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We propose a new class of error-correcting dynamic codes in two and three dimensions that has no
explicit connection to any parent subsystem code. The two-dimensional code, which we call the CSS
(Calderbank-Shor-Steane) honeycomb code, is geometrically similar to that of the honeycomb code by
Hastings and Haah and also dynamically embeds an instantaneous toric code. However, unlike the hon-
eycomb code, it possesses an explicit CSS structure and its gauge checks do not form a subsystem code.
Nevertheless, we show that our dynamic protocol conserves logical information and possesses a threshold
for error correction. We generalize this construction to three dimensions and obtain a code that fault tol-
erantly alternates between realizing two type-I fracton models, the checkerboard and the X-cube model.
Finally, we show the compatibility of our CSS honeycomb-code protocol and the honeycomb code by
showing the possibility of randomly switching between the two protocols without information loss while
still measuring error syndromes. We call this more general aperiodic structure “dynamic tree codes,” which
we also generalize to three dimensions. We construct a probabilistic finite automaton prescription that gen-
erates dynamic tree codes correcting any single-qubit Pauli errors and can be viewed as a step toward the
development of practical fault-tolerant random codes.
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I. INTRODUCTION

Any route toward new fault-tolerant schemes for quan-
tum computing involves finding qualitatively different
ways of performing quantum error correction. A recent
approach called operator quantum error correction [1-3]
requires the recovery of only a part of the original “logical”
state, while errors are allowed to affect the rest of it, which
is spanned by “gauge qubits.” This can be accomplished
by constructing a subsystem code, which is specified by a
gauge group G that is generically a non-Abelian subgroup
of the Pauli group. The stabilizer group S of the subsys-
tem code is given by the centralizer of the gauge group,
i.e., the set of the elements in the gauge group that com-
mute with all elements of the group, and the logical qubits
of the stabilizer code are split into the logical qubits of
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the subsystem code and gauge qubits, which are no longer
used for encoding logical information. Subsystem codes
thus provide a generalization of the concept of stabilizer
codes [4].

In subsystem codes, syndrome measurement can be per-
formed using generators of the gauge group only, which
are usually low-weight (noncommuting) operators. This
makes subsystem codes attractive for achieving fault tol-
erance and gives rise to several new proposals for real-
ization of universal quantum computing. A central idea in
these proposals is a procedure called gauge fixing, which
corresponds to measuring a commuting subset of gauge
operators (“checks”), thus fixing the states of the gauge
qubits. The measured gauge operators are then added to
the stabilizer S of the subsystem code defined by the gauge
group G. Different ways of performing gauge fixing allow
us to switch between different stabilizer codes S; and S,
starting from the same parent gauge group G. This is aptly
called “code switching” and a universal transversal set of
gates can been realized this way from the gauge color
code [5,6], the quantum Reed-Muller code [7], and more
[8]. Furthermore, other methods that allow one to over-
come the Eastin-Knill no-go theorem [9,10], such as lattice

Published by the American Physical Society


https://orcid.org/0000-0001-8482-5832
https://orcid.org/0000-0001-5295-2124
https://crossmark.crossref.org/dialog/?doi=10.1103/PRXQuantum.4.020341&domain=pdf&date_stamp=2023-06-13
http://dx.doi.org/10.1103/PRXQuantum.4.020341
https://creativecommons.org/licenses/by/4.0/

DAVYDOVA, TANTIVASADAKARN, and BALASUBRAMANIAN

PRX QUANTUM 4, 020341 (2023)

surgery and code deformation [11,12], can be unified into
the framework of gauge fixing [13].

Recently, a new dynamic error-correcting code, com-
prised of a time-periodic sequence of two-qubit Pauli
measurements, has been proposed by Hastings and Haah
[14,15] and dubbed the “honeycomb code.” It is con-
sidered the first example of a Floquet code because of
the inherent time periodicity in the measurement proto-
col. The honeycomb code is based on a subsystem code,
with a gauge group generated by terms in the Hamilto-
nian of the Kitaev honeycomb model [16]. Notably, this
subsystem code stabilizes no logical qubits [17]. How-
ever, the honeycomb code remedies this and dynamically
generates logical qubits by measuring a commuting sub-
set of the gauge group at each round, which constitutes
one third of the full set of two-qubit Pauli checks. This
dynamic protocol generates a different stabilizer group at
each instant in time, each of which differs from that of the
original subsystem code. In particular, the instantaneous
stabilizer group of the dynamic code is equivalent to that of
a toric code [18] on a certain superlattice and the embedded
code changes with period 3 while conserving logical infor-
mation. Remarkably, the honeycomb code has also been
shown to possess a threshold [19,20]. From the quantum
matter perspective, the honeycomb code not only switches
between different realizations of Z, topological order but
also exhibits a kind of time-crystalline behavior—while
the period of the cycling is 3, the period of the code is 6,
because after three rounds, an e/m automorphism occurs.
This idea has been more generally explored in Ref. [21].

In this paper, we propose a new class of Floquet codes
in two and three dimensions that are not based on parent
subsystem codes. Our two-dimensional (2D) construction
is geometrically similar to that of the honeycomb code,
but possesses an explicit Calderbank-Shor-Steane (CSS)
structure; therefore, we call our code the CSS honeycomb
code. We show that this code embeds an instantaneous
toric code, conserves logical information, and possesses
a threshold for error correction. It also turns out that the
CSS honeycomb code performs an automorphism every
three rounds. Our three-dimensional (3D) construction
embeds two distinct type-I fracton models: we show that it
cycles between realizing instances of checkerboard and X-
cube models [22] while preserving logical information and
being error correcting as well. This is the first Floquet code
we are aware of that prepares and cycles between fracton
stabilizer codes.

We argue that our 2D code cannot be reduced to the
honeycomb code. However, we show that it is possible
to fault tolerantly switch between our CSS protocol and
the honeycomb protocol. Moreover, we consider random
disturbances of the protocol in time, thus generalizing Flo-
quet codes to a large class of monitored random-circuit
codes that we call dynamic tree codes, as the path of a
single instance of such a code is a branch of the history

tree of a probabilistic process. We show that a special
class of these codes, i.e., random-flavor Floquet codes,
is fault tolerant. Next, we construct a probabilistic finite
automaton (PFA) that allows us to generate instances of
dynamic tree codes that allow detection and correction of
any single-qubit Pauli error. We conjecture that a large
class of PFA-generated dynamic tree codes is fault toler-
ant with an efficient decoder. This construction advances
us one step closer toward fault-tolerant random codes. In
practice, these codes also work well for error models that
are dynamical in time.

Thus, the dynamic codes that we construct in this paper
present a new class of quantum error-correcting codes
and suggest a new route toward universal fault-tolerant
schemes for quantum computation that relies on neither
stabilizer codes, nor subsystem codes, nor Floquet codes
generated from the gauge group of subsystem codes.

The rest of the paper is organized as follows. In Sec. I,
we introduce the 2D CSS honeycomb code, discuss it
in detail and explain its error-correction properties. In
Sec. III, we elaborate on an example that generalizes CSS
honeycomb codes to three dimensions and show that the
instantaneous code cycles between different realizations of
the checkerboard and X-cube model. In Sec. IV, dynamic
tree codes are introduced and are argued to be a more
general structure (that need not be periodic) bridging the
honeycomb code and the CSS honeycomb codes. We pro-
pose a PFA construction of error-correcting protocols and
also generalize dynamic tree codes to 3D.

I1. 2D CSS HONEYCOMB CODE

We propose a dynamic quantum error-correcting code
built solely out of X - and Z-flavored check operators—for
this reason, we refer to this code as the CSS honey-
comb code. Recall that in the honeycomb code of Hastings
and Haah [14], one picks a 3-colorable planar graph and
assigns labels of X, ¥, and Z to each of the three ori-
entations of the edges. The edges of the graph are also
3-colorable and the dynamic measurement protocol con-
sists of measuring the two-body Pauli operators (“checks’)
of the flavor corresponding to the orientation of the bond
at all the edges of a given color at each round. The color of
the edge is defined by the colors of the two plaquettes that
it connects (see Fig. 1).

In the CSS honeycomb code, the protocol is somewhat
simpler and is shown in Table I. It is partially inspired
by the construction of toric code topological order in
Refs. [23,24]. We similarly consider a honeycomb lattice
with periodic boundary conditions and divide the plaque-
ttes and the edges into three colors, red, green, and blue. At
each round of measurements, we apply either red, green,
or blue checks. However, the flavor of the check oper-
ators applied at each round alternates between X and
Z (i.e., one measures two-qubit operators XX or ZZ on
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TABLE 1. A summary of the CSS honeycomb code: the measurement sequence, the instantaneous stabilizer group S(r) at each
round, the syndrome plaquettes, logical operators, and the instantaneous codes. The checks and plaquette stabilizers are color coded
for convenience. The “Syndrome” column contains the plaquette stabilizers that have been known in previous rounds but are also
contained in the checks of the current round. These measurements are used as syndromes for error detection (see Sec. II C). The
logical operators labeled as electric (e) and magnetic (m, ) strings correspond to string operators that violate the superlattice vertex
or plaquette stabilizers of the embedded toric code, respectively. The magnetic m ;- and m;-strings are equivalent up to local operators
acting at their ends. The connections between the logical operators of the CSS honeycomb code and the topological excitations of
the embedded codes are explored in Sec. II B. TC(c), with ¢ € (, g, b), denotes a toric code realized on a triangular superlattice, with
vertices of the superlattice located on plaquettes of color ¢, while TC is the same code conjugated by a layer of single-qubit Hadamards,

i.e., where stabilizers have flavors exchanged, X < Z.

r ISG S(r) Syndrome Logical string Code
Measure my e my my e my

-3 rXX

-2 gZ7Z Py(X)

-1 bXX P.(2) Pp(X)
0 rZZ P,(X) P.(2) Pyp(X) gzz rXX bZZ TC(r)
1 gXX Py(2) P,(X) P.(2) Py(X) bXX gzZz rXX TC(g)
2 bZ7Z P.(X) Py(2) P, (X) P.(Z) rZZ bXX gzzZ TC(b)
3 rXX P, (2Z) P.(X) Py(2) P,(X) XX rZZ bXX TC(r)
4 gzz Pyr(X) P,(2) P.(X) Py(2) bZZ [:2.0.¢ rZZ TC(g)
5 bXX P.(Z) Py(X) Py (Z) P.(X) rXX bzZzZ gXX TC(b)
6 rZZ P,(X) P.(2) Pp(X) P,(2) gzZzZ rXX bZZ TC(r)
7

the edges of the color of the given round). This gives a
measurement schedule whereby we measure the sequence
{(rXX,gZ7,bXX ,rZZ,gXX ,bZZ} periodically in time.

Let us start in an arbitrary initial state (alternatively, we
prepare a specific state in order to encode logical informa-
tion in a code) and start measuring checks according to the
proposed protocol. At each round r, the state prepared in
this way is a stabilizer state under an instantaneous sta-
bilizer group (ISG) S(r). The generators of instantaneous
stabilizer groups at each round are listed in Table I. As a
remark, similarly to the honeycomb code, instead of post-
selecting or correcting to the 41 values of the measured
stabilizers, we instead record these signs and assume a
convention where the ground state is an eigenstate of the
plaquette stabilizers, with eigenvalues determined by the
measured signs.

