56 ± 0.05 and αdc
∣∣
ICT = 0.39 ± 0.10) and the electron

temperature (Te = 160 ± 5 mK) are extracted experimen-
tally in the small-signal regime (see Appendixes F–G),
leaving the reservoir-dot relaxation rate �R and the double-
QD coupling term � = 2tc as fitting parameters. At high
frequencies, however, we must consider the capacitive
coupling between the neighboring gates, which has no
effect in dc. This, combined with the fact that α11 > α21,
gives rise to an effective rf lever arm of gate 2 on the
QD along the DTR transition, with a value of αrf

21 ≈ 0.35
(Appendix H). With these values, we use line shapes at
constant rf power [Figs. 2(i)–2(l)] to fit �R = 2.9 ± 0.6
GHz and the ICT coupling term � = 35 ± 9 µeV.

Comparing Figs. 2(i)–2(l), we note the stark similar-
ity of the line shapes of the DTR transition and ICT
in the large-signal regime (δε = 0.37 meV), which can
be attributed to the same square-wave-like behavior of
Eqs. (1) and (2). We see, however, slightly more pro-
nounced sidebands in the ICT at the third harmonic when
compared to the DTR transition. We attribute this to the
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lifetime broadening of the DTR transition (see Fig. 7 in
Appendix F). By adding lifetime broadening to our model,
we obtain excellent agreement with the experimental data
[red line in Fig. 2(j)]. Moreover, comparing the data with
the fits (blue lines) for the ICT, we observe an asymmetry
with respect to ε0 = 0, which is not present in the theory.
We attribute this effect to not having swept the gate volt-
ages perfectly along the detuning axis because of small
errors in the calibration of the lever arms of gates 1 and
2 (and thus the direction of the sweep in voltage space)
and the fact that the rf is applied only on gate 2 (see
Appendix A).

We now move on to assess the performance of the QD-
based frequency multiplier. First, we investigate the har-
monic power-conversion efficiency using rf-voltage output
maps equivalent to those shown in Fig. 2 up to fr/50
(Appendixes P and Q). We quantify this efficiency by
defining the figure of merit

ηmax(δε) =
maxε0

(
|V rf, out

N |2
)

maxε0

(
|V rf, out

1 |2
) , (11)

where V rf, out
N indicates the measured output voltage at the

N th harmonic. We choose this metric as it accounts for
losses along the rf lines. We take the maximum signal
for a given rf input power as the detuning ε0 for opti-
mal conversion, which depends on the specific harmonic
of interest (Fig. 2). At fr/50, a weak signal is still dis-
cernible for the DTR transitions but not for the ICTs, which
we detect up to approximately fr/30. We then extract the
power-conversion efficiency for the different harmonics
at a given input power (Appendix I). In Fig. 3(a), we
plot the maximum power-conversion efficiency ηmax com-
pared to the first harmonic for the DTR transition and the
ICT. The maximum power-conversion efficiency over all
δε (maxδε(ηmax)) follows the expected N−2 dependence
for a square wave (black dotted line) until approximately
fr/20, above which maxδε(ηmax) begins to drop below
the N−2 trend, as highlighted by the insert. We attribute
the lower power-conversion efficiency observed at higher
harmonics to the signal not being fully saturated at the
maximum rf power used to probe the device. The ICT
diverges from the N−2 dependence more drastically than
the DTR transition due to a combination of factors. The
first is our inability to drive the system as hard before
excited states and multiple charge transitions start to inter-
fere (see Appendix J). Second, there is a decrease in signal
due to the less-pronounced nonlinearity for an ICT com-
pared to a DTR transition (see Appendixes P and Q). The
connection between the maximum power-conversion effi-
ciency ηmax and the maximum available output power can
be found in Appendix K, where we discuss the effect of a
load connected to the output of the QD multiplier device.
In particular, we find that it behaves as an ideal current

Δ
m

ax
δε

(η
m

ax
)

N

(b)

(c)

at

(a)

FIG. 3. The performance of a QD-based frequency multiplier.
(a) The maximum power-conversion efficiency maxδε(ηmax)
compared to the first harmonic for the DTR transition (red) and
the ICT (blue) for increasing harmonic N . Experimentally mea-
sured values are plotted as circles and the fitted saturation points
as stars. The first 20 harmonics closely follow an N−2 depen-
dence (black dashed line). The inset is an enlargement of the
region between N = 20 and N = 30. (b) The phase noise of the
rf source at the relevant rf powers used for the DTR transition
and ICT. The phase noise measured follows Leeson’s equation
(dotted line). (c) The difference in the phase noise between the
rf source and the whole setup, which is attributed to the phase
noise governed by the QD-based frequency multiplier, which
increases as a function of the multiplication N . The black dotted
line represents the ideal phase noise for a fully saturated signal
(see Appendix L).

source as long as a large enough rf power can be applied
to neglect the back action of the load on the collection
gate. Most importantly, we discuss that with an optimized
design and common device parameters, a PN ,max = −87 +
10 log10(f [GHz]/N ) dBm could be outputted, where f =
fr/N is the excitation frequency (Appendix K).

Another important metric for frequency multiplication is
to assess the increase in phase noise Lp at higher harmon-
ics. To calibrate our system, we measure the phase noise
of the rf source, Lsource

