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The preparation of long-range entangled states using unitary circuits is limited by Lieb-Robinson
bounds, but circuits with projective measurements and feedback (“adaptive circuits”) can evade such
restrictions. We introduce three classes of local adaptive circuits that enable low-depth preparation of
long-range entangled quantum matter characterized by gapped topological orders and conformal field
theories (CFTs). The three classes are inspired by distinct physical insights, including tensor-network con-
structions, the multiscale entanglement renormalization ansatz, and parton constructions. A large class of
topological orders, including chiral topological order, can be prepared in constant depth or time, and one-
dimensional CFT states and non-Abelian topological orders with both solvable and nonsolvable groups
can be prepared in depth scaling logarithmically with system size. We also build on a recently discov-
ered correspondence between symmetry-protected topological phases and long-range entanglement to
derive efficient protocols for preparing symmetry-enriched topological order and arbitrary Calderbank-
Shor-Steane codes. Our work illustrates the practical and conceptual versatility of measurement for state

preparation.
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I. INTRODUCTION

Long-range entangled (LRE) and short-range entan-
gled (SRE) states belong to distinct quantum phases
as they cannot be connected using finite-depth unitary
circuits. Intriguingly, this dichotomy can vanish if one
allows for nonunitary evolution incorporating measure-
ments. This is illustrated by the constant-time preparation
of Greenberger-Horne-Zeilinger (GHZ) cat states [1] as
well as toric code ground states [2—4] via certain mea-
surement protocols. More recently, it was found that per-
forming measurements on SRE states in certain symmetry-
protected-topological (SPT) phases [5,6] can lead to a
large class of LRE states in topologically ordered phases
[7,8]. All these findings suggest that, in contrast to the
conventional understanding that measurement simply dis-
entangles quantum particles, performing measurement can
in fact serve as a powerful tool for efficiently preparing
LRE quantum matter.
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It is of great interest to explore the utility and limi-
tations of measurements in quantum many-body systems
from various perspectives. First, certain LRE systems with
topological order are ideal platforms for realizing topo-
logical quantum computation [9], which allows for robust
information storage and operations immune to local noise.
It is, therefore, desirable to develop a scheme that can real-
ize these LRE systems efficiently, and this endeavor is
timely as midcircuit measurements are now a capability
in several experimental platforms [10,11]. Second, mea-
surements can potentially lead to novel nonequilibrium
states of matter that do not naturally arise from unitary
evolution alone. One notable example of recent interest
is hybrid quantum circuits [12—14], where the interplay
between unitary gates and projective measurements can
lead to states with fascinating entanglement structures
including quantum critical points that cannot be realized in
equilibrium. However, a challenge is that such properties
are features of pure state trajectories defined by the mea-
surement outcomes, and thus experimentally probing such
features generally requires postselection of the outcomes.
This motivates the consideration of adaptive dynamics
in which the measurement outcomes are fed forward to
inform the choice of subsequent operations; then it is pos-
sible that different trajectories can converge and obviate
the need for postselection.
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In this work, we explore the utility of measurements
as a versatile tool for constructing various long-range
entangled states, including both chiral and non-Abelian
topological orders as well as one-dimensional (1D) gap-
less critical states characterized by 1+1D conformal field
theories. The fast preparation of target states is made pos-
sible using “local adaptive quantum circuits,” which we
define to consist of local unitary gates, local projective
measurements, classical information processing, and finite
overhead of ancillae, i.e., at most a constant number of
copies of the original system (see Fig. 1). The adjec-
tive “adaptive” means that the measurement outcomes are
recorded as classical data that can be processed and com-
municated nonlocally, and the choice of a local unitary gate
after measurements depends on this global classical data.

The target state is thus prepared without needing to
postselect on particular measurement outcomes. In this
work, we introduce three distinct classes of local adap-
tive circuits, each of which relies on completely different
physical insights and, therefore, possesses different mer-
its that we highlight below. We also build on Refs. [7,8]
to derive adaptive circuits preparing symmetry-enriched
topological (SET) order and arbitrary Calderbank-Shor-
Steane (CSS) codes. Each approach is self-contained and
can be understood independently.

The first class of adaptive circuits (Sec. II) is inspired
by the tensor network construction of quantum states
(see, e.g., Ref. [15] for a review) and serves as a prac-
tical, modular approach for preparing many topologi-
cally ordered states in constant depth. After preparing
copies of small entangled resource states of constant sizes,
performing two-body measurements “glues” these resource
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FIG. 1. A schematic of a local adaptive circuit for preparing a

long-range entangled state. The blue boxes and the gray boxes
represent local unitary gates and local measurements, respec-
tively. These operations may involve a finite number of ancilla
copies (light green) of the system (green), and the measure-
ment outcomes can be classically processed and communicated
to every future component of the circuit.

states together, forming a long-range entangled many-body
state. This construction applies to the Abelian topological
order of quantum double models [9], as well as the double
semion ground state [16], which is a twisted quantum dou-
ble. Notably, it also allows one to prepare a perturbed topo-
logically ordered state that remains in the same phase as a
fixed-point wave function. Our protocol is similar in spirit
to fusion-based quantum computation [17] and “quantum
legos” [18]. This modular approach involving preparing
many small states in parallel is particularly well-suited for
photonics and trapped ion platforms.

The second class of adaptive circuits (Sec. III) is
inspired by the “multiscale entanglement renormaliza-
tion ansatz” (MERA) [19,20], a framework for real-space
renormalization group (RG) transformations where short-
distance entanglement is systematically removed. MERA
can also be viewed as an O(log L)-depth (spatially non-
local) unitary circuit that realizes microscopic models of
size L by reversing the direction of RG flow. While the
depth of a MERA circuit is relatively low, it requires non-
local unitary gates to generate entanglement at various
length scales. We introduce a class of local adaptive cir-
cuits to implement a MERA circuit, where any nonlocal
gate is realized with local measurements and unitaries.
This immediately leads to two notable classes of target
states achievable with O(log L)-depth local adaptive cir-
cuits: (i) gapped topological orders in quantum double
models [9] of any finite group and Levin-Wen string-net
models [16], (ii) gapless states characterized by confor-
mal field theories (CFTs). A CFT state of size L in one
space dimension exhibits an O(log L) entanglement scal-
ing [21-25], and we show that preparing such a state using
any local adaptive circuit requires a depth that at least
scales with O(log L). Our proposal, therefore, provides an
optimal circuit structure for preparing 1D CFT states.

The third class of adaptive circuits (Sec. IV) is inspired
by parton constructions, an approach widely used to char-
acterize various topological orders (see, e.g., Ref. [26]).
Notably, this class of circuits enables the preparation of
a chiral non-Abelian topological order in finite time. We
introduce the circuit in the context of the Kitaev hon-
eycomb model [27], where each qubit is fractionalized
into four Majorana partons subject to a local constraint.
The model can be mapped to a system of free Majorana
fermions coupled to static Z, gauge fields represented by
Majorana dimers, and the physical state of the honey-
comb model can be obtained by projecting to the physi-
cal subspace consistent with the local gauge constraints.
In certain parameter regimes, a time-reversal symmetry-
breaking perturbation leads to a topological band structure
for the Majorana fermions, and after projecting to the phys-
ical subspace of the spin model, one obtains the chiral
topological order of Ising anyon theory. This parton-based
solution motivates the construction of the following adap-
tive circuit: starting from a tensor product state of the
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free Majorana fermion state and Majorana dimers arranged
on a honeycomb lattice, one can simultaneously measure
certain Majorana operators to enforce local gauge con-
straints, thereby preparing the target chiral topological
order. Crucially, the (Abelian) Z, gauge structure allows
us to enforce the correct gauge constraints by applying
a finite-depth quantum circuit, despite the existence of
non-Abelian topological order. While we only discuss the
parton-based adaptive circuit in the context of the Kitaev
honeycomb model, we expect broad applicability of this
method for preparing various topological phases of matter.

Finally, in Sec. V, we build on recent works [7,8],
which point out the emergence of long-range order by
measuring certain SRE states with SPT order. We adopt
a wave-function perspective in which certain SRE states
can be understood as two species of fluctuating topolog-
ical objects with a nontrivial braiding phase [28]. These
topological objects are domain walls of classical models
(e.g., they can be pointlike objects on the boundary of
open strings as in the 1D Ising model or looplike objects
on the boundary of open membranes as in the 2D Ising
model). Measuring one species “disentangles” the two
species: the measured species is projected to a particu-
lar domain-wall product state, and the unmeasured species
remains in a superposition of all possible domain-wall
configurations, which constitutes long-range order. This
wave-function perspective provides the following three
advances. (i) It provides a simple physical picture demon-
strating that measuring a SPT with Z, x Z, symmetry
leads to a Z, long-range order, a result that has been dis-
cussed in Refs. [7,8,29]. (ii) Considering domain walls
that result from certain classical models without spatial
locality, one can construct a finite-depth adaptive circuit
that prepares any CSS code [30,31]. While it has been
known that any CSS code can be obtained by measuring
certain SRE states [32], we describe the construction in
terms of a chain complex, which provides a succinct for-
malism that is particularly suitable for preparing certain
quantum low-density parity-check (LDPC) codes of recent
interest (see Ref. [33] for a review and recent progress).
(iii) By decorating fluctuating topological objects with
lower-dimensional SPTs, one can easily prepare various
symmetry-enriched topological (SET) orders [34], where
the deconfined anyonic excitations may exhibit a further
symmetry fractionalization, as they live on the boundary
of SPTs.

I1. ADAPTIVE CIRCUITS VIA TENSOR
NETWORKS

Here we present a class of finite-depth adaptive cir-
cuits that prepares a large class of topologically ordered
states by exploiting their tensor-network representations.
This is applicable to Abelian quantum double models [9]
and a twisted quantum double—the double semion model

[16]. In addition, the adaptive circuits can also prepare
non-fixed-point states with topological order. Below we
illustrate the main idea using the 2D toric code as an
example.

A. An example: 2D toric code

Consider a 2D lattice with every link accommodating a
qubit. The 2D toric code Hamiltonian is — > [ 1,012 —
> [1jcap Xi» where the first term is a product of four
Pauli-Z operators acting on links emanating from a given
vertex v, and the second term is a product of four Pauli-X
operators acting on links around the boundary of a plaque-
tte p. With periodic boundary conditions for both spatial
directions (i.e., the lattice is defined on a 2-torus), we con-
sider a (un-normalized) ground state as a superposition of
all possible loops C, including both the contractible ones
and noncontractible ones:

IT)=>)_1C). (1)
C

The states |C) form the computational (Pauli-Z) basis of
loop configurations, where qubits take the value 1 (down
spin), O (up spin) depending on whether they belong to a
loop or not. In other words, the set of states |C) is all possi-
ble spin configurations with an even number of down spins
around each vertex.

