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Ab Initio Derivation of Lattice-Gauge-Theory Dynamics for Cold Gases in Optical
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We introduce a method for quantum simulation of U(1) lattice gauge theories coupled to matter, utiliz-
ing alkaline-earth(-like) atoms in state-dependent optical lattices. The proposal enables the study of both
gauge and fermionic matter fields without integrating out one of them in one and two dimensions. We
focus on a realistic and robust implementation that utilizes the long-lived metastable clock state available
in alkaline-earth(-like) atomic species. Starting from an ab initio modeling of the experimental setting,
we systematically carry out a derivation of the target U(1) gauge theory. This approach allows us to
identify and address conceptual and practical challenges for the implementation of lattice gauge theo-
ries that—while pivotal for a successful implementation—have never been rigorously addressed in the
literature: those include the specific engineering of lattice potentials to achieve the desired structure of
Wannier functions and the subtleties involved in realizing the proper separation of energy scales to enable
gauge-invariant dynamics. We discuss realistic experiments that can be carried out within such a platform
using the fermionic isotope 173Yb, addressing via simulations all key sources of imperfections, and pro-
vide concrete parameter estimates for relevant energy scales in both one- and two-dimensional settings.
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I. INTRODUCTION

In the past decade, the rapid development of quantum
simulators has motivated an increasingly large interest
in possible applications to nuclear and particle physics.
The study of lattice gauge theories (LGTs) [1–3], one of
the most successful theoretical frameworks to regularize
strong-interacting-field theories, could take great advan-
tage of the use of quantum devices. First formulated in the
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1970s [1], classical simulations of LGTs based on Monte
Carlo sampling soon became a pillar of our understanding
of quantum chromodynamics (QCD) [3], with applications
as diverse as low-energy spectra [4,5], phase diagrams
[6–8], and even precision measurements in the context of
the recently puzzling muon-magnetic-moment results [9].
Quantum simulators promise to extend our understand-
ing of LGTs to regimes that are presently inaccessible to
Monte Carlo methods, including real-time dynamics or the
physics of the early universe and neutron stars [10–15].

Starting from early theoretical proposals, the field of
quantum simulation of LGTs has evolved rapidly, driven
by two factors: the development of quantum simulation
tools and schemes tailored to the specificity of gauge the-
ories (in particular, gauge invariance), and a series of first
experimental steps that have been taken to demonstrate the
feasibility of the proposed schemes. The former has been
pioneered by the trapped-ion experiment reported in Ref.
[16] (later extended in Ref. [17]), where the dynamics of
a few-site Schwinger model [i.e., quantum electrodynam-
ics in (1+1) dimensions] with up to six sites have been
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demonstrated. Moreover, building blocks of matter-gauge
interactions have been successfully demonstrated in cold-
atom settings, including both Z2 [18] and U(1) [19] gauge
theories in one dimension (1D), utilizing the quantum link
formulation (QLM) of LGTs, where the dimension of the
local Hilbert space of the gauge link is truncated and there-
fore finite. More recently, large-scale quantum simulations
of Abelian LGTs have been reported in Rydberg-atom
arrays (Schwinger model [20,21], as well as a (2+1)D
Ising-Higgs gauge theory [22]) and with ultracold bosonic
atoms in tilted optical superlattices [23–25]. In the contin-
uum, quantum simulation of a topological gauge theory has
been realized in an optically dressed Bose-Einstein con-
densate by realizing a 1D reduction of the Chern-Simons
theory, the so-called chiral BF theory [26].

The first generation of experimental realizations has
already proven that quantum simulators of LGTs can
reach system sizes and time scales at the boundaries of
the capabilities of classical numerical simulations [20,21].
Nevertheless, many challenges still have to be overcome
before we can utilize quantum devices for making accu-
rate predictions on complex gauge theories such as QCD.
Despite the recent experimental progress mentioned above,
it remains unclear whether quantum simulators can sat-
isfy the requirements for quantum simulation of LGTs with
fermionic matter in more than one dimension [27]: digital
quantum simulation schemes are hampered by the lim-
ited system sizes and the large number of gates needed
to simulate such complex models; analog quantum sim-
ulators, on the other hand, reach larger system sizes but
are typically not flexible enough to simulate the desired
models.

Various strategies can be used to facilitate the imple-
mentation of LGTs in a quantum simulator. In the pioneer-
ing experiments implemented with trapped ions [16,17],
gauge fields are eliminated by a Jordan-Wigner transfor-
mation, which maps the original Schwinger model to a spin
model with exotic long-range interactions. Gauge elimina-
tion has later been used in other digital schemes to simulate
non-Abelian LGTs in one spatial dimension [28,29]. A
related approach is followed for implementations of QLMs
in Rydberg atom arrays, where the matter fields are inte-
grated out [21]. While gauge integration is only possible
in one spatial dimension, matter integration (or similar
strategies that utilize the gauge redundancy to reduce the
number of degrees of freedom) can also often be used to
simplify the protocol in higher dimensions [30,31], with-
out compromising the physical properties of the model.
However, in some cases, matter integration is not possible
(e.g., in models with multiple matter species) or introduces
additional constraints and longer-range terms that are chal-
lenging to implement in a physical system [32]. It can
therefore be more convenient to apply the initial strategy of
keeping both matter and gauge fields. This is particularly
true for the case of analog quantum simulators, where it is

often useful to focus on more “natural” implementations at
the price of a larger number of degrees of freedom.

Most proposals for simulating both (fermionic) matter
and (bosonic) gauge fields require implementations based
on ultracold mixtures [19], which significantly increases
the experimental complexity. QLMs, on the other hand, are
characterized by a finite-dimensional Hilbert space for the
gauge degrees of freedom, offering the possibility of imple-
menting matter and gauge degrees of freedom with a single
atomic species. This has been demonstrated with ultracold
bosons in tilted optical superlattice potentials [23–25] and
a possible extension of this scheme to higher dimensions
is currently being explored theoretically [33]. Moreover,
schemes based on Floquet engineering appear challeng-
ing due to the presence of higher-order terms that need to
be suppressed in order to respect gauge invariance [18],
e.g., by implementations of additional stabilizers [34]. In
order to overcome these limitations, we develop a new
scheme for the realization of U(1) QLMs with ultracold
alkaline-earth(-like) atoms (AELAs) that offers a direct
implementation of fermionic matter and gauge fields, as
well as a straightforward extension to two dimensions.

To ensure a robust experimental implementation, it is
crucial to further bridge the gap between theoretical pro-
posals, which focus on conceptual developments and novel
implementation schemes, and experimental realizations,
which require microscopic derivations of the gauge-theory
dynamics. The last step is vital in order to understand at
a qualitative and quantitative level the impact of often-
neglected challenges or even roadblocks—including parti-
cle losses, limited coherence time (e.g., due to spontaneous
emission), and practical difficulties (such as challenges in
realizing the required optical potentials).

In this work, we introduce a novel scheme and present
an ab initio derivation of a U(1) lattice gauge theory in
both one and two spatial dimensions using AELAs in
optical lattices. The backbone framework is an implemen-
tation that relies on protecting gauge invariance utilizing
a combination of energy penalty and locality, through a
specific design of state-dependent optical potentials that
are particularly well suited for atomic species with a long-
lived electronically excited state [35,36]. We carry out a
thorough numerical study of the experimental parameters
of the optical lattice needed to obtain a regime for our
quantum simulation that features the best ratio between
coherent and incoherent dynamics. We compute the param-
eters of the lattice model and simulate the corresponding
microscopic dynamics, showing that a moderate amount
of on-site disorder would only mildly affect the observed
time evolution.