p [Fig. 3(b)], at the frequencies used
to drive the DTR transition and ICT. The decrease in phase
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noise as we decrease the excitation frequency (f = fr/N )
follows the empirically established Leeson’s equation [34]
(red dotted line). In Fig. 3(c), the data show the phase-
noise contribution of the QD-based frequency multiplier,
�Lp , obtained by subtracting the rf source phase noise
from the total phase noise measured. The harmonics pro-
duced by the driven QD system have an increasing phase
noise as a function of the multiplication factor. Up to
N ∼ 10, the phase noise of our system is ideal (black dot-
ted line), as defined in Appendix L; above this point, it
diverges. The exact reason is unknown but we speculate
that it is due to the output signal not being fully satu-
rated. In this regime, additional phase noise may arise
due to charge noise since the system is more sensitive to
charge-probability variations as the occupation probability
is not in a square-wave-like regime. The ideal frequency
multiplication in the square-wave-like regime allows us to
quantify the effect of quasi-dc fluctuators, such as charge
noise or noise in the dc voltage. In particular, its only
effect manifests in cycle-to-cycle jitter. In Appendix M,
we show how a quantitative assessment of this effect leads
to an estimate of the tolerable upper bound of the order
of approximately 0.5 µeV over an integration bandwidth
of an rf cycle, highlighting the excellent resilience of this
device to dc noise. Moreover, in Appendix N we show
how the impact of the stochastic nature of tunneling is
an additional high-frequency noise term, which does not
contribute to the phase noise. For slow electron tunneling
compared to the excitation frequency, however, the effect
becomes akin to shot noise. In this case, the signal and
the intrinsic noise become comparable and performance
of the multiplier may be degraded [35–38]. Additionally,
we highlight how QD frequency multiplication, especially
in the case of the ICT, can mostly be due to elastic
charge transitions and thus operates almost without power
dissipation.

Finally, we examine the performance of the multiplier
when multiple charge transitions begin to merge above a
given driving power (P > 1). In Fig. 4(a), we explore N =
3. We observe that at an excitation amplitude of approxi-
mately 4 meV, neighboring DTR lines begin to interfere,
as two electrons are being loaded and unloaded in phase
from the QD. Due to the N -1 nodes present in the phase
of the N th harmonic, constructive and destructive inter-
ference can occur, which can give rise to an increase in
signal proportional to the number of tunneling electrons
involved in the process, resulting in maxδε(ηmax) exceed-
ing the expected N−2 dependence. Within this regime,
the two-level system framework developed in Appendixes
B and C is no longer valid. Therefore, the data in this
regime are omitted from the maxδε(ηmax) and Lp discus-
sion. We also observe the same interference behavior for
the ICT, with the added phenomenon of having excited
states appearing at certain driving rf powers, as outlined
in Appendix J. Although harder to interpret, these regions
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FIG. 4. Interference between multiple electron transitions. (a)
The harmonic line shape for fr/3 of multiple DTR lines as a func-
tion of the driving rf signal. (b),(c) By driving the system hard
enough, the DTR lines interfere, resulting in regions of construc-
tive interference with maxδε(ηmax) exceeding the expected N−2

dependence, as highlighted by the line cuts in (b) magnitude and
(c) phase.

of interference allow higher harmonics to be measured. We
detect rf output signals up to fr/75 (Appendix J).

IV. CONCLUSIONS AND OUTLOOK

We introduce the idea of a QD-based frequency multi-
plier and demonstrate its experimental implementation via
two methods: a QD coupled to a reservoir and a double
QD. We find near-ideal performance in terms of power
conversion and phase noise up to N ≈ 10. The estimated
output power of optimized QD-based frequency multi-
pliers should allow the excitation of readout resonators
(0.1–2 GHz) [39], the performance of circuit-QED experi-
ments (4–8 GHz) [40], and approaches to the requirements
for low-power electrically driven spin resonance (approxi-
mately 6 GHz) [41], although further developments may
be needed for the latter, such as the use of construc-
tive interference between different transitions presented
here. By operating the multiplier in conjunction with a
low-frequency generator, signal integrity may be better
preserved from room temperature down to the mixing
chamber of a dilution refrigerator and/or may facilitate the
development of an integrated cryogenic frequency gen-
erator with dissipationless frequency multiplication. The
latter is a prerogative of the quantum nature of the sys-
tem and thus alleviates concerns on cooling power for
future architectures. Furthermore, if combined with fre-
quency mixing [42–44] and parametric amplification [24],
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one may envision an all-QD-based rf-reflectometry setup
including frequency generation, amplification, and mixing.

With regard to the performance, we expect near-ideal
properties as long as the electron tunneling process on
which the operation of the multiplier is based remains elas-
tic. This condition sets upper bounds for the maximum
input frequency to ω � �R in the DTR-transition case and
� � √

�ωδε, kBT for the ICT. The device remains opera-
tional at higher frequencies but additional dissipation may
deteriorate its performance. However, we do not foresee
these constraints limiting the usefulness of the device. In
particular, there is no physical reason why �R should be
limited to a few gigahertz and �R = 70 GHz has been
experimentally observed [20], thus being able to operate
in the microwave frequency range. One remaining chal-
lenge in this regime, however, is the band-pass filter. In this
case, rather than a lumped-element resonator, distributed
transmission-line-based design would be required [45–47].
Finally, we note that the large-signal regime explored here
can be utilized for excited-state spectroscopy of (D)QD
systems.
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APPENDIX A: CONSIDERATIONS ON LEVER
ARMS

In the main text, we describe the general theory of QD-
based frequency multiplication using three different lever
arms: αdc, αrf, and αc. We now detail how they relate to
the quantities described in Appendixes G and H and their
relationship to (D)QD detuning and gate current. Although
common knowledge, in this work, these physical quantities
are defined differently from the typical formulas used in
the reflectometry literature, due to the use of different gates
for excitation and collection. Thus, we explicitly derive the
expression of lever arms for the DTR transition and ICT
experiments. In the most general scenario, when a set of m
gates is used to control n QDs, the detuning at which the
quantized levels sit (for an arbitrary zero energy) can be

written as

�ε = −eα�V, (A1)

where e is the elementary charge, α is the n × m lever-
arm matrix, and �ε and �V are the energy and voltage vectors
of length n and m, respectively. For ease of notation, we
define �V = �0 when the relevant levels are all aligned (i.e.,
at zero detuning). Alternatively, Eq. (A1) can be under-
stood as an affine linear transformation between voltage
and energy space. In the case of the DTR transition, a sin-
gle level is controlled in the following way: we control the
dc detuning by sweeping gate 1, while gate 2 is used for rf
delivery. Therefore, this corresponds to

ε0
∣∣
DTR = eα11V1

δε
∣∣
DTR = eαrf

∣∣
DTRδV2(t).