At initial round » = —3, the red checks shown in Fig. 1,
which we denote »XX, are measured. At the next round,
r = —2, we measure ZZ checks on green edges, which
anticommute with the measurements at the previous round.
However, at this step, the ISG contains the stabilizers
P, (X), which corresponds to a product of Pauli-X oper-
ators around blue plaquettes and belongs to the center of
the group generated by (rXX,gZZ), i.e., commutes with
checks of both rounds. Measurement of XX in the subse-
quent round » = —1 produces plaquette stabilizers that are
the center of the group (XX, gZZ, P,(X)), which is Py(X)
and P.(Z).

After measuring 7ZZ at round » = 0, the ISG includes
Pg(X), as well as P,(X) and P.(Z) from the previous
rounds, as well as current checks rZZ. The prepared code
has a number of stabilizers that matches the number of
qubits on a torus minus two, because the plaquette oper-
ators are not all independent. This instantaneous code is
equivalent to the toric code (TC(r) in the table). To see
this, consider the superlattice formed by the dashed black
lines in Fig. 1. On this triangular superlattice, there are two

FIG. 1. A fragment of a honeycomb lattice with three-colored
plaquettes (P, ) and edges. The red, blue, and green checks cor-
respond to the edges connecting two plaquettes of the same color.
The red checks (), which are measured in rounds 37, are shown
by bold lines and the triangular superlattice is shown by dashed
black lines.
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qubits per edge. Let us constrain to the subspace where the
checks rZZ simply fuse the two qubits into a single-qubit
degree of freedom, with effective qubits located on each
red edge, which have effective logical operators X = XX
and Z =ZI = IZ. Then, it can be seen that P,(X) and

P, (X) simplify to products of three X operators around the
triangles of the superlattice. Similarly, P,(Z) corresponds
to the product of Z on the star of the edges emanating out
of each vertex of the triangular lattice. For simplicity of
presentation, assume that all measured signs of 7ZZ checks
are +1 (otherwise, the signs would appear as prefactors in
each term in the Hamiltonian without changing the con-
clusions). Thus, the effective stabilizer code corresponds
to the Hamiltonian

HST=3"4,(2) + ) Ba(X), O]
v A

where 4, and B, are the star and plaquette terms on the
triangular lattice, respectively. This Hamiltonian simply
describes the toric code, exhibiting the paradigmatic Z,
topological order.

When we continue to implement the protocol further, the
number of logical qubits does not change and the embed-
ded code in each round is a different realization of the toric
code; the period of the embedded code is 6. The logical
information, the details of which we address in Sec. II B,
is preserved during this cycling. To see that the embedded
code changes each round, consider the subsequent r = 1
step, when gXX checks are measured. The value of the sta-
bilizer P, (X') from the previous step is already contained in
the values of the measured green checks and therefore we
do not add it to the list of generators of the ISG (we add it
to the table as a syndrome, however, because the stabilizer
value inferred from the green checks at the current round
can be compared with the one stored earlier). Additionally,
measuring gXX turns the #ZZ checks of the previous round
to Pp(Z), so the number of logical qubits in the new code
does not change. We can see that on round » = 1, we also
obtain an effective toric code by drawing a triangular lat-
tice centered on the green plaquettes and viewing the gXX
checks as a fusion of the two qubits on each green edge,
which have effective logical operators X = X/ = IX and
7 = ZZ. The Hamiltonian corresponding to the embedded
code is

HT =34, + > Ba(2), ®)
v A

which is again a triangular lattice toric code.

In the next step, bZZ checks are measured and the pla-
quette P,(Z) becomes redundant, so we do not list it in the
ISG. A new plaquette P,(X) is added to the ISG and the
ISG yields an embedded toric code centered on the blue
sublattice (TC(b)). The instantaneous stabilizer groups of

the next three rounds are identical to the previous three
apart from X <> Z (and therefore the TC code goes into
TC; see Table I); hence the period of the code is 6.

Thus, starting from round » = 0, our CSS honeycomb
code always embeds a toric code in its instantaneous stabi-
lizer group. A striking difference between the honeycomb
code and the CSS honeycomb code is that while the hon-
eycomb code features fixed plaquette stabilizers after three
rounds of measurements, the plaquette stabilizers in the
CSS honeycomb code change from round to round via sub-
stitutions where P(Z) is replaced by another P(X) or vice
versa. This suggests a fundamental difference between our
code and the honeycomb code from the perspective of sub-
system codes, which we discuss below. In Appendix A,
we also show that this code has a regular representation as
the same protocol where only ZZ checks are measured at
each round and a layer of single-qubit Hadamard gates is
inserted after each round. This immediately turns it into a
period-3 protocol. Formulated in this way, using only ZZ
checks and unitary layers, the honeycomb code requires
single-qubit S and H gates with a period-3 pattern.

Finally, this protocol does not necessarily require a hon-
eycomb lattice and will work on any 3-colorable graph,
similarly to the honeycomb code [25]. In particular, if we
apply the same protocol to the 3-colorable square-octagon
lattice, the embedded code will alternate between explic-
itly realizing the Wen plaquette model [26] and the toric
code on a square superlattice, as shown in Fig. 2.

A. Relation to subsystem codes

As previously mentioned, subsystem codes are defined
by a gauge group G that is generically a non-Abelian
subgroup of the Pauli group. The stabilizer group of a
subsystem code is given by S = C(G) ()G, where C(G)
denotes the center of the gauge group. The subsystem code
can be viewed as a generalization of the concept of a stabi-
lizer code; the logical qubits of the stabilizer code defined
by S above are now split into logical qubits and gauge
qubits of the subsystem code. While the logical qubits
of the subsystem code are stabilized by G \ S, the gauge
qubits of the subsystem code are not and G transforms
them nontrivially. Logical operators of S are similarly
split into “bare” logical operators, which act trivially on
the gauge qubits, and “dressed” logical operators, which
transform the gauge qubits. Not only do subsystem codes
require lower-weight measurements in general (given the
non-Abelian nature of the gauge group) but they provide
attractive proposals for universal quantum computing. In
particular, we can perform a procedure called gauge fixing,
whereby an Abelian subset of the gauge group generators
is measured, thus fixing the states of some of the gauge
qubits and adding additional stabilizers to S, turning it
into S’. In this way, we can easily switch between different
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FIG. 2. The (a) YXX and (b) bZZ rounds of the CSS honey-
comb code realized on the 3-colorable square-octagon lattice
(periodic boundary conditions are assumed and only part of the
lattice is shown for convenience). Because the algebraic relations
between the checks are the same and the square-octagon lattice is
trivalent with even-sided plaquettes, the properties of the square-
octagon Floquet code and its error correction are the same as the
honeycomb version. The left half of each lattice shows the origi-
nal lattice and the ISG, and the right half shows the superlattice.
At the rXX step shown in (a), if the two-body checks define local
[[2,1,1]] codes, the embedded code on the superlattice is the toric
code with qubits on the edges, where P, ;(Z) become the plaque-
tte terms and P,(X) becomes the star term. In (b) (at blue, and
similarly, at green steps), we can view the blue checks together
with P,.(X) plaquettes as stabilizers of a [[4,1,2]] local code. This
results in a Wen plaquette model where the effective qubits are
located on vertices of the square superlattice.

codes with different stabilizer groups, which is called code
switching.

Therefore, one way to construct Floquet codes might
come from starting with a subsystem code (“parent subsys-
tem code”) and measuring subsets of its gauge operators
sequentially, arriving at different effective stabilizer codes
as a result. The honeycomb code fits in this framework:
the XX, Y7, and ZZ checks of the honeycomb code corre-
spond to the Hamiltonian terms of the Kitaev honeycomb
model and generate a subsystem code. Even though this
subsystem code does not contain any logical qubits, the
dynamical protocol leads to an ISG that, at every round,
is the same as that of the parent subsystem code minus
two operators that cannot be obtained by such sequential
measurements (the “inner” logical operators). In contrast,
an attempt to find a subsystem code that would play the

same role for the CSS honeycomb code fails, as we show
below. Note that the concept of the “parent subsystem
code” introduced above is distinct from and unrelated to
the “parent code” for anyon condensation, which has been
used to independently derive the CSS honeycomb code in
Ref. [27].

The construction of the CSS honeycomb code does not
involve checks of a subsystem code and therefore one
might ask whether there exists a relation between this
dynamical code and any subsystem code. Let us explore
this question in more detail. Consider the group generated
by all checks of our protocol, i.e.,

G = (rXX,8ZZ,bXX,rZZ,eXX ,bZZ) . A3)

For this subsystem code, S = Z(G) = (]_[X, ]_[Z) These
extensive operators contain the Z, global symmetry of the
effective codes realized by the Floquet protocol. At each
step of the Floquet codes, one of these symmetries is just
a product of all checks and the other one is the product
of one color of plaquettes with the opposite flavor of the
checks; thus, both operators are contained in the ISG. The
latter operator is a symmetry of the embedded toric code.

Let us show that the subsystem code defined in Eq. (3)
provides only very limited information about the stabilizer
codes realized by the Floquet protocols constructed from
its checks and does not play a useful role as a parent sub-
system code. Assume that we gauge fix the code G by
adding the checks »XX to the stabilizer group. The new
codeis G' = (bXX,rZZ,gXX)and S’ = (]_[X, [1z, rXX>.
This code does not bear a resemblance to the topological
codes realized by the Floquet protocol and such topo-
logical codes cannot be achieved by further gauge fixing
or by removing some of the gauge checks. Therefore,
even though the CSS honeycomb code is generated by
sequentially measuring the checks of the subsystem code
in Eq. (3), this subsystem code does not imply a useful par-
ent subsystem code, unlike in the case of the honeycomb
code.

We may also introduce a concept of k-sliding subsys-
tem code, which is defined by a gauge group G, generated
by subset of checks from &k consequent rounds » — k +
I,...,r. Let us see if this relaxed notion of a subsys-
tem code can be a parent subsystem code for the Floquet
code at some of the rounds. First, we note that if £k =1,
the k-sliding subsystem code stabilizes too many qubits.
Before proceeding to higher &, we note that without loss of
generality, we can consider round » = 6n:

(a) k = 2. The generators of the gauge group are simply

g = (bXX rzz,[ [ x. ]‘[z) o

020341-5



DAVYDOVA, TANTIVASADAKARN, and BALASUBRAMANIAN

PRX QUANTUM 4, 020341 (2023)

The center of this gauge group is Z(G") =
(Pg(Z),Pg(X),]_[X,]_[Z), which does not have
three distinct types of plaquette stabilizers.

(b) k=3:

o = (gZ7,bXX ,1ZZ) . ®)

The center of this gauge group is Z (936”) =
(Pe(2),P(2),s(rZZ — gZZ),T]| X, []1Z),  where
s(rZZ — bZZ) are strings of rZZ and gZZ checks
along homologically nontrivial cycles of the torus.
Moreover, since the stabilizers are of the same fla-
vor, the code is classical. As we see, the stabilizer
group also does not contain three distinct types of
plaquette stabilizers.