To introduce our protocol, we here provide a short
review on the tensor-network construction for the toric
code [35,36]. To start, one defines a three-leg tensor g;;
on every link:

g; = 8s,i85,j- (2)

Here s € {0, 1} labels the state of a physical qubit and
i,j € {0,1} correspond to virtual legs. Essentially, g is a
projector enforcing that the physical leg and two virtual leg
variables take the same value. In addition, on every vertex
one defines the four-leg tensor

1
Taﬂy& = {0

It follows that the toric code ground state can be expressed
via the tensors g and T [see Fig. 2(a)]:

T) = Zm[@ T®g‘”} l{s1}) )
v )

{s1}

ife+84+y +35=0mod2,

! - 3)
ifo+p+y+386=1mod?2.

with tTr denoting a tensor trace that contracts all the virtual
degrees of freedom. It is easy to see that such a representa-
tion exactly represents the superposition of loops as the g
tensor conveys the physical spin to virtual spins and the T
tensor enforces the rule that there must be an even number
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FIG. 2. Adaptive circuits via a tensor-network representa-
tion—ground state of the 2D toric code as an example. (a) Tensor
network for the toric code constructed from tensor g [Eq. (2)] and
tensor T [Eq. (3)]. (b) One first simultaneously prepares copies
of a four-qubit vertex state, where each vertex state is defined
from tensor 7. Measuring ZZ operators for two spins on the same
link with the outcomes ZZ = 1 (represented by red rectangles)
“fuses” them to a single qubit, thereby exactly preparing the toric
code state. (c) Any measurement errors (ZZ = —1, represented
by blue rectangles) occur in pairs and can be corrected in paral-
lel by applying string operators of Pauli-X operators that connect
them.

of occupied links emanating from vertices, indicating that
any spin configurations must form loops.

Exploiting this representation, we now introduce the
protocol for preparing the toric code ground state from
SRE states via measurements. To start, we employ the T
tensor to define a state of four spins associated with a ver-
tex, i.e., |T), = Za,ﬂ,y,a Tupys la, B,y,8), so that it is a
superposition of product states for four spins subjected to
the constraint ZZZZ = 1 [every allowed state must have
an even number of strings (Z = —1) meeting at the ver-
tex v]. Here |T), is a stabilizer state specified by the ZZZZ
stabilizer and three other independent XX stabilizers act-
ing on any two qubits; it is a GHZ state in the X basis.
Defining an SRE resource state as ), |7),, i.e., the ten-
sor product of |T), among all vertices, we measure the
two-body ZZ operators for two spins associated with two
vertices sharing the same link [see Fig. 2(b)]. When the
measurement outcomes are ZZ = 1 on all links, measure-
ments effectively “fuse” two spins on the same link to a
single spin, in the sense that they must take the same value
in the computational basis. Because of the constraint of
only an even number of strings (Z = —1) on each ver-
tex, the postmeasurement state is a superposition of closed
strings (i.e., loops), thereby realizing the exact topological
order of the Z, toric code. Our protocol relies on encod-
ing the hard constraint on each vertex state |T),, and this
is in spirit similar to a construction of classical vertex

models, where vertex constraints are enforced and the lat-

tice is tiled with mismatches of bonds that need to be

removed (see, e.g., Appendix B of Ref. [37] for details).
Formally, the postmeasurement state is

|w>=[1‘[1+“"€“ ]®mv, (s)

1
where [ ], s, Z1v 18 a product of two Pauli-Z operators on
two spins associated with the two neighboring vertices
connected by the link /. One can also write down a parent
Hamiltonian H for which |v) is a ground state

> I1z.-> ]"[XI,U—Z]‘[Z,U

v llvedl p lledp vedl

Because of the constraint [[,_,,Z,, =1, the four-
dimensional Hilbert space of two spins on every link is
restricted to two dimensions, and one can define an effec-
tive Pauli-X operator and Pauli-Z operator acting on this
subspace: Z; = Z;, = Zy and X; = [ [, c0; X0 = X1 X1
It follows that in the basis of Z, the state |/) is a superpo-
sition of loop configurations as in Eq. (1).

Upon measurement, we may obtain ZZ = —1 (as
opposed to ZZ = +1). We refer to those outcomes as mea-
surement errors. Measurement errors can be corrected in
one time step as follows. First, we note that the product of
all ZZ measurement operators is fixed at one, as it is the
product of ZZZZ stabilizers for all resource vertex states.
This guarantees that the measurement errors (ZZ = —1)
must come in pairs. As a result, one can apply (in par-
allel) string operators of Pauli-X operators that connect
pairs of measurement errors [see Fig. 2(c)], bringing the
postmeasurement state into the ground state of the Hamil-
tonian defined in Eq. (6). Physically one can regard the
measurement errors as anyon excitations in the Z, topo-
logical order. Applying string operators to pair up errors
can be understood as annihilating pairs of anyons, thereby
giving a toric code ground state.

B. More applications

Here we briefly discuss several classes of models that
can be prepared using our tensor network approach. We
note that finite-depth adaptive protocols for preparing these
states were first introduced in Refs. [7,8], albeit using a
completely different approach from ours.

1. Topological order away from a fixed point

As a nontrivial application, the finite-depth local adap-
tive circuits can realize non-fixed-point states with topo-
logical order. This relies on the fact that a topological
order can persist up to a finite perturbation strength when
the perturbation on local tensors respects certain symme-
try conditions (so that it can be mapped to local operators
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in the physical Hilbert space) [38]. A simple example is
the 2D toric code, where one considers a perturbation that
breaks the XX symmetry but preserves the ZZZZ sym-
metry in the T tensor. The ZZZZ symmetry imposes the
closed string condition so that the resulting tensor-network
state remains a superposition of loops. Meanwhile, the
perturbation amounts to assigning a nonzero string ten-
sion, so that the wave function for each loop configuration
decays exponentially with the length of loops. As shown
in Ref. [38], the topological order persists up to a finite
critical string tension and the transition to a trivial phase
is mapped to a thermal partition function of the 2D Ising
model. Based on such a tensor-network construction, the
non-fixed-point wave function with topological order can
be prepared in constant depth using the local adaptive
circuits (see Appendix A 1 for details).

2. Quantum double models

The tensor-network-based adaptive circuits allow for a
constant-depth preparation for quantum double models of
the finite Abelian group [9]. The scheme is similar to the
case of the 2D toric code, and one can apply a product of
local unitaries to pair up measurement errors, thereby real-
izing the target states (see Appendix A 2 for details). Note
that if one enforces the measurement outcomes, one can
also prepare a quantum double of any non-Abelian group.
How and whether it is possible to correct measurement
outcomes efficiently for the non-Abelian quantum double
remains an open question of our work.

3. Double semion

An interesting application is the constant-depth prepara-
tion of a twisted Z, topological order [39], i.e., the ground
state of double semion model [16]. The state is defined
on a honeycomb lattice, and is a superposition of loops
weighted by a &1 sign that depends on the number parity
of loops. In Appendix A 3, we provide an explicit prepa-
ration scheme for the double semion by utilizing its exact
tensor network representation [35,36].

4. Fracton order

Finally, we consider the adaptive preparation of fracton
topological phases of matter (see Refs. [40,41] for review).
These are long-range entangled quantum phases that fea-
ture fractionalized excitations with restricted mobility and
a robust ground-state degeneracy with system-size depen-
dency, thereby beyond the scope of conventional topo-
logical field theories. Notably, our protocol allows for
constant-depth preparation for certain fracton orders. As
an illustration, in Appendix A4 we detail the adaptive
preparation for the X-cube model [42,43], a canonical
type-I fracton model.

III. ADAPTIVE CIRCUITS VIA MERA

Our second class of adaptive circuits realizes a mul-
tiscale entanglement renormalization ansatz (MERA)
[19,20] using (spatially) local unitary gates and local Bell-
pair measurements. In contrast, a naive implementation of
MERA circuits requires nonlocal unitary gates to gener-
ate entanglement at various length scales. Since a MERA
can characterize both gapped topological orders and crit-
ical states described by a conformal field theory (CFT),
both of these classes of states can be prepared in O(log L)-
depth local adaptive circuits with L being the system size.
In particular, the O(log L)-depth adaptive MERA circuit
is optimal for preparing a 1D critical state with O(log L)
entanglement scaling (see Appendix D for the proof).

MERA is a framework for real-space renormalization
group (RG) transformations, which systematically remove
short-range entanglement at various length scales, thereby
extracting the long-distance, universal structure of cor-
relations and entanglement in quantum systems. MERA
consists of alternating layers of unitary gates (dubbed dis-
entanglers) and isometries. At each scale, unitary gates u
are applied to remove the short-range entanglement, fol-
lowed by isometries w that perform coarse graining. A
schematic of MERA is presented in Fig. 3(a), where the
RG flows from the bottom (UV) to the top (IR). On the
other hand, by reading the structure from top to bottom,
one obtains a circuit that prepares a target state. In particu-
lar, the isometry w can be regarded as a unitary that takes as
input two spins, one of which is in state |0). However, such
a circuit requires spatially nonlocal gates, which obstructs
its implementation. Our adaptive protocol overcomes this
difficulty with the aid of the Bell measurement.

The main insight of our construction relies on quantum
teleportation [44]. In the simplest setting, one consid-
ers three qubits labeled 4, B, C. Given an unknown state
[vr) = myg |0) + m |1) on A, one would like to accomplish
the task of teleportation, after which C is in state |i).
This is achieved by first preparing a Bell pair |Wgg)pc =
(1/«/5)(|OO)BC + |11)5¢), followed by a Bell pair mea-
surement on 4, B. This projects AB to one of the four possi-
ble Bell pairs: |\IJO,,3)AB =1 ® Z°XP) |Wy) 45 With a, B €
{0,1}; meanwhile, the state in C becomes Z°X* |).
Finally, applying the unitary correction (Z*X#)" on C
achieves the desired teleportation.