(A2)

The reason why we must consider αrf
∣∣
DTR = α21 + γα11

and not just α21 in ac is discussed in Appendix H. Finally,
the gate current is collected via gate 1 and through the
resonator acting as a band-pass filter. Therefore,

IG
∣∣
DTR = α11

d
dt

Q = eα11
d
dt

P. (A3)

In the case of the ICT, two gates are used to sweep two
QDs. Therefore,

(
ε1
ε2

)
= e

(
α11 α12
α21 α22

) (
V1
V2

)
(A4)

As shown in the inset of Fig. 1, we sweep diagonally at
−45◦ using both gate 1 and gate 2. This is achieved by
maintaining (

V1
V2

)
= V0√

2

(
1

−1

)

and therefore

(
ε1
ε2

)
= − 1√

2
eV0

(
α′

−α′′

)
(A5)

where, similarly to Eq. (G3), we define

α′ = α11 − α21,

α′′ = α22 − α12.
(A6)

Considering that the two gates are not perfectly identical,
this gate configuration only approximately (although very
closely; see Appendix G) sweeps orthogonally across the
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ICT. The usual definition of ICT detuning in the literature
is

ε0
∣∣
ICT = �ε · n̂, (A7)

where n̂ is the normalized vector orthogonal to the transi-
tion. By definition,

n̂ = 1√
2

(
1

−1

)

Thus, we conclude that the detuning along the ICT is
defined by ε0

∣∣
ICT = eαdc

∣∣
ICTV0, with

αdc
∣∣
ICT = α′ + α′′

2
. (A8)

Similarly to the DTR transition, also in the case of the
ICT, the rf is delivered solely through gate 2. However,
because of the capacitive coupling between the two gates
(see Appendix H), we have

(
δε1
δε2

)
= −eδV2(t)

(
γα′
α′′

)
, (A9)

with scalar detuning defined similarly as

δε
∣∣
ICT = �δε · n̂ (A10)

or

αrf
∣∣
ICT = α′′ − γα′

√
2

. (A11)

The effect of γ is to turn part of the rf excitation into a rigid
shift of the DQD, which does not change the ICT detuning.
Finally, as in the DTR transition, gate current is collected
from gate 1. However, because this time charge flows into
another dot, to which the gate is capacitively coupled, it is
clear to see that

IG
∣∣
ICT = α11

d
dt

Q1 + α21
d
dt

Q2 = eα′ d
dt

P1. (A12)

APPENDIX B: OCCUPATION IN THE
LARGE-SIGNAL REGIME

The naive solution to the (D)QD occupation in the
large-signal regime would be to assume a square-wave-like
behavior, where the (D)QD is periodically emptied and
filled if the rf amplitude is much larger than the detuning.
This ansatz, however, fails due to the finite relaxation times
of the respective systems. For the DTR transition, we can
find an analytical expression for the large-signal regime

through the master equation in Eq. (E9), the solution in the
steady state is

P(t) = �Re−�Rt
∫ t

−∞
e�Rξ f (ε(ξ))dξ , (B1)

which can be expressed as the Fourier series

P(t) = f (ε0) + 1
2

∞∑
n=1

(
�R

�R + iNω
fN eiNωt + c.c.

)
,

(B2)

where

fN = ω

2π

∫ 2π
ω

0
eiNωtf (ε0 + δε cos ωt)

is the N th Fourier component of the perturbed Fermi-Dirac
distribution. In the limit of fast relaxation (�R � ω), Eq.
(B2) simplifies to P(t) = f (ε(t)), which indeed tends to
a square wave for large driving. For �R ∼ ω, the cou-
pling to the reservoir behaves as a low-pass filter for the
square wave [see Fig. 5(a)]. In our particular experimental
setup, we have a fixed resonator; thus Nω = ωr is constant.
Therefore, the prefactor

�

� + iNω
= �

� + iωr

is just a global constant for all harmonics and all powers;
thus all of the dynamics is described by fN , which is square-
wave-like.

For the ICT, we can consider a semiclassical solution in
which the system evolves while remaining in the ground
state. This represents the behavior of the ICT if the tunnel
coupling is large enough to neglect Landau-Zener transi-
tions (i.e., �2 � �ωδε) [48] and relaxation events (i.e.,
� � ��P [2b(E) + 1]). In this case, we can simply write

P(t) = 1
2

[
1 + ε(t)√

ε(t)2 + �2

]
= 1

2
[1 + �(t)] , (B3)

where P(t) is the probability of the electron occupying the
QD under the input gate. In the large-signal regime (i.e.,
δε � �), it is clear that �(t) tends to a square wave as the
charge shifts from one QD to the other.

When considering the full model from the LME, we find
the possible presence of Landau-Zener transitions when
δε ≈ �2/�ω, which produce oscillations at the Rabi fre-
quency �R = (E+ − E−)/�. The result of these two effects
produces a P(t) that is formally no longer a square wave.
However, we can gain insight into the effect of phonon
relaxation in the system by considering the semiclassical
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5 GHz
10 GHz
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FIG. 5. Lindblad simulations (see Appendix E) of the steady-state QD occupation for (a) a DTR transition and (b) an ICT, for ε0 = 0
and δε = 1 meV at an rf frequency of ω

2π
= 1 GHz at 160 mK. The different curves indicate �R

2π
for the DTR transition and �P

2π
for

the ICT. In (a), the electronic occupation of the QD evolves from a square wave for �r � ω to a low-pass-filtered square wave for
�R ∼ ω, as predicted by Eq. (B2). In (b), in electronic occupation of one of the two QDs across an ICT (i.e., ρ0,0(t)), the coupling term
has been set to � = 35 µeV as fitted from the experimental data. A comparison of (a) and (b) shows the qualitative similarity for the
two systems as � approaches ω. However, additional high-frequency oscillations at the Rabi frequency E+−E−

�
� ω appear as phonons

that relax the system into the ground state after Landau-Zener transitions. We note that in these simulations, dephasing is intentionally
ignored to emphasize this effect, which cannot be captured by semiclassical models.

