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We propose a scheme to implement Kitaev’s honeycomb model with cold atoms, based on a periodic
(Floquet) drive, in view of realizing and probing non-Abelian chiral spin liquids using quantum simulators.
We derive the effective Hamiltonian to leading order in the inverse-frequency expansion, and show that the
drive opens up a topological gap in the spectrum without mixing the effective Majorana and vortex degrees
of freedom. We address the challenge of probing the physics of Majorana fermions, while having access
only to the original composite spin degrees of freedom. Specifically, we propose to detect the properties of
the chiral spin liquid phase using gap spectroscopy and edge quenches in the presence of the Floquet drive.
The resulting chiral edge signal, which relates to the thermal Hall effect associated with neutral Majorana
currents, is found to be robust for realistically prepared states. By combining strong interactions with
Floquet engineering, our work paves the way for future studies of non-Abelian excitations and quantized
thermal transport using quantum simulators.
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I. INTRODUCTION [3-6]; however, applying it in the strongly interacting
regime remains an outstanding challenge at the forefront of
present-day research, due to unwanted energy absorption
from the drive. Strong quantum correlations are intrinsic to
fractional quantum Hall states [7,8], symmetry-protected
topological phases [9,10], spin liquids [11-15], and lattice
gauge theories [16-21], some of which have been pre-
dicted to exhibit non-Abelian excitations [22]. Understand-
ing and harnessing the properties of topologically ordered
phases has far-reaching applications: quantum computing
codes, such as the toric code, use a degenerate ground state
manifold for error-correction [23,24]; braiding of non-
Abelian anyonic excitations (Majorana fermions and vor-
tices) forms the basics of topological quantum computing
[25-27]; and Majorana fermions exhibit chiral neutral cur-
rents associated with a quantized thermal Hall conductivity
[28-38].

Quantum simulation is emerging as one of the most
promising pillars of quantum technology, as it enables the
observation of phenomena predicted to occur in models
that are difficult to encounter in nature. A central ingredient
for emulating the behavior of quantum systems is the abil-
ity to engineer the underlying Hamiltonian and probe its
physics. Over the last decade, a toolbox based on periodic
(Floquet) drives was developed, with the aim of imprinting
novel physical properties by dressing the states of static
systems [1-3].

This Floquet engineering approach proved instrumen-
tal in enabling the realization of artificial gauge fields
and topological band structures in quantum simulators
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A paradigmatic model that exhibits both Abelian and
non-Abelian topological phases is the Kitaev honeycomb
model [29]:
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FIG. 1. Model and drive. (a) The Kitaev honeycomb model is

an emblematic instance of a Z, lattice gauge theory; it can be
mapped exactly to Majorana fermions defined on the vertices of
the honeycomb lattice (cyan) and dispersionless vortices residing
on the plaquettes (orange). (b) Dispersion relation of the Majo-
rana fermions (cyan bands) with gap closing at the Dirac cones.
In our driving protocol, the vortex dispersion (orange) remains
flat, which renders vortices immobile. (c) Ground state phase dia-
gram of the original Kitaev model, featuring three disconnected
gapped phases 4, (Abelian topological phases equivalent to the
toric code) and a gapless spin liquid phase B. (d) Floquet realiza-
tion: periodic modulation of the x, y, and z bonds at frequency
wp breaks time-reversal symmetry and opens up a topological
gap A in the Majorana dispersion in phase B, leaving the vortex
dispersion intact; see (b). The ground state of the effective Hamil-
tonian Heg is a chiral spin liquid, a topological phase exhibiting
non-Abelian excitations.

where the spin-1/2 operators obey [S?,Sf ] =id; 8“’3}’8}/,
a,B,velx,y,z}, and we set h = 1. Each of the three
distinct types of bond on the honeycomb lattice (connect-
ing nearest-neighboring sites {7,/ ), along the « direction)
carries an interaction of strength J, along a single spin
direction « [Fig. 1(a)]. The model is integrable and can be
solved exactly by decomposing the spins into dispersive
Majorana and dispersionless vortex degrees of freedom,
which decouple completely [29] [Fig. 1(b)]. In the thermo-
dynamic limit, the ground state features a uniform vortex
configuration. The ground state phase diagram exhibits
three disconnected gapped phases, labeled “4,,” where the
low-energy physics of the system can be mapped to the
toric code [29]. In between them, a gapless spin liquid
phase appears, marked “B” in Fig. 1(c). Application of an
external magnetic field breaks time-reversal symmetry and
opens up a topological Majorana gap, giving rise to a chi-
ral spin liquid; moreover, vortices acquire a dispersion, and
integrability is broken [29,39].

The Kitaev honeycomb model has spawned a flurry
of interest in the solid-state community, triggering the
search and study of so-called Kitaev materials [40—43].

A smoking-gun signature of chiral spin liquids is a half-
quantized thermal Hall conductivity, similar to the quan-
tized Hall effect in Chern insulators, but with neutral Majo-
rana fermions as carriers (rather than electrons) [30,44].
Different techniques have been proposed to dynamically
probe the signatures of spin liquids [45,46], including
neutron scattering [47] and quench protocols used to mea-
sure the spin structure factor [48—51] and to monitor edge
dynamics of spinon wave packets [52].

In this work, we propose a protocol to engineer the
time-reversal-broken Kitaev honeycomb model using peri-
odically driven ultracold atoms. We further address the
significant challenge of probing the topological properties
associated with neutral, particle-nonconserving Majorana
modes in quantum simulators, with only limited access
to the spin degrees of freedom. To this end, we pro-
pose nonequilibrium protocols combining slow ramps with
abrupt quenches in the presence of the Floquet evolution
to reveal the chiral spin liquid phase, and measure the
edge heat currents as its hallmark signature. We close by
discussing state preparation, opportunities for a physical
implementation, potential challenges, and outlooks.

II. FLOQUET ENGINEERING THE KITAEV
HONEYCOMB MODEL

Consider a periodic drive that implements the following
Floquet unitary (i.e., the time-evolution operator over one
period T of the driving sequence):

T 2 T
- ¥ st isg
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Wy e W= (2)

where T = 27 /wp defines the relation between the drive
period and frequency; see Fig. 1(d). Physical implementa-
tions of this driving sequence, using quantum simulators,
are discussed in Sec. I'V.

A straightforward application of the van Vleck inverse-
frequency expansion (IFE) [1-3] shows that in the high-
frequency limit, the dynamics is stroboscopically gener-
ated by the effective Hamiltonian H.¢ and kick operator
Kegr according to

UF — e—lKCﬂce—zTHCﬁ~6+thﬁ~, (3)

with (see Appendix A)

T —
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where J, = —J,,/3, and [ijk]ag, = (i,j)a (/. k), denotes
three neighboring sites where all associated spin operators
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are different (@ #£ B # y); see Fig. 6. The kick operator
is crucial for capturing the correct stroboscopic dynamics
[1,2,53]. While the infinite-frequency contribution to Heg
is readily recognizable as the Kitaev model [first term in
Eq. (4)], the 1/wp correction opens up a chiral topologi-
cal gap A between the two Majorana bands (at the Dirac
point); see Figs. 1(b) and 2(a). Here, the gap magnitude
A =3+/3g/4, with g = wJ?/3wp for isotropic systems
(Jy = J). Time-reversal symmetry is broken by the peri-
odic drive; however, unlike with application of an external
magnetic field [29], one can verify that vortices remain dis-
persionless under this Floquet drive to any order in the
drive frequency [Fig. 1(b)], since the plaquette operators
[29] commute with the generators of the three unitaries in
Eq. (2). Hence, Ur preserves the vortex structure of the
initial state; see Appendix B.

Related Floquet-Kitaev physics was recently explored in
Josephson junction arrays [54] and in solid-state systems
[55,56], setting the focus on anomalous topological phases
of matter [57—59] and the characterization of edge modes
and their properties [60].

In Sec. III, we place emphasis on the design of prac-
tical probes tailored for cold-atom simulators. Specifi-
cally, we first demonstrate the existence of an energy gap
in the spectrum of H.g, using a practical spectroscopic
approach. We then present a nonequilibrium protocol to
probe the Majorana chiral edge transport, based on local
spin-spin-correlation measurements. Finally, we discuss a
state preparation sequence that allows us to demonstrate
the topological properties of the system starting from a
realistically prepared state. We show numerical simula-
tions of these protocols in the presence of the Floquet
driving sequence that generates the model.

I11. PROBING FLOQUET-KITAEYV PHYSICS

We start by listing a number of outstanding issues,
which are related to present-day limitations in measuring
and probing chiral spin liquids using cold-atom simula-
tors:

(i) The Kitaev honeycomb model appears deceptively
similar to the emblematic Haldane model of Chern
insulators [61—64] when written in terms of Majo-
rana fermions [29]; however, it is substantially
more challenging to probe and analyze, since Majo-
rana excitations are fractionalized excitations that
do not conserve the number of particles. In par-
ticular, it is not possible to access the topologi-
cal properties of this model through mass-transport
or particle-transport measurements and traditional
spectroscopic probes.

(ii) Majorana particles emerge as an effective degree
of freedom: in contrast, the fundamental degree of
freedom, accessible on the quantum simulator, is the
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FIG. 2. Gap spectroscopy. (a) Majorana spectrum, Ewnfajoranas
showing a bulk gap opening at the Dirac points as well as chi-
ral edge modes for a system with periodic boundary conditions
in the y direction (cylindrical geometry). (b) Many-body energy
spectrum, Egp,, of the spin Hamiltonian Heg in the vortex-free
sector for a cylindrical geometry (inset). The many-body ground
state |G) of the system is a product state of the filled lower Majo-
rana band and the ground state of the vortex sector. The bulk
many-body gap A is indicated, and the edge states are located
within the corresponding shaded area. (c¢) The number of excited
particles, Nexc (%), shows well-defined resonances as a function
of the probe frequency w), (vertical dotted line), from which the
gap can be extracted: A = wres/2. The inset shows Ny as a
function of time for w,/J = 0.23; ¢, denotes the measurement
time (Jt, = 300). Spectroscopy is performed in the presence of
the Floquet drive on an 18, x 6, cylinder for 4, = 0.02 and
wp/J =12. (d) The extracted gap decreases when the drive
frequency wp increases, and shows good agreement with the the-
oretical value of the bulk gap, A = 7+/3J%/4wp, of the static
model Hey (black line). Circles (crosses) correspond to a cylin-
drical (planar) geometry. The legend shows the number of unit
cells used in the calculations.

spin. Thus, the question arises as to which quantity
to measure so as to observe the topological prop-
erties associated with the effective (Floquet-Kitaev)
Hamiltonian.

(iii) A different, yet equally important, issue concerns the
state preparation: can one have access to topological
signatures from a realistically prepared state?