Employing the above idea, we devise a local adaptive
protocol for implementing nonlocal gates, which are essen-
tial for realizing MERA circuits. The protocol in one space
dimension is summarized as follows [see also Fig. 3(b)].
We consider a 1D lattice of qubits (physical chain), next
to which we append a 1D lattice of ancilla qubits (ancilla
chain) that form adjacent Bell pairs. To apply a unitary gate
on two distant physical qubits 4 and B, we perform simul-
taneous nonoverlapping Bell measurements to teleport the
information encoded in the physical qubit 4 through the
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MERA state preparation using local adaptive circuits. (a) A MERA circuit for state preparation with isometries w and

disentanglers u starting from the product state ), |0);. Time goes from top to bottom and the qubits are arranged horizontally on a
1D lattice. While we present a particular architecture of MERA where only the isometries w are nonlocal, our adaptive circuits can
be straightforwardly generalized to other MERAs where both isometries and unitaries are nonlocal. (b) Local adaptive circuit for
implementing the nonlocal isometry indicated in the left panel. The ancilla chain starts with a series of Bell pairs (wiggly lines). They
serve as a resource to teleport the state at site 4 (in red) to the ancilla site B’, which is next to site B (in blue). After applying the local
isometry gate between B and B’, we teleport the state in B” back to 4, and the Bell pairs return to their original positions. All isometries
in a given layer of MERA can be implemented in this way in parallel.

ancilla chain to an ancilla qubit B’ next to B in constant
time. We apply a desired unitary gate acting on B and B’,
and then we teleport the state encoded in B" back to the
physical qubit 4. With this, a nonlocal unitary gate act-
ing on two qubits 4 and B can be implemented in constant
time independent of their separation. Note that the proce-
dure above can be straightforwardly generalized to higher
dimensions: given a physical system on a d-dimensional
lattice, one can append a d-dimensional ancilla lattice con-
sisting of Bell pairs. The ancilla lattice serves as a portal for
teleporting a physical qubit to any qubit in the ancilla lat-
tice in constant time, and, therefore, any spatially nonlocal
gate can be implemented analogously.

A. Protocol

Now we specialize to the MERA circuits depicted in
Fig. 3 for preparing states of qubits arranged in a 1D lattice.
Note that, while the depicted MERA presents a structure
where only isometries w are nonlocal, our adaptive circuits
can be easily adapted to other MER As where both unitaries
u and isometries w are nonlocal.

Since any unitary u is local, below we focus on the
implementation of nonlocal isometries w. To start, we
introduce an ancilla qubit for every qubit in the original
system, yielding an ancilla chain attached to the original
chain.

We would like to perform an isometry w acting on
two distant physical qubits—one labeled 4 at lattice coor-
dinates x = 0 and one labeled B at lattice coordinates
x =2n+ 1 with n € Z. For instance, qubits 4 and B are

colored in red and blue with coordinates 0 and 2r + 1 for
n = 3, respectively, in Fig. 3(b). We teleport the state of
the physical qubit 4 to the ancilla qubit B’ next to the
physical qubit B, i.e., B’ has the same coordinate 2n + 1
but in the ancilla chain. To this end, one initializes the
ancilla qubits of coordinates x = 0,1,...,2n+ 1 in the
tensor product of adjacent Bell pairs @), |\Ijaiﬁi>2l"2[ Ny

where |Wop) = (1/v/2)(1 ® v4p)(100) + [11)) with ves =
7%X# and o, B € {0, 1}. We then simultaneously perform
nonoverlapping Bell measurements acting on (i) a pair of
physical qubit 4 and ancilla qubit 4" at coordinate x =
0, and (ii) the pairs (2i — 1,2i) for i = 1,2,...,n in the
ancilla chain. It follows that the qubits A4, 4" are projected
to a Bell pair |lIfaob0) | .v» and the qubit pairs (2i — 1,2i) are
projected to |‘Ija;bi)2,-_1’2,' for i =1,2,...,n. At the same
time, the state at site 4 is teleported to site B” up to a unitary
correction v = ([T Va;; Vasg;) -

After the above teleportation step, one applies the local
isometry gate w on B’ and B. Finally, we simultaneously
measure the pairs of qubits (2i,2i + 1) fori=0,...,nin
the ancilla chain. The measurement projects those qubits
to Bell pairs Q)_, ‘\Ila;hl(>2‘2+1, and the state in B’ is tele-

i,2i

ported back to A4 up to a unitary correction determined
by the outcomes («;, b;) in a similar way to the previous
teleportation. The procedure above, therefore, realizes a
nonlocal isometry gate in constant time with the ancilla
chain as a teleportation route [45]. Importantly, for each
layer consisting of nonlocal gates, the above teleportation
procedures occur in different nonoverlapping regions of the
ancilla chain. This means that the aforementioned protocol
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for a single isometry gate can be applied in parallel to all
isometry gates at the same time. Therefore, every layer of
a MERA circuit is implemented with local unitaries and
local measurements in constant time. Below we discuss
two nontrivial applications of our adaptive circuit.

B. Critical spin chain

MERA provides a natural description for gapless spin
chains characterized by 1+1D CFTs. While obtaining a
MERA in general requires variational optimization over
the isometries w and unitaries u, it was found that using
the wavelet theory, w and u can be constructed analytically
for spin models that can be mapped to free fermions. A
notable example is the ground state of a critical quantum
Ising chain, where a MERA of bond dimension 2 already
well approximates the actual ground state and the scal-
ing dimension of certain operators can even be exactly
reproduced [46].

Furthermore, expectation values of local observables
can be approximated with an error that decays exponen-
tially with the number of layers within a fixed length scale
[47]. While the exact form of the quantum circuit in Fig. 3
is different from that introduced in Ref. [47], the two are
related to each other up to a local swapping of qubits. Since
this is also a two-qubit gate, the circuit in Ref. [47] can be
reproduced by the circuit in Fig. 3 up to at most a twofold
increase in the overall depth of the circuit.

C. Gapped topological order

While our protocol in Sec. III A focuses on implement-
ing a MERA circuit in one dimension, one can straight-
forwardly adopt the same idea to implement a 2D MERA
circuit by appending a 2D lattice of ancilla qubits in
Bell pairs as a portal for teleporting physical qubits. This
enables the preparation of quantum doubles of any finite
group G in O(log L) depth via their exact MERA construc-
tion [48]. Remarkably, while previously known low-depth
preparations for quantum doubles in adaptive circuits are
limited to solvable non-Abelian groups [7,8,49], the group
G in our protocol can be any finite non-Abelian group.
More generally, this class of adaptive circuits can prepare
in log depth any Levin-Wen string-net model [16] based on
its exact MERA construction [50]. In these cases, the local
Hilbert space corresponds to a d-dimensional qudit. By
employing the measurement-based teleportation scheme
for qudits [44], one can implement any nonlocal unitary
gate using local unitary gates and measurements, thereby
allowing us to prepare any quantum double or string-net
state in O(log L) depth.

IV. ADAPTIVE CIRCUITS VIA PARTONS

Here we introduce a class of adaptive circuits inspired
by parton constructions, a widely used approach to

characterize the emergence of topological order in various
spin systems. Notably, this allows us to efficiently prepare
a chiral non-Abelian topological order. We introduce this
class of circuits in the context of the Kitaev honeycomb
model [27], a paradigmatic example that is exactly solv-
able via parton construction. Consider a honeycomb lattice
with qubits on sites and the Hamiltonian

H=-J Y XXe—J, Y Y,Ye—J > ZZ. (7)

x links y links z links

where « links with @ = x, y, z label links of three different
orientations. This model can be solved by fractionalizing
each spin on site j into four Majoranas b;, b]y biein Xy =
ibic;, Y, = ib;ycj,Zj = ib?c; subject to the constraint D; =
bjbjy bic; = 1 so that the spin operators satisfy X; ¥, Z; = i.
In terms of these Majorana partons, the Hamiltonian can
be written as

i
H = 1 (}Zk):(%kujk)cjck, 3

where Jy, = J, and uj; = ibj‘?‘bz with @ € {x,y,z} depend-
ing on the orientation of link (jk). Importantly, operators
uj commute with each other and Hamiltonian H, and,
therefore, the Hilbert space splits into the sectors orga-
nized by the eigenvalues uj; = £1. For each sector, the
Hamiltonian is quadratic in ¢ Majoranas, whose ground
state can be exactly determined. The sector with the lowest
energy is the flux-free subspace where the product of u;
around each plaquette is one. Therefore, one may choose
ujz = 1 on all links and find the ground state |) of the
resulting quadratic c-Majorana Hamiltonian. Finally, [)
is projected to the physical subspace specified by D; = 1
to obtain the physical ground state of spin Hamiltonian

1+ D;
) =152 o). ©)
J

Using the parton construction, Ref. [27] found two dis-
tinct phases depending on the choice of J,J,, J.: a gapped
phase (4 phase) exhibiting a Z, topological order and a
gapless phase (B phase). Importantly, applying a magnetic
field, i.e., a time-reversal symmetry-breaking perturbation,
opens a gap in the B phase and leads to a chiral topologi-
cal order that hosts non-Abelian Ising anyons. Specifically,
the effective parton Hamiltonian derived from perturbation
theory reads

i
Heop = Z ;Ajkcjck (10)
J

with 4 including both nearest-neighbor and next-nearest-
neighbor hopping amplitudes (see Ref. [27] for details).
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The band structure of c-Majorana fermions is described by
a px £ ip, superconductor (&1 sign depends on the direc-
tion of the applied magnetic field), which supports gapped
fermionic excitations, and, crucially, binds an unpaired
Majorana mode to each vortex [51,52]. As a result, by pro-
jecting to the physical subspace, the ground state exhibits a
gapped, chiral topological order characterized by an Ising
anyon theory due to the gapped fermionic excitations and
gapped vortex excitations with non-Abelian (Majorana)
statistics.