II. QUANTUM LINK MODEL

In this work, we focus on the realization of a U(1)
lattice gauge theory with fermionic matter, the lattice
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version of the Schwinger model, i.e., quantum electro-
dynamics in one spatial dimension [37]. Despite its sim-
plicity, the Schwinger model displays several salient fea-
tures in common with more complicated ones, including
confinement, chiral symmetry breaking, and nontrivial
real-time dynamics [38].

In one spatial dimension, the Hamiltonian has the
form [2]

HLGT = −w
∑

j

(
ψ

†
j Uj ,j +1ψj +1 + H.c.

)

+ m
∑

j

(−1)jψ†
j ψj + g

∑

j

(Ej ,j +1 + E0)
2, (1)

where ψ†
j and ψj are fermionic creation and annihila-

tion operators on site j of a 1D lattice. The operators
Uj ,j +1 and Ej ,j +1 are, respectively, the parallel transporter
and the electric field operators, with commutation rela-
tion [Ei,i+1, Uj ,j +1] = δij Uj ,j +1: these operators represent
a U(1) gauge field on the link connecting the sites j and
j + 1. The nearest-neighbor hopping term, of amplitude w,
is made gauge invariant by the parallel transporter Uj ,j +1.
The fermionic mass is staggered, according to the Kogut-
Susskind formulation [39,40]: on even sites, an occupied
fermionic site represents a “positron” with charge +1,
while “electrons,” of charge −1, are represented by holes
on odd sites [Fig. 1(c)]. We can therefore define the local
charge as

qj = ψ
†
j ψj − 1 − (−1)j

2
. (2)

The mass term in Eq. (1) assigns the mass m to both elec-
trons and positrons. Finally, the term proportional to g is
the energy of the electric field and E0 represents a static
background electric field. The Hamiltonian in Eq. (1) has
a gauge symmetry generated by the local operators Gj ,
defined as

Gj = Ej ,j +1 − Ej −1,j − qj . (3)

In the absence of static charges, the physical states for the
LGT are those that satisfy the local constraint (Gauss’s
law) Gj |�〉 = 0 for every site j .

In the following, we consider the quantum link for-
mulation of the model [41–44]: in this formulation, all
the gauge fields are represented by a finite d-dimensional
Hilbert space (we choose d = 2) and the operators Ej ,j +1
and Uj ,j +1 have the form of Sz and S+ operators, respec-
tively. In the limit of large d (with d = 2s + 1, where
s is the spin representation), this formulation is equiva-
lent to the usual Wilsonian lattice-gauge theories [1,2],
where the electric field has an unbounded integer spec-
trum. Compared to the latter, the quantum link formulation

pair creation-annihilation

∆ g ∆ e

(a)

(c)

(b)

FIG. 1. The mapping between atomic states in the optical-
lattice potential and the U(1) quantum link model considered
in our proposal. (a) A schematic of the optical-lattice potentials
for the g (blue line) and e atoms (orange line), together with
the relevant energy scales δg,e and �g,e. The circles indicate an
exemplary initial state of g (blue circles) and e atoms (orange cir-
cles) in the optical lattice. The black arrows on the right indicate
the correlated hopping of atoms between adjacent lattice sites.
(b) A simplified schematic of the optical-lattice potential in (a)
showing the bonds across which hopping is energetically allowed
(thick gray lines) and forbidden (dashed gray lines). (c) The state
in the quantum link model corresponding to the atomic config-
uration in (a) and (b). In the mapping, every lattice site that can
only be occupied by e or g atoms is interpreted as a matter site,
shown as circles, with the plus (+) [minus (−)] labels indicating
filled sites with positive (+) [negative (−)] charge. The lattice
sites that can be occupied by both e and g are interpreted as link
(l) or gauge-field sites, where the triangles pointing right (left)
indicate a positive (negative) electric field. The colors indicate
the corresponding internal state of the atoms [see (a) and (b)] in
the proposed experimental implementation and gray indicates an
empty site. Note that the correlated hopping of atoms is mapped
to a gauge-invariant pair creation-annihilation process, as shown
on the right.

is particularly suitable for quantum simulations, because it
exploits finite-dimensional quantum degrees of freedom.

Here, we focus on the spin-1/2 representation [45]. In
this case, the electric field has the two possible values
Ej ,j +1 = ±1/2 [Fig. 1(c)], which have the same energy
for E0 = 0. This choice, with half-integer values of the
electric field, is generally denoted as having a topological
angle θ = π (in contrast to the case of integer electric field
values, having θ = 0) [21]. The topological angle can be
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tuned by changing the static background field E0, the effect
of which is to split the degeneracy between the two elec-
tric field states [46,47]. For the spin-1/2 representation, it
is useful to define τ = 2gE0. Then, the Hamiltonian given
in Eq. (1) becomes (up to an additive constant)

HQLM = −w
∑

j

(
ψ

†
j Uj ,j +1ψj +1 + H.c.

)

+ m
∑

j

(−1)jψ†
j ψj + τ

∑

j

Ej ,j +1. (4)

With this notation, choosing τ �= 0 effectively changes the
topological angle to θ �= π . We note that the above model
can be exactly mapped to a spin chain via direct integration
of Gauss’s law [21].

III. QUANTUM SIMULATION

A. Optical lattice

In the proposed experimental setup, we consider cold
fermionic atoms in two different electronic states α =
{g, e}, realized by the ground and metastable excited clock
states g ≡ 1S0 and e ≡ 3P0 of AELAs. The atoms are con-
sidered to be spin polarized in a given nuclear Zeeman
state mF , so that the corresponding Hamiltonian is given
by H = Hnonint + Hint, with [48]

Hnonint =
∑

α

∫
d3r�†

α (r)
(

− �
2

2M
∇2 + Vα (r)

)
�α (r) ,

Hint = g−
eg

∫
d3rρe (r) ρg (r) . (5)

Here,�α(r) denotes the fermion field operator for atoms in
the internal state |α mF〉. The density operators are defined
as ρα (r) = �

†
α(r)�α(r). Since the atoms are polarized in

the same nuclear Zeeman state, the interaction strength,
g−

eg = 4π�
2a−

eg/M (where M is the atomic mass), is asso-
ciated with the scattering length a−

eg of the antisymmet-
ric electronic state [49,50]. The term Vα (r) denotes a
three-dimensional (3D) lattice potential Vα(r) = Vx

α(x)+
Vy
α(y)+ Vz

α(z), where Vx
α(x) is the state-dependent poten-

tial depicted in Fig. 1(a) and Vy
α(y) and Vz

α(z) are deep
state-independent optical lattices with amplitude Fg = Fe
and lattice spacing dy = dz that isolate individual 1D
chains and provide strong radial confinement. For sim-
plicity, we choose equal amplitudes for the transverse
lattices along y and z. The state-dependent lattice along
x is defined as

Vx
α(x) = −Aα sin2

( π
2a

x + ϕ
)

− Bα sin2
(π

a
x
)

− Cα sin2
(

2π
a

x + π

2

)
. (6)

It has a unit cell of length 2a with three “low”-energy
lattice sites and one “high”-energy site, which suppresses
tunneling to that site, as shown schematically in Fig. 1(b).
The triple wells of the g and e lattices are shifted relative
to each other by a distance a.