approximation of the LME. In the basis where H(t) is
instantaneously diagonal (i.e., the energy basis), this reads

ṖEB + �P(2b(E(t)) + 1)PEB = �P(b(E(t)) + 1), (B4)

the formal solution of which is

PEB(t) = �Pe−�tot(t)
∫ t

−∞
e�tot(ξ)(b(E(ξ)) + 1)dξ , (B5)

where we define

�tot(t) = �P

∫
(2b(E(t)) + 1)dt. (B6)

Projecting back into the QD basis, we can write

P(t) ≈ 1
2

[
1 + 1

2n0 + 1
�(t)

−
∞∑

N=1

(({
�P(n0 + 1)bq

�P(2n0 + 1) + iqω

}
∗ {

�q
})

N

eiNωt + c.c.
)]

(B7)

where
({aq} ∗ {bq}

)
N indicates the N th Fourier component

of the convolution of the two Fourier series. Comparing
the formal similarity of Eqs. (B1) and (B5), we can infer
that the two systems will have comparable responses to an
increasing relaxation rate. More thoroughly, it is possible
to put a boundary on the effect of relaxation by consider-
ing that |bq| ≤ b(2�)/q. In particular, in the large-signal
regime δε � �, b(E) is meaningfully different from zero

only at the points in the cycle where E(t) � kBT. There-
fore, the effect of the convolution is to add a finite slew rate
to the square-wave-like response of �(t). Therefore, we
ought to be able to neglect the effects of bq>1, recovering
the exact equivalence of the ICT with the DTR transi-
tion. This is highlighted in Fig. 5(b), which shows how
the behavior of the ICT remains qualitatively similar to
that of the DTR transition when including relaxation and
for varying �P. Moreover, we can see the fast oscillations
at the Rabi frequency, which cannot be captured by the
semiclassical nature of the master equation in Eq. (B4).

Following Eq. (B3), in the large-signal regime, we
expect the main difference between the ICT and the DTR
transition to be, apart from global constants, the sub-
stitution of f (ε) with �(ε). The fact that the latter is
a polynomial function of the energy explains the lower
degree of nonlinearity observed for the ICT when com-
pared with the exponential behavior of the Fermi-Dirac
distribution in the DTR transition.

Moreover, for both systems, the square-wave behavior
can be written as the Heaviside theta θ(ε(t)). Therefore, if
δε ≥ |ε0|, it is trivial to predict the duty cycle as

DC = 1
π

arccos
( ε0

δε

)
. (B8)

APPENDIX C: REFLECTOMETRY LINE SHAPES

The rf reflectometry measures charge transitions via
changes in the reflection coefficient of a quantum system.
In this work, we measure the transmission line shapes from
gate 2 to gate 1, as detailed in Fig. 1. We can write the
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transmission coefficient as

T = 2
1 + YZ0

≈ 2(1 − YZ0), (C1)

where Z0 = 50 � is the characteristic impedance of the
line. Y is the effective admittance of the quantum system,
where we can assume that |Y|−1 ∼ e2/h � Z0. The quan-
tum admittance can be modeled as the charge-dependent
equivalent of the quantum capacitance and the Sisyphus
resistance. For a particular harmonic N , the quantum
admittance YN is defined as

YN = IN

〈V〉 = 2
αrfe
δε

IN , (C2)

where IN = iNωPN is the N th Fourier component of the
current through the device. Therefore, we can calculate the
output of the rf measurement as

|�V rf, out
N | ≈ |YN Z0V rf, in| ∝ (C3)

∝
∣∣∣∣∣
∫ 2π

Nω

0
eiNωtP(t)dt

∣∣∣∣∣ . (C4)

Therefore, we can compute the rf line shapes of P(t) either
by numerically iterating the LME or from the expressions
in Appendix B.

We must be aware that the above theory assumes a zero-
dimensional discrete level with a deltalike density of states.
In the case of the DTR transition, however, the coupling
with the reservoir broadens the level. This can be mod-
eled with an effective Lorentzian density D(E) of states
with full width at half maximum (FWHM) �R. This life-
time broadening becomes important when ��R � kBT and
can be accounted for considering the convolution of YN (ε0)

for the deltalike level with D(ε0). The DTR transition of
interest in this work is lifetime broadened, as discussed
in Appendix F; therefore, this correction is used to fit the
maps in Fig 14, with an estimated �R of 2.9 ± 0.6 GHz.

APPENDIX D: FREQUENCY BAND-PASS FILTER

Due to the high-quality factor of the resonator, it acts as
a narrow band-pass filter, meaning that even if the device
is probed at multiple harmonics, we can only measure at
the frequency of the resonator. To demonstrate this, we
drive gate 2 at fr/2 while sweeping the frequency of the
local oscillator LO of the in-phase and quadrature (IQ) card
around fr, as shown in Fig. 6, illustrating the 5-MHz band-
width of the resonator, within which we can obtain a signal.
By plotting the in-phase (I) and quadrature (Q) compo-
nents of the rf signal, we highlight how the line shape is
antisymmetric, resulting in a phase component that can
lead to constructive and destructive interference when mul-
tiple transitions overlap, as demonstrated in Fig. 4 and
highlighted in Appendix J.

(b)

(a)

0–2 2
ε0 (meV)

FIG. 6. The rf signal response in (a) I and (b) Q while prob-
ing ωr/2 at gate 2 and varying the LO frequency ω on a DTR
transition.