The above parton construction immediately suggests a
protocol for preparing the Ising-anyon topological order:
starting from a free-fermion state consisting of neighboring
b-Majorana dimers and the ground state of the c-Majorana
hopping Hamiltonian [Eq. (10)], one simultaneously mea-
sures the operator D; = bj‘bjy bic; on every vertex. With
the measurement outcomes D; =1 on every vertex, one
exactly obtains the state in the form of Eq. (9), thereby
exhibiting a non-Abelian Ising anyon topological order
[see Fig. 4(a)]. One caveat is the following: strictly local
unitary circuits of finite-depth cannot prepare ¢ Majoranas
in a p + ip superconducting state due to its nonzero Chern
number. On the other hand, being a gapped invertible
phase, it can be prepared in finite time via adiabatic evolu-
tion. Specifically, given a gapped Hamiltonian H4 whose
gapped ground state is a p + ip superconductor, one can
find a gapped Hamiltonian Hp whose ground state is a
p — ip superconductor. Since they are the inverse of each
other, one can adiabatically turn on the interaction H,p
to obtain a trivial state without closing the gap in finite
time. This in turn implies that starting from a trivial state,

(a (b)
FIG. 4. Adaptive circuits via parton construction. (a) Given the
Kitaev honeycomb model [Eq. (7)] with qubits defined on sites,
each qubit is fractionalized into four Majorana fermions sub-
Ject to local constraints D; = bfblvb]z ¢; = 1. The Hamiltonian is
mapped to a model of quadratic ¢ Majoranas coupled to a back-
ground 7Z, gauge field represented by b-Majorana dimers. The
physical ground state is obtained by projecting the free-fermion
solution into the physical subspace with D; = 1. This motivates
the adaptive circuit: preparing a free-fermion ground state, one
simultaneously measures D; operators. The desired ground state
of the Kitaev model is obtained when every outcome is D; = 1.
(b) Measurement errors (D; = —1) appear in pairs and can be
corrected by applying a string operator (the product of b Majo-

ranas) that connects two errors. Any pattern of errors is corrected
in a single time step by simultaneously applying string operators.

one can adiabatically prepare decoupled p + ip andp — ip
superconductors in finite time, and then one can take one
of them as a resource to implement our aforementioned

protocol.
Now we discuss how to correct the measurement out-
come from D; = —1 to D; = 1. We first note that the

product of all measurement operators, i.e., ]_[]. Dj, is a
conserved quantity solely fixed by the state before mea-
surements (i.e., [Y)). This is because by reshuffling the
b Majoranas and expressing them in the conserved quan-
tity u;;, one finds that [ [, D; ~ [, uy [, c;, where “~”
denotes an equal sign up to a phase, which has been exactly
derived in Ref. [53]. Since [];¢; simply measures the ¢
fermion parity of |yy), ]_[j D; is fixed by the initial state
[Y0). Thus, given the initial state [v/y) with ]_[j D; =1,
measurement errors (D; = —1) arise in pairs, and one can
apply a string operator consisting of » Majoranas to correct
a pair of errors [see Fig. 4(b)]. As a result, any measure-
ment errors can be corrected in one step to obtain the
desired target state. Note that this is consistent with the fact
that the gauge field represented by 5 Majoranas is Abelian
(i.e., Z,) despite the existence of non-Abelian topological
order.

We note that a low-depth preparation of chiral Ising
topological order via measurements has been proposed in
Ref. [7], which nevertheless differs from our protocol. The
protocol in Ref. [7] involves (1) preparing the fermions in a
p + ip superconductor, (2) adding bosonic spin degrees of
freedom followed by a depth-1 unitary circuit that couples
bosonic spins and fermions, and (3) measuring fermion
parity operators, and applying a depth-1 unitary to cor-
rect measurement outcomes. Finally, one obtains the chiral
Ising topological order for bosonic spins. Conceptually, it
can be understood as gauging the fermion parity (equiva-
lently a higher-dimensional Jordan-Wigner transformation
or bosonization) for the p + ip superconductor.

In contrast, our protocol only takes (Majorana) fermions
as input without involving bosonic spins. This differs from
the perspective of gauging fermion parity, in which case
bosonic degrees of freedom are needed to minimally cou-
ple to fermions. However, measuring fermions projects the
fermionic Hilbert space to a subspace that does allow for
a bosonic description. Our approach is more akin to the
“topological bootstrap” [54], involving Kondo coupling
between a parton free-fermion state and a spin system,
which can realize the same topological order as the pro-
jected parton state in the spin system. Here, instead of
Kondo coupling, the projective measurements play the role
of projecting onto an effective spin Hilbert space.

V. ADAPTIVE CIRCUITS VIA DISENTANGLING
FLUCTUATING DOMAIN WALLS

Finally, we build on a class of local adaptive circuits
in the recent works [7,8], which point out the emergence
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of long-range order by measuring certain SRE states with
SPT order. We discuss such a correspondence using an
explicit wave-function picture with a “disentangling” per-
spective. The central insight is as follows: wave functions
of certain SRE states can be described by two species of
fluctuating domain walls with a nontrivial braiding phase.
As a result, measuring one species can disentangle the
braiding between two species: the measured species is
projected to a trivial product state, while the unmeasured
species remains a wave function of fluctuating domain
walls, i.e., a superposition of all domain-wall configu-
rations, thereby exhibiting certain long-range order and
entanglement.

The above idea leads to a simple understanding of the
emergence of a Z, LRE topological order by measuring
a SRE state with SPT order protected by a Z, x Z, sym-
metry. While this result has recently been pointed out in
Refs. [7,8] (see also Ref. [29]), our wave-function perspec-
tive provides an intuitive understanding of the connection
between SPT order and topological order via measure-
ments. In addition, our idea immediately shows how to
prepare certain SET orders by measuring SRE states.
Finally, extending the idea to domain walls without spa-
tial locality within the framework of the chain complex
enables the preparation of any CSS code in constant depth,
reproducing a result in Ref. [32].

A. From SPT to topological order

1. Two-dimensional SPT with 7, 0-form x Z, 1-form
symmetry

Here we consider a 2D cluster state to demonstrate our
disentangling approach (see also the application to the 1D
SPT cluster state in Appendix B 1). While the emergence
of long-range order via measurement in this model has
been well known [1], our perspective provides a novel
insight that allows for straightforward generalization, as
we will discuss later.

To start, we consider a 2D square lattice with every site
and link accommodating a spin. The model Hamiltonian is
defined as

Her=-Y "X [[z2->_x[] 2  an

v llvedl 1 v|veal

The first term is a product of a Pauli-X operator on the site
v and four Pauli-Z operators on links emanating from the
site, and the second term is the product of a Pauli-X oper-
ator on the link / and two Pauli-Z operators on two sites
located on the boundary of the link. Assuming periodic
boundary conditions, Hspr can be obtained from a trivial
paramagnet — Y X, — >, X; by a finite-depth local uni-
tary U = ]_[(M CZ,,, which is a product of controlled-Z
(Cz) gates acting on any two neighboring qubits (one on
site and one on link). Correspondingly, applying U to a

trivial paramagnet state @), [+), &), [+); with |+) label-
ing a +1 single-qubit Pauli-X operator eigenstate leads to
the ground state of Hspr:

o) = [[czoa Q) 14). Q) 1+);.- (12)
(v.h) v 1

Ground state |y) exhibits a SPT order protected by a
Zy x 7, symmetry, where the first Z; is a 0-form symme-
try acting on all sites, i.e., [ [, X,, and the second Z, is a
1-form symmetry acting on links that form deformable 1D
closed loops C, i.e., | [, X;. Ground state |v) is a nontriv-
ial SPT as it cannot be transformed to a trivial product state
using any finite-depth unitary local circuit that respects the
symmetry.

Our perspective begins by expressing the SPT in the
Pauli-X operator basis, i.e., the symmetry-charge basis
in which symmetry action is diagonal [55,56]: |«, 8) =
Hawl, {B1}) with «, = 1 corresponding to the 1 eigen-
value of X, acting on sites (similarly for 8; defined on
links). We find that |v) in the X basis can be written as
(up to a normalization)

o) =D _(=1D*Pja, B). (13)
o,p

Here Y indicates that only those product state bases ful-
filling certain constraints are allowed. Specifically, the Z,
0-form symmetry [ [, X, = 1 imposes the constraint that
the allowed o configurations satisfy [ [, o, = 1, and, there-
fore, the spins with o, = —1 must come in pairs. It is
useful to regard o as a domain wall of the 2D classical
Z,, gauge theory with four Pauli-Z operators on links ema-
nating from a vertex as a local term. A domain-wall con-
figuration « then corresponds to a violation of local terms,
which must come in pairs on the boundary of open strings.
On the other hand, the Z, 1-form symmetry imposes the
constraint [ [,_. B; = 1, implying that 8 must be a configu-
ration of closed loops in the “dual” lattice. One can regard
B as a domain wall of the 2D Ising model with Pauli-Z
operator interactions between neighboring spins on sites.
Each domain wall is a closed loop in the dual lattice on
the boundary of an open membrane. Importantly, x («, 8)
is the linking number between two species of domain-wall
configurations, i.e., it counts the number of times that a
string pierces through the membrane; see Fig. 5.

Given the SPT state above, performing Pauli-X operator
measurements on sites gives the state

1Y) =)@ > (=P gy, (14)
B

where the measured species is randomly projected to a
particular &’ configuration, and, crucially, the unmeasured
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SPT order

/

Measure spins

Topological order

o) = 3 (~1X@P)]a, B)

FIG. 5.

on sites

) =o'y @D (=1 A|B)
B

AL )

¢ 7N [/

Adaptive circuits from the disentangling perspective—the schematic shows a 2D (SRE) cluster state with a Z, x Z, SPT

order, which is understood as two species of fluctuating domain walls with nontrivial braiding sign structure in the symmetry-charge
(Pauli-X operator) basis. The sites on the boundary of blue open strings form a domain wall of a classical Ising gauge theory, and the
loops (defined in the dual lattice) on the boundary of red open membranes form a domain wall of a classical Ising theory. The wave
functions take the value 1 (—1) corresponding to the even (odd) number of times that blue strings pierce through red membranes.
Measuring the spins on sites projects those spins into a specific product state. The unmeasured spins form a superposition of loops in
the dual lattice up to a £1 sign, which can be further removed by applying string operators, leading to a 2D toric code state with Z,

topological order.

species B forms a superposition of closed loops in the
dual lattice up to signs (—1)*@#). To remove the signs,
one needs to find an operator O acting on links such that
0|B) = (—=1)x@-$) | B). This is achieved by choosing O to
be a product of X operators on open strings whose bound-
ary is the domain wall &’ of the 2D Z, gauge theory. After
this sign-removal procedure, one then obtains the exact Z,
toric code ground state for spins on links, i.e., Z;} 1B).
Note that the postmeasurement state exhibits a Z, topo-
logical order even without removing the sign, since the
correcting unitary is a finite-depth circuit. Without correc-
tion, the state can be regarded as an excited state of the
toric code, and the anyon excitations live on those vertices
with X, = —1 in the o’ configuration.