(iv) We emphasize the critical role of the Floquet drive
itself, which ensures that the vortex and Majorana
degrees of freedom remain decoupled throughout
the dynamics; this important feature of our scheme
is instrumental for accessing the physics of chiral
spin liquids in the quantum simulation framework.
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To exclude extraneous features associated with a nonideal
initial state, we begin our analysis in Secs. III A and 111 B
by using the rigorously determined ground state of the sys-
tem as the initial state for our proposed Floquet protocol.
Subsequently, in Sec. Il C, we examine the preparation of
the initial state and its influence on the system’s response.

A. Gap spectroscopy

We first discuss the detection of the bulk gap in the
spectrum of the driven spin system [Eq. (2)], which opens
as a consequence of the (chiral) periodic drive; see Fig.
2(b) and Sec. II. Since the Majorana fermions are emer-
gent degrees of freedom, probing their dispersion directly
poses a significant challenge for present-day quantum sim-
ulators. The difficulty arises from the presence of vortices
to which an arbitrary probe would also generically cou-
ple. We address this question by showing how a practical
spectroscopic probe, applied directly to the spin degrees of
freedom, can accurately detect the gap opening.

As we show below, a spectroscopic probe can be real-
ized simply through a sinusoidal modulation of the (uni-
form) coupling between the z bonds,

Jo(t) = J- (1 + 4 sinwy1) )

where w,, and 4, are the probe’s frequency and amplitude,
respectively. In our simulations, we find that this protocol
works properly in the timescale-separated regime a)gl x
A~ w,<Lwp.

The inset in Fig. 2(c) shows the number of excited parti-
cles as a function of time, Ney. (), starting from the ground
state |G) and with application simultaneously of the Flo-
quet drive and the spectroscopic probe [Eq. (5)]. This
quantity is proportional to the spectroscopic signal that one
would detect in an experimental context. The main panel in
Fig. 2(c) shows the dependence on the probe frequency w),
at the measurement time .., chosen such that the resonant
signal is detectable; in practice, this amounts to Jz, ~ 102
One observes clearly discernible resonance peaks corre-
sponding to transition frequencies wy.s between the ground
and excited many-body states, with a peak positioned at
2A. The physical origin of the factor 2 is intimately related
to the fractional character of the Majorana quasiparticles:
it can be traced back to the restriction that excitations can
be created only in pairs in the Kitaev model [29]. A rig-
orous proof for the appearance of the factor 2 is given in
Appendix C.

In Fig. 2(d), we display the resonant frequency for dif-
ferent values of a)Bl. Floquet theory (solid black line)
predicts a gap closing in the infinite-frequency limit; see
Eq. (4). The extracted gap clearly follows this law for
sufficiently large systems, with deviations due to higher-
order frequency corrections discernible at large values of
wp!'. The numerical data show reasonable agreement for

different system sizes, for both cylindrical geometry (cir-
cles) and planar geometry (crosses). In very small systems
with boundaries (planar geometry), finite-size effects can
cause ambiguity in identifying the peak corresponding to
the bulk gap; see Appendix E. In Fig. 2(d), we explic-
itly compare different system sizes so as to help identify
a suitable regime for a potential experimental realization.

B. Probing chiral Majorana edge transport

The detection of the bulk gap opening is insufficient
to demonstrate the topological nature of the ground state
associated with the effective time-reversal-broken Kitaev
Hamiltonian Heg. In chiral spin liquids, a natural signa-
ture of topological (non-Abelian) excitations is provided
by the quantized thermal Hall effect [30,65]. This phe-
nomenon, which arises from the chiral transport of heat
along the edge of the system, was recently measured in
Kitaev materials [32,34,38]. Motivated by such energy
transport measurements [30,65], we propose a nonequilib-
rium probe to detect the chiral transport of heat along the
edge [Fig. 3(a)], and hence to reveal the chiral spin liquid
nature of our Floquet-engineered system.

Let us consider a system with boundaries prepared in
the ground state of the isotropic effective Hamiltonian Hg
(i.e., Jy = J). We now perform a quench by adding a local
perturbation on a single z bond, (i, j.)., located on the edge
of the system: H. — H. +J,S;S; ; see Figs. 3(a) and 10.
The modified Floquet unitary, which includes this local
perturbation, is denoted by Ur. We let the system evolve
under the quenched Floquet drive for a fixed number of
cycles £ € {1,2,..., N7}, and we measure the local excess
of energy in every unit cell located on an edge:

En(t) = (G| [fJ}]sz [T:] 16),
(©)
H, = ‘gz (55, +5/5) +5:57).

iem

where the unit cell m is located on the edge, and
(i,jx)x> (i,jy)y, and (i,j.). denote the sets of links con-
nected to m; see Fig. 10. Measuring E,(£) stroboscop-
ically at each drive cycle, £€{1,2,...,Nz}, gives rise
to a time trace of data. The chiral nature of the edge
dynamics can be revealed by postprocessing this time
trace using a discrete Fourier transform [66], A(k, w) =
Z;y:l M Ep(8)e~*mtiotT \where L, is the length of the
edge considered. Indeed, we verify that this Fourier spec-
trum clearly captures the chiral dispersion relation of the
Majorana edge modes; see Appendix F.

A closer investigation reveals that the chiral signal is
already detectable in the Fourier spectrum of the local zz
correlations on the edge:

~ ¢ ~
Co) = (Gl [U}] ssis [OF] 1), )
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FIG. 3. Detecting chiral Majorana edge transport. (a)

Schematic representation of the nonequilibrium quench pro-
tocol, which we use to reveal the chiral heat current in the
ground state of Hey. (b) The Fourier spectrum associated with
zz correlations on the edge, C,(¢) [Eq. (7)], which we use to
probe the chiral dispersion relation of Majorana excitations.
The slope in (w, k) space (dashed line) equals half the group
velocity of the edge-mode excitations (vedge). Upper (cyan)
and lower (red-hot) panels correspond to positive and negative
circularly polarized Floquet drives: AO (k, w) and A° (k, w). The
system size is 16, x 32,. The model parameters are wp/J = 10,
Jg/J =0.008, and Ny = 1001. (c) The group velocity of the
chiral mode veg,. extracted from (b) decreases as one increases
the Floquet drive frequency wp, in agreement with Floquet
theory (which predicts a vanishing edge-mode velocity in the
infinite-frequency limit). The evolution times are proportional
to the drive period, JTNy =~ 100 x 27 for every wp point. The
error bars show the fit error; see Appendix 1. (d) Same as (b) but
for a smaller system of size 8, x 8,; the remaining parameters
are the same as (b).

where the edge z bond (i, /) is shown in Fig. 10. This quan-
tity is a constituent part of the local energy E,, in Eq. (6);
however, it requires fewer measurements. Therefore, for
experimental simplicity, we focus our study on the behav-
ior of C,. We note that this detection protocol requires
unitary evolution (set by the modified Floquet sequence)
and a single final measurement, which is particularly suit-
able for analog quantum simulators. In particular, it does
not require the application of additional spin operators to
create excitations on the edge of the sample, and whose
effects have to be subsequently measured.

Figures 3(b) and 3(d) show the Fourier spectrum
|A(k, )| extracted from C,(£), as computed from a
numerical simulation of the nonequilibrium (Floquet)
quench, for two system sizes. In these simulations, we
consider a cylindrical geometry, and we apply the quench

protocol on opposite edges of the cylinder. We observe a
clear signal at low frequencies, which corresponds to the
excitation of the chiral edge mode.

Importantly, the slope of the chiral signal in (w, k) space
corresponds to twice the group velocity vedge of the Majo-
rana edge modes [67]; see Appendix C. We show the
dependence of the extracted velocity on the Floquet drive
frequency wp in Fig. 3(c); see Appendix I for details on
the fitting procedure. In particular, we verify that the chi-
ral signal disappears (i.e., the edge mode’s velocity tends
to zero) in the infinite-frequency limit, where the topolog-
ical gap closes; see Eq. (4). Moreover, we also verify that
the chiral edge transport detected by our probe vanishes
on transitioning from the chiral spin liquid to the nonchi-
ral phase of the phase diagram [Fig. 1(c)]. This confirms
that the chiral edge signal is a genuine signature of the chi-
ral spin liquid phase, and not a mere consequence of the
circular “polarization” of the drive; see Fig. 12.

Interestingly, one can use this measurement as an alter-
native to the spectroscopic measurement discussed in Sec.
IITA: indeed, one can estimate the size of the topologi-
cal bulk gap from the extracted velocity using the relation
Vedge = 3A /2.

Finally, to demonstrate a direct correspondence between
the chirality of the edge mode and that of the Floquet drive,
we reverse the “polarization,” O, of the periodic driving
sequence, and observe a reversal in the propagation direc-
tion of the excitations in the Fourier spectrum; compare the
top and bottom panels in Figs. 3(b) and 3(d). A close exam-
ination shows that [4° (k, w)| # |4° (k, —)|; this implies
that the Floquet quench excites a small fraction of nonchi-
ral modes. Since these undesired excitations grow when
the quench strength J; is increased, it is preferable to work
in the weak-quench regime, J, /J <1.

While the proposed measurement protocol is intimately
related to the thermal Hall effect associated with non-
Abelian excitations in chiral spin liquids [30,65], detecting
the quantization of the thermal Hall conductivity remains
an outstanding challenge in the context of quantum simu-
lation; see Refs. [68—71] regarding possible heat-transport
measurements in quantum gases.

C. State preparation sequence

So far, we have shown how to detect hallmark features
of the chiral spin liquid by assuming that the system can
be initialized in the vortex-free ground state. However,
preparing topological many-body states (which are entan-
gled over long distances) from product states is a highly
nontrivial task per se [72—76]. In particular, adiabatic
quantum state preparation would require going through a
topological phase transition, which is associated with a
gap closing point in the thermodynamic limit. In quantum
simulators, one can nevertheless exploit the finite size of
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the system (and, hence, the possible existence of a finite-
size gap at the topological phase transition) to perform
adiabatic quantum state preparation [7,77,78].

To address this relevant aspect in detail, we build on
existing ideas for preparing the ground state of the toric
code [79-81]. At present, this is feasible using digital
quantum simulators and requires the appropriate sequen-
tial application of high-fidelity Hardamard and controlled
NOT gates [13], or entangling gates combined with mid-
circuit measurements [82]; the optimal state preparation of
the toric code ground state is currently an open problem in
analog quantum simulators [83].