The optical potential along x can be realized by super-
imposing three different optical lattices. Each of them
is generated from a pair of monochromatic laser beams
at either the magic wavelength λm [51,52], which corre-
sponds to a state-independent potential, or the antimagic
wavelength λam [53], where the potentials for atoms in
the g and e states are equal in magnitude but have oppo-
site signs. Moreover, the lattice spacing can be set by
tuning the intersection angle θ between the interfering
pair of laser beams according to λ/ [2 sin(θ/2)]. The two
shorter-spacing lattices in Eq. (6) are operated at the magic
wavelength λm (Be = Bg and Ce = Cg) and at intersection
angles θC = 180◦ and θB = 60◦. The corresponding lattice
spacings are a = λm/2 and 2a, such that their combina-
tion yields a symmetric double-well potential [54,55]. The
third long lattice at lattice spacing 4a, which can be gener-
ated at a smaller intersection angle, is operated at λam, with
Ag = −Ae generating a triple-well potential that is shifted
for g and e atoms as shown in Fig. 1(a) for ϕ = 0. Experi-
mentally, the superposition of multiple optical lattices has
been used in numerous quantum simulation experiments.
The main challenge for our proposal is to realize a phase-
stable realization of interfering optical lattices. While this
is technically challenging, interfering lattices have been
successfully demonstrated for a variety of complex lattice
geometries with high phase stability (see, e.g., Refs. [56–
60]). Note that the required optical potentials could also
be generated using a hybrid approach using a combination
of optical lattices and tweezers, which have recently been
employed for Hubbard-type physics [61,62].

B. Lattice Hamiltonian

To obtain a lattice Hamiltonian for the model, we
assume that only the three lowest Bloch bands are occupied
both for the g and e states and we express the field oper-
ator �α(r) in terms of the Wannier functions wα,s, where
s = {−, 0, +} labels the three Wannier centers in a unit cell
(Fig. 2):

�g(r) =
∑

j odd

[
wg,+(r − rj )cj +1/2

+wg,0(r − rj )cj + wg,−(r − rj )cj −1/2
]

, (7)

�e(r) =
∑

j even

[
we,+(r − rj )dj +1/2

+we,0(r − rj )dj + we,−(r − rj )dj −1/2
]

, (8)
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(a)

(b)

FIG. 2. The optical-lattice potential and the Wannier func-
tions. The x component of the optical-lattice potential defined in
Eq. (6) for the (a) g and (b) e atoms is plotted in gray for ϕ = 0.
The parameters Aα , Bα , and Cα are reported in Table I. The x
components of the Wannier functions centered on sites x = 3a
and x = 2a are shown in red. The parameter s = {−, 0, +} labels
the three different orbitals in the unit cell.

where rj = jax̂, x̂ is the unit vector, and cj (dj ) is the lattice
fermionic annihilation operator of a g atom (e atom) on
lattice site j .

Substituting the expressions for the field operators in Eq.
(5), we obtain the lattice Hamiltonian (see Appendix A),

Hlatt = Hg + He + HU + HD + Hlr + const, (9)

where Hg and He denote the terms containing hopping and
chemical potentials of the g and e atoms within a single
triple well, respectively:

Hg =
∑

j odd

[
−tg

(
c†

j cj +1/2 + c†
j cj −1/2 + H.c.

)
+ δgc†

j cj

]
,

(10)

He =
∑

j even

[
−te

(
d†

j dj +1/2 + d†
j dj −1/2 + H.c.

)
+ δed†

j dj

]
.

(11)

We assume, for the moment, that ϕ = 0, so the model is
symmetric under reflections centered on the matter sites:
this implies that the chemical potentials of the sites s = +

TABLE I. The experimental parameters. All values are given
in units of h × kHz.

Ag = −Ae Bg = Be Cg = Ce

9.827 6.343 15.832

�g = �e δg = δe U tg = te Dg = De

7.22 1.02 2.03 0.085 0.023

(a) (b) (c)

FIG. 3. The interacting terms in HU and HD. (a) The on-site
interaction U between a single g (blue circle) and e atom (orange
circle). (b) The hopping of a single e atom to an empty lattice
site. (c) In the presence of interactions, tunneling is additionally
modified by a density-assisted tunneling with amplitude De.

and s = − are the same (and can be chosen as a reference
level and set to zero).

The terms HU and HD are obtained from the interacting
term in Eq. (5) and read (see Fig. 3)

HU = U
∑

j

d†
j +1/2dj +1/2c†

j +1/2cj +1/2, (12)

HD = Dg

∑

j odd

(
d†

j +1/2dj +1/2c†
j cj +1/2

+d†
j −1/2dj −1/2c†

j cj −1/2 + H.c.
)

+ De

∑

j even

(
c†

j +1/2cj +1/2d†
j dj +1/2

+c†
j −1/2cj −1/2d†

j dj −1/2 + H.c.
)

. (13)

Finally, Hlr contains all the additional terms, of the form
of longer-range hoppings and interactions, that have very
small amplitudes and can be neglected (we explicitly
verify that these terms are negligible for the parameters
reported in Sec. IV A). Note that we do not neglect the
interaction terms in HD (which are usually not included
in simple Hubbard-like models) because these terms have
a non-negligible effect on the QLM Hamiltonian for the
realistic experimental parameters that we consider in Sec.
IV A.

It is useful to define ε = (δg − δe)/2, δ = (δg + δe)/2,
and the total number of atoms on each site j + 1/2, which
corresponds to a link in the QLM (Fig. 1),

n(l)j +1/2 = d†
j +1/2dj +1/2 + c†

j +1/2cj +1/2. (14)

Here, (l) is a redundant superscript to indicate that we are
on a link. We now assume that the three parameters ε, tα ,
and Dα are small compared to both δ and U − δ: in this
regime, it is convenient to split the Hamiltonian into three
parts, Hlatt = H0 + H1 + Hlr, with different energy scales,
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i.e.,

H0 = (Ng + Ne − Nl)δ

+
∑

j

(
−δ + U

2
n(l)j +1/2

)
(n(l)j +1/2 − 1), (15)

where Ng and Ne are the total numbers of atoms in the
g and e states, respectively, and Nl is the total number
of links. From Eq. (15), it is immediate to see that for
δ, U − δ > 0, the lowest-energy states of H0 have exactly
one atom (either g or e) on each half-integer site, i.e.,
n(l)j +1/2 = 1 for every j : a double occupancy n(l)j +1/2 = 2
costs energy U − δ, while having a hole n(l)j +1/2 = 0 costs
energy δ. The term H1 has the form

H1 =
∑

j odd

[
−tg

(
c†

j cj +1/2 + c†
j cj −1/2 + H.c.

)
+ ε c†

j cj

]

+
∑

j even

[
−te

(
d†

j dj +1/2 + d†
j dj −1/2 + H.c.