It is also interesting to measure Pauli-X operators on
links of |vp). This projects those spins to a particular
Ising domain wall 8’. By further applying membrane
operators of Pauli-X operators acting on sites whose
boundary is B’, the spins on sites exactly form a many-
body cat (GHZ) state > . |a) ~ (1 + ], X0) >, lee) =
[t -+ L) - -), which exhibits a (spontaneous
symmetry-breaking) long-range order, i.e., (Z,Z,/) = 1 for
any two spins.

2. Three-dimensional SPT with 7, x 7, 1-form
symmetry

Another illuminating example is the 3D (SPT) clus-
ter state [2]. Consider a 3D cubic lattice where each
link and each plaquette (face) accommodates a qubit,
with periodic boundary conditions in all space directions;
the model Hamiltonian is Hgpy = — Zp X, ]_[leap Z; —
> Xill,0p=1Z1- The first term is a product of a

Pauli-X operator on a plaquette and four Pauli-Z opera-
tors on links around the boundary of the plaquette, and
the second term is a product of a Pauli-X operator on a
link and four Pauli-Z operators on plaquettes adjacent to
the link. Hamiltonian Hspt possesses a Z, 1-form x Z, 1-
form symmetry. The first symmetry action is generated by
Sc = [1, peac Xp» a product of X operators acting on faces
belonging to the boundary of a cube, and the second sym-
metry action is generated by S, = []; 5, Xi> a product of
X operators acting on links emanating from a vertex (i.e.,
it is the boundary of a cube in the dual lattice). Hamil-
tonian Hgpr can be obtained from a trivial paramagnet
— >, Xp — >, Xi by adepth-1 unitary Ucz = [, CZiyp,
i.e., a product of Cz gates acting on every neighboring
two qubits (one defined on a link and one defined on a
plaquette). Correspondingly, Hspr admits a unique gapped
ground state |o) = Ucz &, I+), &), |+);. More insight-
fully, in Pauli-X operator bases, |1/) can be written as two
species of loop condensates with braiding structure [57]:

o) = Y (=X |, Ch). (15)

C4.Cp

Here C4 and Cp are closed loops in the direct lattice (for
spins on links) and the dual lattice (for spins on plaquettes),
and yx (C4,Cp) counts the number of times when Cy braids
with Cp. Physically, two types of loop configurations can
be regarded as the domain walls of two 3D Ising gauge the-
ories (one defined on a direct lattice with the Hamiltonian
— >, [1icsp Zi and the other one defined on the dual lat-
tice with the Hamiltonian ), [ ], 5,5, Z). Since the loops
are product states in Pauli-X operator bases, performing an
X measurement on one type of spin, say all spins on links,
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projects them to a product state with a particular C/; con-
figuration. On the other hand, the unmeasured spin exhibits
a Z, topological order as it is the superposition of closed
loops in the dual lattice. Specifically, the postmeasurement
state is

) =[C) ® D (=€ |Cp) . (16)

Cp

To remove the phase (=1)*€4) one can apply a prod-
uct of Pauli-X operators acting on faces of 2D open
membranes whose boundary forms the domain-wall con-
figuration C/. Applying the membrane operators leads to
|C/’1) ® ZCB |Cg), where the unmeasured species forms an
exact ground state of the 3D toric code, which exhibits a
Z, topological order.

The above disentangling perspective can be summa-
rized as follows. Starting from a classical model in d
space dimensions with p-form Z, symmetry, there is a
corresponding “dual” classical model in the same space
dimension with g-form Z, symmetry (¢ +p =d — 1).
Braiding their domain-wall configurations leads to |) =
Z;,ﬁ(_ 1)x@h) |, B), a fixed-point SPT protected by a p-
form Z, x g-form Z, symmetry, where the first and second
symmetries act on species 4 and B, respectively. It follows
that measuring either species gives rise to a Z, long-
range (symmetry-breaking or topological) order for the
other. For instance, within this framework, there are two
choices for constructing two distinct SPTs in d = 3 space
dimensions. The first choice is (p, ¢) = (1, 1), and the cor-
responding SPT is given by two species of fluctuating
loops with braiding structure, i.e., Eq. (15). Alternatively,
one can adopt the second choice: (p,q) = (0,2), equiva-
lent to (p, q¢) = (2,0), and the SPT is obtained by braiding
closed 2D membranes and pairs of pointlike objects. In
that case, depending on which species we measure, one can
obtain either a Z, spontaneous symmetry-breaking order or
a Z; topological order of the 3D toric code as a membrane
condensate.

3. Long-range order by measuring the non-fixed-point
SPT

Here we show that even after deforming the fixed-
point SPT with a symmetric finite-depth unitary of the
form U, ® Up with Uy, U acting on species 4, B, mea-
suring one species still leads to a long-range order for the
unmeasured species.

We start with the following observation: [vy) pro-
tected by a p-form Z, x g-form Z, symmetry exhibits
maximal entanglement between A4 and B in their sym-
metric subspaces. For instance, choosing |y) as the
ground state of the model defined in Eq. (11), there are
L? spins defined on sites (species 4), but the symmet-

ric subspace of 4 has a dimension d = 22°~! due to the

symmetry restriction [ [, X, = 1. On the other hand, there
are 2L spins defined on links (species B), but due to
the symmetry restriction [[,..X; =1 (C is any closed
loop), the dimension of the symmetric Hilbert space of
Bis d=2""" as well. A straightforward calculation
shows that the entanglement between A4 and B is logd =
(L*> — 1) log 2—maximal entanglement between A and B
in the symmetric subspace. This property implies that,
for any symmetric unitary Uy acting on A4, there always
exists a symmetric unitary Vp acting on B such that
Uy o) = Ve o) (see Appendix C for details). More-
over, since Uy is a finite-depth local unitary, so is Vp.
Therefore, measuring species 4 via the projector Py
onto state |a’) gives P, (Uy ® Up) |Yo) = P,UgV3g |Yg) =
o) ® UplVg Yy (—1)¥@"P) | B) because P4UsVp = UpVs
P,. Since UgVp is a symmetric finite-depth cir-
cuit, UgVy Z},(—I)X(“/’ﬂ) |B) is in the same phase as
> op(=DX @) |8) and thus exhibits the same long-range
order.

B. From SPT to SET

The disentangling perspective provides a simple way to
prepare the SET order with constant-depth local adaptive
circuits. As discussed in Ref. [58], one can decorate the
fluctuating loops in Eq. (15) with 1D SPTs by introducing
extra spins defined on sites of the direct lattice and the dual
lattice. This construction leads to the state

Wo) = Y (=X |Cy,Cp) Ue, 14)®° Ugy |14)°7
Ca.Cr

)

where Ug, (Ug,) creates a 1D SPT along the loop C (Cp)
for the extra spins defined on sites of the direct (dual)
lattice labeled v (). Choosing Uc, =[], e, CZww)
creates a 1D SPT with Z, x Z, symmetry. Specifically,
[10) can be prepared as follows: starting from Eq. (15),
we initiate extra spins in |+), i.e., the +1 eigenstate of
a Pauli-X operator. For each link / and its two boundary
sites (v,v’) in the direct lattice, we consider the unitary
gate u; = (H‘) (‘H)l & H(v,v/) + (|_) <_|)l ® CZ(v,v’)a i~e-a a
gate that can be obtained by conjugating a controlled-Cz
gate with a Hadamard gate on link /. Similarly, one can
define u; acting on a link I and its two boundary sites in the
dual lattice. Simultaneously applying u; (#;) on every link
in the direct (dual) lattice leads to |1/) defined in Eq. (17).
Because of the decoration, in addition to two Z, 1-form
symmetries, |vo) also respects two global Z, symmetries
acting on sites of the direct (dual) lattice.

Measuring Pauli-X operator for spins on the links leads
to the state

(IC})® U, 19" ® (Z(—MCW Cs) Ucy |+>®f’).

Cp
(18)
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By applying a product of Pauli-X operators to remove
the phase factor (=1)*€4CB ag discussed in the previous
section, one obtains a superposition of loops Cp in the dual
lattice, where each loop is further decorated by a 1D SPT
with Z, x Z, symmetry:

ISET) =) " ICs) ® Ug, [+)%". (19)

Cp

Notably, such a state exhibits a SET order, as (deconfined)
anyonic excitations appear in conjunction with bound-
aries of 1D SPTs, thereby exhibiting a further symmetry
fractionalization (see Ref. [58] for more details).

C. Preparing CSS codes within a chain complex
description

In the above discussion, the SRE states arise by braiding
two species of fluctuating domain walls of a local clas-
sical model and its dual. In Appendix B2, we relax the
geometric locality by considering the domain walls of -
local classical models within the framework of a chain
complex. This allows us to construct SRE states without
spatial locality. By measuring one species of domain walls,
one can obtain any CSS code characterized by a chain
complex.

VI. SUMMARY AND DISCUSSION

In this work, we exploit measurement to construct four
distinct classes of local adaptive circuits. This allows for
a low-depth preparation for various long-range entangled
states characterized by gapped topological orders and gap-
less CFTs. Below we summarize each class of adaptive
protocols and present open questions regarding the power
of local adaptive circuits.

Our first protocol exploits the tensor network repre-
sentation of topologically ordered states. By preparing
copies of constant-size states, each of which respects
a given local symmetry, performing measurement glues
these copies into a many-body state with local gauge sym-
metry, thereby exhibiting certain topological orders. For
preparing quantum double models of finite Abelian groups,
correcting measurement errors can be regarded as anni-
hilating topological defects (i.e., Abelian anyons), which
can be implemented in constant time. However, anyons
in the non-Abelian quantum double cannot be annihilated
via a finite-depth circuit, and it remains to be understood
whether the tensor-network-based adaptive protocol can
prepare this class of states or not. Nonetheless, for prepar-
ing Abelian topological orders, this modular assembly is
practical for photonic and trapped ion/atom systems.

Our second protocol provides a framework for realizing
MERA circuits using local unitaries and measurements.
This allows the efficient preparation of 1D gapless criti-
cal states characterized by 1+1D conformal field theories
in O(logL) depth. Notably, our preparation scheme is

optimal since, as we proved, starting from a product state,
any depth-D local adaptive circuit can at most generate
entanglement of O(D|0A|) with |0A4| being the area of a
subregion 4. However, as CFTs in higher space dimensions
satisfy an area-law bound of entanglement, it is natural
to ask whether there exists a finite-depth adaptive circuit
for preparing them. If the answer is negative, is there any
fundamental obstruction?