The toric code ground state describes the low-energy
physics of our system in the close vicinity of the point
Jry =0 [29]; see Fig. 1(c). Thus, starting from this
(Abelian topological) gapped state, we can gradually cross
the critical point [77] and end up in the desired (non-
Abelian) gapped state, in the presence of the Floquet drive.
This amounts to slowly ramping up the couplings,

Jx,y (t) = Jt/tramp: J.=J, (8)
over a time fmp > T, while keeping J, =J fixed. The
ramp terminates at the isotropic point.J, = J, and the bulk
gap closes at the critical point [Fig. 4(a)], which inevitably
causes excitations. Nevertheless, we find that the latter are
not detrimental to the chiral edge signal introduced in Sec.
II1 B for realistic finite system sizes, as we now discuss.

We apply the ramp [Eq. (8)] in the presence of the evo-
lution generated by Ur(J,(#)) for a duration f,mp, and
then perform the quench Uz — Uy following the protocol
described in Sec. I11 B. Figure 4(b) shows the correspond-
ing Fourier spectrum A(k, w), which displays a notice-
able chiral signal. Besides, one clearly observes additional
(undesired) bulk excitations, which are created due to the
finite ramp duration.

Even in the ideal “adiabatic” limit where tmp — 00, a
long observation time s = N7T is required to accurately
extract the chiral signal from the Fourier spectrum. This
is illustrated in Fig. 4(c), which shows the convergence of
the extracted edge-mode velocity as the observation time
increases.

Moreover, we emphasize that the finite duration of cold-
atom experiments limits the duration of the ramp, trmp,
used to prepare the state of interest. Figure 4(d) shows that
a ramp duration on the order of Jt,mp ~ 150 suffices to
clearly detect the chiral signal (vegee # 0), as we illustrate
by comparing the results obtained for Floquet sequences
of opposite chirality (circle versus diamond markers). We
verify that the edge-mode velocity decreases when the
drive frequency increases, vVedge X a)[)l, in agreement with
theory; see the gray data points in Figs. 4(d) and 16.

We stress that the ramp time required for adiabatic quan-
tum state preparation necessarily diverges in the thermo-
dynamic limit. Nevertheless, our simulations demonstrate

(a) (b) JA(k,w)|
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FIG. 4. Detecting chiral Majorana edge transport after quasia-
diabatic quantum state preparation. (a) The bulk Majorana gap
at the Dirac point closes at the critical point between phases 4,
and B during the ramp J, () = Jt/tamp, @ = x,y [inset, see also
Fig. 1(c)]. The gray area marks the existence of edge modes in
the chiral spin liquid phase. (b) Same as Fig. 3(b) but with the
initial state for the quench Uy — U prepared from the ground
state atJ, = J, = 0 with use of the ramp protocol in (a). The gray
region at k = 0 shows a strong signal, disregarded in the postpro-
cessing procedure. Chiral velocity fits (straight dashed lines) are
performed in the regions (k > 0,w > 0)¢) and (k > 0,0 < 0)(5.
The parameters are framp = 250/, Ny = 1001, and wp = 10J.
(c) The chiral current velocity vedge, €xtracted from the fits in
(b), as a function of the observation cycle number Ny after the
quench (details can be found in Appendix I). Longer observa-
tion times allow us to better resolve the signal and reduce the fit
error. The parameters are Jtramp = 250 and wp = 8J. (d) Chiral
mode velocity fits veqee as a function of the ramp duration frmp
for two drive frequencies, wp/J = 8 and wp/J = 15. Horizontal
dashed lines correspond to the theoretical values. The number of
observation cycles Ny = 801 for wp/J = 8 and Ny = 1501 for
wp/J = 15. The system size is 8, x 16, for all panels.

that clear signatures of the chiral spin liquid should be
detectable in systems of realistic size and on reasonable
timescales.

IV. PHYSICAL IMPLEMENTATION

Having discussed the detection of topological signatures
associated with the effective Hamiltonian Hg, we now turn
to the details of its physical implementation. We argue
that it is possible to use ultracold fermions (with Hub-
bard interactions), dipolar interactions between molecules,
or Rydberg-atom-based spin systems for this purpose.

A first cold-atom realization of the Kitaev model (not
relying on high-frequency periodic drives) was proposed
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in Ref. [84]. However, this proposal remains challenging to
implement in practice, since it requires a large number of
laser beams and a two-photon Raman coupling. Moreover,
it remains unclear whether it can be generalized to open
up the chiral topological gap, while preserving the vortex
configuration.

A. Implementation of the Floquet drive

Consider the spinful Fermi-Hubbard model on a honey-
comb lattice:

Hyubbard = Z(—JJCZ,C/U + hC) + UZ njynj oy, (9)
(i), J

where J, denotes the strength of nearest-neighbor species-
dependent hopping and U is the onsite interaction strength.
The fermionic operators obey the anticommutation relation
{cis, chU/} = 3;j050'. Recall that in the strongly interacting
atomic limit, J, < U, double occupancies are suppressed,
and the spectral function exhibits gaps of order U, separat-
ing the so-called Hubbard bands. In this regime, the system
is described by the Heisenberg model [84-87]:

J
HHeisenberg - - ZJzzS,ZS]Z + TJ— (S,+SJ_ + h.C.) 5 (10)
(i)

where J,, = _2(‘]?2 +J f) /U 1is the Ising interaction and
J1 =—4J4J,/U is the exchange interaction. The spin
operators are defined in terms of the fermion operators as

1
_ + - F
Sf—z(”jT_”ji)’ Sj =Ci1Gils SJ =Ci 161

(11

Freezing one of the spin species (i.e., suppressing maxi-
mally its hopping matrix element, e.g., J; = 0) inhibits the
exchange interactions, J; = 0, and leaves only the global
nearest-neighbor Ising z interaction J,.. Alternatively, an
Ising-only interaction can be achieved by applying a mag-
netic field gradient to suppress the exchange interactions,
and then turning on a weak resonant periodic drive to
enable the z interaction term [88]; the latter is a resonant
nonequilibrium scheme, which may produce unwanted
heating when combined with the primary Floquet drive
from Eq. (2). Recently, it was also shown that a con-
trollable anisotropy in the Heisenberg couplings can be
realized with a system of Rydberg arrays [89] or by means
of Floquet engineering in superconducting qubits [90] and
ultracold molecules [91].

With this idea in mind, the basic steps behind the
fermionic implementation of the Kitaev model can be sum-
marized as follows: First, we eliminate the spin-exchange
term, which ensures that each bond interacts in a single

spin direction (Ising z). Second, we apply a periodic three-
step modulation of the hopping matrix element J;(?) to
isolate the different spatial bond types (x, y, and z) in time.
Finally, strong single-particle 7 /2 pulses in the spin chan-
nel, applied between the steps of the periodic drive, rotate
the z interactions into the desired type (x or y). Applica-
tion of the periodic step drive at a moderately high drive
frequency results in the Hamiltonian from Eq. (4).

We now explain the procedure in more detail. In the
first step, a time-periodic spatial modulation of the nonzero
hopping matrix element, J4 (¢t + T) = J4(#), can be used to
single out one type of bond per Floquet step [see Fig. 1(d)]:

Jyi, (ij) € {zbonds}, #mod T e [0,1),
Jry () =4Jr, (i) € {y bonds}, rmod T e[, 2),
Jrj, (i) € {xbonds}, rmod Te[Z,T).
(12)

This can be achieved with use of a drive similar to that in
Ref. [92]. In this scheme the strength of the tunnel cou-
pling in the three different directions is modulated as a
function of time by change of the intensities of the indi-
vidual laser beams that form the underlying honeycomb
lattice. The main challenge for experimental realizations
will be to implement such a scheme with state-dependent
optical potentials that enable a state-dependent manipu-
lation of the tunnel couplings. In principle, such a drive
can also be implemented with quantum gas microscopes
[93] using tightly focused optical tweezer beams, whose
position and strength can be controlled dynamically, as
recently demonstrated [94,95]. Again, the main challenge
lies in the realization of the required state dependence.
The interaction strength U is kept constant on all bonds
throughout the drive. This periodic modulation gives rise
to a piecewise constant periodic Hubbard Hamiltonian
HHubbard(t) = (Hliubbard’Hl);ubbard’Hlflubbard); the superscript
o =x,y,z here refers to the spatial bonds in the hon-
eycomb lattice [see Fig. 5(b), (i)]. In the atomic limit,
Jy < U, all terms H{} .4 give rise to a nearest-neighbor
Ising z interaction on the x, y, and z links, respectively.

At this stage, in the limit J; < U, the system is effec-
tively described by a spin-1/2 Ising model, whose Ising
interaction is periodically modulated to switch between the
different bonds on the honeycomb lattice [see Fig. 5(b),

(iv)]:

2J2,:(0)
H@O) == Ty OSES], Sy = ——12—. (13)

(W)

Incidentally, Eq. (13) can also be taken as the starting point
for a spin-1/2 implementation [Fig. 5(b), red oval], for
example, using Rydberg simulators [96] operated in the
nearest-neighbor interaction regime [97].
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> . 25~ wp/Jr = 0.65

A dzk A N — >
(b) Fermion implementation (ii) (i) 2.5 wp/Jy = 6.00
wp > U ,]TUO" Fo Uk 2 J? o« o 0.0 ——r - i
v oo ® / 30 o o ‘e 25 \ wp/J; =100

@) @)
Jra5(t) | 5 o - Y 0.0 . ' o
¢ \ JTQ L0 o ° . ﬁ ) ,]% ‘/0\. 2.5{™ """"" wp/Jy =40.0
wp < U U e ® 3T 0.0 oo
) .\./. 0.0 2.5 5.0 7.5 Jl(().c())t 125 150 175 20.0

spin implementation

FIG. 5. Physical implementation. (a) Short 7 /2 pulses in between the steps of the Floquet drive, applied on a timescale much shorter
than the inverse coupling strength 1/J, turn the z interactions into x and y interactions. (b) Fermion implementation of the Floquet
drive: (i) Fermi-Hubbard model with periodic modulation of the hopping; see Eq. (12). In the high-frequency limit, J, < U < wp,
application of the inverse-frequency expansion (i)— (ii) leads to a modified static fermion Hamiltonian with nearest-neighbor hopping
terms (also in the spin channel) of strength J; /3. A Schrieffer-Wolff transformation (iii) then gives the effective spin-1/2 Hamiltonian
H.y from Eq. (4) with interaction strength J = 2J¢2 /9U, which governs the physics of the lower Hubbard band stroboscopically.
Alternatively, (i)—(iv), in the strongly interacting limit J; < wp < U, we first apply the Schrieffer-Wolff transformation to arrive at
the spin-1/2 Hamiltonian (13), with periodic-in-time, spatially oscillating z interaction J. ;; (f) = 2.J, TZU (9)/U. A subsequent application
of the inverse-frequency expansion then gives rise to Hey with interaction strength J = 2JT2 /3U. Step (iv) can also be independently
taken as the starting point for the implementation in a spin-1/2 quantum simulator (red-shaded oval). (¢) Time evolution of the z and
x magnetization on a single honeycomb cell (open boundary conditions) for a few different values of the drive frequency wp/J;. The
initial states are product states along the spin z and x directions (see the legend). The fermionic Floquet implementation (solid lines)
agrees well with the dynamics generated by the spin-only Hamiltonian Hg (dotted lines) over a wide range of drive frequencies wp,
except in the vicinity of resonances where lwp ~ U (I € N). The model parameters are J| /J; = 0 and U/J}y = 20, with J.(¢) given in
Eq. (14).