(c) k> 4. A similar exercise shows that the stabilizer
group of a 4-sliding subsystem code produces a
single flavor of a plaquette as well as the global sym-
metries. There is a more fundamental reason, in that
looking beyond to & > 4 is unreasonable. Recall that
during each round, a ¢ = r,g or b-colored plaque-
tte substitution occurs where P.(X) is replaced with
P.(Z). In the next round, the value of P.(X) is then
destroyed (and the same happens on rounds where
X < Z). Given that after four rounds the value of
the stabilizer is destroyed by measurements, there
is no reason why we should consider a subsystem
code formed by checks from too many subsequent
rounds.

Therefore, even though the 2-sliding subsystem code con-
tains more stabilizers because it “inherits” additional sta-
bilizers from two previous measurement rounds, this nev-
ertheless tells us that there is no useful concept of a parent
subsystem code for the CSS honeycomb code, even if we
generalize to a k-sliding subsystem code. This discussion
also indicates that the CSS honeycomb code might belong
to a different class of dynamic codes than the honeycomb
code. Another example of a Floquet code that does not
seem to have an immediate parent subsystem code is the
automorphism code [21], although at the time of writing,
these codes have not been shown to be error correcting or
fault tolerant.

As we show below, our code nevertheless conserves log-
ical information and possesses a threshold. Surprisingly,
this shows that subsystem codes are not necessary for the
construction of “good” error-correcting dynamic codes.

B. Conservation of logical information and
automorphism

The instantaneous code embedded in our dynamic code
is equivalent to the toric code, as indicated in the last col-
umn of Table I. As mentioned before, the three plaquette
stabilizers of the ISG become the stabilizers of a toric code

on a triangular superlattice (see Figs. 1 and 3). The string
operators, the endpoints of which anticommute with the
vertex or plaquette stabilizers, excite e and m anyons on
their ends, respectively. Note that on the triangular lattice,
there are two types of m anyons (m ), corresponding to
two orientations of triangular plaquettes, though they nev-
ertheless belong in the same superselection sector. These
strings for e and m, , particles are formed by checks indi-
cated in Table I (see Fig. 3). For example, at round 6#, the
string operators creating e and m particles are

Sei =[] xx)e

LePiy

Sml(z),j = l—[ (ZZ)[’ (6)

LeP (g

where P; . is a set of checks of color ¢ that forms a string
emanating from hexagon i of the same color. The two X
and two Z logical operators for the instantaneous code
can be obtained by taking e- and m >-type strings around
homologically nontrivial cycles of the torus. The m;-type

(a)

FIG. 3. The string operators generating anyon excitations e
and m; anyons shown on (a) the honeycomb lattice and (b)
the superlattice (with qubits on the edges), occurring at rounds
r = 3n. At steps corresponding to odd n, the e-string is formed
from rXX checks, whereas the m;- (m;-) strings are generated
by gZZ (bZZ) check strings, respectively, as shown in the figure.
On the triangular superlattice, the red plaquettes turn into ver-
tices, whereas the blue and green plaquettes correspond to the
two types of triangular plaquettes. At rounds corresponding to
even n, the picture is the same upon exchanging X <« Z.
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string taken along such a cycle is the same as the m;-type
string; hence, they both produce the same logical operator.

Table I shows that the m; anyon at each step turns into
the e anyon of the subsequent round and the e anyon turns
into the m, anyon. The m;, anyon “disappears,” which
occurs exactly when the syndrome for plaquettes violated
by this flavor of anyon is measured. In fact, the m, anyon
is equivalent to the m; one up to the checks of the current
round; therefore, the information carried in the magnetic
logical operator is not lost. This is also useful for us when
attempting to understand the error-correcting properties of
this code.

Similarly to the transformation of anyons, the X - and
Z-type logical operators swap at each step but are never
measured; thus, this code conserves logical information.

In the honeycomb code, the logical operators can be
classified as either “inner” or “outer.” The “inner” oper-
ators are products of checks along the homologically non-
trivial cycles of the torus and they belong to the stabilizer
of the honeycomb subsystem code, whereas the “outer”
ones do not. Because of the lack of a subsystem code
framework, there is no concept of “inner” and “outer”
logical operators as in the original honeycomb code.

Finally, we remark that it might appear as though our
code does not possess an e <> m automorphism (which the
currently existing examples [14,21] of Floquet codes do).
However, let us follow a magnetic string gZZ measured in
round O (see Table I). It is preserved for three steps and at
step 2 the magnetic logical operator produced by gZZ and
rZZ is the same. Now, following ZZ to round 3, we see
that it becomes an electric string. The codes at steps 0 and
3 are the same toric code conjugated by on-site Hadamard
transformations and, therefore, up to this transformation,
an automorphism has in fact been performed.

C. Decoders and threshold

Despite the absence of the overarching structure of a
subsystem code and a stationary ISG, the CSS honeycomb
code surprisingly possesses a threshold. For a simplified
X, Z-error model of single-qubit errors, we can reduce
the decoding problem to that of the honeycomb model
[14] and, thus, argue that our code has a threshold. For
other error models and more specialized decoders, the
thresholds for these two codes are likely quantitatively
different.

In the simplified error model, we only consider the
occurrence of single-qubit X and Z errors with probabil-
ity p, corresponding to the quantum channel £(p) = (1 —
p)pl +p(1 —p)XpX +p(1 —p)ZpZ + p*YpY. Since
an X - (Z-) type single-qubit error can be commuted past
similarly flavored checks, we only need to consider the
occurrence of an X - (Z-) type error after even (odd) rounds.
We simplify our error model assuming independent single-
qubit errors of X (Z) type. Because the error syndromes for
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FIG. 4. A P,(X)-type detector cell is shaded blue; it can be
violated by Z-type errors occurring on its space-time support
(not including ¢t = r + 4). It consists of measuring the highlighted
P, (X) plaquette at time » and then measuring it again at time
r + 4. Two such neighboring detection cells are required to deter-
mine the space-time location of the edge where the single-qubit
error has occurred.

errors occurring after even (odd) rounds are measured on
odd (even) time stamps only, error correction can be per-
formed separately on even and odd temporal sublattices.
X and Z errors are treated identically, so for simplicity we
deal with Z errors in what follows.

We consider a simple nonoptimal decoder for this error
model. The value of each type of plaquette stabilizer is
measured twice during each period-6 cycle, once at step
r and once at step 7 + 4 (before being erased at step r + 5),
as shown in Fig. 4. Comparison of these values allows us to
infer the error syndromes that are necessary for decoding.
Thus, we need to record the syndromes inferred from com-
paring the two values of each plaquette stabilizer obtained
at different rounds.

For each type of plaquette stabilizer, there exists a type
of check that anticommutes with this stabilizer (e.g., con-
sider the pair P.(X) and rZZ). Thus, the values of such
plaquette stabilizers are necessarily randomized after suffi-
cient time and it is impossible to fix the values of stabilizers
in our Floquet code to, say, 41, once and for all. The only
constraint on the values of the stabilizers in the system is
that the logical information is preserved, which is argued
above. Despite this, it is surprising that the protocol is still
error correcting.

020341-7



DAVYDOVA, TANTIVASADAKARN, and BALASUBRAMANIAN

PRX QUANTUM 4, 020341 (2023)

In more detail, each plaquette stabilizer, once inferred
from check measurements, survives for four rounds before
a check is applied that anticommutes with this stabilizer.
This allows us to define a corresponding space-time detec-
tor cell. For example, consider the plaquette P,(X) that is
inferred at step » from rXX checks (r = 6n + 3(mod 6) in
Table I). One such plaquette at round r is highlighted in
Fig. 4. Once measured, this plaquette is not randomized
for the next three rounds and appears in the ISG. At round
7+ 4, this plaquette is measured again (the “syndrome”
plaquette in Table I). The respective space-time detector
cell is supported on this plaquette between the rounds r
and r + 4, i.e., between two consecutive measurements of
Py (X) occurring at these rounds. The product of these two
plaquette measurements determines the error syndrome
and therefore whether the detector cell has been violated.
As an example, the product {Py(X)}, X {Pp(X)},14 will be
equal +1 if there is an even number of Z-type errors in its
support and —1 if there is an odd number of errors. Finally,
at round r + 5, P»(X) plaquettes are randomized by bZZ
checks.

If a Z error has occurred after an odd time step, it can
be commuted past the measurement of the next round and
therefore it is sufficient to only consider Z- (X -) type errors
after even (odd) rounds. Consider an isolated single-qubit
Z-type error occurring after an even round of the pro-
tocol. First, knowing only the edge where the error has
occurred is sufficient to correct the error. In this situa-
tion, correction corresponds to applying a Pauli operator
with the same flavor as the error to any of the qubits on
this edge; if the qubit is guessed incorrectly, this turns the
single-qubit error into a check error of the current round.
However, we can show that such check errors do not affect
the logical state in the instantaneous toric code, so long
as the edge is of the same color as the checks of the last
round.

We now discuss how to determine the edge where the
error occurs. Let us assume that a Z error occurs after
round » = 0. At the next round » = 1, measurement of one
of the gXX checks involving this qubit acquires an error.
This violates a Py (X )-type detector cell (its type is deter-
mined by the “syndrome” column in Table I). Similarly,
at round r = 3, the XX checks are measured and one of
the checks changes its sign due to the error. This violates
a respective P, (X)-type detector cell. These two detector
cells share only one ZZ-type edge: the red edge at r = 0.
Thus, the space-time location of the faulty edge caused by
a single-qubit error is determined unambiguously. Finally,
in the case of multiple errors, a minimum-weight perfect-
matching (MWPM) decoder can be used (discussed below)
and the location of the error chains will be determined up
to stabilizers of the code.

The principle of error correction beyond this point is
same as in the honeycomb code, where the violated detec-
tors have to be matched on the same space-time lattice

(decoding graph). This space-time lattice is parametrized
by {1, by, b3}, where b, = (ﬁ 12,3/2, 2) and the other

two vectors are obtained by 277 /3 rotation of each previous
one around the time axis (the distance between the centers
of hexagons is taken to be +/3; see Fig. 1). The links of
the lattice are given by {b;, by, b3}. We have two copies of
the syndrome lattice, corresponding to odd and even time
steps, that store syndromes from bit-flip (X') and phase-flip
(Z) errors, respectively.

The MWPM decoder can be applied for error correction
[28] and the problem can be similarly mapped to a random-
bond Ising model with a phase transition to a confined
“noncorrectible” phase, thus exhibiting a threshold. Thus,
similarly to the honeycomb code, the CSS honeycomb
code has a threshold.