Our third protocol is inspired by parton constructions,
where physical degrees of freedom are split into partons
subject to certain constraints. This motivates the protocol
of first preparing a short-range entangled state of partons,
and then performing measurements to enforce the parton
constraints, thereby obtaining long-range entangled states.
While we only provide a detailed construction for the
Kitaev honeycomb model, we expect it can be readily gen-
eralized to other parton-inspired adaptive circuits. More-
over, even without correcting measurement outcomes, it
would be interesting to explore the possibility of uncon-
ventional (disordered) quantum states of matter due to
measurement.

Finally, building on Refs. [7,8], we consider certain
short-range entangled states that describe two species
of fluctuating Z, domain walls with nontrivial braiding
structures. Performing measurement disentangles the two
species; the measured species becomes a trivial product
state and the other species forms a state of fluctuating
domain walls, hence possessing long-range order. This
idea leads to a simple understanding of emergent topo-
logical orders and their symmetry-enriched versions by
measuring certain SPT fixed-point wave functions. More-
over, we prove that the emergence of topological orders
upon measurements is a property shared by certain sepa-
rable finite-depth symmetric unitary deformations of the
fixed-point SPTs. Whether the emergence of topological
order via measurement is a universal property of the SPT
phase remains an open question.

In general, it is an open question to determine all
constraints and bounds for local adaptive circuits, which
would shed light on which states can or cannot be prepared
efficiently. The Lieb-Robinson bound is clearly violated
due to the measurements, but local adaptive circuits have
bounded entanglement growth (Appendix D); are there
other restrictions? Recent progress has been made [59]
toward addressing this question. It is also interesting to
compare the power of local adaptive circuits with the
power of spatially nonlocal (but k-local) unitary circuits.
The two classes certainly overlap (our MERA protocol
illustrates this), but generally differ in the depth required
to prepare states. For instance, k-local circuits can gener-
ate volume law entanglement in finite time (while local
adaptive circuits cannot), whereas local adaptive circuits
can prepare GHZ and other long-range entangled states in
finite time [while k-local circuits require at least O(log L)
depth].
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APPENDIX A: ADAPTIVE CIRCUITS VIA
TENSOR NETWORKS

1. The Z, topological order away from the fixed point

Here we present the details for preparing non-fixed-
point states with the Z, topological order, motivated by
the tensor-network construction in Ref. [38]. Consider
the same tensor-network structure as for the toric code
[Fig. 2(a)]; one defines a perturbed T tensor: T(p)ypys =
p TP TS, sty 1s0. Note that the delta function is
responsible for the closed-loop condition, where « + 8 +
y + 6 is defined mod 2. While p = 1 gives the exact toric
code state, any p > 1 imposes a string tension so that the
weight of a string segment is reduced by a factor of p~2
than that of no string. The corresponding tensor network
state is a superposition of loops with amplitudes decaying
exponentially with the length of the loops:

o)) =Y _p2IC) (A1)
C

with |C| the string length of the closed loop C. State
[Yo(p)) is a ground state of a frustration-free Hamiltonian
(see below for its construction), and it exhibits the Z, topo-
logical order up to a finite critical p.. This can be seen
from the norm of the un-normalized state (Yo (p)|¥o(p)) =
Yoo p~4C which is exactly the thermal partition function
of the 2D Ising model using a high-temperature expan-
sion,i.e., Z ~ ) . tanh(,B)'C'. Alternatively, the stability of
the topological order has been confirmed by numerically
computing the topological entanglement entropy [38].

The above tensor-network construction motivates the
following local adaptive circuit. First, using the T(p)
tensor, we construct a local vertex state of four spins

IT()), = Za,ﬁ,y,& T(P)apys I, B, v, 8). Note that it can be
written as

IT(p)), =p~ = =22 1p = 1)),  (A2)

where Y " denotes a summation over the four spins, and
|T(p = 1)), is a stabilizer state with ZZZZ stabilizer and
three independent XX stabilizers, say X X5, XoX3, X3X;.
For p > 1, while ZZZZ remains a symmetry, i.e.,
ZZ7Z|T(p)) = |T(p)), XX is no longer a symmetry.
Preparing the vertex state |7(p)), on every vertex of a 2D
square lattice, we perform a two-body ZZ measurement
for two spins on the same link, and with the measurement
outcome ZZ = 1 on every link, one obtains the state

1 Ziy
() = [H#] QITP),. (A3
1 v

In the subspace fixed by ZZ = 1, one has an effective qubit
on every link, and by construction, the effective qubits
exactly form the state given by Eq. (A1), which therefore
exhibits a topological order up to p..

Same as the exact toric code, the measurement error,
i.e., ZZ = —1, comes in pairs since the product of all ZZ
measurement operators on links is the product of all ZZZZ
stabilizers of vertex states, thereby a symmetry of the state
®, IT()),. To correct any two errors, one requires an
operator that anticommutes with those two ZZ operators,
but meanwhile, acts trivially on &), |7(p)),. It turns out
that such an operator is a product of X' = p?X = e?loerx
along a string that connects two errors (see Fig. 6). One
caveat is that such a string operator is nonunitary (and
also non-Hermitian). However, we note that in the sub-
space fixed by a given set of measurement outcomes, the
postmeasurement state is equivalent to

¥ (p)) = =" |T), (A4)
where [7) = ). |C) is the toric code state, 7, is the Pauli-
Z operator acting on the effective qubit per link, and m; €
{—1,0,1} is fixed by both (i) the measurement outcomes
and (ii) how we define the effective qubits. Specifically,
m; = 0 at the location of —1 measurement outcomes (i.e.
errors). Since these errors occur in pair, they correspond to
the boundary of open strings I', and one assigns m; = —1
along I' except for their boundary. Finally, m; is 1 for
those links that are neither in the interior of those strings
nor at the location of errors. Physically, m; = —1,0, 1 cor-
respond respectively to assigning negative, zero, positive
string tension on the toric code. Since topological order is
generically stable in the presence of weak string tension,

FIG. 6. The measurement outcome ZZ = —1 on two links can
be corrected by applying a nonunitary string operator consisting
of onsite operator X’ = pZX.
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one expects | (p)) is topologically ordered up to certain
pe = 1.

a. Derivation of a parent Hamiltonian

Here we derive a parent Hamiltonian for the state
defined in Eq. (Al) using an approach analogous to
Refs. [60,61]. Define the four-body operator around
every plaquette p, O, = p 2wl [licap Xi» by writ-
ing |Yo(p)) ~pri4 Y cIC); it is straightforward to
see that [],;, X1 [¥o(p)) = p > 21 % |y (p)), namely,
O, [Yo(p)) =0. On the other hand, O, is a positive
semidefinite operator by observing that

Qf’ — Qp(p221eap Z +p_221€3p 7ty (AS)
Therefore, |Yo(p)) lies in the zero-energy subspace of the
Hamiltonian

ZQP =Z<p—221€8p21_1_[)(1). (A6)
P P

ledp

Since the state |yo(p)) satisfies the constraint that four
Pauli-Z operator on links emanating from a vertex v is
fixed at one, one can impose it energetically to derive the
exact parent Hamiltonian whose unique ground state of

zero energy is |Yo(p)):

H=Y" (1 - 11 Z,) +y° <p221eapzl - 1‘[)(1)
v 1,0l5v p ledp
(A7)

Note that, while the vertex terms commute with the pla-
quette term, neighboring plaquette terms do not com-
mute. Hamiltonian H is therefore frustration-free but not
a commuting-projector Hamiltonian.

2. Quantum double models

Here we discuss a local adaptive circuit for preparing
a quantum double of finite Abelian group G. To define a
quantum double [9], we consider an oriented 2D lattice,
where spins are defined on links, and the Hilbert space of
each spin is spanned by the orthogonal basis states |g) with
g being the elements in a finite group G. Note that revers-
ing the orientation of a link specified by a group element g
is equivalent to considering the inverse of g:

The total Hilbert space is a tensor product of local Hilbert
spaces on links. One defines the vertex operators 4, () that

(A8)

perform the local gauge transformation and the plaquette
operators B, that enforce the flux-free condition as

91 gih
ga gah
Av(h) go ) g2k v >’
g3 g3h
g1 g1
By (Y92 P 9a = OLg1g29504 | Y92 P 94
g3 g3

(A9)

Introducing the vertex operator 4, = (1/G|) Y, . Av(h),
which is a projector to the gauge invariant subspace, the
Hamiltonian of the quantum double is

H=-Y 4,-) B,
v P

which is exactly solvable as all operators commute,
[4y,4y] = [By,By] = [4,,B,] =0, and the ground sub-
space is specified by 4, = B, = 1 for all vertices v and
plaquettes p.

Here we discuss the finite-depth adaptive circuit for
preparing a quantum double ground state ). To start,
since the vertex operator 4, is not diagonal in the computa-
tional bases |g), it is more convenient to consider the dual
lattice so that the plaquette operator B, can be regarded as a

(A10)

vertex operator A3, which is diagonal in the computational

bases:
0 g1 91
b1 g4 g4
g2 P 9ga = 4; a2 5 = 6H,g15’20304 2 5 .
g3 93 g3
(A11)

In the dual lattice, one defines a local vertex state
IT)s =45 Zglagz,g3,g4 g1, 82,23, 84) = Zgl,gz,g3,g4 S1.g1028324
lg1,22,83,84). Taking a tensor product over these vertex
states, &); 17);, we perform the two-body forced mea-
surement to fuse the two spins on the same link via the
projector P; =Y < lgg) (gg|, giving the postmeasurement
state

B,

(A12)

) = (HP1)®|775,

which exhibits the topological order of a quantum double.