To generate the Floquet unitary in Eq. (2), it remains
to apply global on-site /2 rotations in the spin chan-
nel; if they occur on a timescale much faster than the
inverse interaction strength J.,, this will consecutively
rotate the z interactions into y and x interactions; see Fig.
5(a). Because of the Euler angles theorem, it suffices to
implement 77 /2 pulses along two of the three spin axes.

Notice that the discussion so far has tacitly assumed the
limit J; « wp < U, which places the drive frequency in
between the two lowest Hubbard bands. Hence, the above
analysis is equivalent to first applying a Shrieffer-Wolff
transformation (SWT) [to eliminate the largest energy
scale U; see Fig. 5(b), (i)—(iv)], followed by the IFE
[second-largest scale wp]; see Fig. 5(b), (iv)—(v)]. The
effective Ising interaction is then given by J, = J.,/3 =
_2JT2 /3U. By contrast, in the high-frequency limit, J; <
U < wp, we have to first apply the IFE [Fig. 5(b),
(1)—(i1)] and then the SWT, which leads to J, = J.,/9 =
_2‘]?2 /9U [Fig. 5(b), (ii)—(iii)]. Note that the Ising inter-
action strength J, is larger [98]—by a factor of 3—in the
regime J; < wp < U, due to a dressing by the Floquet
drive, than in the high-frequency regime. These effective
couplings are related to those from Eq. (2) viaJ; = —J//3,
etc.

If we set { = wp/U, the two limits can be nicely uni-
fied by the more general expression, valid away from

resonances U = lwp (I € N),
o) = 2J? i sin(¢r/3)\* 1 (14
=7 21 1+’
Cl#—1

which is obtained by reconciling the SWT and the IFE into
a single framework [99]; see Appendix A.

Figure 5(c) shows that the stroboscopic magnetization
dynamics of the Fermi-Hubbard model on a single hon-
eycomb cell, following the above Floquet protocol (solid
lines), agrees well with the dynamics of Heg (dotted lines)
for a wide range of nonresonant frequencies [100]. Notice
the proper, ¢-renormalized scaling of the x axis, which is
essential for capturing the correct effective z interaction
across 2 orders of magnitude in the drive frequency (top
to bottom panels).

Finally, the strongly interacting regime is particularly
appealing for Floquet engineering, since the condition
Jy < U readily ensures the high-frequency limit with
respect to the Majorana bandwidth of the Kitaev model:
2JT2 /3U «xJ < wp < U. Thus, the proper high-frequency
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regime to observe Kitaev physics in the lower Hubbard
band is set by ZJTZ /3U K wp. In particular, it follows
that even frequencies wp < J4 may yield reasonably good
agreement with the dynamics of the target effective Hamil-
tonian [see Fig. 5(c), topmost panel], so long as no direct
resonances are hit.

B. Implementation of the probing protocols

The anisotropy in the spin couplings can be controlled
by setting the durations of the corresponding periodic
pulses. Thus, in platforms where modulating J, periodi-
cally in time is infeasible, the spectroscopic drive from
Sec. III A can be effectively implemented by one slowly
changing in time the duration of the pulse length of only
the z bonds in the Floquet unitary (2). The same idea can
be used to implement the slow ramp in Sec. 111 C; this will
also enable study of the phase transition between phases 4
and B in the time-reversal-broken Kitaev model. Finally,
to realize the local quench on selected z bonds from Sec.
[1I B, one may use a quantum gas microscope [93,101,102]
to imprint the perturbation; alternatively, if the atoms are
captured in tweezers with controllable positions [95], one
could change the bond distance locally, which will affect
the corresponding interaction strength.

C. Potential challenges

The most prominent challenge for a potential exper-
imental realization arises from the need to stabilize the
global on-site spin rotations out to a large number of
driving cycles. However, this could be potentially solved
by addition of spin-echo pulses to cancel dephasing, as
recently demonstrated with molecules [91]. A second issue
may occur due to the necessity to keep the tempera-
ture of the state at the order of, or below, the topolog-
ical gap, which is only a fraction of the superexchange
energy scale. Ultracold fermionic systems have recently
reached sufficiently low temperatures to observe antifer-
romagnetism [103—105] in the half-filled Fermi-Hubbard
model. However, to reach sufficiently low enough temper-
atures to observe ordered states, even lower temperatures
are needed. The expected energy scales are of order simi-
lar to the energy scales in the current work [106]. Several
promising techniques have been proposed in order to reach
these temperature scales [107,108], and we anticipate that
despite this significant challenge, cooling techniques will
continue to improve. This will be beneficial for a number
of fermionic quantum simulation experiments. Moreover,
as we have shown herein, detecting the chiral energy cur-
rents using nonequilibrium probes can still be robust with
regard to a certain amount of excitations. Finally, the
gap size is controlled by the drive frequency; we observe
numerically that wp & 8J is about the smallest drive fre-
quency for which resonances within the Majorana bands
are still suppressed.

V. CONCLUDING REMARKS

An important issue inherent to the Floquet engineer-
ing of strongly interacting systems concerns detrimental
heating processes [81]. While a comprehensive study of
energy absorption and entropy creation in this nonequilib-
rium setting is beyond the scope of this work, we expect
thermalization to infinite temperature in the driven spin
system to be absent for frequencies above the single-
particle Majorana bandwidth: this follows from the conser-
vation of the plaquette quantum numbers under the Floquet
drive, which renders the Floquet Hamiltonian effectively a
single-particle Hamiltonian, and makes the present model
particularly appealing and promising for quantum simula-
tion. That said, secondary heating effects can still be caused
by the presence of resonant processes with higher bands, or
may be due to the creation of doubly occupied sites in the
fermionic realization.

Looking forward, we suggest two exciting directions
concern (i) the investigation of local operations that would
allow the braiding of vortices and Majorana degrees of
freedom (both in the bulk and on the edge) [25-27,
109]— having dispersionless (i.e., immobile) vortices at
our disposal is expected to prove instrumental in this con-
text—and (ii) the design of probes in view of demonstrat-
ing the half-quantization of the thermal Hall conductivity
associated with chiral edge transport. Going beyond the
present effective Kitaev Hamiltonian H.g, we note that it
is well within the scope of our Floquet engineering proto-
col to incorporate long-range interactions, or even add an
additional Heisenberg term to the effective Hamiltonian;
this will enable the quantum simulation of a larger class of
Hamiltonians describing Kitaev materials. Thus, by ana-
lyzing genuinely nonequilibrium protocols for probing and
engineering topological Hamiltonians, our work paves the
way for investigating Floquet topological phases of matter
without static counterparts [58,59] using quantum simula-
tors, and demonstrates the possibility to reconcile Floquet
engineering protocols with strong interactions to study
strongly correlated quantum phases of matter.

Note added—While finalizing the manuscript, we
became aware of a similar proposal based on Rydberg
digital quantum simulation [96].
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APPENDIX A: DETAILS OF THE FLOQUET
ENGINEERING

To derive Eq. (4) from Eq. (2), we use the van Vleck
IFE [1-3]. Floquet’s theorem postulates that for a time-
periodic Hamiltonian H(t) = H(t+ T), T = 2w /wp, the
time-evolution operator factorizes into a product of uni-
taries:

U(t,0) = Tefijg dsH (s)

—iKe (1) e*il‘Heff e+iKeff(0) (Al)

=e
where H. is the time-independent Floquet Hamiltonian
and Kg(f) = Keg(t + T) is the time-periodic generator
of micromotion, also known as the kick operator. In
the van Vleck IFE, K. satisfies the boundary condition
fOT dtK.(f) = 0, which ensures that H.t does not depend
on the phase of the Floquet drive [by contrast, the Floquet-
Magnus expansion uses the Floquet gauge Kr(¢) = 0 for
some ¢ € [0,7)].

Consider again the Floquet unitary from Eq. (2):

Up = e 5% Z0in SIS N Ky SIS i T S
In this section, we use the primed interaction strength J,
which is related to the interaction strength in the main text

by J, = —J, /3. The Floquet unitary is generated by the
time-periodic Hamiltonian

H(t)=—c(t) Y JIS;S;

(i) )z

r XV
_C(t_ g) S JS)S)
(i)y

27 e
_c<t—?> > JISEST,
(i )x

(A2)

with the piecewise constant, time-periodic three-step func-
tion

1, 0<tmodT <T/3,

0. TS3<tmodT<T. (A3)

c(h) = {

We can expand the effective Hamiltonian and kick operator
to leading order in the inverse-frequency wp,

Her = HY +HY +0 (057,
(A4)
K=K +0(oh?),

using the weighted time-ordered integrals

)

[H (1), H(1)] = Z [Hy, H_],

W 1 T+t t—+¢
Keff(t)=—§/ i | (1+2—— ) mod2
t

eiZle‘

(A5)

H({) = !
a ia)D 120 L

Hy, (A6)

where we fix the convention (x mod 2)€[—1, 1). The right-
most terms in each of these equations make use of the
Fourier expansion of the Hamiltonian, given by H(f) =

ZZGZ e—HZthe_
For the spin-1/2 implementation from Eq. (2), we read-

ily obtain (with J = —J'/3)

HY = ZJS*S*Jr ZJSySy+ZJSZSZ :

WY = Y ssls)
(1) Uk]otﬁy

27T 1 Qz QZ 1y
—o |k D _JISIS +k <z— g) > IS,
@D (i) {ii)y

(see Fig.0),

2T ! QX QX
k (t— ?) Y osist |,
(@ )x

(A7)
with the piecewise linear T-periodic function
_ 6t/T+ 1, 0<tmodT < T/3,
k() = { 3T—2, T/3<tmodT<T. A

The three-body terms in H e(flf) encompassed by the notation
[ijk]ap, are shown in Fig. 6. In turn, by investigating the
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{A+ it}

{7+l Yo

{./:y + ‘/.} I

FIG. 6. Schematic representation of the notation [ijk]sg,,
showing the three-body terms to order a)Bl, which are respon-
sible for opening the topological bulk gap. The letters refer to
the spin operator applied to each vertex, and the bond colors cor-
respond to the bonds in the Kitaev honeycomb model; see Fig

1(a).

scaling with wp, we show in Fig. 7 that the above expres-
sions for the effective Hamiltonian and kick operator are
complete.