Another way of convincing ourselves of a threshold
comes from the probability of error leading to a failure
being exponentially suppressed as L — oo for a torus of
size L x L. Let us sketch a bound on the failure proba-
bility in a similar manner to Ref. [28]. Each edge on the
syndrome lattice has a one-to-one correspondence with
a physical qubit of a toric code on the superlattice from
one time step earlier. Therefore, once the MWPM decoder
determines the lowest-weight string of errors £, by finding
the shortest string on the syndrome lattice, the set of links
on the respective superlattices at the times when errors in
Ey occur will be determined unambiguously. As we note
earlier, only the edge of the superlattice on which the error
occurred needs to be detected (i.e., the errors have to be
detected up to a position within the two-qubit check of
the round after which the error occurred). Because of this
one-to-one correspondence, we can refer to the “flipped”
edges on the syndrome lattice as errors. Let p be the prob-
ability of a single-qubit error and let us assume that there
are no measurement outcome errors. We consider one type
of error and, thus, one copy of the syndrome lattice, and
assume that the true error string is £ and that the recovery
string is £y and has length wy.

Note that the set C = E + E contains a set of disjoint
loops, either homologically trivial or not. A failure occurs
if the set C contains at least one homologically nontrivial
cycle. Consider an arbitrary connected path S(w) of length
w; then, the probability of failure can be bounded by the
probability of C containing a path S(w) with length greater
than the distance of the code:

P(fail) < )

S(w):w>d=L

PSw) € O). (7

We consider only self-avoiding walks, since every closed
loop can be eliminated. Assume that we have an arbi-
trary path containing w, errors [i.e., links belonging to
S(w) (N E)]. The probability of such a path is (v:”e)pwe(l —

p)" . Now, if the path S(w) happens to be contained
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in C, the number of errors on it w, > w/2 because of
the assumption of the minimum-weight matching. We
formulate this as §'\ (S(E) < Eo. This yields

(W)p“"’(l —p)'r < (W)pw/z. (8)
We We

Thus, we have

PSWmSO= )

S(w):S\ (SN E)<CEy

< Z(W) foopt ()

w
Wg>2

P(Sw))

The probability of failure can be bounded by

P(fai) < Y 2"p"2 =) nsw)2"p"?,  (10)

S(w):w>d=L w>L

where ng(w) is the total number of self-avoiding walks
on the syndrome lattice. The lattice has six directions
for the walk from each point and therefore ng(w) < 6 x
5" x (1/9)L?T, where (1/9)L?T counts the number of the
possible starting points. Therefore,

102p)"/*

P(fail) < —OL2TZ 5w pnl2 < 10,5, (10%) 7
i 37 (1= 10p)

(11)

The probability of the failure that we find above is expo-
nentially suppressed as long as p,q < p{” = 0.01 and the
timescales of running the code 7(L) before the error cor-
rection is performed satisfies lim;_, o, L>T (102p)L/ =0
for given p < p¥ (which is always the case for, e.g.,
T(L) = poly(L)). Thus, the lower bound on the threshold
within this model is p. > p?.

A threshold in the X, Z-error model implies a thresh-
old against measurement outcome errors as well, because
a check error corresponds to a correlated-in-time appli-
cation of a noncommuting single-qubit Pauli error right
before and after the check is applied. Additionally, a partial
implementation of any logical operator is correctable in a
similar sense to how the “inner” logical operators are cor-
rectable in the honeycomb code. Despite the fact that there
is no concept of an “inner” logical operator because the
subsystem code structure is absent in our code, any par-
tially implemented logical operator is detectable. Robust
error correction during rounds » = —3 to » = 0 is not pos-
sible because the instantaneous code is still being prepared
during these steps. We can instead start by initializing the
effective toric code at » = 0 on the corresponding super-
lattice by a different high-fidelity method. Similarly, the

measurement of the logical operators can be done by two-
qubit checks applied to the effective toric code on the
superlattice after termination of the protocol.

I11. 3D GENERALIZATION: FRACTON FLOQUET
CODE

In this section, we present an example of a 3D con-
struction inspired by our 2D CSS honeycomb code, which
we find gives rise to Floquet codes for fracton topological
orders.

The general protocol and associated geometry are shown
in Fig. 5 and Table II. In particular, we consider a truncated
cubic lattice, which can either be thought of as a cubic
lattice, where every site is turned into an octahedron, or
a lattice of corner-sharing octahedra, where each shared
corner is extended into an edge. The physical qubits are
located at the vertices of this lattice. It can be seen that the
volumes of this lattice are 3-colorable: we label the cubic
volumes with red and blue (&7, and &% in Fig. 5) and the
octahedra with green.

The protocol is implemented using checks of weight
2 and 3. The checks that we use in the protocol consist
of the products of three Paulis rXXX (rZZZ) around red
triangles, bXXX (bZZZ) around blue triangles, and the two-
body checks along green links gXX (gZZ) (see Fig. 5).
This coloring is chosen to match the coloring in the 2D
CSS honeycomb code: the green edges protrude out of
green volumes and red(blue) plaquettes interface between
the volumes of two other colors (blue or green and red or
green, respectively).

We repeat the measurement procedure similarly to the
2D case. The protocol is outlined in Table II. After round
—2, when the green links are measured, the product of the
eight red triangular plaquettes that form the truncated faces

T Td) " s
M}

FIG. 5. (a) A decorated cubic lattice with two qubits per edge
(located at the vertices of the resulting lattice). The cubes of the
two types correspond to B and B, respectively, and the triangu-
lar plaquettes between the octahedra located at each vertex and
the cube of type b (r) are shaded red (blue), respectively, i.e.,
in the complementary color. The two square plaquettes ¢, that
produce two independent stabilizers are shown in (b).
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TABLE II

A summary of the 3D CSS fracton Floquet code: the measurement sequence, the instantaneous stabilizer group S(r)

at each round, the syndrome plaquettes, logical string operators, and the instantaneous codes. The “Syndrome” column stores the
star and volume stabilizers that can be inferred from the checks of the current round and compared with the known value of this
plaquette stabilizer in the previous round. The strings of checks are labeled electric (e) and magnetic (m; ) in correspondence with
the instantaneous code on the superlattice. The magnetic m; and m, strings are equivalent up to local operators at their ends. XC(g)
denotes the embedded X-cube model realized on a cubic superlattice with effective qubits on its edges. CB(r/b) denotes the embedded
checkerboard model realized on a cubic superlattice with effective qubits on its vertices and the volume stabilizers defined on /b
cubes. XC (CB) are the same codes conjugated by a layer of single-qubit Hadamards, i.e., having stabilizer exchange flavors X <> Z.

r ISG Syndrome Logical string Code
Measure m e my m e my
-3 rXXX
) 977 0, (X)
-1 bXXX &0,(Z) 60, (X)
0 bZ77 0 (X) &0y (Z) 0, (X) 977 XXX 777 CB(b)
1 XX 50,(Z) 0 (X) 50,(2) 0, (X) bXXX 977 XXX XC(g)
2 rZ77 &, (X) 5,(Z) 0g(X) & (2Z) bZ7Z bXXX 977 CB(r)
3 XXX 04(2) &, (X) &,(Z) 0 (X) gXX bZZZ bXXX CB()
4 gzZzZ 60, (X) 04(Z) &2,.(X) &2,.(Z) rZZ7 XX bZ77 XC(g)
5 bXXX &0,(Z) 60, (X) 0e(2) &3,.(X) rXXX rZZ7 XX CB(b)
6 bZ77 0 (X) &y (2) &0,(X) 04(2) 977 XXX rZ77 CB(b)
8

of the blue cube is in the instantaneous stabilizer group.
This is denoted by a volume stabilizer

@(X) = ] rXXX)a.
AE@b (12)
In the next round, » = —1, we measure the products of

X's on the blue triangles, indicated by bXXX. These do
not commute with the green checks of the previous round
but instead commute with the product of green checks
around a blue cube. Hence, only the product of gZZ
checks forming &7, (Z) stays in the instantaneous stabilizer
group.

Naively, at round 0 one might wish to return to the
beginning of the protocol and measure »ZZZ, in accor-
dance with the 2D protocol for the CSS honeycomb code.
However, the rZZZ check commutes with bXXX of the
previous step, which results in six independent plaquette
stabilizers on a single octahedron. Since an octahedron
is comprised of six physical qubits, this stabilizes a sin-
gle state. The fix is to instead measure bZZZ at round 0,
thereby cycling between the check colors in the sequence
“rgb bgr rgb bgr...” rather than “rgb rgb...”. The mea-
surement of bZZZ preserves both &,(Z) and &, (X) but
does not commute with AXXX of the previous round.
Instead, on each octahedron, the square plaquettes ¢, (X)
remain in the instantaneous stabilizer group of the next
round, the members of which we refer to as “diamond”
stabilizers. There are three such diamonds in total but only

two of them are independent. Using the fact that the prod-
uct of bZZZ around an octahedron is the identity, there are
five independent stabilizers per octahedron, which means
that a single qubit per octahedron (or, equivalently, a single
qubit per vertex of the cubic lattice) effectively remains.
The equivalent Hamiltonian for all of the stabilizers at
round 0 is therefore

Hy=JY (bZZZ+04(X))+ > (@H(X) +@h(2)).
=
(13)

For J > 1, the first term contains five independent stabi-
lizers that fuse the six qubits of the octahedron into one
effective qubit, with the local effective Pauli operators act-
ing on it being X = XXX and Z = rZZZ. Now, since
&0, (X)) (@ (Z)) are comprised of products of rXXX (rZZ7),
each of which now acts as an effective Pauli on each ver-
tex, the operators reduce to a product of X (Z) around the
eight vertices of the blue cubes:

H5™ = (@(X) +@(2)),
o5, (14)

®b(X) = H XU-,

velD (15)
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@ (Z) = ] Z..
velD (16)

This is simply the checkerboard model [29] defined on the
cubic superlattice.

At round 1, we measure gXX on the green links. This
set of measurements includes the &, (X) stabilizer of the
previous round (which is therefore updated and stored
for determining the syndrome; see Table II) and also
adds a new stabilizer 53,(Z) formed from the checks of
the previous round. The Hamiltonian formed from the
instantaneous stabilizer group is then

Hy=JY gXX;+ ) og(X)+ Y &(2).
‘ s (17)

For J > 1, the gXX checks fuse the two qubits on each
green edge of the cubic lattice into a single qubit per edge,
with effective Pauli operators X = X/ = IX and Z = ZZ.
The effective model is

HT = "oy(X) + > d(2).

T (18)
OQ(X) = H Xﬁv

eco (19)
@(Z) =[] Z..

el (20)

namely, the ¢,(X) stabilizers are the star stabilizers and
the 68(Z) are the cube stabilizers of the X-cube model
[29]. There might exist a link between the emergence of
the X-cube model subsequent to the checkerboard model
and the fact that two coupled copies of an X-cube model
are connected to the checkerboard model by an adiabatic
deformation [30].

At round 2, we measure »ZZZ, after which the checks of
the previous round form the stabilizer 62, (X ') and the stabi-
lizer &, (Z) is contained in the newly measured checks (and
is thus used for determining the syndrome). The effective
Hamiltonian is then

Hy=1JY) (rZZZ+y(X))+ ) (@ (X) +E:(2)),
&,
21)

which is again the checkerboard model but now on the red
cubes.