)
− ε d†

j dj

]

+ HD, (16)

where HD is the Hamiltonian in Eq. (13).
We initialize the system with two g atoms for every

g triple well and one e atom for every e triple well (all
these quantities are locally conserved, if we neglect Hlr).
The effective Hamiltonian describing the resonant dynam-
ics is obtained using perturbation theory: we neglect Hlr
and we treat H1 as a perturbation to H0. To second order,
the effective Hamiltonian has the form (see Appendix B)

H (2)
eff = −w

∑

j odd

(c†
j cj +1/2d†

j +1/2dj +1 + H.c)

− w
∑

j even

(d†
j dj +1/2c†

j +1/2cj +1 + H.c)

+ m
∑

j odd

c†
j cj − m

∑

j even

d†
j dj , (17)

with

w = tgteU
δ(δ − U)

+ −Detg − Dgte + DeDg

δ − U
, (18)

m = ε + 2t2g − t2e
2δ

− (tg − Dg)
2 − 2(te − De)

2

2(U − δ)
. (19)

C. Mapping to the quantum link model

We now prove that there is an exact mapping between
the effective Hamiltonian H (2)

eff and the quantum link
Hamiltonian in Eq. (4). Note that in contrast to earlier
works based on tilted 1D optical lattices [23–25], our goal

here is to work within the lowest-energy manifold of the
model.

The mapping is based on the following identification:
sites having integer lattice positions x = ja, with j ∈ Z,
correspond to matter sites and, in particular, they can host
positrons (for j even) or electrons (for j odd); half-integer
lattice positions x = (j + 1/2)a, with j ∈ Z correspond to
gauge field sites. More specifically, the fermionic operator
ψj for the matter is defined as

ψj =
{

cj , j odd,
dj , j even (20)

(and an analogous definition is used for ψ†
j ). The electric

field Ej ,j +1 and the parallel transporter Uj ,j +1 on the link
are represented by

Ej ,j +1 = (−1)j

2
(c†

j +1/2cj +1/2 − d†
j +1/2dj +1/2), (21)

Uj ,j +1 =
{

cj +1/2d†
j +1/2, j odd,

dj +1/2c†
j +1/2, j even

(22)

and satisfy the desired commutation relation [Ei,i+1, Uj ,j +1]
= δi,j Uj ,j +1. With the definitions in Eqs. (20) and (21), the
operator Gj takes the form

Gj = 1
2
(n(l)j +1/2 + n(l)j −1/2)− n(b)j + (1 − (−1)j )

2
, (23)

where n(b)j is the number of atoms in the j th triple-well (or
“block”), i.e.,

n(b)j =
{

c†
j cj + c†

j +1/2cj +1/2 + c†
j −1/2cj −1/2 j odd,

d†
j dj + d†

j +1/2dj +1/2 + d†
j −1/2dj −1/2 j even.

(24)

With this mapping, which is schematically shown in Fig. 1,
we obtain that H (2)

eff is equivalent to the Hamiltonian
HQLM with τ = 0, as can be readily obtained by sub-
stituting Eqs. (20)–(22) in Eq. (4). The gauge-invariant
subspace corresponds to the sector with n(l)j +1/2 = 1 and
n(b)j = [3 − (−1)j ]/2 for every j : the first condition also
implies that the electric field has ±1/2 as the only two
possible eigenvalues and therefore corresponds to the spin-
1/2 representation of the QLM model. Some examples of
gauge-invariant states are shown in Fig. 4.

In Fig. 4(a), all g atoms sit on the links and all e
atoms are on the matter sites: the corresponding electric
field takes values Ej ,j +1 = (−1)j /2, whileψ†

j ψj = 1, 0 for
even and odd sites, respectively, leading to alternating pos-
itive and negative charges on matter sites. This state is the
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+ − +

vacuum with
negative electric field

neighboring pairs of
+ and − charges

vacuum with
positive electric field

e atom detuned site empty site

g atom

(a) (b) (c)

FIG. 4. Examples of the mapping between atomic configu-
rations in the optical lattice and gauge-invariant states in the
U(1) QLM. In each panel, the atomic states in the optical lat-
tice are shown in the top row and the states in the QLM are
shown in the bottom row. (a) The state with neighboring pairs
of + and − charges. (b) The vacuum state with a homogeneous
negative electric field E = −1/2. (c) The vacuum state with a
homogeneous positive electric field E = +1/2.

ground state of the model in the limit m → −∞. Simi-
larly, it is easy to show that the states represented in Figs.
4(b) and 4(c) have no charges on matter sites and have
uniform (negative or positive) electric field. These states
(vacua) are degenerate ground states in the limit m 
 |w|
with τ = 0, while the degeneracy is split for τ �= 0.

D. Theta term

We now show how to tune the parameters of the optical
lattice to obtain τ �= 0. The lattice Hamiltonian given in
Eq. (9) is derived with the assumption that ϕ = 0. We now
slightly perturb this model, by introducing a small shift
ϕ � 1. To first order in ϕ, the shift produces an additional
potential along x:

Vx
α → Vx

α − Aα sin
(π

a
x
)
ϕ. (25)

The main effect of this additional term is to change the
chemical potential at half-integer positions x = (j + 1/2)a
by a quantity −Aαϕ(−1)j . We obtain

Hlatt → Hlatt −
∑

j

(−1)j ϕ(Agc†
j +1/2cj +1/2

+ Aed†
j +1/2dj +1/2)

= Hlatt −
∑

j

(−1)j ϕ
[

Ag + Ae

2
n(l)j +1/2

+Ag − Ae

2
(c†

j +1/2cj +1/2 − d†
j +1/2dj +1/2)

]
. (26)

The term
∑

j (−1)j n(l)j +1/2 cancels in the resonant sector and
the remaining term is mapped to

∑
j τEj ,j +1, with

τ = (Ae − Ag)ϕ. (27)

Note that a similar scheme for the tuning of the topological
theta angle has been proposed [46,47] for an experimental

realization based on a tilted optical superlattice [23–25],
which requires the implementation of an additional optical
potential with twice the period of the superlattice.

IV. EXPERIMENTAL IMPLEMENTATION

The ab initio calculation of the band structure and Wan-
nier functions allows us to estimate the energy scales
involved in the quantum simulation. These estimations
explicitly verify that the desired parameter range is achiev-
able in present-day experiments. The quantitative estima-
tion of the parameters is also crucial to understand the
limitations of our proposal, such as the amplitude and dura-
tion of the signal, and to identify the main sources of error,
such as the population of higher bands, higher-order per-
turbative processes, longer-range terms, and dissipation.

To set values, we choose the fermionic isotope 173Yb
with mass M ≈ 173u and the interorbital scattering length
a−

eg = 219.7 a0 [63]; here, u denotes the atomic mass unit
and a0 the Bohr radius. However, we note that our pro-
posal can be similarly applied to other fermionic AELA
species such as 171Yb and 87Sr. The experimental param-
eters require scaling to account for the modified atomic
mass and scattering length [64,65] with no conceptual
change in the design of the experiment.

A. Realistic parameters

We define �g/e as the gap between the third and fourth
energy band in the lattice for the g/e atoms (see Sec.
A). The parameters used here are chosen to satisfy the
hierarchy of energy scales

�g/e 
 δg/e, U − δg/e 
 tg/e, Dg/e 
 terms in Hlr. (28)

We note that for the 3D lattice potential Vα(r), the Wannier
functions obtained by solving the noninteracting Hamil-
tonian Hnonint can be factorized in three directions. The
hoppings tα , the chemical potentials δα , and the gaps �α

do not depend on the y and z components φy
α(y) and φz

α(z)
of the Wannier functions (see Appendix A). The interac-
tions U and Dα , on the other hand, are proportional to the
quantity

Jyz =
∫

dy dz |φy
g(y)|2|φy

e (y)|2|φz
g(z)|2|φz

e(z)|2. (29)

We can therefore tune Fα and dy/z to change the value of
Jyz and thus enhance or suppress the interaction terms U
and Dg/e independent of the other parameters.