In the fermion implementation, additional terms can
arise due to higher-order terms of the Schrieffer-Wolff
transformation, of order O(U~2), O(U 'wp"), O(wp?),
etc. We leave their investigation to a future study.

Instead, here we focus on the derivation of the effec-
tive interaction-renormalized Ising coupling; see Eq. (14).
To this end, we apply the generalized SWT: using argu-
ments similar to those used in the derivation of Eq. (31)

101<
TSR S N
R R N
1075.
1077.
1070{ ~77 oxw?
Uk — 00|
10711_ _3
Tt X W
10° 10! 102 10° 10°
J Jw
FIG. 7. Numerical test of the effective Hamilto-
nian and kick operator against an exact simulation

of a spin-1/2 system. Here U(%) = exp(—iTH, ) ) and
UG = exp(—iK '} (0)) exp (—iTIH'Y + H{] exp (1K(l)(0))
The data show clearly that all corrections to the des1red order
are captured by Eq. (4). Note that the transformation generated
by the kick operator is crucial for the validity of the test. The
system size is a single honeycomb cell, and all interactions are
isotropic, J, = J'.

in the supplemental material for Ref. [99], we assume that
the drive is resonant with the interaction, U = lwp (I € N),
and do analytic continuation away from the resonance in
the end. In particular, the effective Ising coupling in the
generalized SWT is given by

S e S el
0 0—1 0 [
r=ath o FEE - ot 5 o
wp P— L wp ¢ I+¢
00

-
IR S IR o T
U~ T+l U~ 1+twp/U
A1 topE—U
- 2
— 2t _led” (A9)

U~ 1+Lwp/U

where ¢, are the Fourier coefficients of the Floquet drive
c(f), and we use the relation [ = U/wp a few times.
The last equality is valid only sufficiently far away from
resonance (i.e., for U # lwp).

Using the Fourier coefficients for the periodic three-step
drive,

e sin (£/3
¢ _ i3 sinr/3) ), (A10)
L

we obtain the final expression

Jz(@>=—2J—T2 i sin (¢7/3)\ L
U U 2 1+ Lwp/U

{=—00
(Al1)

In the infinite-frequency limit, U < wp, only the ¢ =
0 harmonic survives, which leads to J, = _ZJTZ /9U.
By contrast, in the strongly interacting limit, wp <K
U, all harmonics contribute equally; use of the rela-
tion Y 0° _ (sin(¢w/3)/¢m)* = 1/3 then leads to J, =
—2J3/3U.

Since the derivation in Eq. (A9) is, to a certain degree,
ambiguous, and given the heuristic character of the ana-
Iytic continuation, we perform numerical tests [see Fig.
5(c)], which demonstrate the validity of Eq. (14) suffi-
ciently far away from resonance.

APPENDIX B: MAPPING THE KITAEV
HAMILTONIAN TO MAJORANA AND VORTEX
DEGREES OF FREEDOM

Here we provide more details on the representation
of the Kitaev honeycomb model in terms of Majorana
fermions, which plays a central role in this work. We focus
on the isotropic case J, = J, but the generalization to the
anisotropic model is straightforward.
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z
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o Ne e N 1Y
P6 P4

FIG. 8. Schematic representation of the notation used in Eq.
(B2). The pth plaquette p contains the six lattice sites pi—ps,
with b, and b, denoting the two z bonds on the plaquette. The
unit cell contains sites from two sublattices marked by open and
filled circles. x, y, and z refer to the direction of the bounds in the
Hamiltonian.

For the time-reversal-broken Kitaev model, the effective
Hamiltonian used in the main text is [29]

H=-J Y Y sist+g > ses'sy.

a=x,y,Z {i,)f o [Uk]aﬂy

(B

By using the Jordan-Wigner transformation [110], one can
transform the spins to Majorana fermions ¢ and ¢, which
obey {c;,¢;j} =0 and {c;,¢;} =28; = {ci,¢;}. Then the
Hamiltonian becomes (see Refs. [30,110] and Fig. 8)

i
H=—; >

j efilled circles

J(¢jcj, +¢icj, + mpcic)

ig
+ ) Z(Cplcps + by Cp3 Cps =+ My CpsCp,
P

+ CpyCps T Ny CpCpy + My Cpy Cpy)

i
= 4_1 ZA]j’(U)CjCjH (B2)
Ji’

where n, = ic;c;, takes the value 1 on each z bond
b = {(jj.)., p denotes a single plaquette of the honey-
comb lattice, b; and b, are the two z bonds on the
plaquette, and j denotes the sites belonging to one sub-
lattice (“filled circles”); see Fig. 8. Compared with the
4-Majorana description in Ref. [29], this description does
not require projection back to the physical Hilbert space,
since the Hilbert space dimension remains the same in the
spin and Majorana representations.

For the Kitaev model, for each plaquette p (see Fig. 8)
there exists a local conserved quantity, the plaquette oper-
ator [29,1101]:

Xz Y X _Z _y
Wp = 9919929394 %p5 %>

(B3)

where o/ = 25" are the Pauli matrices. The eigenvalues of
W, are £1, and under the Jordan-Wigner transformation,

the plaquette operator can be written as [110]

Wp = Hnb.

bep

(B4)

By convention, states with /¥, =1 on all plaquettes are
defined to have a vortex-free (or flux-free) configuration
[29].

Since [H, W,] = 0, any state of the original many-body
spin system can be written as a product state over the vor-
tex (W) and Majorana (M) sectors. In particular, for the
ground state, we have

|G) = 1Gw)|Gur). (BS)

In the following, we discuss the two sectors separately.

1. Vortex sector

We start with the vortex sector. According to Lieb’s
theorem [29,111], in the thermodynamic limit the 5-
dependent many-body ground state of the original spin
system is given by the vortex-free field configuration
|Gp=41). For the planar geometry used in this work, 1,
eigenvalues defined on the same row should have the same
sign, which can be defined as 7,, with » indicating the rth
row (see Fig. 8). Then, since there are L, — 1 rows of 7
for a planar geometry with L, unit cells in the y direction,
the vortex-free configuration is actually highly degenerate,
with the degeneracy being 2% ~!. Nevertheless, these dif-
ferent n, configurations for a system with a vortex-free
planar geometry are actually equal to each other because
they can be transformed into the all-n, = 1 configuration
by the gauge transformation

G =G 1_[ Nrs

r<jr

(B6)

with j, denoting the row index for site j ; see Fig. 8.

Similarly, for the vortex-free cylinder system, there are
2Ly different configurations of 7, that keep the system
vortex-free. Nevertheless, they can be divided into two dif-
ferent configurations, defined by the even or odd number
of rows with n, = —1. Moreover, in the case of all n, = 1,
if instead of a periodic boundary condition on the cylin-
der we use an antiperiodic boundary condition, we will
obtain a configuration with only one row of n, = —1. This
means that the two different 1, configurations have the
same topological properties in the thermodynamic limit.

Considering that our probe does not alter the n, config-
uration and the states with different 7, configurations are
orthogonal, the detected signals from different 7, configu-
rations do not interfere with each other. Therefore, we can
fix the gauge, and focus on the case where n, = 1.
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2. Majorana sector

Replacing 71, by their eigenvalues, we find a system
with 2N sites gives rise to a 2N x 2N skew-symmetric
matrix 4, = —A;/;, which defines a quadratic Hamilto-
nian describing the Majorana sector:

i
HM = Z Z/:Aj]'/CjCj/. (B7)
Vi

The many-body Majorana ground state |G,,) can be con-
structed from the single-particle modes. For a 2N x 2N
single-particle Majorana Hamiltonian H,,, the creation
operator for the ith single-particle eigenmode can be writ-
ten as

2N
vi =Y f'e, (BS)
j=1

where Jj.i is the jth expansion coefficient of the ith eigen-

mode. Then the ground state in the Majorana sector is
given by [30]

1Gy) = ¥i7] -~ v} 10), (B9)

with the eigenvalues corresponding to the eigenmodes yiT
(i=1,...,N) being negative.

Assuming translation invariance (all 1, = 1), we can

also derive the Majorana spectrum for a system with peri-
odic boundary conditions in momentum space. To specify

J

the unit-cell notation in the Majorana representation, we
represent the site index j of the Majorana operator ¢; as the
composite index (m, ), with / running over the two sites
in the unit cell m. Following Ref. [30], we introduce the
(inverse) Fourier transform of ¢; = ¢, as

2 )
— QY|
Cm,] = — e “Cql-
VN Zq 4

Here the extra factor 2 comes from the anticommutation
relation of Majorana fermions, {c,, 1, ¢, r} = 28m,Sir. With
this definition, the complex fermion cq; fulfills the proper

(B10)

fermionic anticommutation relation {cgq, cj;,l/} = 8q,q'017»
and the Hamiltonian from Eq. (B2) becomes

Hy = Z ZHJ{/[I,(q) C:rl]cql/,

q LI

(B11)

with

Ll i —iq-(Cpp =0,/ 1)
HM (Q) = 5 E e mI = w1 Aml,m/l/ .

m,m’

(B12)

Thus, it follows that the spectral properties are determined
by the eigenvalues of the matrix Hy,(q) ~ i4/2 [30].

In the ; = 1 sector investigated in this work, if one sim-
ply assumes a periodic boundary condition for Eq. (B2),
the matrix Hy,(q) in (/,/") space can be shown to be

J 0 —2cos(Lg,)et? — ey
HM(q):_l_ \/g . ' ( 2 q)e e
4\ 2cos(Sgr)e 2% 4 €' 0
L & ( sin(v/3q0) —2c0s3q,) sin(Fq) 0 _ B13)
4 0 —sin(+v/3¢,) +2 cos(%qy) sin(?qx)

Here the distance between two nearby sites sets the unit length, and ¢, and g, are the two components of the

quasimomentum vector q. The dispersion relation reads

1
@)= iZ( — cos V3¢ (g7 cos 3¢, + g° — 27%) — 2¢% cos

1 2 2 3g2 2 X 3qy 2 12
—Eg cosZ«/gqx—l-g cos3qy+7+4.] COSTCOST—{—:’)J .

From this equation, the Dirac points can be shown to
be located at q = (:t47r /33, O), with energy gap A =

3/3g/4.

\/g%c 3‘/§Qx 3qy
2 T2 Uy

3qy 2
cos — + 2g° cos
) T8 2

V34 (B14)

(

Hence, experiments on finite-size systems, aiming to
detect the topological properties of the Majorana bands,
should select the underlying lattice geometry carefully. For
instance, to hit the Dirac point (where the Berry curvature
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of the Majorana bands is strongest) in small systems, the
number of unit cells in each direction should be a multiple
of 3.