This concludes a period’s worth of measurements
and upon repeating the measurement sequence, a simi-
lar cycling continues. To summarize, the embedded code
alternates between two types of type-I fracton: the checker-
board model centered on b(r) cubic sublattice and the
X-cube model. Additionally, an X <> Z mapping occurs
every round and the period of the code is 6.

We note in passing that the current protocol can be
modified by measuring a periodic sequence that alternates
between (rXXX, gXX) and (bZZZ, gZZ). This increases
the rank of the ISG and fuses the two qubits on each edge
of the cubic lattice into one effective qubit at each round.
This protocol is equivalent to repetitive measurements of
the three-body X and Z check operators of the subsystem
toric code proposed in Ref. [31].

A. Relation to subsystem codes

The conclusion about the relation between our 3D con-
struction and subsystem codes is the same as in 2D. First,
the stabilizer of the gauge group generated by all checks
in the protocol contains only the subsystem symmetries
shared by all ISGs of the Floquet code (i.e., the subsys-
tem symmetries shared by the checkerboard and X-cube
fracton orders). These are products of X and Z operators
on planes formed by green checks. At each round, these
operators are either contained in the last measured checks
or in the product of one of the types of the volume stabi-
lizers. Some of these operators become “inactive” logicals,
which we discuss in Sec. 111 B.

Similarly to the CSS honeycomb code, gauge fixing
the subsystem code comprised of all checks does not pro-
vide any useful information for construction of 3D Floquet
code.

Consider further the following gauge groups for the k-
sliding subsystem codes (noting that £ = 1 is trivial):

(a) k= 2. The relevant gauge group is
G, = (XXX ,gZ7) . (22)

The center of this gauge group Z(G,) contains
<@;-(Z),@b(X ) [ DptanesX ,]_[planesZ> along with a
possible subextensive number of stringlike or plane-

like operators.
(b) k = 3. The relevant gauge group is

Gy = (rXXX,gZZ, bXXX) . (23)

The local stabilizers contained in Z(Gz) are
<@;~(X 2,385 (X)), [ ToanesX » leanesZ> along with a
subextensive number of stringlike or planelike oper-
ators again.

(c) It is clear that the center will be a group that is not
larger than that of Z(G3) upon further adding checks
to the gauge group at £ > 4.
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Therefore, we again conclude that there is no single sliding
subsystem code the stabilizer group of which contains the
set of plaquettes of any ISG for the 3D Floquet code.

B. Conservation of logical information

Consider the decorated cubic lattice on a 7> torus of
size 2L, x 2L, x 2L., where the even-sized linear dimen-
sions are required for 3-colorability. The effective X-cube
model on the corresponding superlattice has a ground-state
degeneracy of 4(L, + L, + L.) — 3, while that of the effec-
tive checkerboard model is 4(L; + L, + L.) — 6. Thus,
there seems to be a discrepancy in the number of logical
operators in the corresponding rounds. The resolution to
this puzzle is a feature not present in the 2D code; there are
three logical operators of the static X-cube model that are
read out or scrambled by the measurement schedule and,
therefore, do not belong to the set of logical qubits in the
Floquet code. We call such logical qubits and the respec-
tive operators inactive logical qubits and operators. In
contrast, the remaining 4(L, + L, + L.) — 6 logical qubits
of the static code that store information in the Floquet code
are called active. In fact, the inactive logical operators that
are read out or measured are among the symmetries in the
center of the subsystem code G.

To see what happens explicitly, we first start from round
1 ( = 1 mod 6), where the ISG corresponds to the X-cube
model. Let us recall how to count the logical operators
for the corresponding instantaneous effective code. Given
a straight line along the effective cubic lattice, the prod-
uct of Z, on all edges along the line commutes with the
X-cube stabilizers. This physically corresponds to tunnel-
ing a lineon excitation around the torus. Moreover, the Z
strings applied along different parallel lines are distinct,
since they are not related by a product of stabilizers. How-
ever, there is a relation between certain products of such
logical operators. Taking a product of four adjacent par-
allel lines that form edges of a cube is equal to a product
of the enclosed &3(Z) stabilizers. For concreteness, let us
pick logical operators formed by products along the lines in
the z direction. There are (2L,)(2L,) such lines. There are
also (2L, — 1)(2L, — 1) relations imposed on these lines,
one for each square in the x-y plane minus the condition
that the product of all the cubes in a plane equals iden-
tity. Altogether, the z-lineons give rise to (2L,)(2L,) —
(2L, — )(2L, — 1) = 2L, + 2L, — 1 independent Z logi-
cals [32]. Summing over the other two directions, we find
4(Ly + L, + L.) — 3 logical Z operators.

Now, consider the logical operators formed by a prod-
uct of all Z = gZ7 along all edges in a fixed x-y plane.
Measuring rZZZ in the next round » = 2, we note that such
product of gZZ in the plane is equivalent to the product of
all ©4(Z) in the same plane (see the example in Fig. 6).
Moreover, each diamond is a product of two rZZZ opera-
tors. It therefore follows that this particular logical operator

of the X-cube model is measured in the next round, r = 2,
and is therefore inactive. Similarly, the product of gZZ
along all edges in one fixed xz and one fixed yz plane is also
measured. This accounts for the three inactive Z logicals.
Next, let us similarly find the active X -logical opera-
tors, i.e., those that commute with the measurements of
the next round, » = 2. Define a product of »XXX along a
straight line. Suppose that the line points in the z direction,
which tunnels a lineon, which is a bound state of an x-z
planon and a y-z planon [33]. Like the Z-type lincons, there
is a similar constraint on the X -type lineons: the product
of tunneling four adjacent lineons forming the edges of a
cube can be decomposed into a product of stabilizers and
the product of tunneling all lineons for a fixed plane is the
identity. The importance of defining the bound states is that
the local hopping operators come in pairs and hence they
commute with »ZZZ checks of the next round, which is
the necessary condition for them being active. This gives
the total of 4(L, + L, + L.) — 6 active X logicals. We now
ask what the remaining three logical operators are that anti-
commute with the checks of round 2. Fixing a direction,
say y, consider the product of X operators that hops a
planon (which is a bound state of two fractons) across the
y direction, as shown in Fig. 6. It is clear that this operator
anticommutes with one of the »ZZZ operators. Moreover,
this operator is unique up to stabilizers and the active X -
logical operators. Lastly, it anticommutes the inactive Z
logical operators in the x-y plane. By rotational symmetry,
we conclude that there are three such inactive X logicals.
Finally, let us confirm that the active logical qubits
indeed survive and are transferred to logical qubits of
round 2, which is the checkerboard model. The active
X logical operators are products of bXXX, which is the
effective qubit X of round r = 2. They therefore transfer
faithfully to the X logical operators of the checkerboard.
As for the active Z logical operators defined as products
of gZZ along a line, using the »ZZZ checks of round 2,

(X
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FIG. 6. A fragment of the cubic superlattice of rounds » = 1
mod 6 with realization of the X-cube model XC(g). The qubits
are fused by the gXX checks of rounds » = 1 mod 6 into a single
effective qubit per edge. (a),(b) On a 3-torus, examples of the
inactive logical (a) Z and (b) X operators are shown. There is a
total of three such independent operators for each cycle around
the torus.
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we find that their strings are equivalent to strings of bZZZ
operators,

which is the product of the effective local Z operators of
round 2. They therefore faithfully transport into the logical
operators of the checkerboard model.

Going from round » = 2 to » = 3, we see that the ISG is
defined on the same lattice. We find that the Z(X') logical
operators of CB(r) in round » = 2 become Z(X) logical
operators of CB(r), which equate to X (Z) logical operators
of CB(7) in round 3. We hence conclude that the X and Z
logical operators are swapped.

Finally, from round » = 3 to » = 4, the logical informa-
tion is transferred from a product of bXXX to a product of
gXX using the measurements rXXX :

Thus, the logical operators of the checkerboard model
embed into the active logical operators of the X-cube
model in the next step. The next three rounds, » = 5,6, 7,
proceed identically but with X and Z swapped.

Let us now discuss the automorphism occurring in the
model. The obvious one that exchanges between mag-
netic and electric sectors is seen from comparing CB(7)
and CB(») in rounds 2 and 3 and comparing CB(b) and
CB(b) in rounds 5 and 6, where the roles of the X and
Z logical operators are swapped. Therefore, the automor-
phism between these codes occurs in the same sense as
in 2D Floquet code, up to a layer of Hadamard gates.
Comparing XC(g) and XC(g) in rounds 1 and 4 is more
subtle. Although the active logical operators get swapped,
this does not produce a well-defined automorphism for the
X-cube model. The inactive logical operators cannot be
permuted, since they have different spatial support. There-
fore, transfer of the logical information from electric to
magnetic sectors given by the protocol does not preserve
the fusion rules for the excitations. It would be interest-
ing to examine more generally the connection between
the existence of inactive logical qubits and the absence
of an automorphism in Floquet codes during certain
rounds.

C. Decoders and threshold

The error correction in 3D Floquet fracton codes is
remarkably similar to that in 2D CSS honeycomb codes,
mainly because the former is a natural generalization of
the latter. The details of the error syndromes looks differ-
ent, as we discuss in more detail below, but the decoder
on a (3+1)-dimensional space-time lattice that is a gener-
alization of the (2+1)-dimensional case considered earlier
will perform well and will have a threshold by an anal-
ogous argument. Moreover, if analyzed using statistical-
mechanics mappings [28,34], larger thresholds are likely
to be facilitated due to the higher dimensionality.

Considering the same error model as before, where X
and Z errors occur with probability p, we only need to con-
sider two distinct times for the errors to occur and the rest
of the behavior of the syndromes can be deduced by sym-
metry. We also find that the syndromes for the errors that
have occurred after even (odd) rounds are measured at odd
(even) rounds only. This means that the errors after even
and odd time steps can be corrected separately.

Consider first a Z error occurring at a single qubit right
after round 0. One of the gXX checks of round 1 will be
affected, as well as two cubes &7, (X) inferred using this
check, which can then be compared with the stored value
and recorded as a syndrome. This allows us to determine
the green link on which the error occurred. Then, on step 3,
rXXX is measured and two triangles on the same octahe-
dron will have their values flipped. The three (redundant)
©¢(X) plaquettes belonging to the same octahedron can
be inferred by combining pairs of triangles belonging to
this octahedron. These stabilizers can be compared with
the values that have been stored earlier and the compari-
son uniquely determines the diagonal of the octahedron on
which the fault occurs. Together with knowing the green
link where the error occurs, this allows us to unambigu-
ously determine the location of the error. However, the
same syndrome is found when the error instead occurs
on two complementary qubits belonging to the same blue
triangle. In this case, we can still assume a (more proba-
ble) single-qubit error and correct for it. If the actual error
has occurred on the two complementary qubits, the total
error will become a bZZZ operator, which is inconsequen-
tial, because it corresponds to the check of the round = 0
after which the error has occurred. Similarly to the 2D case,
these kinds of check errors do not affect the logical state.