In Table I, we report a possible choice for the parameters
of the optical lattice and the corresponding parameters of
the lattice Hamiltonian. We choose a = λm = 0.7594 µm
[66] and Jyz = 48.566 µm−2.

With these parameters, from Eqs. (18) and (19) we
obtain m/h = 9 Hz and w/h = −18 Hz; where h denotes
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Planck’s constant. The value of Jyz reported here can be
obtained with a transverse confinement Fg/h = Fe/h =
48.9 kHz and dy/z = λm/2. For this choice of transverse
potential, the hopping in the y and z directions is ty/zα /h =
2 Hz, much smaller than the relevant scales m and w. The
transverse hopping can be made even smaller by using
two beams intersecting at a shallow angle instead of using
retroreflected beams: the lattice spacing dy/z is increased
and the same value of Jyz is obtained for a larger Fα , thus
suppressing the transverse hopping.

We explicitly check that all the terms included in Hlr,
which are neglected in the derivation of HQLM, are small
with respect to w. The nearest-neighbor density-density
interaction is of the order of approximately 0.6 h × Hz,
while the hopping between the sites s = + and s = − in
a triple well is approximately 2 h × Hz and is negligible
because it is suppressed by the on-site interaction U.

The parameters in Table I can be readily generalized
to other atomic species: we can define the adimensional
lattice constant ã = a/λm and the adimensional parameter
Ãα = Aα2M/�2λ2

m. Similarly, we can define dimensionless
parameters for the other energy scales Bα , Cα , �α , δα , U,
tα , Dα , m, and w and for the quantity Jyz. Implementations
with different atomic species but the same adimensional
parameters of the optical lattice yield the same adimen-
sional values for the terms in the lattice Hamiltonian.

B. Initial-state preparation

We propose two distinct approaches to a two-step prepa-
ration of the system in gauge-invariant initial states as
shown in Fig. 4, which require specific atom configura-
tions. First, the correct atom-number distribution needs
to be prepared (independent of the internal state). One
option is to prepare it starting from a sample with one
g atom per lattice site followed by the removal of atoms
on selected lattice sites, yielding the desired occupation.
This is a standard technique in quantum gas microscopes
[67,68]. Alternatively, the atoms could be placed directly at
their desired locations with moving optical-tweezer poten-
tials [62]. In the second step, g atoms can be converted
to e atoms on selected lattice sites using a global clock-
laser excitation pulse exploiting the local differential light
shifts δα and �α [Fig. 1(a)]. The conversion could also be
performed locally by using clock-laser light focused onto
single lattice sites.

V. REAL-TIME DYNAMICS

Using numerical simulations, we study here the real-
time dynamics of the model of the Hamiltonian given in
Eq. (9), which we compare with the dynamics of the quan-
tum link model in Eq. (4). In both cases, we start with
the initial state shown in Fig. 4(a). The time evolution
of the model is simulated exactly for a system of length
4a with periodic boundary conditions, with the parameters

(a)

(b)

(c)

(d)

(e)

FIG. 5. The dynamics in the U(1) quantum link model. The
time evolution of (a) the number of atoms per link and (b) [(c)]
the number of atoms on each odd (even) block. For each observ-
able O, the shaded area indicates the interval 〈O〉 ± √

Var(O).
The initial state is depicted in Fig. 4(a) and is evolved under
Hlatt. The system has periodic boundary conditions and finite
size 4a. The top-left schematic in each panel illustrates the
observable. (d) The time evolution of the electric field on an
odd-even link. The exact dynamics given by Hlatt are compared
with the second-order effective Hamiltonian [using Eqs. (18)
and (19)] and with the fourth-order effective Hamiltonian H (4)

eff .
The latter two are both equivalent to HQLM. (e) The difference
�Eodd,even = 〈Eodd,even〉Hlatt − 〈Eodd,even〉H (the subscript denotes
the Hamiltonian that generates the time evolution) for the two
cases H = HQLM and H = H (4)

eff .

reported in Sec. IV A. Longer-range terms from Hlr in Eq.
(9) are included in the numerical simulation: the dynamics
are exact as long as higher bands are not occupied.

A. Gauge invariance and gauge field

The system is effectively gauge invariant as long as
Gauss’s law applies. To quantify the violation of Gauss’s
law in Eq. (9), we examine the time evolution of n(l)j +1/2 and
n(b)j . The simulation results are shown in Figs. 5(a)–5(c).
We find that the conditions n(b)j = [3 + (−1)j ]/2 and
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n(l)j +1/2 = 1 are preserved up to 5 × 10−4 and 10−1, respec-
tively, within the first 70 ms after initialization, which
should be compared to the characteristic interaction time
scale �/|w| � 8.8 ms.

In Fig. 5(d), we examine the evolution of the elec-
tric field with (i) the Hamiltonian Hlatt, (ii) the second-
order effective Hamiltonian H (2)

eff , equivalent to HQLM, and
(iii) the fourth-order effective Hamiltonian H (4)

eff (from the
Schrieffer-Wolff procedure). The differences between the
electric field value obtained in case (i) and with the approx-
imate Hamiltonians are plotted in Fig. 5(e). For times up to
approximately 40 ms, the results obtained in the three cases
are in good agreement: this shows that the second-order
effective Hamiltonian HQLM captures the main features of
the time evolution, at least at short and intermediate time
scales, and that longer-range terms and higher-order per-
turbative processes are minor sources of error. For times of
the order of � 50 ms, we find that fourth-order corrections
have to be considered in order to obtain a good prediction
of the time evolution in the experiment. We remark that
the fourth-order corrections do not violate Gauss’s law but
correspond to additional gauge-invariant terms. A feature
of the evolution induced by Hlatt that is not observed in the
effective Hamiltonians is the presence of fast oscillations
with small amplitude. These oscillations have a frequency
compatible with the energy scale of H0 and are averaged
out in the perturbative approach.

To make this separation of energy scales more evident,
we examine the Fourier transform of the signal E(ω) =∫ tmax

0 E(t)e−iωtdt in Fig. 6. As expected, the evolution under
Hlatt shows peaks at frequency ω ∼ δ/� = (U − δ)/� =
6.4 kHz [Fig. 6(a)], which are not observed for the effective
Hamiltonians. Enlarging at smaller frequencies [Fig. 6(b)],
we see that the agreement in the Fourier transforms is good
between Hlatt and HQLM and is excellent between Hlatt and
H (4)

eff .

B. Dissipation

Finite dissipation can become a crucial issue in the
experiment when it occurs on time scales comparable to
the relevant dynamic evolution of the system. Therefore,
we focus on identifying the fastest dissipation process.
This allows us to estimate for how long the experimen-
tal system closely follows the coherent dynamics of our
model. For the AELA in an optical lattice considered here,
the typically dominant dissipation channels are lossy colli-
sions between pairs of atoms and off-resonant scattering
of optical-lattice photons. In the following, we evalu-
ate the relevance of both for our proposed experimental
implementation.

Lossy collisions between pairs of atoms with one or both
of the two atoms in the e state can lead to a particularly fast
atom loss [48,49]. For our proposed implementation, how-
ever, double occupancies of lattice sites are (purposefully)

(a)

(b)

FIG. 6. The Fourier transform of the time evolution of the
electric field. (a) The spectrum corresponding to the time evo-
lution shown in Fig. 5(d). (b) An enlargement of (a), revealing
details at small frequencies.

strongly suppressed, either by fermionic quantum statistics
(ee pairs) or a large on-site interaction energy (eg pairs).
As a consequence, lossy collisions between pairs are not
expected to be a limiting factor.