APPENDIX E: LINDBLAD FORMALISM

To accurately simulate the behavior of the quantum sys-
tems in the nonlinear regime, we develop a model of the
DTR transition and ICT based on the LME. In this context,
the evolution of the density matrix is

�
d
dt

ρ = −i[H(t), ρ] +
∑

i=+,−
��iD[Li], (E1)

where

D[L] = L†
i ρLi − 1

2

{
L†

i Li, ρ
}

(E2)

describes the non-Hamiltonian part of the system evolu-
tion and its relaxation toward thermal equilibrium. These
dynamics are fully described by a series of jump opera-
tors Li and the relative coupling rates �i. For the DTR
transition, the Hamiltonian is

H(t) = 1
2

(
ε(t) 0

0 −ε(t)

)
(E3)

and relaxation occurs via the electron reservoir, through an
interaction Hamiltonian of the form

HI = ��R(d†r + r†d), (E4)
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where d (r) is the fermionic destruction operator for an
electron in the QD (reservoir). Equation (E4) gives rise to
the jump operators

L+=d†=
(

0 1
0 0

)
, (E5)

L−=d =
(

0 0
1 0

)
, (E6)

with the relevant rates being

�+=�Rf (ε), (E7)

�−=�R(1 − f (ε)), (E8)

where f (ε) is the Fermi-Dirac distribution at the QD
detuning. We note that, in the particular case of the DTR
transition, the LME can be proven to be formally identical
to the well-known semiclassical master equation [35]

Ṗ + �RP = �Rf (ε(t)), (E9)

the analytical solution of which is discussed in Appendix
C.

For the ICT, the presence of a tunnel coupling � = 2tc
in the DQD can be described by the Hamiltonian

H(t) = 1
2

(
ε(t) �

� −ε(t)

)
. (E10)

In this case, the dominant relaxation process is phonon
absorption and emission, which couple to the electronic
system via

HI = ��P(Ud†U†a + a†U†dU), (E11)

where a is the bosonic destruction operator of the phonon
bath. In this model, we assume that phonon relaxation
occurs between eigenstates of H(t); hence we introduce
the rotation matrix U, defined such that U†H(t)U is always
diagonal with eigenvalues

E±(t) = ±1
2

√
ε(t)2 + �2, (E12)

meaning that the energy difference between the ground and
excited states is E = E+ − E− =

√
ε(t)2 + �2.

Equation (E11) gives rise to the jump operators

L+=Ud†U† (E13)

L−=U†dU (E14)

with the relevant rates being:

�+ = �Pb(E), (E15)

�− = �P [b(E) + 1] , (E16)

where by b(E) = 〈a†a〉 = 1/(eE/kBT − 1) we indicate the
Bose-Einstein distribution at the DQD energy splitting. It

ε0 (meV)

Δ
V

no
rm

rf

FIG. 7. The experimentally measured DTR line shapes in
the thermally (black) and lifetime (blue) broadened regimes,
normalized to their maximum value.

is also possible to include dephasing in this model with a
rate �φ through the additional jump operator

Lφ = UσzU†. (E17)

The effects of �φ are to suppress coherent phenomena,
such as Landau-Zener-Stueckleberg-Majorana interferom-
etry, which are not discussed in this work. Numerically
iterating Eq. (E1) allows for the simulation of ρ(t), the
Fourier transform of the diagonal entries of which, as
a function of the detuning, is proportional to the rf-
reflectometry line shapes.

APPENDIX F: ELECTRON TEMPERATURE

To set an upper bound for the electron temperature Te,
we find the narrowest DTR transition (black line in Fig. 7)
on the QD under Vg1 and measure its FWHM as a func-
tion of the mixing-chamber fridge temperature Tfridge. We
tune the device to a different region in voltage space, where
the signal is narrower than the lifetime-broadened DTR
transition used for multiplication (see Fig. 7).

We ensure no power broadening by measuring the tran-
sition at varying rf powers [22]. From the temperature-
dependence measurements in Fig. 8, we fit the following
expression to extract Te (red curve in Fig. 8):

FWHM = 3.53kB

eα11

√
T2

fridge + T2
e . (F1)

From the fit, we extract the electron temperature of Te =
160 ± 5 mK and the lever arm α11 = 0.56 ± 0.05.

APPENDIX G: dc LEVER-ARM EXTRACTION

To extract the other lever arms, we can use the stability
map; in conjunction with our knowledge of α11. In partic-
ular, we know from the constant-interaction model that the
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slopes of the transitions read

dVg2

dVg1

∣∣∣∣
ICT

=α11 − α21

α22 − α12
= α′

α′′ = 0.99 ± 0.05, (G1)

dVg2

dVg1

∣∣∣∣
DTRg1

= −α11

α12
= −3.3 ± 0.6, (G2)

dVg2

dVg1

∣∣∣∣
DTRg2

= −α21

α22
− 0.32 ± 0.03, (G3)

where the numerical values are obtained from Fig. 9(a).
We can then reconstruct the whole lever-arm matrix, as(

α11 α12
α21 α22

)
=

(
0.56 ± 0.05 0.16 ± 0.04
0.17 ± 0.05 0.55 ± 0.06

)
. (G4)

We also independently consider the ICT and the DTR on
gate 1 used for the frequency-multiplication experiments.
The agreement between the measured values and the sta-
bility maps in those regions is shown in Figs. 9(b) and
9(c).

APPENDIX H: ac LEVER-ARM EXTRACTION

From fitting the detuning ε0 versus driving δε maps,
such as those in Fig. 2, we can experimentally deter-
mine the high-frequency lever arms as well as estimate the
power loss of the fast lines. These can differ from those
measured in dc because of different cross-capacitive cou-
plings at high frequencies between the gates. Moreover, in
the case N = 1, the rf voltage arising on gate 1 due to the
capacitive coupling with gate 2 can be amplified by the res-
onator. This effect can be measured by comparing the slope
ε0(δε) where the power conversion of the N th harmonic is

FIG. 8. The temperature dependence on the FWHM of a DTR
transition on gate 1, from which an electron temperature Te of
160 ± 3 mK is extracted.

(a)
(b)

(c)

ICT
DTRg1
DTRg2

FIG. 9. The slopes from the stability maps are used to extract
the lever-arm matrix from α11. (a) The region of the stability
maps from which the slopes are extracted. (b),(c) The (b) ICT and
(c) DTRg1 that are used to perform the frequency-multiplication
measurement. The superimposed lines are traced with the values
extracted from (a) to check for consistency.

zero. From Eq. (8), the N − 1 zeros of the N th harmonic
should occur for

ε0 = cos
(
π

m
N

)
δε m = 1, . . . , N − 1. (H1)

We also note that the N maxima are predicted to appear for

ε0 = cos
(

π

(
m
N

+ 1
2

))
δε m = 0, . . . , N − 1. (H2)

The effect of cross-capacitance is more easily considered
in the case of the DTR transition, where coupling between
the gates leads us to define an effective rf lever arm

αrf
∣∣
DTR = αdc

21 + γαdc
11, (H3)

where γ is a coupling term between 0 and 1 for N > 1
and between 0 and the quality factor of the resonator Q
for the first harmonic (Fig. 11). All harmonics except the
first show γ ∼ 0.5, which corresponds to αrf

∣∣
DTR ≈ 0.35.