Errors occurring after round 3n + 2 lead to a syndrome
that is qualitatively similar to the one discussed above. A
qualitatively different type of error syndrome is found for
errors that occur after rounds » = 3n + 1. Without loss of
generality, consider an X single-qubit error occurring after
round 7 = 1. In round » = 2, two of the rZZZ checks will
be flipped and two cubes 67,(Z) sharing an edge the val-
ues of which are inferred from these checks will be flipped
and stored as a syndrome. Similarly, a pair of cubes £2,.(Z)
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will be flipped in » = 4. The syndromes at both rounds
r =2 and r = 4 allow us to determine the location of the
flipped edge ¢ and the additional redundancy can be used
for error correction that is more robust against the mea-
surement outcome errors. The application of a correcting
single-qubit Pauli-X gate to any of the qubits on this edge
will either correct the error or apply an XX to the entire
edge. In the latter case, this will be removed once the
round that remeasures this check occurs. A pair of errors
on two neighboring qubits belonging to the same octahe-
dron produces the same syndrome as the pair of errors on
the other two qubits belonging to the same ¢,-plaquette.
Nevertheless, this error can still be corrected up to an
inconsequential edge error on a green link by applying a
Pauli operator on any of the qubits not belonging to this
diamond.

Thus, the syndromes will occur on the space-time lattice
that is formed by the centers of cubic volumes of the same
color at t = (mod 3) and # = 4+ 2 (mod 3) and by the
vertices of the cubic lattice at = r + 1 (mod 3). At times
t =r+ 1, the measured syndrome can take one of eight
values, indicating which of the three ¢, square plaquettes
have (or have not) been violated.

The mapping of this problem onto a graph-matching
problem and the design of an efficient minimum-weight
decoder based on the known syndromes is an involved task
that we leave for future work.

IV. DYNAMIC TREE CODES

So far, we have considered CSS versions of Floquet
codes in both two and three dimensions. Both of these
codes have robust error-correcting properties but fall out-
side of the subsystem-code formalism. In this section, we
further generalize these results by introducing a broader
family of dynamic codes where the measurement sequence
need not beperiodic. Surprisingly, under certain constraints
on correlated randomness of the measurements, this ran-
dom code can correct arbitrary single-qubit Pauli errors.
This construction bears a relation to some classes of mon-
itored random-circuit codes and random unitary circuits
[35-42], in which achieving practical quantum error cor-
rection has been a long-standing challenge [38—42]. As
of now, it is unclear whether random circuits, including
those considered in Refs. [43,44], consisting of randomly
applied checks of the honeycomb code, can possess a finite
threshold.

We call the proposed random codes dynamic tree codes
because a given code carves out a path on a configura-
tion space of allowed checks that forms a tree. Dynamic
tree codes can be viewed as the first instance of monitored
random-circuit codes that are capable of correcting arbi-
trary single-qubit Pauli errors, though they are restricted to
correlated randomness and the absence of spatial random-
ness. Practically speaking, these codes might be useful if

the error model itself is dynamical: e.g., it could adapt the
error-correction procedure to biased error models and to
adversarial time-dependent error models.

A. Random-flavor Floquet codes and switching
between CSS honeycomb code and honeycomb code

We start with the 2D case. Let us show that if the colors
of the checks follow an rgb sequence but the Pauli flavors
are randomized such that the flavors of two consecutive
rounds are different, the resulting random-flavor Floquet
code will be error correcting and will have a threshold. The
condition on flavors of two consecutive rounds being dif-
ferent ensures that the checks of the two rounds always
anticommute and the rank of the ISG stays the same.

Without loss of generality, we can consider a code
shown in Table III (considering only four arbitrary rounds
is sufficient for the argument), where £, € {X, Y, Z} denotes
the flavor of the given round r, f,; # f;, and the colors
of the checks follow a rgbrgb - - - sequence (or the sym-
metric version thereof, rbgrbg - - -). We can also assume
that the code has been properly initialized far in the past.
By inspection, we see that this code realizes a sequence of
toric codes by analogy with 2D CSS and honeycomb codes
on a superlattice corresponding to the color of the current
round; the ISG at each round is shown in the table. From
the logical strings of the code shown in Table 111, we see
that the condition f.; # f, and c(r + 1) # c(r) is indeed
sufficient for conserving logical information between the
rounds, because it ensures that we never measure logical
operators from round to round.

Let us now show that the random-flavor Floquet code
can correct arbitrary single-qubit Pauli errors. The error
after each round r can be expanded in the basis of Pauli
flavors f. and f.;; of the current and the next rounds,
respectively. The f,.; component of the error can be com-
muted past the checks of round » + 1 and only the error of
the flavor of the current round f; needs to be considered.
Therefore, we again need only consider the error model
where single-qubit Pauli errors have the flavor of the last
round.

Without loss of generality, we can consider an fy-Pauli
error that occurred after round » = 0. Let us show that we
can detect the red edge where this error has occurred in
space-time in our random-flavor Floquet code shown in
Table III. This is sufficient for being able to correct the
error: as before, we only need to apply the f; Pauli opera-
tor on any of the qubits of the edge. If we guess the wrong
qubit, the result is the two-Pauli operator equivalent to the
check of the last round, which is an inconsequential error.

At round » = 0, prior to the error, the values of plaque-
ttes P, (f1) and Py(f_1) are known. If we remeasure the
values of plaquettes P, (f;) and Py(f_) after the error has
occurred, the change of sign of these plaquettes will allow
us to determine the edge where the error has occurred,
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TABLE IIL

The random-flavor Floquet code, where the checks follow a fixed color sequence rgb but the flavors f, in each round r

are randomized (with the constraint that £, | # f,). The syndromes that are obtained in rounds 1 and 3 and are listed in the “Syndrome”
column. We only show the syndromes obtained in odd rounds, which are used to detect the error after even rounds, and we omit listing
the syndromes at even rounds for clarity. If we assume that a single-qubit Pauli error of flavor fy has occurred after round » = 0, the
listed syndromes allow us to unambiguously determine the red edge where the error has occurred.

r ISG

Measure Plaquettes Syndrome m e my
0 ik P PG P | gfe  rhfi b
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2 bah PR PR Pulf) L b bAG ghh
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which in this case is a red edge between these two
plaquettes. Referring to Table III, we see that, indeed,
the P,(f_1) and P, (f;) plaquettes are immediately remea-
sured at rounds » = 1 and » = 3, respectively, yielding the
needed syndrome changes. This allows us to detect and
correct single-qubit errors. Additionally, note that the loca-
tions and the time stamps of the errors are the same as in
the CSS honeycomb code and in the honeycomb code.

Random-flavor Floquet codes are fault tolerant by a
similar argument to that for the CSS honeycomb and the
honeycomb codes. If the ISG and syndrome are book-kept
similarly to how it is shown in Table III, it is clear that the
plaquette occurring for the first time at round » will be kept
in the code until round » + 3, when it will be updated. The
new value of the plaquette will be able to detect errors that
have occurred after rounds » and » + 2. This is the same
syndrome-error relation as in the codes that have been
studied earlier and the decoding procedure is analogous to
that of the honeycomb code.

One consequence of the existence of error-correcting
random-flavor Floquet codes is that we can switch between
the protocols for the honeycomb code and the CSS honey-
comb code fault tolerantly, so long as the color sequence
of the checks remains unperturbed. Therefore, this shows
that the CSS honeycomb code and the honeycomb code are
compatible, which might be useful for the future design of
error-correcting codes with time-dependent error models.

B. PFA construction of error-correcting dynamic
codes

Next, we address the question of whether it is possi-
ble to introduce more randomness into the Floquet code
protocol while preserving its ability to detect and correct
errors. We propose a construction that uses what we call a
T-probabilistic finite automaton (7-PFA). If initialized in a
toric code ground state, the automaton chooses the flavor

and color of each check at random, realizing a toric code
at each round, and by design guarantees that any single-
qubit Pauli error will be detected no later than 7T steps
after its occurrence and is thus correctable (we use the
same error model as earlier in the text). If this protocol
is initialized in an arbitrary state, it will prepare the toric
code model no later than after T steps and will continue
to function as described, with a length-7 window for error
detection.

The construction is outlined below and is exemplified in
Fig. 7. In the discussion below, we assume that the protocol
is initialized in a toric code state corresponding to the first
check of the protocol.

The 7-PFA has memory containing 7 arrays, each con-
sisting of up to four plaquettes with status either “not
remeasured” or “remeasured.” When a new check at
round » = n + 1 is measured, four plaquettes with “not-
remeasured” status are added to the corresponding array.
Two of the plaquettes are elements of the current ISG with
flavors that are not the same as the flavor f,,; of the cur-
rent check. The other two are equivalent to the first two
plaquettes up to checks of the current round. The mem-
ory is designed in this way because if an error occurs after
round » = n 4 1, remeasuring any two of these four pla-
quettes of different colors would be sufficient to detect the
edge where the error has occurred and its time stamp. We
keep these plaquettes in memory in order to ensure that
the possible syndrome for a single-qubit Pauli error can be
tracked and recorded.

The update rules for 7-PFA after » = n are as follows:

1. Pick the check of the next round from (rXX,rYY,
rZZ,eXX,gYY,8ZZ,bXX ,bYY,bZZ7):.

(a) Eliminate the checks that have the same color or
flavor as the past round » = n — 1 (this guaran-
tees that the rank of the ISG stays the same).

020341-15



DAVYDOVA, TANTIVASADAKARN, and BALASUBRAMANIAN PRX QUANTUM 4, 020341 (2023)

r n=2 n=T-1 n="T n=T+1

0 rXX Py(Z) rX X Py(Z)

1 bZ7Z P,(Y) (Y74 P,Y) vZ7Z P,Y)

2 g¥Y F(X)P.(2) P(X) Py(2) gYY Py(Z) gYY gY}
T-1 gYY PuX)P.(Z)P(X) P(Z) gy P.(X) gYY P(X)

T r XX B(Y) P(Z)P)(Y) Py (2) rXX O PB(Y)
T+1 WYY P(X) P(Z)P(X) Py(Z)

FIG. 7. An example of a random sequence of measurements using the 7-PFA scheme discussed in Sec. IV B. The PFA stores a
running window containing 7 arrays of cells (apart from during the initialization rounds between 1 and 7). We assume that the code
has been properly initialized in a toric code state at » = 0. Here, » counts the rounds in the measurement history and » is the current
round in the PFA operation. The arrays correspond to the 7 memory cells of the 7-PFA. In each array, the darkened plaquette label
indicates a plaquette that needs to be remeasured in order to infer the syndrome corresponding to a possible error on the plaquette.
Light-gray plaquettes that are not crossed out indicate that the plaquette has been already remeasured. We keep the plaquettes that are
redundant up to the checks of the current round for completeness. Light-gray plaquettes that are crossed out have been randomized
before they could have been remeasured. Each new check is chosen by the PFA based on the memory of checks and plaquettes,
corresponding to the set of update rules of the PFA denoted by operator R described in the main text. In short, the new check is
chosen such that it differs in color and flavor from the previous check and such that it does not randomize any of the “not-remeasured”
(darkened) plaquettes in the memory. Furthermore, checks must also be chosen such that the measurement of all syndromes from more
than T steps in the past is completed; so long as this holds true, it suffices for the PFA to store memory from the past 7 rounds and for

the error to be undetected only for up to 7 rounds.