In contrast, off-resonant photon scattering from lattice
photons is identified as the dominant limiting factor in our
proposed implementation. While off-resonant photon scat-
tering eventually leads to heating and atom loss, another
effect could become relevant at earlier times. When an
atom in the e state scatters an optical-lattice photon, short-
lived intermediate states can be populated and decay back
to the g state with a finite probability. Conversion of e
atoms to g atoms due to this optical pumping process
has already been observed and characterized in optical-
lattice experiments with AELAs [35,69]. Here, we employ
these results to estimate the expected time scale for our
parameters (see Table I). Focusing on the proposed imple-
mentation in Sec. III A for 173Yb and the off-resonant
scattering of magic wavelength lattice light, we estimate
a repumping rate � ≈ 111 mHz. Comparison of this esti-
mate to the quantity |w|/� = 113 Hz suggests that the
dynamics of our model can be faithfully observed for many
characteristic time scales.

C. Disorder

An experimental implementation could also exhibit
finite disorder. Based on previous experimental work [70],
disorder occurs in particular when utilizing hybrid poten-
tials generated with both optical lattices and optical tweez-
ers. To estimate how much disorder affects the dynamic
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FIG. 7. The influence of disorder on the dynamics of the elec-
tric field. The Fourier transform of the time evolution of the
electric field under HW for different values of W. The legend indi-
cates the values of W/h in kilohertz. The results are averaged
over 100 disorder realizations.

evolution of the system, we consider a quenched disorder
in the chemical potentials of the atoms of the form

HW = Hlatt +
∑

j odd

[
Wg,j +1/2c†

j +1/2cj +1/2

+Wg,j −1/2c†
j −1/2cj −1/2 + Wj c†

j cj

]

+
∑

j even

[
We,j +1/2d†

j +1/2dj +1/2

+We,j −1/2d†
j −1/2dj −1/2 + Wj d†

j dj

]
, (30)

where Wα,j +1/2 and Wj are taken randomly from a uniform
distribution in the interval [0, W).

In Fig. 7, we plot the Fourier transform E(ω) averaged
over 100 disorder realizations for different values of W. We
find that disorder has the effect of smearing out the peaks,
which nevertheless remain visible up to W/h ∼ 0.01 kHz.

VI. THE TWO-DIMENSIONAL MODEL

We now generalize the implementation examined in the
previous sections to the quantum link model in two spatial
dimensions and we show how this can be simulated with
realistic experimental setups.

A. Quantum link model

We consider the following Hamiltonian that describes a
two-dimensional (2D) quantum link model [71]:

HQLM = −w
∑

r

∑

k=x̂,ŷ

(
ψ†

r Ur,r+kψr+k + H.c.
)

+ m
∑

r

srψ
†
r ψr + τ

∑

r

∑

k=x̂,ŷ

Er,r+k, (31)

where the sums run over the points r = (i, j ) of a 2D square
lattice (i, j are integers) and sr = (−1)i+j ; here, x̂ and ŷ

(a) (b)

(c) (d)

+

−

electric field
(negative)

electric field
(positve)

charge (−)

charge (+)

e atom

g atom

detuned
lattice site

hopping
bond

empty
lattice site

0 2 4
x/a
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y /
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FIG. 8. The implementation of the quantum link model in two
dimensions. (a),(b) The optical lattice for the (a) g and (b) e
atoms. (c) An example of a gauge-invariant state belonging to the
resonant subspace. The blue and orange circles represent g and e
atoms, respectively. (d) The corresponding gauge-invariant state
in the QLM. The dark- (light-) gray circles indicate the occupied
(empty) matter sites (with charge +, −, or no charge). The red
(blue) arrows represent a link with electric field Er,r+k = +1/2
(Er,r+k = −1/2).

denote unit vectors along the respective directions. The
gauge fields sit on the links and, similarly to the 1D case,
are represented by spin variables with finite d-dimensional
Hilbert spaces (here, d = 2). The generators of the gauge
symmetry read

Gr =
∑

k=x̂,ŷ

(Er,r+k − Er,r−k)− ψ†
r ψr + 1 − sr

2
. (32)

A state |�〉 is gauge invariant in the vacuum symme-
try sector without static charges if it satisfies Gauss’s
law Gr |�〉 = 0 for every lattice site r. An example of a
gauge-invariant state is shown in Fig. 8(d).

Note that we do not include plaquette terms in Eq. (31),
which are the most standard pure gauge-field terms. As
we discuss below, the expected amplitudes of these terms
would be too small in our proposed experimental setup
to induce any notable change in the observed dynamics
before off-resonant corrections break the gauge symmetry.

Note that different from the 1D case, in 2D QLMs,
achieving the continuum limit is possible via dimensional
reduction, via coupling several planes—similarly to what
happens in CP(N ) quantum field theories [72]. While this
requires additional resources from an experimental stand-
point, its implementation is compatible with all of the tools
we discuss below.
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TABLE II. The experimental parameters for the 2D quantum
link model. All values are given in units of h × kHz.

Ag = −Ae Bg = Be Cg = Ce

50.029 25.915 27.516

� δg = δe U tg = te Dg = De

9.63 1.08 2.16 0.087 0.033

B. Quantum simulation

Our desired optical lattice in two dimensions consists of
cross-shaped “blocks” of g and e sites [see Figs. 8(a)–8(c)].
While in the 1D case each block consists of a triple well,
here a block contains five sites: a central matter site at
r = (x/a, y/a) = (i, j ), with i, j integers, and four gauge
sites around it at positions r ± (1/2, 0) and r ± (0, 1/2).
Blocks of g and e sites alternate in a checkerboard pattern,
as shown in Fig. 8(c), with overlapping g and e gauge sites.
A lattice of this type can be realized with the potential

Vx,y
α (x, y) =
− Aα sin2

[ π
2a
(x + y)+ ϕ

]
− Aα sin2

[ π
2a
(x − y)

]

− Bα sin2
[π

a
(x + y)

]
− Bα sin2

[π
a
(x − y)

]

− Cα sin2
(

2π
a

x + π

2

)
− Cα sin2

(
2π
a

y + π

2

)
.

(33)

Figures 8(a) and 8(b) depicts the profiles of Vx,y
g and Vx,y

e
for the values of Ag , Ae, Bg , Be, Cg , and Ce reported in
Table II.

The steps for deriving the lattice Hamiltonian and map-
ping it to the QLM are analogous to the 1D case. We report
here the mapping of the operators:

Er,r+k = sr

2
(c†

r+k/2cr+k/2 − d†
r+k/2dr+k/2), (34)

ψr =
{

cr, if sr = −1,
dr, if sr = +1, (35)

Ur,r+k =
{

cr+k/2d†
r+k/2, if sr = +1,

dr+k/2c†
r+k/2, if sr = −1.

(36)

The system is initialized with three g atoms on each odd
block and two e atoms on each even block. To illustrate
the mapping, we show in Figs. 8(c) and 8(d) an example
of a resonant state in the local-occupation basis and the
corresponding gauge-invariant state in the quantum link
model.