We attribute the large discrepancy of the first harmonic to
direct cross-coupling to the resonator from the input gate 2
to gate 1, which results in a larger effective lever arm.

Finally, the expression for αrf
∣∣
ICT derived in Eq. (A11)

allows us to fit the data sets in Figs. 2(g) and 2(h) for the
attenuation down the fridge in addition to the nominal val-
ues present on the line (see Fig. 10), which we estimate as
0.7 ± 0.1 dB.
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Prf
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FIG. 10. A schematic of the dilution-unit setup with all rel-
evant attenuators and amplifiers. The line on gate 2 (furthest to
the right) is used for frequency multiplexing. The dashed squared
rectangle at the rf input line (Pin

rf ) is a 30-dB attenuator for the first
harmonic and a low-pass filter of 450, 300, 200, 100, or 70 MHz
depending on the harmonic being measured. The clocks of both
rf sources are synchronized to ensure that they are in phase.

APPENDIX I:
POWER-CONVERSION-EFFICIENCY

EXTRACTION

The measurements in Appendixes P and Q are used to
extract the power-conversion efficiency for the DTR tran-
sition and ICT. The acquired data are limited to rf powers

FIG. 11. The coupling term γ , defined using Eq. (H3),
obtained from fitting the δε versus ε0 maps. As expected, γ is
an order of magnitude larger for the first harmonic because of the
presence of the resonator, while γ ∼ 0.5 for N>1 (shown in the
inset). This value corresponds to an ac lever arm of αrf

DTR ≈ 0.35.

where no excited states or interference between multiple
transitions are present (see Appendix J). The maximum
signal will then occur at zero detuning for the odd har-
monics, while for the even ones, it depends linearly on
δε. For each harmonic, we extract the measured maximum
signal at each rf power along with the corresponding fitted
value, as shown in Fig. 12. These are then used to plot the
power-conversion relationship shown in Fig. 3(a).

APPENDIX J: N−2 DEPENDENCE

At high powers, it is possible to drive the system
strongly to overcome the expected power-conversion
dependence of N−2. In particular, for the ICT, an incre-
ment in signal is possible if excited states are present, as
shown in Fig. 13(a). This is due to a gain in quantum
capacitance due to an increase in curvature of the eigenen-
ergies. By driving the system even harder, it is possible
to obtain multiple charges n to transition, resulting in an
interference pattern, as highlighted in Fig. 13(b). We can
thus find regions in voltage that should theoretically result
in an increase of n in power conversion that will counteract
the expected N−2 relationship; this allows us to measure a
signal at even higher harmonics, such as fr/75, as shown
in Fig. 13(c).
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FIG. 12. The power conversion measured for the first 30 har-
monics for (a) the DTR transition and (b) the ICT that are used
to extract the data in Fig. 3(a).
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FIG. 13. Increasing the power conversion above the expected N−2 dependence. (a) The second-harmonic ICT transition, highlight-
ing how an increase in power conversion is obtainable due to the presence of excited states above a driving detuning δε ∼ 1.5 meV.
(b) the tenth harmonic, showcasing how multiple ICTs can interfere at high enough detunings. By modulating multiple electrons, an
increase in power conversion is possible, resulting in regions of constructive interference. (c) The measured signal at ωr/75 obtained
from the interference of multiple ICT transitions.

APPENDIX K: MAXIMUM OUTPUT POWER

Considering the potential technological applications of
the proof of concept presented in this work, we see fit to
evaluate the maximum achievable output power for a QD
multiplier. Since for the Fourier terms of a square wave
AN ≤ 1/Nπ , by using Eq. (3), we can write the maximum
achievable gate current for the N th harmonic as

I N ,max
g = eαc

Nπ
ωr = 2eαc

N
fr. (K1)

In the current setup, where this resonator is used for reflec-
tometry readout, we require matching the impedance of the
readout circuit at resonance to that of the line. In particu-
lar, the readout network is engineered so that the gate sees
an impedance to ground ZBP ≈ Z0 = 50�, with the equal-
ity holding for a perfectly matched resonator [20]. This
impedance matching is not required to operate a QD device
for frequency multiplication and the filtering assembly can
be optimized for both performance and footprint. If we
assume that the QD multiplier is used to drive a load with
impedance ZL to ground (including the band-pass filter), it
is trivial to write the maximum voltage as

V N ,max = 2eαc

N
frZL, (K2)

from which the maximum transferred power is

PN ,max =
(

I N ,max
g

)2
ZL =

(
2eαc

N
fr

)2

ZL. (K3)

From Eq. (11), it ought to be clear that the measured output
power can be read directly from Fig. 3 as

PN = maxδε(ηmax) (2eαcfr)2 ZL. (K4)

The fact that the output power can be made arbitrarily large
is a direct consequence of the assumption that the collec-
tion branch of the circuit is operating in the small-signal
regime. In general, the detuning seen by the QD system is

ε(t) = ε0 + δε cos ωt + εBA(t),

where

εBA(t) = eαcVout(t),

which is the back action of the load on the system. The
treatment in this work is valid as long as this is a negligible
perturbation of the rf. More quantitatively, we require

εBA(t) � δε

or

ZL � αrf

α2
c

V rf,in

2efr
, (K5)

where V rf,in is the amplitude of the applied rf driving. Per-
haps counterintuitively, comparing Eqs. (K2) and (K5), we
see how increasing the rf power has no benefit in increas-
ing the gate current but, rather, on the maximum load that
the system can drive. This is an inherent property of the
discrete nature of the quantum levels, the occupation of
which is fixed by Coulomb blockade and the quantization
of charge. However, as long as the energy swing is large
enough to guarantee a transition twice per rf cycle, the sys-
tem will act as a current generator. We note that the upper
bound for V rf,in is determined by the Coulomb-blockade
effect; if the amplitude is large enough to be comparable to
the QD charging energy, multiple electron transitions can
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FIG. 14. The raw data of the first 50 harmonics experimentally measured across a DTR transition.
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TABLE I. A measure of harmonic rejection (dBc) in the case of the DTR transition for an input power of −60 dBm.