(b) Eliminate checks that randomize plaquettes that
are stored in memory with “not-remeasured”
status.

(c) If in memory cell with » =n — T there is a
“not-remeasured” plaquette, choose only from
checks that remeasure this plaquette.

(d) Otherwise, pick a random check from the
remaining options.

2. Update the memory based on the new check.

(a) Scan the memory for “not-remeasured” plaque-
ttes. For each such plaquette, change the status
to “remeasured” if the value of this plaquette
can be inferred based on the current check and
the interim checks.

(b) Erase any plaquettes in the memory that are
redundant with those already remeasured.

(c) Erase any plaquettes that have been randomized
by the new check.

(d) Erase the array at round » = n — T (as the syn-
drome measurement has been concluded for this
round).

(e) Create a new array with time stamp » =n +
1 that holds four “syndrome” plaquettes with
“not-remeasured” status.

The above rules implicitly use the fact that whenever
the new check is measured, one of the plaquettes of the
previous round is updated. This is guaranteed because

subsequent checks are noncommuting. For the same rea-
son, one of the two plaquettes of the other color has to be
randomized. Thus, we can verify that for rule 1(c), there
will indeed be only one plaquette with “not-remeasured”
status at » = n — 7. Additionally, we find by explicit ver-
ification that it is always possible to find a check that
satisfies the requirement in 1(c). Similarly, if step 1(d)
is reached, one can see that there will be at least two
choices for checks. Thus, the algorithm cannot halt due to
unsatisfiability of the requirements of the update rules.

Altogether, the protocol based on the 7-PFA guarantees
that for a single-qubit Pauli error, the first syndrome will be
measured immediately after the error occurs, while the sec-
ond one will be measured no later than 7 rounds afterward.
This allows us to determine the space-time location of the
faulty edge and correct the error. In fact, additional infor-
mation about errors is contained in checks because there
are multiple ways to obtain the second syndrome from the
measured checks (a plaquette can be formed in multiple
ways by checks taken at various pairs of times; this applies,
e.g., to the last update of P,(Z) in Fig. 7). Together with
the correctability of single-qubit errors, this argues for the
likelihood of fault tolerance of either this protocol or at
least some of its subclasses. It would be interesting to see
if there exists an efficient decoder for dynamic tree codes
generated by 7-PFA and benchmark its performance.

One might wonder if there exist nontrivial examples of
such dynamic tree codes. In fact, random-flavor Floquet
codes are the only solution for 7' = 3, which, as we argue
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above, comprise a class of fault-tolerant dynamic codes.
Another example concerns codes that follow the color
sequence equivalent to (7fif1) [(2f22) (BAA)] (gff2) ="
with s + k£ < T, or symmetric versions thereof. An illus-
tration of such a code is shown in Fig. 7.

C. 3D generalization

It is a straightforward but cumbersome task to con-
firm that the random-flavor Floquet code in 3D, i.e., one
that follows the rgbbgr-like color sequence with consecu-
tive checks anticommuting, corrects all single-qubit Pauli
errors. The time signatures of the syndrome measurements
are altered depending on the flavor sequence, however,
which might affect the fault-tolerance properties of the
code. Similarly, we can verify that a 7-PFA approach can,
in principle, be generalized to 3D. Designing an efficient
decoder for the 3D fracton Floquet code and 3D dynamic
codes and analyzing their fault tolerance properties would
require a more involved analysis, so we leave this to a
future work.

V. DISCUSSION AND CONCLUSIONS

In this paper, we present several new dynamic codes in
two and three dimensions that cannot be described under
the subsystem-code framework. One immediately impor-
tant direction would be to benchmark these codes and
compare their performance to the honeycomb code with
various error models. It should be possible to extend our
analysis to finite Abelian groups, i.e., the case when the
qubits are Zy variables. Progress on this question has been
made for the honeycomb code [45] and it would be useful
to see if there are major qualitative differences for the CSS
honeycomb code.

Our protocols in 3D involve three-body measurements
and it would be beneficial to find alternative constructions
where measurements involve two-body operators while
preserving the error-correcting properties of the fracton
Floquet codes. We find a preparation protocol for Haah’s
cubic code (shown in Appendix B) using two-body mea-
surements; however, the construction of Floquet codes for
type-11 fractons would be very interesting. Furthermore,
fracton codes have recently been shown to have outstand-
ing optimal thresholds for error correction [34] with the
possibility of parallel error correction [46]. Therefore, it
would be interesting to rigorously benchmark the fracton
Floquet code.

Another interesting question is the relation between the
CSS honeycomb code and the e <> m automorphism code
from Ref. [21]. Furthermore, one might ask whether there
exists a unifying picture for dynamic tree codes and auto-
morphism codes from the perspective of adiabatic paths of
Hamiltonians, perhaps by utilizing the parent color-code
model.

Finally, the dynamic tree codes proposed in this paper,
especially the 7-PFA generated codes, present an interest-
ing way of constructing monitored random circuits using
correlated randomness. Understanding the robustness of
this error-correcting phase and generalizing the code to
a T-PFA construction that incorporates spatial nonunifor-
mity would be valuable pursuits. It would be curious to
prove fault tolerance of these monitored random-circuit
codes by mapping to models of statistical mechanics.

Note added 1.—Recently, we have become aware of
an upcoming work where 2D CSS honeycomb codes are
independently found from anyon condensation [27], which
provides a valuable framework for understanding Floquet
codes and also finds a numerical threshold for the code. We
have also learned of another forthcoming work [47] that
introduces a fracton Floquet code with a code space that
grows with the system size and a nonzero error threshold.

Note added 2.—In the independent work of Ref. [27],
the CSS honeycomb code has been discovered indepen-
dently and the threshold of approximately 0.3% has been
found numerically for a MWPM decoder for depolarizing
noise model (at the circuit level). We refer the reader to
this reference for a useful discussion of error correction for
this code and the effect of measurement errors.
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APPENDIX A: UNITARY CIRCUIT WITH
MEASUREMENTS FRAMEWORK

One difference between the honeycomb code and the
CSS honeycomb code is that the ISG of the former always
stays as a subgroup of a fixed subsystem code and the lat-
ter is not derivable from a subsystem code. Another way
of comparing these two codes might be by noting that
the layout of the measurements is the same in both codes
and, thus, there must exist a depth-1 unitary circuit relat-
ing the codes at a given time instance. This does not mean
that there is an equivalence between the codes, because
the unitary circuit is different at each time. In particular,
measuring XX on a given link is equivalent to applying
the unitary HH on that link, then measuring ZZ, and then
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FIG. 8. The construction of Haah’s code.

applying HH again. Similarly, measuring YY on a given
link is equivalent to applying the unitary (SH) ® (SH),
measuring ZZ, and then applying (HST) ® (HS").

Therefore, we can reduce a Floquet code to measure-
ment of ZZ checks of the color of the given round inter-
spersed with a depth-1 unitary circuit. For the CSS honey-
comb code, we can verify that this depth-1 unitary circuit
at each iteration is

(AD)

Ucss = ®Hx,
X

where x indexes the coordinates of qubits on the lattice.
For the honeycomb code, the depth-1 unitaries change with
period 3. We define @) = (0,3/2) and a; = (3«/5/4,3/4)
and set the origin of the lattice to coincide with the bot-
tom of one of the vertical red checks. The correspondence
between the edge orientation and the check flavor is then

Py
z )
At the step when the red-colored checks are measured, it is

Unn, = ® U(x)

[[]SH, X = Xum,
H, xzxnm—i—(O,%),
H, x=xnm—|—<*/7§,0 ,
Ux) = HST, X =Xy, + «/E’ (A2)

HSH,

(
S, x=xmt(
(

I

r |S(r)

0 |¢{XX,¢ZZ on colored edges in figure

1 (a, ﬁ)Xle, (a,ﬂ)XQXQ, (’}/, 5)21Z1, (’7, 5)2222
pX1Xe, qZ1Z2, Haah’s code stabilizers

where x,,, = na; + ma,. At rounds when green and blue
checks are measured, the unitary layer is

@i (-(24)
Uiy = QU <x - (? %)) . (A3)

Thus, we see that the structure is quite different for the
two Floquet codes. The difference even in a depth-1 single-
qubit unitary layer can affect the threshold properties of a
code under different (biased) noise models [48—50]; there-
fore, it would be interesting to benchmark the code(s)
discussed here and compare their performance to that of
the honeycomb code. A classification scheme could exist
for dynamic codes based on the algebra of the check
operators, or based on the algebra of the depth-1 unitaries.

APPENDIX B: PREPARATION PROTOCOL FOR
HAAH’S CODE

This protocol prepares Haah’s code in two layers via
measuring two-qubit gauge checks. However, we are not
aware if it is possible to adapt this protocol in order to
make it dynamical. As in the checkerboard-model prepara-
tion, we divide each site of the square lattice into six sites,
forming an octahedron. Each site on the decorated lattice
now hosts two spins, of types “1” and “2.”

We draw the configuration of links formed in Fig. 8.
Since there are two links coming out of each site, each
link corresponds to a two-spin interaction. The prepara-
tion protocol is therefore shown in Fig. 8. The notation ¢
corresponds to the links labeled in the figure, where we
assume that orange and pink links act on qubits of type
“1,” and blue and green links act on qubits of type “2.” «,
B, v, and § correspond to the labeled edges, while p and
q correspond to labeled vertices. The subscripts 1 and 2
correspond to the flavors of the spins at each site.

Note that per octahedron there are initially 12 qubits.
The checks of the round » = 2, namely C{Xl,zXl,z, ,BXl ,2X1 2
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and yZ12Z12, 821277, force there to be four effective
qubits left. Next, two of these qubits are eliminated by
measuring pX1 X, and gZ,Z,. Additionally, after perform-
ing the checks of this round, the edge measurements of
round » = 1 form Haah’s code stabilizers.

[1] D. Poulin, Stabilizer Formalism for Operator Quantum
Error Correction, Phys. Rev. Lett. 95, 230504 (2005).

[2] D. Bacon, Operator quantum error-correcting subsystems
for self-correcting quantum memories, Phys. Rev. A 73,
012340 (20006).

[3] H. Bombin, Topological subsystem codes, Phys. Rev. A 81,
032301 (2010).

[4] D. Gottesman, Theory of fault-tolerant quantum computa-
tion, Phys. Rev. A 57, 127 (1998).

[5] A.Kubica and M. E. Beverland, Universal transversal gates
with color codes: A simplified approach, Phys. Rev. A 91,
032330 (2015).

[6] H. Bombin, Gauge color codes: Optimal transversal gates
and gauge fixing in topological stabilizer codes, New J.
Phys. 17, 083002 (2015).

[7]1 J. T. Anderson, G. Duclos-Cianci, and D. Poulin, Fault-
Tolerant Conversion between the Steane and Reed-Muller
Quantum Codes, Phys. Rev. Lett. 113, 080501 (2014).