Using the same derivation as the 1D case, we obtain the
effective Hamiltonian in Eq. (31). In Table II, we report

the parameters obtained for the lattice potential depicted
in Figs. 8(a) and 8(b). We set a = λm = 0.7594 µm and
Jz ≡ ∫

dz|φz
g(z)|2|φz

e(z)|2 = 19.235 µm−1. For this choice
of parameters, we obtain m = 10 h × Hz and w = 20 h ×
Hz for the QLM Hamiltonian Eq. (31).

We remark that plaquette terms of the form Ur,r+x̂

Ur+x̂,r+x̂+ŷU†
r+ŷ,r+x̂+ŷU†

r,r+ŷ are generated at higher order in
perturbation theory but their amplitude is completely neg-
ligible for the energy scales of the experimental system.
While it remains an open question whether plaquette terms
can be implemented in a realistic experiment with similar
setups, we note that in recent works it has been observed
that some phases of matter that are expected to be stabi-
lized by plaquette terms are surprisingly robust even when
these terms are absent or completely negligible [22,73–75].
This suggests interesting directions for future investiga-
tion of static and dynamical properties of LGTs with no
plaquette terms, such as the one in Eq. (31).

VII. CONCLUSIONS

We present a proposal for the scalable quantum simula-
tion of lattice gauge theories coupling (staggered) fermions
to U(1) gauge fields utilizing a mixture of alkaline-earth(-
like) atoms in both a ground and a metastable state in
optical potentials. The key element of our proposal is a
careful treatment of the full system dynamics, which are
derived ab initio from microscopic interactions between
atoms and light, and the atoms themselves. While the pro-
posal can be applied to a variety of atomic species, we draw
a complete blueprint utilizing concrete estimates based on
173Yb atoms.

Our treatment highlights concrete challenges in the
quantum simulation of lattice gauge theories that have
so far mostly been overlooked. In particular, it makes
clear that the superposition of lattice potentials required
for such simulations, while certainly realistic experiment-
wise, gives rise to complicated band structures that must
be quantitatively understood to access the reliability and
feasibility of any quantum simulation. The reason for this
is twofold: band separation can become much smaller
than what is naively expected, making protection of gauge
invariance very challenging; in parallel, intrinsic energy
scales of desired processes can be considerably reduced
with respect to simplistic deep-lattice estimates based on
highly localized Wannier functions. These limitations are
particularly pernicious for single-body terms in the lat-
tice potential, the estimation of which crucially requires a
quantitative approach such as the one adopted here.

Within the context of our proposal, we show that opti-
mal parameter regimes can still be found for observing the
correct and expected LGT dynamics. This can be achieved
due to the detailed microscopic understanding toward
which our treatment leads. We demonstrate this conclu-
sion by comparing numerical simulations of both ideal and
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effective dynamics of string relaxation, also including the
effects of inhomogeneities.

Based on our findings, we believe that the ab ini-
tio approach that we propose is, in the long term, the
one needed to fully determine the capabilities of quan-
tum simulators of lattice gauge theories. We take the
first step beyond Abelian 1D models, by extending them
to 2D geometries. Future works will be fundamental
to address the experimental capabilities to realize other
Abelian gauge theories (such as QLMs with larger rep-
resentations—or LGTs that do not belong to the class of
QLMs, such as the conventional Wilsonian LGTs) and
non-Abelian lattice gauge theories, which to date have
been proposed only in very few settings [76–84].
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APPENDIX A: WANNIER FUNCTIONS AND
LATTICE HAMILTONIAN

1. 1D case

In this appendix, we discuss the ab initio derivation
of the lattice Hamiltonian from the Wannier functions for
the case of the 1D model. First, we solve the noninteract-
ing Hamiltonian Hnonint. We diagonalize the single-particle
Hamiltonian hα(r),

hα(r) = − �
2

2M
∇2 + Vα (r) , (A1)

with α = g, e. For the quantum simulation of the 1D model
discussed in Sec. III, the potential is

Vα(r) = Vx
α(x)+ Vy

α(y)+ Vz
α(z). (A2)

We then look for a factorized and localized 3D com-
plete basis of wave functions for all states involved in the
dynamic evolution of the system. The potential is periodic
in space for each component x, y, and z such that the Bloch
theorem applies to Eq. (A1). In Fig. 9, we plot the potential
Vx

g (with the parameters of Table I) and the lowest bands
obtained by solving the corresponding periodic Hamilto-
nian. Using a unitary transformation (similar to the reverse
Fourier transformation) of the Bloch eigenfunctions, we
obtain a set of localized orthonormal wave functions wα,s
called the Wannier functions. Because of the form of the
potential in Eq. (A2), the Bloch functions are factorizable.
Likewise, the Wannier functions factorize along x, y, and
z:

wα,s(r − rj ) = φx
α,s(x − ja)φy

α(y)φ
z
α(z), (A3)

where w is the 3D Wannier function and the φi are the 1D
Wannier functions for each direction i = x, y, z. α = g, e is
the electronic state, s = {0, +, −} denotes the three func-
tions corresponding to the three sites of a triple well, and
rj = jax̂ is the Wannier center. As we target a 1D system,
we consider only Wannier functions in the transverse direc-
tions y and z centered around y = z = 0 by convention.
They involve only the lowest Bloch band. The x compo-
nent is instead obtained from the three lowest bands such
that we have three Wannier centers per unit cell.

To derive an expression for the localized Wannier func-
tions that is useful to estimate the overlap, we compute
the eigenstates of the projection of the position operator
onto a given set of Bloch states [85,86]. In one dimension,
this method always gives the maximally localized Wannier
functions [87,88]. In many other cases, this derivation still
gives a good approximation of the maximally localized
Wannier functions.

We can then define discrete operators for the discrete
Hamiltonian. We expand the fermionic operators in the
basis of the Wannier functions

�g(r) =
∑

j odd

[
wg,+(r − rj )cj +1/2

+wg,0(r − rj )cj + wg,−(r − rj )cj −1/2
]

, (A4)

�e(r) =
∑

j even

[
we,+(r − rj )dj +1/2

+we,0(r − rj )dj + we,−(r − rj )dj −1/2
]

. (A5)

We stress that the only approximations performed so far
are (i) neglecting the higher bands and (ii) only considering
the chain localized at y, z = 0. Approximation (i) is justi-
fied when the gaps �g and �e between the third and the
closest higher bands (see Fig. 9) are much larger than the
energy scales of the dynamics in which we are interested.
Approximation (ii) is justified if the transverse hoppings tyα
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(a) (b)

FIG. 9. The lattice potential and band structure along x. (a) The x component of the optical-lattice potential Vx
g(x). The defining

parameters are reported in Table I. (b) The corresponding band structure, using the same scale as in (a). The two lowest bands are
almost degenerate (they correspond to symmetric and antisymmetric superpositions of the s = {+, −} sites in the triple well) and are
separated from the third one (corresponding to the central site 0 of the triple well) by an energy of approximately δg . Higher bands are
separated from the first three by an energy gap �g .

and tzα are small compared to the energy scales of our inter-
est. For the gaps and the transverse hoppings of Sec. IV A,
both approximations are appropriate.