Measurement frequency, ωr/NM

Driving frequency, ωr/ND 1 2 3 4 5 6 7 8 9 10

1 0
2 0 −68
3 0 −79
4 0 −68 −126
5 0 −133

6 0 −67 −79 −129
7 0 −132
8 0 −60 −126 −136
9 0 −68 −135

10 0 −60 −138 −138

occur. As a rough estimate, this will happen when the load
impedance has a value

ZL ≈ αrf

α2
c

1
2frCg

, (K6)

i.e., when ZL is comparable to the impedance of the driving
gate (with gate capacitance Cg). Considering the discus-
sion in Appendix J, however, the insurgence of other
transitions is not an issue but, rather, is exploited to cre-
ate positive interference between two (or more) electrons
to increase the maximum gate current beyond Eq. (K1).

Finally, we estimate typical values PN ,max. By substi-
tuting ZL into Eq. (K3), we obtain the maximum output
power

PN ,max =
(

2eαc

N
fr

)2

ZL ≈ 2e2αrff0
CgN

, (K7)

where we remind the reader that fr = Nf0 is the output
frequency, while, for clarity, we indicate the driving fre-
quency by f0. By using αrf = 0.35 (as extracted in the main
text), Cg = 10 aF (a typical value reported in the literature
[49]), we obtain

PN ,max = −87 + 10 log10

(
f0[GHz]

N

)
dBm (K8)

or

PN ,max = −87 + 10 log10

(
fr[GHz]

N 2

)
dBm, (K9)

where both are given if, given design constraints, one
prefers to consider the input or the output frequency. If we
assume a driving of f0 = 1 GHz, for example, we obtain
PN ,max = −87 − 10 log10(N ) dBm ≈ 2 pW/N .

We can now consider the power output in realistic appli-
cations. In the case of magnetically driven electron-spin-
resonance experiments, −40 to −20 dBm of on-chip power

is required between 1 and 50 GHz [15]. If we take fr ≈ 40
GHz, then PN ,max = −72 − 20 log10(N ) dBm. Therefore,
approximately 40 dB of amplification would be required,
thus making the frequency multiplier an unpractical solu-
tion. However, electric dipole spin resonance (EDSR)
measurements may be within reach. For fr ≈ 6 GHz,
PN ,max = −78 − 20 log10(N ) dBm. Microwave powers as
low as −90 dBm at 5.8 GHz have been reported [41], for
which a QD-based frequency multiplier could be utilized,
although it may be pushing the limit of what is practically
feasible.

In the case of reflectometry, we can assume fr ≈ 2 GHz
and thus PN ,max = −85 − 20 log10(N ) dBm; therefore a
QD-based frequency multiplier should be more than ade-
quate, with optimum powers for spin readout reported to be
as low as −110 dBm [20] and certainly suitable for circuit-
QED experiments in the few-photon limit, at −140 dBm
[40].

APPENDIX L: IDEAL PHASE NOISE

The phase noise of an rf source dominated by 1/f noise
can be empirically described by Leeson’s equation [34],

Lp(ω0, �ω) = 10log
[

2FkBT
Psig

(
1 + ω0

2Q�ω

)2

×
(

1 + �ω1/f 3

|�ω|
)]

, (L1)

where �ω is the offset frequency from the carrier fre-
quency ω0, F is an empirically fitted parameter known
as the noise factor, Psig is the power of the rf source, Q
is the loaded quality factor, and �ω1/f 3 is the 1/f cor-
ner frequency. The ωr/2Q�ω dependence arises from the
1/f decrease in the voltage-frequency response for an
ideal RLC tank circuit as a function of �ω, which is then
squared to convert it into power. The noise factor F and the
additive 1 within the first set of brackets account for the
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noise floor. The second parentheses provide the 1/|�ω|3
behavior observed at limited offset frequencies.

An ideal frequency multiplier performs a rigid shift in
the frequency axis, which, after multiplication, increases
the phase noise by a factor of N . For harmonics at the same
frequency offset �ω, as is the case in our data in Fig. 3, the
ideal phase noise is

�LN ,ideal
p = Lp

(
ωr

N
,
�ω

N

)
− Lp

(ωr

N
, �ω

)
. (L2)

APPENDIX M: IMPACT OF dc NOISE IN PHASE
NOISE

As mentioned in Sec. III, it is easy to see that, at satura-
tion, the only impact of dc noise would be on the definition
of ε0 and, therefore, the point of the cycle at which the
charge transition occurs. In a square-wave signal, this man-
ifests as jitter noise. If we assume dc noise to be Gaussian
distributed with variance σε, its effect on �Lp around the
N th harmonic would be almost Lorentzian, with

FWHM = πNfrσ 2
dc ≈ πNfr

(σε

δε

)2
,

where σ 2
dc is the cycle-to-cycle jitter [50]. The relation

between σε and σdc can be obtained from Eq. (8). From
our measurements of phase noise, we observe a FWHM of
approximately 5 Hz. Considering the use of δε ∼ 1 meV,
this gives us an upper bound of the dc noise in the detuning
of about σε ∼ 0.5 µeV. We stress that this figure derives
from the cycle-to-cycle jitter and thus must be understood
as integrated over a measurement time of one rf cycle. Typ-
ical figures of charge noise in silicon QDs are 1 − 10 µeV,
with an integration bandwidth of 1 Hz [51]. Thus, the
system is highly resilient to (quasi-)dc noise, which is con-
sistent with experimental observation. The noise limit can
be qualitatively understood by the fact that noise in the
detuning ε0 (given by either noise in the dc voltage or
charge noise) can be considered as an effective temperature
and that, in the large-signal regime, the saturation behavior
is well described by Eq. (7), where the temperature is not
present. Physically, this is supported by the intuition that
if δε is larger than any thermally induced broadening, we
can treat the Fermi function as a step function for the DTR
transition and ignore photon absorption for the ICT.