Now we discuss how to correct unwanted measurement
outcomes, which is only applicable to a quantum double
with a finite Abelian group. First, we define a measure-
ment operator M that encodes all measurement outcomes
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(a) PR
f i
(b) P(I) P(h)
STST S~
FIG. 7. (a) The two-body projector P(k) defined as P(h) =

>, (12) eDi ® (1gh) (ghl)y =Y e |2, 8h) (g.ghl. (b) Unwa-
nted measurement outcomes (colored in blue) can be corrected
by a string operator consisting of the product of S~ = S~ (k).

and the corresponding projected subspaces. To this end, we
define a projector P(h) = deG lg,gh) (g,gh| for h € G.
One can check that ), - P(h) = 1. Now one can intro-
duce a set of distinct real numbers {A;|k € G} for the mea-
surement outcome, and it follows that the measurement
(Hermitian) operator can be written as

th[Dg oh) g,gm] (A13)

geCG

M =" nP(h) =

heG

The desired fusion corresponds to the measurement out-
come Ay with the projector P = P(I) =3, Igg) (ggl.
Because of the local gauge constraint on each vertex Ay =
1, the unwanted measurement outcome must come in pairs
with the projectors P() and P(h~"). Similar to the 2D toric
code, the errors on two links can be corrected by apply-
ing a string operator consisting of S~ (%) with S~ (%) |g) =
|gh_1> (see Fig. 7).

3. Double semion

We here discuss the preparation for the double semion
ground state [16]. Consider a honeycomb lattice with each

« O[/
7’%5
v B

7 o

ﬂ/

8

FIG. 8.

link accommodating a qubit; the state is a superposition of
product states of loops weighted by a sign that depends on
the number of loops in C: |D) = ZC(—I)NC |C). Double
semion |D) admits an exact tensor-network representation
[35,36] [see Fig. 8(a)]

- ZtTr[ (0%9) T@gSf] |{s:})
(s} v !

(A14)

where one defines the six-leg tensor 7 on vertices and the
five-leg tensor g on links as

Tow ppyy = Tgﬁy‘saa"sﬁﬂ“sw/a (Al5a)
1 ifa+B+y =03,
Tog, =i ifa+p+y=1, (A15b)
—i fa+p4+y=2,
and
Saprarp = SsotpdaaSpp- (A16)

Essentially, every link has a structure of double lines, each
of which is associated with a virtual qubit. The physical
qubit on a link takes the value 0 or 1 when the two vir-
tual qubits take the same or opposite value. In addition,
since all the virtual qubits on a line surrounding a hexagon
take the same value, one may view those virtual qubits
as an Ising spin located at the center of a hexagon, and
the physical qubit on a link simply measures the domain
wall between two Ising spins belonging to two neighbor-
ing hexagons. On the other hand, the nontrivial phase from
Tgﬂy provides the correct sign associated with each loop
configuration in the double semion state.

The above tensor-network construction motivates the
following adaptive circuit. For each vertex, we employ the

e

&%%%% %%?%

Local adaptive circuits for preparing double semion | D). (a) Tensor-network representation of |DS) built from the tensors 7

and g [defined in Egs. (A15) and (A16)]. (b) By preparing decoupled vertex states using the 7 tensor, simultaneously measuring two-
body ZZ operators (colored in red) results in the double semion state | D) when the measurement outcome is ZZ = 1. (¢c) Measurement
errors (ZZ = —1, colored in blue) come in pairs on the inner loop of each plaquette. Errors can be corrected by simultaneously applying
a product of X -type operators [defined in Eq. (A18)] that connect them, where each X -type operator (colored in gray) contains two
Pauli-X operators acting on the inner loop.
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T tensor to define a vertex state of six physical spins:

T, = Y

o B8 y,y

Tow:ppryy’ |00, BBy, 7). (ALT)

We note that |T), is the common eigenstate with eigen-
value 1 for the following six (mutually commuting) opera-
tors:

(ZoZoss 2521, 2,y Zoyr s\ ZanZg Loy Xea X ZZ 25 2,
VZaZs 7y XX\ ZpZ0Zs 7o) ZaZ5 2y X, X,
VZ,Z4Z47,)}.

As we will soon discuss, identifying these operators is
crucial for correcting the measurement errors. Taking a
tensor product of the vertex states gives |y) = Q), |T),,
where there are four spins on each link. We measure ZZ
operators of two spins on the same side of the double
line [see Fig. 8(b)], and with the outcomes ZZ = 1 for all
measurements, one obtains the state

) = [1‘[ ! ZZZIEZZ]@)W.
l v

In the subspace fixed by ZZ = 1, the effective local Hilbert
space on each link is four dimensional, corresponding to
two effective qubits (one qubit on each side of a link). As
in the tensor-network construction where a physical spin
reflects a domain wall between two virtual spins located
on two sides of a link, |y) exhibits the Z, double semion
order that is encoded in the domain-wall variables from
two effective qubits on links.

Any measurement errors (ZZ = —1) can be corrected
via a depth-1 local unitary circuit. To start, since the prod-
uct of all ZZ measurement operators around each inner
plaquette loop is fixed at one, the measurement errors come
in pairs. This suggests that these errors can be corrected
by applying a string operator S as in the case of the 2D
toric code. Such a string operator S must anticommute
with the ZZ operators where the —1 outcome occurs, while
acting trivially on the tensor product state &, |7),, i.e.,
S®, Ty =&, IT),. Asaresult, S is a product of X -type
operators [i.e., those operators involving Pauli-X operators
in Eq. (A18)] along a path that connects two errors [see

Fig. 8(¢c)].

(A18)

(A19)

4. The X-cube fracton order

Here we discuss the constant-depth preparation of the
X-cube model [43], a canonical example of type-I fracton
topological order. To define the model, we consider a 3D
cubic lattice (with periodic boundary condition in all spa-
tial directions), where every link accommodates a qubit.

The Hamiltonian is defined as

H== Be—Y (A +Avy: +Arz).  (A20)

The cube term B, is a product of Pauli-X operators on 12
links around a cube c. There are three types of vertex terms,
Ay s Ay yz, Ay zx, €ach of which is a product of four Pauli-
Z operators around a vertex v on a given x-y,y-z, Or z-X
plane.

As discussed in Ref. [62], one can exactly represent a
ground state of the X-cube model via a tensor network.
To start, on each link, one defines a three-leg tensor g;; =
85,1057 » which projects the physical index s to two neighbor-
ing virtual legs 7,/ . In addition, one defines a six- (virtual)
leg tensor T on each vertex:

x+x+4+y+y=0mod?2,
1 if{y+y+z+z=0mod?2,
z+z+x+x=0mod?2,

Tx)_c,y)_/ ZZ —

0 otherwise.
(A21)

It follows that a ground state of the X-cube model can be
obtained by contracting all the virtual legs:

|X-cube) = Zm[ Q7 g“":| ). (A22)
v /

{s1}

Now we discuss the adaptive protocol that can prepare the
above state in constant depth. First, for each vertex, one
uses the 7 tensor to construct a stabilizer state of six qubits
in the Z basis [Fig. 9(a)]

\T), = (A23)

§ Txfc,yj/,zi |x9x9y5yazvz>'

XX.YVZ,2

There are three independent Z-type stabilizers, each of
which is a product of four Pauli-Z operators for each
x-y,y-z, or z-x plane. There are eight (not all independent)
X -type stabilizers, each of which takes the form XXX
where each X lives on distinct spatial directions. It is also
useful to note that the product of those X -type stabilizers
can generate the two-body X stabilizers: X, Xz, X, X;, and
XXz

We first simultaneously prepare the vertex state ), |7),
and then perform the two-body ZZ measurements on all
two qubits sharing the same link, leading to the state

) = [17[”222]@%

when every measurement outcome is one. Such a measure-
ment effectively “fuses” two qubits into a single qubit on

(A24)
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(@ .y y
L), =z x
Z z
y
(b)

FIG. 9. (a) We first prepare a vertex state |7), of six qubits
[Egs. (A21) and (A23)] on each vertex of a 3D cubic lattice, and
measure the two-body ZZ operators for two qubits on the same
link. Measurement outcomes ZZ = 1 lead to a ground state of
the X-cube model [Eq. (A20)]. Panels (b) and (c) show how to
correct the measurement errors (ZZ = —1, represented by blue
rectangles). Desired outcomes ZZ = 1 are represented by red
rectangles. In (b), one applies a product of X along a 1D line
to annihilate two errors. In (c), one applies a product of X along
three lines that meet in a vertex to annihilate three errors along
distinct spatial directions.

every link, thereby realizing the ground state of the X-cube
model.

Now we discuss the how to correct the measurement
errors (ZZ = —1). We note that, since the product of all
ZZ operators on each plane stabilizes the state ), |7),
the errors come in pairs on each plane. This means that
there are two following fundamental errors. The first type
of error occurs on two links along the same line, which
can be annihilated using a product of Pauli-X operators in
between [Fig. 9(b)]. The second type of error corresponds
to three errors on three lines that intersect at a vertex, and
can be corrected by a product of X emitted from the ver-
tex [Fig. 9(c)]. Physically, these measurement errors can
be understood as lineon excitations in the X-cube model,
which can be annihilated by the product of X described
above. In particular, the first type of error corresponds to
the fact that without extra energy cost, a lineon can only

move along a 1D line, whereas the second type of error
reflects the facts that a lineon can change direction by
paying an energy cost for creating an extra lineon.

APPENDIX B: ADAPTIVE CIRCUITS VIA
DISENTANGLING FLUCTUATING DOMAIN
WALLS

1. One-dimensional SPT with Z, x Z, symmetry

On a 1D lattice of 2L lattice sites with periodic boundary
conditions, we consider a cluster state Hamiltonian

2L
Hy ==Y Zi 1 XiZiy. (B1)
i=1

The ground state exhibits a SPT order protected by a Z, x
Z, symmetry generated by a product of Pauli-X operators
on odd sites and even sites, respectively.

Using [{a;}, {b;}) to denote the computation basis with
a; defined on odd sites and b; defined on even sites, the
ground states can be written as

L
o) = Y [0 0 [{a), (b))

{aih{bi} i=1

(B2)

since it can be obtained from the product state |+)®* by
applying controlled-Z gates acting on every two neighbor-
ing qubits. To observe the braiding of fluctuating domain
walls, we express the state in the Pauli-X operator basis:

o) = Y (=P |{a;}, (B})
{oi}{Bi}

(B3)

with «;, B; = £1 corresponding to spins on odd and even
sites, respectively, in the X basis. Here, the two Z, sym-
metry actions on odd and even sites impose the constraints
[1-, @ =[], Bi = 1. Therefore, for any allowed {a;}
configuration, o; = —1 must come in a pair, which can
be connected by a string. Similarly one can use strings to
enumerate all possible {8;} configurations. yx («, 8) is the
number of times that « braids with 8 configurations.

Now when we measure Pauli-X operator on every odd
site, one obtains a particular {«;} configuration, and cru-
cially, the unmeasured degrees of freedom 8 is a superpo-
sition of strings, which exhibits a long-range Z, order, i.e.,
(ZiZ;) = £1 forany i,j.