APPENDIX C: TIME EVOLUTION IN THE
MAJORANA SECTOR, AND THE ORIGIN OF THE
CONVERSION FACTOR 2 OCCURRING IN THE
DYNAMICAL PROBES

Here we recall the single-particle formalism we use to
treat the Majorana sector of the model. We also explain the
origin of the additional conversion factor 2 between the
dynamically extracted data for A and vege in the main text
and their actual values.

To time-evolve the system, consider again a generic
quadratic Hamiltonian H,, in the Majorana representation,

I
Hy(4) = > Ayrcicy. (C1)
'

Using the normalization factor 1/4, we find this operator
fulfills the relation [29]

[—iHy(4), —iHy (B)] = —iHy ([4,B]),  (C2)
where the commutator on the left-hand side acts on Fock
space, while the commutator on the right-hand side acts
on the (2N x 2N)-dimensional space associated with the
skew-symmetric matrix 4. Then the time evolution of

Majorana modes in the Heisenberg picture can be calcu-
lated as

M ;=i — E ¢ Qjrj»
Y

J

(©3)

with O = e,

We are now in a position to explain the origin of the
conversion factor 2 between the dynamically extracted gap
and edge velocity, and their actual values. For our Majo-
rana system, it follows from the relation Q = e~ that the
dynamics is described by the eigenvalues of the matrix i4
[instead of i4 /4, as one may naively think due to Eq. (B7)].
This factor is important since it scales time in Eq. (C3). We
now contrast this with the static properties of the Majorana
system. For instance, to get the many-body gap, we use Eq.
(B12), which states that the gap is determined by the eigen-
values of the matrix i4/2 [30]. Comparing the dynamics
generated by i4 with the spectral properties obtained from
iA/2, we find the additional factor 2, required for the con-
version between the two. The physical origin of this factor
is intimately related to the fractional character of the Majo-
rana quasiparticles: it can be traced back to the restriction
that excitations can be created only in pairs in the Kitaev
model [29]. Finally, we also confirm the existence of this
factor in the full spin system, Eq. (4), by extracting the
many-body gap from spectroscopy.

APPENDIX D: FLOQUET DRIVE IN THE
MAJORANA SECTOR

In the presence of the Floquet drive, the time-evolution
operator over one Floquet period reads

Up = e iTHRU) g=iTHy () o=iTH:U2) (D1)

where H, = — ) G JwS’jf"%‘?‘,. The plaquette operators
W, [Eq. (B4)] commute with all H,,, which means they also
commute with Ur. Hence, the Floquet drive does not mix
the vortex and Majorana sectors, and we can numerically
simulate the dynamics of the spin system in the Majorana
sector.

Hence, we can restrict the analysis to the dispersive
Majorana sector:

i
Hola) = 7 3 A5y, (D2)
(i)

which is obtained from the original spin Hamiltonian
H, =— Z(}‘ e JaSJ‘-"S]‘?‘, with use of the Jordan-Wigner
transformation; see Appendix. B.

Following Eq. (C3), the time evolution of a Majorana
operator becomes

i _ —T4* T4 ,—TA*
Upc;Up = E cirlle”"e e 17

’

J
_yeff.
=> cile ™ (D3)
j/

Note that the order of unitaries in the definition of A is
reversed compared with Up. With this definition of A,
the Floquet Hamiltonian is given by

i i
Her = - log Up = ;A;}’fckcl. (D4)

There is no handy closed-form expression for the exact
matrix 4°T. However, for sufficiently high drive frequen-
cies, an approximation can be constructed with use of the
inverse-frequency expansion.

APPENDIX E: DETAILS ON THE PROTOCOL
FOR GAP SPECTROSCOPY

Here we discuss in detail the spectroscopy protocol in
the presence of the Floquet drive. We then provide results
supplementary to the results presented in the main text.

We prepare the system in the Majorana ground state of
the isotropic effective Hamiltonian H.g, whose eigenmodes
are annihilated by the operators y;. We then evolve the
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system in the presence of the Floquet drive and simulta-
neously apply the spectroscopy protocol; this gives rise to
the modified Floquet unitary
Up[€] = e TH ) g=iTHy () g=iTH: (J=(0) (E1)
where the z-bond strength changes at frequency w, < wp,
according to
J-(6) =J[1 + A4, sin (0, £7)], (E2)
with A4, the (dimensionless) probe strength and ¢ the
Floquet cycle. Our treating the spectroscopic probe as a
constant during the cycle is justified by the scaling of the
topological gap we want to detect: @, ~ A a)Bl.
Thus, at times ¢, = nT (n € N), the time-evolution oper-
ator is given by

Ur(t,) = [ | Urle]

£=0

(E3)

The spectroscopic signal is proportional to the number of
excitation particles Ney., defined as

N
Nexe(t2) = N = (GulUp(t) > v viUr(4)|Gur),  (E4)

i=1

where N is the number of occupied Majorana modes in the
initial state (out of 2N modes in total) and y; is defined
in terms of the real-space Majorana operators in Eq. (B8).
A straightforward application of Eq. (C3) leads to the
expression

Nexe(ta) = N =Y F7(t,)CF* (t,), (ES)

1

where the 2N x 2N correlation matrix C has the matrix
elements C;; = (Gylcicj|Gyr) and

n
F(ln) — l_[ e*ETAZ(Jz(Z))eféTAy(J)effTAx(J)f (0)
=1

(E6)

is an N-dimensional vector of time-evolved expansion
coefficients; see Eq. (BS).

Using Eq. (ES), we calculate the dependence of Ny on
the probe frequency w, for different geometries; see Fig.
9. For the planar geometry, we see a pronounced finite-
size effect in small systems: for the 6, x 6, system shown
in Fig. 9(a), the lowest resonance peak in the spectroscopy
signal falls inside the gap due to the presence of boundary
state excitations. However, for a large planar system (e.g.,
18, x 18,), the influence of the boundary states becomes
weaker, and the lowest resonance peak shown in Fig. 9(b)

(a) (b)
0154 — planar, 6, x 6, = planar,18, x 18,
1] 1.0 ]
50101 = g &
= 0+ . =, 0+ .

0.054 0 2500 5000 051 0 2500 5000
- Jt: Jt

R — At 0.0 frmemmee

0.0 0.1 0.2 0.3 0.0 0.1 0.2 0.3
(c) wp/J wp/J
C

= cylindrical, 12, x 6, | }

o
) ‘5 /\/\
% =
3

Z 057 01

T H
0 1000 2000 if i
Jt :

= cylindrical, 18, x 6,

)
0

T
1000 2000
Jt

Nexe

R ——
0.0 0.1 0.2
wy/J

wy/J

FIG. 9. The number of excited particles depends on the probe
frequency w), for both planar geometry and cylindrical geom-
etry with different system sizes (see the legend). (a) For the
planar geometry with a small system size of 6, x 6,, the bound-
ary states have a non-negligible influence, which shows up as
an excitation of a midgap state. (b) For a large system size,
18, x 18,, the influence of the boundary states becomes negli-
gible, and the lowest resonance peak indicates the location of
the bulk gap. (c),(d) For a cylindrical geometry, the lowest reso-
nance peak indicates the location of the bulk gap quite well for
the 12, x 6, system and the 18, x 6,, system. The vertical dotted
black line indicates the lowest resonant frequency wyes, and the
dashed green line indicates the location of 2A. The insets show
the time dependence of the signal Ny (f) at @, = wys used to
extract the bulk gap. The other parameters are the same as for
Fig. 2,i.e., Jt, =300, 4, = 0.02, and wp/J = 12.

gets close to 2A [see Fig. 2(d)]. On the other hand, the
influence of the boundary states is less pronounced in the
cylindrical geometry. For the 12, x 6, and 18, x 6, sys-
tems shown in Figs. 9(c) and 9(d), their first resonance
peaks are both close to 2A. Because of the finite-size effect,
the resonance peak in the larger system when compared
with the smaller system is closer to the theoretically pre-
dicted gap value, especially for a system with a small gap
[see also Fig. 2(d)].

APPENDIX F: DETAILS ON THE PROTOCOL FOR
CHIRAL EDGE TRANSPORT

In the main text, we showed that the chiral property of
H.g can be detected by measuring the time evolution of
the zz correlations on the edge, following a local quench.
This measurement was motivated by an analogy with edge
transport of energy. Here we present numerical results on
chiral energy transport.

In the Majorana sector, the Hamiltonian can be written
as a sum over unit cells labeled by m and »:
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FIG. 10. Schematic representation of the notation for the
quench protocol: m labels a unit cell at the edge of the system;
the site i belongs to the unit cell m, while (i,j,)x, (i,j,)y, and
(i, J.), indicate the bonds connected to i that are considered in the
expression for the local unit cell energy H,,; see Eq. (6).

HM = ZHM;ml,nl’: (Fl)

mlnl'

where [ and // mark the lattice sites in unit cells m and n.
We define the energy operator in a local unit cell as

1 i
H, = E ;HM;ml,nl’ + HM;’"L”I/’
n

J ZQZ .
=T SIS SIS, 4SS ()

iem

see Fig. 10 for details of the notation. The motivation
behind this definition is as follows. Let |¢) be an eigen-
vector of H, with the corresponding eigenvalue Eg, and let
|¢),r denote the corresponding components of |¢) on the
I'th site of the nth unit cell: Y Hyminr |9)nr = El@)mi
Hence, the expectation value of H,, in this state is given by

(D1Hnlp) = (D] D Egldphmi = Eg Y _($l$)m.  (F3)
/ !

From this equation, one finds that the expectation is just
the number of particles (i.e., the occupation) in the mth
unit cell times the corresponding energy, which is a good
description of the energy in the mth unit cell.

To get the chiral edge state transport, we take a system
with a boundary, and prepare it in the ground state of Heg;
see Eq. (B9). Then we apply a perturbation /7, as a quench
to the effective Hamiltonian, acting in the middle of the
edge:

Hy = J,S3S, (F4)
with J, being the perturbation strength and (ij). denoting
the z bond in the middle of the edge. The corresponding
Floquet unitary after the quench thus becomes

Up = o THW) o=iTHy () =T (H:()+Hy Uy) (F5)
Finally, we evolve the system with Ur, and measure the
local unit cell energy H,, at the mth unit cell at the edge:

~ ¢ ~
En() = (Gul U] Ha[U6]'1Gu), (F6)

which can be evaluated in practice with the help of Eq.
(C3).

Similarly, in Sec. III B we defined the dynamics of the
local zz correlator, C,,(£), after the quench.

The Fourier spectrum of £,,() can be obtained from

Ly

Nr ,
AW, o) = 3 S E,(e) e it (F7)

m=1 {=1

where L, is the number of unit cells in the y direction, N7 is
the number of Floquet cycles used to do the Fourier trans-
formation, k; =2nj/L,, and w;, = 27£/TN7. In the main
text, to simplify the notation, we used the parameters k and
w. We note that since E,,(£) is real-valued, we have the
reflection symmetry |4 (k, w)| = |A(—k, —w)|.