APPENDIX N: CONSIDERATIONS ON THE
STOCHASTIC NATURE OF TUNNELING

In this appendix, we briefly address the matter of the
stochastic nature of electron tunneling and how that gets
reflected in the performance of a QD as a frequency mul-
tiplier. In the following, we focus on the DTR transition
for its ease of calculation due to the master equation in
Eq. (E9). First and foremost, since Eq. (E9) is a master

equation, the (average) gate current calculated as in Eq.
(3) remains valid and only depends on the assumptions
that, on the time scales of the rf, the response of the QD
is Markovian and the reservoir is always in thermal equi-
librium. Therefore, the stochastic nature of tunneling will
introduce an additional intrinsic noise, which is generated
by the device. This can be easily obtained in the large-
signal regime, i.e., δε � �R, kBT, if we note that Eq. (E9)
is formally the same as a single electron source. Therefore,
we can use a known result to obtain the (two-sided) current
noise power spectral density (PSD) as [35–38]

SI (ω) = ω0

π
tanh

(
π�R

2ω0

)
(αceω)2

�2
R + ω2

, (N1)

where ω0 is the driving frequency. Experimentally, we are
only interested in the noise PSD around the frequency of
the band-pass filter ω ≈ ωr = Nω0, as everything outside
its bandwidth will be filtered out. Notably, Eq. (N1) is an
additional noise term, which does not contribute directly to
the phase noise since it does not peak at any of the harmon-
ics. The stochastic nature of this term becomes evident if
we consider its limiting behavior for both small and large
tunneling rates.

If �R � ω0, then tanh (π�R/2ω0) ≈ 1. In this case, one
electron can always tunnel every half cycle and the noise
term is given by the phase jitter of the tunneling event
occurring at random points in a cycle. In this case, the noise
is intrinsically high frequency, a typical phenomenon of
single-charge emission [36]. Interestingly, for a small filter
bandwidth �ωr, the ratio of the signal to the intrinsic noise
(SNRI ) of the output power of the multiplier reads

SNRI ≈ |IN |2
SI (ωr)�ωr

≈ Qr

πN 3

(
�R

ω0

)2

, (N2)

where Qr = ωr/�ωr is the band-pass quality factor and IN
is the N th Fourier component of the signal current. For the
benefit of the reader, we recall from Appendix K that, in
the large-signal regime, one can approximate

|IN | ≈ αce
Nπ

ωr�R√
ω2

r + �2
R

, (N3)

from which we also see how the regime �R � ωr is the
most favorable in terms of the output power.

In the opposite limit, �R � ω0 (and thus �R � ωr), the
hyperbolic tangent dominates, as electrons fail to tunnel
every cycle. Notably, in the case of very slow electron
tunneling, SI becomes constant in frequency and

SI = (αce)2

2
�R = (αce)2f0Ptun, (N4)

where Ptun = �R/2f0 electron tunneling probability per
half cycle and f0 = ω0/2π is the frequency of the drive.
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FIG. 15. The simulated data of the first 50 DTR transition harmonics.
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FIG. 16. The raw data of first 50 harmonics experimentally measured across an ICT.
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FIG. 17. The simulated data of the first 50 ICT harmonics.
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In this limit, this process is essentially equivalent to shot
noise [36,52]. Typical of a Poisson process, in this case,
we have

SI ≈ αce
π

2
N |IN |, (N5)

which shows how the signal becomes comparable with the
intrinsic noise. Considering the power SNRI , we have

SNRI = 2|IN |
Nπαce�ωr

≈ 2
π2

Qr

N 3

�R

ω0
. (N6)

Comparing Eqs. (N2) and (N6)—in particular, the ratio
�R/ω0—it ought to be clear that the shot-noise regime is
undesirable for the operation of the DTR transition as a
frequency multiplier. Interestingly, the transition between
jitter noise and charge noise only depends on the ratio
between �R and the driving frequency ω0 and SNRI has
the same dependence on the multiplication factor N . More-
over, for increasing ωr, the spectrum of the intrinsic noise
generated by the multiplier becomes increasingly white.

Finally, in the case of the DQD, we stress how the coher-
ent tunneling is formally free of any stochastic component.
Thus, intrinsic noise only arises from the jump operators
in the LME.

APPENDIX O: HARMONIC REJECTION

Harmonic rejection has been measured through the spec-
trum analyzer for the case of the DTR. We stress that this is
primarily a property of the band-pass filter rather than the
quantum system used for harmonic generation. In our case,
the resonator has a bandwidth of 5 MHz (for a complete
characterization of the resonator in this setup, see Ref. [20]
), which is much larger than the difference in frequency
between the different N . Therefore, driving the DTR at
frequency ωr/ND and measuring at frequency ωr/NM , the
other potentially detectable harmonics are those where ND
is a multiple of NM . Table I summarizes this measurement
for the first ND ∈ [1, 10].

We see how the large quality factor of our band-pass fil-
ter allows for a rejection of the fundamental (ND = NM )
larger than −68 dBc, while all other spurious signals
remain below −60 dBc. The sharpness of the band-pass
filter comes at the expense of the tunability of the fre-
quency without tuning the filter itself. Thus, it ought to be
engineered according to the specific use case.

APPENDIX P: DTR TRANSITION HARMONICS

In this appendix, we present measurements and simu-
lations of the DTR transition harmonics from N = 1 to
N = 50 (see Figs. 14 and 15, respectively).

APPENDIX Q: ICT HARMONICS

In this appendix, we present measurements and simu-
lations of the ICT harmonics from N = 1 to N = 50 (see
Figs. 16 and 17, respectively).
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