The discrete parameters emerge when substituting Eqs.
(A4) and (A5) in the Hamiltonian H = Hnonint + Hint in
Eq. (5). These parameters include the chemical poten-
tials, the hoppings (both from Hnonint), the on-site and
off-site density-density interactions, the density-mediated
hoppings, and the correlated hoppings between g and e
atoms. We include all these terms in the numerical sim-
ulations of the real-time dynamics in Sec. V. For clarity,
we give the lattice Hamiltonian with the terms of highest
amplitude. We define the chemical potentials such that

μα,s =
∫

d3r w∗
α,s(r − rα)hα(r)wα,s(r − rα)

= μx
α,s + μy

α + μz
α , (A6)

where α = g, e, s = {0, +, −}, and the Wannier centers
are rg = ax̂ and re = 0. We further define the difference
between the chemical potentials in each triple well,

δα,± = μα,0 − μα,± = μx
α,0 − μx

α,±, (A7)

and the nearest-neighbor hoppings within a triple well,

tα,± = −
∫

d3r w∗
α,0(r − rα)hα(r)wα,±(r − rα)

= −
∫

dx [φx
α,0(x − ja)]∗hx

α(x)φ
x
α,±(x − ja). (A8)

For ϕ = 0, the triple well is designed to be symmetrical,
such that δα,+ = δα,− = δα and tα,+ = tα,− = tα . These two
terms result in the Hamiltonian terms Hg and He in Eq. (9).

The term with largest amplitude obtained from Hint is the
on-site interaction on the sites where g and e triple wells

overlap. This amplitude is given by

U = g−
eg

∫
d3r |wg,−(r − ax̂)|2|we,+(r)|2

= g−
egJyz

∫
dx |φx

g,−(x − ja)|2|φx
e,+(x)|2, (A9)

with

Jyz =
∫

dy dz |φy
g(y)|2|φy

e (y)|2|φz
g(z)|2|φz

e(z)|2, (A10)

and yields the Hamiltonian term HU in Eq. (9). The terms
with the next-largest amplitude with our choice of param-
eters are density-assisted hoppings; specifically, where a g
or e atom hops between two sites of a triple well, provided
that an atom of the opposite electronic state sits in either
the initial or the final site (see Fig. 3). The amplitude has
the form

Dg = g−
eg

∫
d3r w∗

g,0(r − ax̂)wg,−(r − a)|we,+(r)|2

= g−
egJyz

∫
dx [φx

g,0(x − ja)]∗φx
g,−(x − ja)|φx

e,+(x)|2,

(A11)

De = g−
eg

∫
d3r |wg,−(r − ax̂)|2w∗

e,0(r)we,+(r),

= g−
egJyz

∫
dx |φx

g,−(x − ja)|2[φx
e,0(x)]

∗φx
e,+(x) (A12)

and results in the Hamiltonian HD in Eq. (9). For our
choice of parameters, all the other terms (that we gener-
ically include in Hlr) have sufficiently small amplitudes to
be negligible according to Sec. V A.
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FIG. 10. The band structure for the 2D lattice. The ten lowest
bands corresponding to the 2D lattice Vx,y

e (x, y) in Fig. 8.

2. 2D case

The steps of the derivation of the lattice Hamiltonian in
the 2D system are very similar to those for the 1D case.
The main difference lies in the potential, which is now

Vα(r) = Vx,y
α (x, y)+ Vz

α(z). (A13)

As a consequence, only the z component of the Bloch (and
Wannier) functions can be factorized out, while for the x-y
plane we have to solve a 2D single-particle Hamiltonian.
The first ten 2D Bloch bands for the parameters in Table II
are plotted in Fig. 10.

FIG. 11. The Wannier functions for the 2D lattice. The 2D
Wannier functions of two g and two e blocks. In orange (light
blue), we plot the four Wannier functions localized on the links
of each block for the e (g) state. In red (dark blue), we plot the
Wannier function localized on the center of each block for the e
(g) state.

The unit cell that we consider is defined by the lattice
vectors (2a, 0) and (0, 2a) and contains two blocks for each
electronic state. Because each block contains five sites, we
need ten Wannier functions per unit cell for each state.
To find the Wannier functions, we first find the eigen-
states of the projection of the x-position operator on the
ten lowest bands: we collect the groups of eigenstates
with (almost) degenerate eigenvalue and diagonalize the
y-position operator projected on each group. The Wan-
nier functions obtained with this procedure are plotted in
Fig. 11. The coefficients of the lattice Hamiltonian are then
obtained as in the 1D case.

APPENDIX B: PERTURBATIVE THEORY OF THE
LATTICE HAMILTONIAN

The Hamiltonian given in Eq. (5), describing the cold
atoms in the optical lattice, and its lattice formulation in
Eq. (9) can be mapped to the QLM Hamiltonian in Eq.
(4) when considering the coupling between the targeted
gauge-invariant Hilbert subspace and the rest of the Hilbert
space as a perturbation. Such a regime occurs when the
three parameters ε, tα , and Dα are small compared to both
δ and U − δ and Hlr is negligible. To second order in per-
turbation, we obtain the correction given in Eq. (17). Here,
we present the computation in more detail.

The resonant targeted subspace verifies that

∀j even, ng
j −1/2 + ng

j + ng
j +1/2 = 2, (B1)

∀j odd, ne
j −1/2 + ne

j + ne
j +1/2 = 1, (B2)

∀j , ne
j +1/2 + ng

j +1/2 = 1, (B3)

which satisfy the gauge-invariant condition Gi|ψ〉 = 0 for
all sites i and |ψ〉 in the targeted subspace. All states within
this targeted subspace have the same energy relative to
the Hamiltonian H0 in Eq. (15), although they are not its
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TABLE III. A couple of processes (arrows) starting and end-
ing with a gauge-invariant state (full color) are illustrated. The
transparent dots correspond to the intermediate state. First-order
corrections to the energy are neglected in the amplitude of each
process. m = (δe − δg)/2.

Processes Amplitude Add to

− tgteU

δ(U−δ) − Detg

U−δ

−Dgte

U−δ
− DeDg

U−δ

w

− t2e
U−δ

−2 teDe
U−δ

− D2
e

U−δ

δe (x2)

− t2e
δ

δe

− t2g
δ

δg (x2)

− t2g
U−δ

−2 tgDg

U−δ
− D2

g

U−δ

δg

ground states. This subspace is separated from all other
orthogonal states coupled by H1 in Eq. (16) by an energy
proportional to δ and U. It is thus possible to apply standard
quantum perturbation theory by treating H1 as a perturba-
tion to H0 with ratios of tα and Dα , with 1/δ or 1/(U − δ)

as the small parameters. To first order, the terms in ε of
H1 generate a contribution in the staggered mass m. Fur-
ther corrections due to these terms are negligible and are
neglected. The eigenfunctions of the resonant subspace in
the Fock basis are not modified to first order.

To find Eq. (17), we continue the perturbation to second
order. We use the perturbation formula

H (2)
eff =

∑

i,j

∑

φ

|ψi〉〈ψi|H1|φ〉〈φ|H1|ψj 〉〈ψj |
Eφ − Eψ

, (B4)

with H0|ψi〉 = Eψ |ψi〉, for all i where the ψi generate the
resonant subspace, and the φ are all states orthogonal to
the ψi such that 〈ψi|H1|φ〉 �= 0. By definition, we take
H0|φ〉 = Eφ|φ〉. Both sets of states {|ψi〉} and {|φ〉} are
separable in the local Fock basis and H1 is short ranged
such that, in Eq. (B4), we may only consider a couple
of processes (i.e., matrix elements of 〈ψi|H1|φ〉〈φ|H1|ψj 〉)
involving one link or one site. All of these processes, their
amplitude, and the amplitude to which they contribute are
listed in Table III.
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