[8] A.Paetznick and B. W. Reichardt, Universal Fault-Tolerant
Quantum Computation with Only Transversal Gates and
Error Correction, Phys. Rev. Lett. 111, 090505 (2013).

[9] B. Eastin and E. Knill, Restrictions on Transversal
Encoded Quantum Gate Sets, Phys. Rev. Lett. 102, 110502
(2009).

[10] P. Webster, M. Vasmer, T. R. Scruby, and S. D. Bartlett,
Universal fault-tolerant quantum computing with stabilizer
codes, Phys. Rev. Res. 4, 013092 (2022).

[11] H. Bombin and M. A. Martin-Delgado, Quantum measure-
ments and gates by code deformation, J. Phys. A: Math.
Theor. 42, 095302 (2009).

[12] C. Horsman, A. G. Fowler, S. Devitt, and R. Van Meter,
Surface code quantum computing by lattice surgery, New
J. Phys. 14, 123011 (2012).

[13] C. Vuillot, L. Lao, B. Criger, C. G. Almudéver, K. Bertels,
and B. M. Terhal, Code deformation and lattice surgery are
gauge fixing, New J. Phys. 21, 033028 (2019).

[14] M. B. Hastings and J. Haah, Dynamically generated logical
qubits, Quantum 5, 564 (2021).

[15] J. Haah and M. B. Hastings, Boundaries for the honeycomb
code, Quantum 6, 693 (2022).

[16] A. Kitaev, Anyons in an exactly solved model and beyond,
Ann. Phys. (NY) 321, 2 (2006).

[17] M. Suchara, S. Bravyi, and B. Terhal, Constructions and
noise threshold of topological subsystem codes, J. Phys. A:
Math. Theor. 44, 155301 (2011).

[18] A. Y. Kitaev, Fault-tolerant quantum computation by
anyons, Ann. Phys. (NY) 303, 2 (2003).

[19] C. Gidney, M. Newman, A. Fowler, and M. Broughton, A
fault-tolerant honeycomb memory, Quantum 5, 605 (2021).

[20] C. Gidney and M. Newman, Benchmarking the planar hon-
eycomb code (2022), arXiv preprint ArXiv:2202.11845.

[21] D. Aasen, Z. Wang, and M. B. Hastings, Adiabatic paths of
Hamiltonians, symmetries of topological order, and auto-
morphism codes (2022).

[22] S. Vijay, J. Haah, and L. Fu, Fracton topological order, gen-
eralized lattice gauge theory, and duality, Phys. Rev. B 94,
235157 (2016).

[23] S. Balasubramanian, V. Galitski, and A. Vishwanath, Clas-
sical vertex model dualities in a family of two-dimensional
frustrated quantum antiferromagnets, Phys. Rev. B 106,
195127 (2022).

[24] S. Balasubramanian, D. Bulmash, V. Galitski, and A.
Vishwanath, Exact wavefunction dualities and phase dia-
grams of 3D quantum vertex models (2022), arXiv preprint
ArXiv:2201.08856.

[25] C. Vuillot, Planar Floquet codes (2021), arXiv preprint
arXiv:2110.05348.

[26] X.-G. Wen, Quantum Orders in an Exact Soluble Model,
Phys. Rev. Lett. 90, 016803 (2003).

[27] M. S. Kesselring, J. C. M. de la Fuente, F. Thomsen, J. Eis-
ert, S. D. Bartlett, and B. J. Brown, Anyon condensation
and the color code (2022).

[28] E. Dennis, A. Kitaev, A. Landahl, and J. Preskill,
Topological quantum memory, J. Math. Phys. 43, 4452
(2002).

[29] S. Vijay, J. Haah, and L. Fu, Fracton topological order, gen-
eralized lattice gauge theory, and duality, Phys. Rev. B 94,
235157 (2016).

[30] W. Shirley, K. Slagle, and X. Chen, Foliated fracton order
in the checkerboard model, Phys. Rev. B 99, 115123
(2019).

[31] A. Kubica and M. Vasmer, Single-shot quantum error cor-
rection with the three-dimensional subsystem toric code,
Nat. Commun. 13, 1 (2022).

[32] These are Z logicals of XC(g) but they would be called X
logicals of XC(g).

[33] It can also be thought of as a bound state of two fractons
that share a diagonal edge.

[34] H. Song, J. Schonmeier-Kromer, K. Liu, O. Viyuela, L.
Pollet, and M. A. Martin-Delgado, Optimal thresholds for
fracton codes and random spin models with subsystem
symmetry (2021).

[35] B. Skinner, J. Ruhman, and A. Nahum, Measurement-
Induced Phase Transitions in the Dynamics of Entangle-
ment, Phys. Rev. X' 9, 031009 (2019).

[36] M. J. Gullans and D. A. Huse, Dynamical Purification
Phase Transition Induced by Quantum Measurements,
Phys. Rev. X 10, 041020 (2020).

[37] A. Lavasani, Y. Alavirad, and M. Barkeshli, Topologi-
cal Order and Criticality in (2 + 1)D Monitored Random
Quantum Circuits, Phys. Rev. Lett. 127, 235701 (2021).

[38] R. Fan, S. Vijay, A. Vishwanath, and Y.-Z. You, Self-
organized error correction in random unitary circuits with
measurement, Phys. Rev. B 103, 174309 (2021).

[39] Y. Li, X. Chen, and M. P. A. Fisher, Quantum zeno effect
and the many-body entanglement transition, Phys. Rev. B
98, 205136 (2018).

[40] S. Choi, Y. Bao, X.-L. Qi, and E. Altman, Quantum Error
Correction in Scrambling Dynamics and Measurement-
Induced Phase Transition, Phys. Rev. Lett. 125, 030505
(2020).

020341-19


https://doi.org/10.1103/PhysRevLett.95.230504
https://doi.org/10.1103/PhysRevA.73.012340
https://doi.org/10.1103/PhysRevA.81.032301
https://doi.org/10.1103/physreva.57.127
https://doi.org/10.1103/PhysRevA.91.032330
https://doi.org/10.1088/1367-2630/17/8/083002
https://doi.org/10.1103/PhysRevLett.113.080501
https://doi.org/10.1103/PhysRevLett.111.090505
https://doi.org/10.1103/PhysRevLett.102.110502
https://doi.org/10.1103/PhysRevResearch.4.013092
https://doi.org/10.1088/1751-8113/42/9/095302
https://doi.org/10.1088/1367-2630/14/12/123011
https://doi.org/10.1088/1367-2630/ab0199/meta
https://doi.org/10.22331/q-2021-10-19-564
https://doi.org/10.22331/q-2022-04-21-693
https://doi.org/10.1016/j.aop.2005.10.005
https://doi.org/10.1088/1751-8113/44/15/155301/meta
https://doi.org/10.1016/S0003-4916(02)00018-0
https://doi.org/10.22331/q-2021-12-20-605
https://arxiv.org/abs/2202.11845
https://doi.org/10.1103/PhysRevB.94.235157
https://doi.org/10.1103/PhysRevB.106.195127
https://arxiv.org/abs/2201.08856
https://arxiv.org/abs/2110.05348
https://doi.org/10.1103/PhysRevLett.90.016803
https://doi.org/10.1063/1.1499754
https://doi.org/10.1103/PhysRevB.94.235157
https://doi.org/10.1103/PhysRevB.99.115123
https://doi.org/10.1038/s41467-022-33923-4
https://doi.org/10.1103/PhysRevX.9.031009
https://doi.org/10.1103/PhysRevX.10.041020
https://doi.org/10.1103/PhysRevLett.127.235701
https://doi.org/10.1103/PhysRevB.103.174309
https://doi.org/10.1103/PhysRevB.98.205136
https://doi.org/10.1103/PhysRevLett.125.030505

DAVYDOVA, TANTIVASADAKARN, and BALASUBRAMANIAN

PRX QUANTUM 4, 020341 (2023)

[41] Y. Li and M. P. A. Fisher, Statistical mechanics of quan-
tum error correcting codes, Phys. Rev. B 103, 104306
(2021).

[42] Y. Li, S. Vijay, and M. P. A. Fisher, Entanglement domain
walls in monitored quantum circuits and the directed poly-
mer in a random environment (2021).

[43] A. Lavasani, Z.-X. Luo, and S. Vijay, Monitored quantum
dynamics and the Kitaev spin liquid (2022).

[44] A. Sriram, T. Rakovszky, V. Khemani, and M. Ippoliti,
Topology, criticality, and dynamically generated qubits

in a stochastic measurement-only Kitaev model
(2022).

[45] A. Dua, T. D. Ellison, J. Sullivan, and N. Tantivasadakarn,
(to appear) (2022).

[46] B. J. Brown and D. J. Williamson, Parallelized quantum
error correction with fracton topological codes, Phys. Rev.
Res. 2, 013303 (2020).

[47] Z.Zhang, D. Aasen, and S. Vijay, The X-cube Floquet code
(2022).

[48] J. P. Bonilla Ataides, D. K. Tuckett, S. D. Bartlett, S. T.
Flammia, and B. J. Brown, The XZZX surface code, Nat.
Commun. 12, 1 (2021).

[49] D. K. Tuckett, A. S. Darmawan, C. T. Chubb, S. Bravyi, S.
D. Bartlett, and S. T. Flammia, Tailoring Surface Codes for
Highly Biased Noise, Phys. Rev. X 9, 041031 (2019).

[50] J. E. S. Miguel, D. J. Williamson, and B. J. Brown, A cellu-
lar automaton decoder for a noise-bias tailored color code
(2022).

020341-20


https://doi.org/10.1103/PhysRevB.103.104306
https://doi.org/10.1103/physrevresearch.2.013303
https://doi.org/10.1038/s41467-021-22274-1
https://doi.org/10.1103/PhysRevX.9.041031

	I.. INTRODUCTION
	II.. 2D CSS HONEYCOMB CODE
	A.. Relation to subsystem codes
	B.. Conservation of logical information and automorphism
	C.. Decoders and threshold

	III.. 3D GENERALIZATION: FRACTON FLOQUET CODE
	A.. Relation to subsystem codes
	B.. Conservation of logical information
	C.. Decoders and threshold

	IV.. DYNAMIC TREE CODES
	A.. Random-flavor Floquet codes and switching between CSS honeycomb code and honeycomb code
	B.. PFA construction of error-correcting dynamic codes
	C.. 3D generalization

	V.. DISCUSSION AND CONCLUSIONS
	. ACKNOWLEDGMENTS
	. APPENDIX A: UNITARY CIRCUIT WITH MEASUREMENTS FRAMEWORK
	. APPENDIX B: PREPARATION PROTOCOL FOR HAAH'S CODE
	. REFERENCES


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile ()
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 5
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2003
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    33.84000
    33.84000
    33.84000
    33.84000
  ]
  /PDFXSetBleedBoxToMediaBox false
  /PDFXBleedBoxToTrimBoxOffset [
    9.00000
    9.00000
    9.00000
    9.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames false
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks true
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks false
      /BleedOffset [
        9
        9
        9
        9
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