A(k,w Ak, w
(a) 10 |A(k, w)| (b) 1.0 3 Ak, )]
0.006 ="
0.8 ] 081 - 0.008
~ 0.6 - 0.004 0‘6}_2;5 0.006
E B
0.4 . 0.4 18 0.004
0.002
0.2 {Local energy 0.2 1Local energy 0.002
wp/J =8 wp/J =20
0.0 - 0.000 0.0 - 0.000
—/2 0 /2 —7/2 0 /2
b k) b )
o w s w
(¢) 10 (d)10 025
0.8 | 0.03 0.81 0.20
0.6 1 =5 0.6 1 15
2044 T e 0.4 1 0.10
i 0.01 )
(.21 zz correlations .24 zz correlations 0.05
wp/J =8 wp/J = 50
0.0 T 0.00 0.0 T 0.00
—/2 0 /2 —7/2 0 /2
o k
FIG. 11. Fourier spectrum |A(k,w)| of the local unit cell

energy and the zz correlations following the boundary quench
in a 16, x 32, system. (a),(b) Fourier spectrum for the local
unit cell energy for wp/J = 8 and Ny = 801 and for wp/J = 20
and Ny = 2001, respectively. The chiral signal is clearly notice-
able among additional excitations. (c),(d) Fourier spectrum for
the zz correlations for wp/J = 8 and Ny = 801 and for wp/J =
50, and Ny = 5001, respectively. The dominant chiral behavior
is clearly discernible, and the amount of nonchiral excitations
appears reduced. For all panels, the slope of the dashed black
line corresponds to the theoretical prediction, 2v,  x k + 0.5,
and J,/J = 0.008. For comparison, in Fig. 3, the dashed black
line corresponds to a fit (see Appendix I).
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Ak, w Ak, w
(a) 10 _ [A(k,w)| (b) 10 [A(k,w)|
0.81 = ——= 0.0015 081 0.0006
- 0.6 (e e —— 0.61
- e 0.0010 0.0004
RO ———_== 0.4
i 0.0005 0.0002
0.2 0.2
0.0 . 0.0000 0.0 . 0.0000
—/2 0 /2 —7/2 0 /2
k k

FIG. 12. Fourier spectrum |4(k,®)| of the zz correlations at
the boundary of a 16, x 32, system following the quench (see
the main text) for two different points belonging to phase 4,
of the phase diagram [Fig. 1(c)]. (a) At the critical point (J, =
J, = 0.5J and J. = J) the chiral bulk gap in the Majorana spec-
trum closes [see Fig. 4(a)], and the chiral signal is lost. (b) The
chiral signal is not observable deeper in the toric code phase
Wy =J, =025/ and J. =J) either. The figure demonstrates
that the chiral signal in the Fourier spectrum is an intrinsic prop-
erty of the chiral spin liquid phase B; in particular, it is not
induced by the “polarization” of the Floquet drive. The param-
eters are wp/J =8, J,/J = 0.008A¢t, and Ny = 801, and the
remaining parameters are the same as for Fig. 11(c).

In our calculation of H,,, considering that the strength g
of the three-spin correction term is much smaller than J,
we drop all terms proportional to g in Eq. (B2) to simplify
the calculation. We show the obtained Fourier spectrum
for the local unit cell energy in Figs. 11(a) and 11(b), cor-
responding to drive frequency wp/J = 8 and wp/J = 20,
respectively. The data show a strong signal due to the exci-
tation of the chiral edge modes, which agrees well with
twice the theoretical group velocity vi‘ige =3A/2m, as
shown by the thin dashed black line in Figs. 11(a) and
11(b). In Sec. IIIB, we showed results only for the zz
correlation [Eq. (7)], instead of the local unit cell energy,
with the purpose of simplifying the experimental realiza-
tion. Here, for completeness, we also show data for the
zz correlation in Figs. 11(c) and 11(d) (with wp/J =8
and wp/J = 50, respectively). Comparing Figs. 11(a) and
11(c), one finds that the spectrum for the zz correlation may
not show all excitations, but it captures the major chiral
signal of the local unit cell energy results; moreover, the
signal is cleaner for the zz correlations, which is advanta-
geous in determining the value of veqe using a linear fit
[see Sec. I]. Especially when the topological gap is small
[e.g., in Fig. 11(d), where wp/J = 50], the agreement of
the chiral signal with the theoretical prediction for vgége
is particularly clear. However, the corresponding signal
for the local unit cell energy is surrounded by additional
excitations as shown by Fig. 11(b).

To further demonstrate that the chiral signal arises from
the properties of the chiral spin liquid phase B, instead of
being a mere consequence of the circular “polarization” of
the Floquet drive, we show the Fourier spectrum of the
boundary zz correlation at the phase transition point (i.e.,

|A(k, w)| [A(k, w)|

(a) L0 0.06 (b) 10 1.25
0.8 0.8 1.00
. 0.04 )
~ 0.6 18 = ~ 061 _~ 0.75
? 27jedge, et § 2vedge’ =
0.4+ ) 0.4+ 0.50
i 0.02 i
0.2 0.2 0.25
J, = 0.008 J, =016
0.0 ‘ 0.00 0.0 ‘ 0.00
—/2 0 /2 —7/2 0 /2
k k
Alk,w
(c) 10 Akl ()
3
0.8 0.08
*
~ 0.6 1SS =5~ 2 3
3 QUedg?, == ?“j 0.067 — theory
04 = > X X J,=0.008
02 ! 0.041 4 ,=0.6
J,=06 t g, =06
0.0 T 0 T T T T
—7/2 0 /2 0.050 0.075 0.100  0.125
FIG. 13. The effect of increasing quench strength J, on the

Fourier spectrum of the zz correlation and corresponding edge-
state velocity. The plots show the Fourier spectrum of the
zz correlation for three different quench strengths: (a) J,/J =
0.008, (b) J,/J = 0.16, and (c) J,/J = 0.6. The corresponding
extracted edge-state velocity vedge is shown in (d). As the quench
strength increases, residual, “noisy” components appear in the
Fourier spectrum, but the dominant chiral signal remains qualita-
tively unchanged. The system size is 16, x 32, for a cylindrical
geometry. The model parameters used in the study are wp/J =
10 and Ny = 1001, and the cutoff used in the fitting is 0.4.

Je =J, =0.5J, and J; =J) in Fig. 12(a), as well as for
one point in the bulk of the nonchiral toric code phase A,
(Jx =J, = 0.25J and J, = 1); see Fig. 12(b). As expected,
no chiral signal is observable outside the chiral spin liquid
phase.

Finally, we point out that we use a relatively small
value J,/J = 0.008 in the numerical simulations to avoid
unwanted additional excitations that may interfere with the
process of extracting the edge-state velocity. With respect
to the feasibility of a potential experimental realization, it
is important to note that this value can be increased. WE
briefly examine the role of the quench strength J,/J. The
results, shown in Fig. 13, reveal that increasing J, /J intro-
duces additional “noise” to the Fourier spectrum, but the
dominant chiral signal and the extracted edge-state veloc-
ity vedge Temain qualitatively unchanged even for values of
J,/J up to approximately 0.6.

APPENDIX G: DETAILS ON THE PROTOCOL
FOR RAMPING THROUGH THE CRITICAL
POINT

We now turn our attention to the ramping process used
to prepare the initial state for small-enough systems.
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To this end, we initialize the system in the ground state
of Hg at J, =0, J, =0, and J; = J. To avoid problems
with the massive ground state degeneracy, we pick the
linear combination consistent with a vortex-free configu-
ration; this is automatically the case when one is working
in the Majorana representation at n = 1. We then slowly
ramp up the x and y couplings until we reach the isotropic
point in the bulk of the chiral spin liquid phase at time
t = tramp. This amounts to the following protocol:

Hx(t) = _Jx_ S]x za
AP k)
t
Hy() = =)y — ) S8}, (G1)
ramp (k)

H,=-J.) S:S;.
(k)

If the ramp time is much longer than the Floquet period,
T < tramp, We can assume that the ramp is effectively con-
stant within each drive cycle. Then the time-evolution
operator at drive cycle £ reads

UF[E] — e—iTHx([)e—iTHy(Z)e—iTHz' (GZ)

Following once again Eq. (C3), we can numerically com-
pute the initial state after the ramp; we then use this
state as the initial state for the quench protocol, follow-
ing which we calculate the time evolution of the local unit
cell energy; see Appendix F.

In Fig. 4(b) we do not display data in the region £ = 0
[see the grayed-out region in Fig. 4(b)]. This is because for
Jtramp = 250 used in Fig. 4(b), the Fourier signal at k = 0 is
too strong and dominates the chiral signal, as we show here
in Fig. 14(a). However, if the ramp time is long enough
(compared with the inverse gap), the chiral signal eventu-
ally becomes dominant as shown in Fig. 14(b), which is
calculated with Jtyum, = 5000.

In addition to the ramp time, the observation time after
the quench, 7.s = TN7, also affects the Fourier spectrum.
In particular, it influences the resolution along the w axis
via the Fourier transform; see Eq. (F7). In Fig. 14(c), we
show results for a smaller value of Nr. These data demon-
strate that although a low w resolution may affect the slope
Veqge (dashed black line), the signal still exhibits clean
chiral properties.

For the small-gap case with wp/J = 50 shown in Fig.
14(d), there are still strong signals comparable to the chi-
ral signal at £ = 0. Hence, to increase the accuracy of
extracting the edge current velocity, we ignore the £ = 0
point.

(a) |A(k, w)| (b) |A(k, w)|
1.0 1.0 0195
wp/J =10 5 Bgjdl =10 :
0.81 ' 0.8 | 0.100
~ 0.6 . 0.6 1 —— 0.075
? — 3 2Uggge’ . ‘q-.
0.41 2 049 0.050
0.2 tramp = 250 1 0.2 1 tramp = 5000 0.025
Nr = 1001 Np = 1001
0.0 - 0 0.0 - 0.000
—7/2 0 /2 —m/2 0 /2
k k
() Ak, (d) [A(k, )|
1.0 0020 1.0
UJD/J:10 wD/J:E)O 0.8
0.8 0.015 0.8 '
. 0.6
~ 0.6 0.67 gyth
> gth . Vedgs =
3 04l Uefi_g?- N | 0.010 ol 04
0.2 {tramp = 5000 0.005 5] tramp = 5000 0.2
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0.0 - 0.000 0.0 - 0.0

—/2 0 /2 —7/2 0 /2
; k

FIG. 14. Fourier spectrum of the zz correlation for various
ramp and observation times. (a) For a short ramp time, Jt;ayp =
250, a strong signal appears at k = 0, which dominates the chi-
ral signal shown in Fig. 4(b). (b) At long ramp times, Jtamp =
5000, the dominance of the chiral signal is restored. For (a),(b),
N7 = 1001 produces a good resolution of the signal. (¢) For short
observation times, Ny = 101, the resolution becomes low but
the chiral behavior still exists. The drive frequency wp/J = 10
for (a)Hc). (d) For large drive frequencies (e.g., wp/J = 50),
a strong signal at k = 0 comparable to the chiral signal per-
sists even at long ramp times Jt;ymp = 5000. The system size is
8¢ x 16, for all panels, and the slope of the dashed black line

corresponds to the theoretical prediction: 2v§fige.

APPENDIX H: LINEAR RESPONSE ANALYSIS OF
THE zz CORRELATIONS

To understand the edge-state physics displayed by the zz
correlations after the quench, we apply linear response the-
ory. The system we consider is an infinite cylinder, with all
n = 1. Then the zz correlation from Eq. (7) can be written
as

iJ 1
Cn() = ZTT |:E(cm,20m+l,l — Cm+1,1cm,2),0(t)} , (HI)

where the notation is the same as in Fig. 10 and p(?)

denotes the density matrix at time z. At ¢ = 0, the latter

can be obtained from the ground state equation (B9).
With use of the Fourier transform

2 E : i
— q'm
Cm’[ — Ny . e Cq,h (H2)
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the zz correlation becomes

iJ 4
Clk,t) = T Z Tr[(cg,zckw,l i k+)3:
q

— ¢} (Cpgae ™) p ()], (H3)

where N, is the number of sites in the periodic direction
and §, = 7,41 — ry 1S the distance between two nearby z
bonds at the edge.

In the interaction representation, p;(f) = /0’ p (0)e~"0!,
we have

pr(®) = p(0) — i/O dv[H; (%), p1(v)], (H4)

where Hy = H is given in Eq. (D4) and H' is the pertur-
bation Hamiltonian with interaction-picture representation
HI/(I) — eiHOfH/e*iHOt'

Then, defining

o F i(k+q)8 F T N
i(CyaChigre™ % — ¢y (Chigre™ 1) = cicriq,  (HS)

and using the linear response approximation, i.e., replacing
pr(t) by p;(0), one obtains

J ! — , )
Clk,t) = —iZ Z fo drTr{[e"™'clcrpqe™™' H](T)] 0}
q

(H6)

lHot T lH()t

In doing so, we ignored the term Tr[e
since it vanishes for g # 0.

For a cylindrical geometry with an even number 2N,
of sites in one unit cell, the Hamiltonian has exactly N,
positive eigenvalues and N, negative eigenvalues for each
momentum ¢. To make this explicit in the notation of the
eigenstate y,;, we define the index j to range from —N, to
—1 and from 1 to N,. Thus, the Hamiltonian can be written
as

2Ck+g1€ "0 po]

(HT)

)
Ho =) ey¥y;Vas-
qJ

with €,; the corresponding eigenvalues. Moreover, because
of the property of Majorana fermions, y; = Y—q—j> We

- 1
have the relation €,; = —e_,_;. Therefore, {y,;, Vyird =
Sqq Sy and (v, Yy} = 8—gq8—j-

With these definitions, the perturbation term can be
written as

Z /Vty Yq'i's (H8)
944 J’
and one can show that
~j’ = J’
V_q o= —V’ (H9)

Using Eq. (H7), one can obtain the time evolution of H (1)
as

H[/(.L,) — eiHorH/e—iH()T
Z /VQJ Vd'i e (H10)
9.9 J’

Moreover, for our perturbation H' =J,(ic, zc,n+11 -

icmy1,16m2)/8, with m at the center of the edge, V’k ok can
be computed as

.. J ~
J' iqd; —ikr, 1
V§c+q,q y (e ’ mfk+wfq,1

e_iqaz_ik"n1+1fq]‘2ﬂ-1|-21 ) (Hl 1)

7 Ik
q
fermion in momentum space, i.e., c

where is the eigenmode component of the Majorana

=Y S
In addition, the operator e’Hotczck+qe it in Eq. (H6)
can be evaluated to give

iHot z(k+q)82 i

. —igs;N —iHot
Cy1Ck+q2€ e

z(c 2Ck+q

. ik+q)8,  F1xf2  —igs
= lquf*ﬁcwe" P =Sy D™
i’

X Yy Vigy €4 b (H12)

2' P— i
Z Phsg¥ Vg€ ORI (HI3)

Then, using the identity Tr(ykj Yej po) = 88 forj,j’ <
0, we obtain

21(qu ek+q,//)t ,

Clh,) = ZZZ qk+q 26, + 26114, V/l'fi'q,q

q j'=1j=—N

21(6 -/—ek+qJ)t o,
J'j J
—F k+q.9°

B H14
kg 26149 — 2€4 (H14)

and we dropped the time-independent terms along the way.
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FIG. 15. Fourier spectrum of the zz correlation calculated by

(a) the linear response method and (b) the exact numerical sim-
ulation. The system size is 16, x 32, and the model parameters
are wp = 8/J, J,/J = 0.008, and N7y = 800. The dashed black
line corresponds to the theoretical prediction: 2v§égek + 1/2; see
Eq. (H16).

From Eq. (H14), one can calculate the Fourier spectrum
by using Eq. (F7) with £ = t/T. We can then compare the
resulting expression with our exact numerical simulation,
shown in Fig. 3(b). The results are shown in Fig. 15, show-
ing almost perfect agreement. This allows us to analyti-
cally analyze the dominant signal, from which we extract
the edge velocity. To this end, we use the §-function iden-
tity f,° €'dt = m8(w) to calculate the Fourier spectrum
in the limit  — oo. This gives

o0
Clk,w) = / dt C(k,t)e'™
0

N -1
Jr o 8(2e; — 26540 + @)
— FJJ V’ J qJ qJ
2 ZZ Z ak+q” kta.q —2¢,; + 26544,

q j'=1j=—N
i 8(2€, 0 — 26540 + @) i
— F{L{M 4 1 kiq,q. (H15)

2€i4q; — 2641

We recall from Fig. 2(a) that when ¢, = 7 the eigen-
states are highly degenerate and have energy +J /4 (cross-
ing point of all curves). There are N, — 1 degenerate
energy levels in each of the positive and negative disper-
sion branches. Hence, C(k, w) will be dominated by those
values of w that match the energy difference in the argu-
ment of the § functions, such that all degenerate states
contribute. To account for this degenerate contribution,
one can take one of the two states in the § function to be
at the degeneracy point (i.e., €= +; = +=J/4, withj > 1)
and the other to be at the edge state (i.e., €jqg—rit+1 =
FVeggek). Then the two § functions in the Eq. H15 become

1
5(26%1‘ — 2€k+q,j/ + a)) =4 (EJ + 2vedgek — Cl)) ,

1
6(2611,[/ - 26k+qJ + (,()) =34 (EJ + 2Uedgek+ (,()) .
(H16)

We verify that this result matches our numerical simu-
lation; see Fig. 15. In particular, we conclude that the
correlation between the highly degenerate state and the
edge state dominates the signal |4 (k, w)|.

Importantly, the result in Eq. (H16) shows that the
dominant spectroscopic signal can be used to probe the
dispersion relation

® = (1/2)J + 2veqqek,

and, hence, to extract the velocity of the edge mode veqge,
as we describe in Appendix .

APPENDIX I: EXTRACTING THE EDGE-MODE
VELOCITY

Here we describe the fitting procedure we use to extract
(twice) the chiral edge mode velocity vedge from the Fourier
spectrum defined in Eq. (F7).

Consider the Fourier spectrum as a dataset of triples,

D = {(k], w0, K, 00)] ), (1)

where with each Fourier momentum and frequency point
we associate the corresponding value of |A(k},a)g)|. Our
goal is to extract the slope of the most dominant part of the
Fourier signal, which corresponds to the discernible chi-
ral pattern. Thus, in constructing the dataset D, in order to
focus the signal on the dominant chiral region, we consider
only points (ka,a)g) for which the strength of the Fourier
spectrum is larger than 40% of the maximum available
signal |4k}, w)|.

Comparing this problem with ordinary linear regres-
sion, here we have to take into account the strength of the
Fourier spectrum. Thus, we apply a weighted linear regres-
sion, where each (k;,wg) point is additionally multiplied
by its strength |A(k,, w)|. The corresponding cost function
reads

|A(k)//, C()g)l
Z(kj,,wg)eb |A(k§’> wy)]

['(Uedge) = Z

(#}00)eD

| 2
<vedgek; + 57 = wg> . (12)

This cost function can be interpreted as the variance or
error of the fit. Thus, we can use L(vedge) to define the
error bars on the extracted value for vegge. In principle, one
can also leave the w-axis intercept as a fitting parameter;
instead, we use the value 1/2, which is obtained from the
linear response analysis [see Eq. (H16)]; we also verify this
independently from the fit in the clean theoretical regime of
large N7 and t,mp. By using this value, we reduce the fitting
process to only one parameter—namely, the slope. Thus, a
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FIG. 16. Edge-state velocity vegee extracted from fits to
|4 (k, w)| with different cutoff values at Jt;ump = 250. For a small
cutoff value of 0.2, residual excitations dominate the Fourier
signal, which leads to larger error bars. Additionally, for larger
values of wp/J, the gap is smaller, and the strength of the chiral
signal is comparable to the strength of residual excitations due
to the finite ramp and observation times, which also results in
larger error bars even if the cutoff value is relatively large. Here
Nr = 50wp/J + 1 is chosen long enough to resolve the chiral
signal. The system size is 8, x 16, (cylindrical geometry).

limited number of critical data points are sufficient for the
fitting, and these can be obtained by selecting appropriate
hyperparameters; the procedure maintains a high degree of
robustness as long as the cutoff is sufficiently high and the
introduced noisy data points are negligible.

Figure 16 shows the dependence of the extracted edge
velocity on the drive frequency wp with different cutoffs;
we use the scaling Ny = 50wp/J 4+ 1 to keep the total
physical observation time f#,s = TNr approximately the
same throughout the drive frequency axis, and Jtramp =
250. By our using these parameters and ignoring the £ = 0
point, the fitting procedure shows a decent resolution when
the chiral gap and the cutoff are sufficiently large (i.e., for
J/wp > 0.06 and cutoff value not less than 0.4). However,
when the gap or the cutoff value is small, the effect of
bulk states excited during the ramp cannot be disregarded
and these excitation points then lead to large error bars as
exhibited by the J/wp < 0.06 region or the cutoff value
of 0.2 (red data points in Fig. 16). Thus, potential experi-
ments should target the parameter regime with the largest
accessible chiral gap and choose a relatively large cutoff in
the fitting.
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