2. Details on preparing CSS codes
a. Chain complex description [63,64]

Given the qubits labeled by g e Bp, any CSS
code Hamiltonian takes the form H =—) 5. S¥ —

> jen, S7» where the stabilizers S),S7 are products of
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Pauli-X and Pauli-Z operators, respectively, on qubits.
These stabilizers can be expressed via the parity check
matrices Hy and Hy: the ith row of Hy corresponds to the
support of the X -type stabilizer S with i € By, and sim-
ilarly, the jth row of Hz corresponds to the support of the

Z-type stabilizer SjZ withj € Bz, e.g., SjZ = ]_[quQ Z(EHZ]”.
Since every stabilizer commutes, the parity check matri-
ces satisfies HzHL = 0. This is the crucial property that
enables the chain complex description of CSS codes by
identifying the boundary operators dy and d; as the parity
check matrices, i.e., H} = dy and Hz = 9z. The commu-
tativity of stabilizers (i.e., HzH! = 0) then translates to
a topological fact that the composition of the boundary
maps must be zero: dzdy = 0. Equipped with the boundary
maps, the chain complex associated with a CSS code reads

0 0
Cx —— Co —— Cz,

X stabilizers Qubits 7 stabilizers (B4)
where Cy, Cp, and Cz are finite-dimensional J>-
vector spaces with bases By = X-tupe stabilizers, By =
qubits and Bz = Z-type stabilizers. Using the identifica-
tion between boundary maps and the parity check matrices,

. . Hzl, 87);
we write stabilizers as 7 = [, By ZIE g [Tges, Z(E, 2Ji

Hy i ax lgi
and S¥ = ]‘[quQXq[ g _ ]_[quQXq[ Wi and therefore
the CSS code Hamiltonian is

[0x1gi [0y
SEP 3| B o) EANLE
i€By q€Bg J€Bz qeBg
It may also be succinctly expressed as
— > X (xi) = ) Z(}), (B6)

ieBy jeBz
where X (dyx 1) is the product of Pauli-X operators for spins
on the boundary of i € By, and Z(BZT]' ) is the product of
Pauli-Z operators for spins on the coboundary of j € B;.
An illuminating example is the 2D toric code, which can
be obtained by associating the chain complex with a 2D
lattice. In this case, C,, C, and Cj are associated with faces
(2-cells), edges (1-cells) and vertices (0-cells). Denoting
by By and By the bases for C; and Cy, one finds that the
toric code Hamiltonian for qubits living on 1-cells is

= > XXXX = Y 7772,

ieBy jeBz

(B7)

where the first term is the product of X on the boundary
of a 2-cell, and the second term is the product of Z on the
coboundary of a 0-cell.

b. Preparation protocol

Now we construct a SRE state that leads to the CSS
code [Eq. (B6)] upon measurements. First, in addition to
the spins labeled g € By, we also introduce spins labeled
j € By. Initializing all spins in the 41 Pauli-X eigenstate,
one introduces an operator Z(dzq) that creates a domain-
wall configuration for the spins (€ Bz) located on the
boundary of ¢. Then Z(9zq) for all ¢ € By forms a generat-
ing set to generate all possible domain-wall configurations
denoted by |«) for spins localized in ;. Similarly, Z (BZT]' )
for all j € B, forms a generating set to generate all possi-
ble dual domain walls denoted by |8) for spins localized in
Bo.

It follows that braiding two types of fluctuating domain
wall leads to the SRE state

Wo) = Y _(=1)*@Pja, B),
a.p

(B8)

where x (o, B) is a generalized braiding (linking) num-
ber. Alternatively, the state can be written as |vg) =
[ges, (1 +X4Z©029)) [T}, (1 +X;Z(9/)) ® |+). One
can also write down a gapped stabilizer Hamiltonian H
for which |) is the ground state:

==Y XZ0L5) - Y X,Z(029);

jeByz q€Bg

(B9)

X;Z(0}j) = 1 enforces the condition that Z(32j) creates
a domain wall on the coboundary of j with a sign that
depends on whether X; = +1, and, similarly, X,Z(9zq9) =
1 enforces the condition that Z(dzq) creates a domain
wall on the boundary of g with a sign that depends on
whether X, = £1. These two rules naturally lead to a SRE
state as two species of fluctuating domain walls with a
braiding phase. In fact, Eq. (B9) is simply a cluster state
Hamiltonian defined on a bipartite graph.

Given the SRE state |y), measuring the Pauli-X oper-
ator for spins labeled j € B; projects those spins to a
particular domain-wall configuration |o/ ), which results in

the state
Z 18)

®Z< DXP |y — |CSS) =
Here the arrow denotes the following procedure: (i) get-
ting rid of the product state \a’), (i1) removing the sign

(B10)

(=1)x@$) by applying X (cy), i.e., a product of Pauli-X
operators (acting on qubits in Byp), where c, denotes the set
of qubits whose boundary generates the «’ configuration
via Z(9z¢,). Formally, |CSS) can be written as a product
state [ [; 5, [1 + VACD) &, |+)4> which can be expanded
as a sum of all possible domain-wall creation operators.
This expression also manifests the fact that |CSS) is a
ground state of the CSS Hamiltonian [Eq. (B6)].
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c. Construction from the level of operators

Above we discussed the adaptive preparation of CSS
codes in terms of wave functions, here we provide a
complementary description in terms of operators. Given
Hamiltonian Hy [Eq. (B9)], we measure the Pauli-X oper-
ator on spins labeled j € By for the ground state of Hj.
It follows that X;Z(3%j) is replaced by +Z(3}j) where
the sign is determined by the measurement outcomes. As
for the second term X,Z(dz¢q), since g(€ Bp) has a bound-
ary belonging to Bz, Z(dzq) would not commute with the
measurement on jth spins for j € . It follows that the
measurement will induce new terms that commute with
the measurement by taking a product of X,Z(dzg) over
various g € Bp. As a result, we are looking for a cycle
¢ =) (e,e0.1) ¢4 € Co so that ¢ has no boundary [ie.,
dzc = 0 or, equivalently, ¢ € Ker(dz)]. The corresponding
generated term is [] | 4eBy X;”]Z (3z¢) =11 4eBy quq.

To conclude, given the graph state Hamiltonian (B9),
measuring the Pauli-X operator for spins defined on j €
Bz gives the postmeasurement Hamiltonian that describes
the spins labeled by g € B,:

H=>Y +z@5) - > []X"

jeBz ceKer(dz) geBg

(B11)

As 970y = 0, any c that belongs to the image of dy must
have 9, = 0; this means that one choice of ¢ would be ¢ =
dyifori € By.On the other hand, there can be a homologi-
cally nontrivial cycle ¢ not in the image of dy, meaning that
¢ € Ker(9z)/Imag(dy). Therefore, the postmeasurement
Hamiltonian can be written as

H=> +2(})— Y X(@yi) - >

jeBz ieBy ceKer(dz)/Imag(dy )
(B12)

X (o).

The first and second terms exactly reproduce the desired
CSS code Hamiltonian (B6) (up to a sign that can be
corrected by a depth-1 unitary circuit), and the last term
simply gives the logical operators that specify a unique
state in the ground-state subspace.

APPENDIX C: OPERATOR PUSHING IN
SYMMETRIC SUBSPACE

Here we provide details on operator pushing and its gen-
eralization in the presence of symmetry. The statement of
operator pushing is as follows.

Theorem. Given a bipartite pure state |) € Hy ® Hp,
where A and B have equal Hilbert space dimension d, for
any unitary Uy supported on A, there always exists a uni-
tary Vg supported on B such that Uy |W) = Vg |¢), if and
only if |\) is maximally entangled between A and B (i.e.,
the entanglement entropy is log d).

A motivating example is given by a Bell pair
shared between two qubits: |Bell) = (1/ﬁ)(|00) + [11)).
Since X, Xp |Bell) = Z,Z5 |Bell) (equivalently, |Bell) is
a stabilizer state stabilized by XyXp and Z,Zg), one
finds that X |Bell) = Xp |Bell), Z, |Bell) = Z3 |Bell), and
74X, |Bell) = XpZg |Bell). Since any unitary operator
Uy can be expanded in the operator basis as Uy =
2ijeio) u; X1Z,, its action on [Bell) is equivalent to V' =

> ijeion i Z}, X}, whose unitarity inherits from Ul.

1. Proof sketch (see also Ref. [65])

To start, one writes any state |) in its Schmidt
decomposition |¢) = Zle oili)4 i) with o; >0 and
Zf.]:l 01.2 = 1. Applying an operator Uy supported on 4
gives

d
Ualyy = oiUili)ylids - (C1)

ij=1

On the other hand, applying an operator V3 supported on
B gives

d
Vely) = oiVililali)s.

ij=1

(€2

These two actions are equivalent if and only if UL = T V7,
where ¥ is a diagonal matrix with {o;} being the diagonal
entries. When |¢) is maximally entangled, ¥ is propor-
tional to an identify matrix, in which case, the unitary U on
A corresponds to a unitary ¥ = U’ on B. On the other hand,
demanding the unitarity V1V =1 for all V= 2UT2"!
implies that [U, £2] = 0 for all U. This in turns indicates
that ¥ o< IL

2. Operator pushing with symmetry

Given two Hilbert spaces H,4, Hp, which may have
unequal dimensions, we impose symmetry S, supported
on 4 and Sp supported on B to define the symmetric sub-
spaces Hysymm and Hpgymm. In other words, any state
|1ﬂsymm) in Hy gymm ® Hp symm is invariant under the sym-
metry action by Sy and Sp. For the case dim(H 4 symm) =
dim(Hp symm) = dsymm, We consider a symmetric state
|Wsymm) with maximal entanglement in the symmetric sub-
space, i.e., the entanglement entropy between 4 and B is
log dsymm. We now consider applying a symmetric unitary
Ujysymm acting on 4. Because of the symmetry, Uy symm
remains a unitary when restricted in the symmetric sub-
space. Therefore, one can directly apply the aforemen-
tioned theorem to find that, for Uy symm acting on A4, there
exists a symmetric unitary Vpsmm acting on B so that
UA,symm |wsymm) = VB,symm |‘/fsymm)- Namely: one can pus}l
any symmetric unitary from 4 to B through the maximally
entangled state in the symmetric subspace.
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APPENDIX D: BOUND ON ENTANGLEMENT
GROWTH

Here we provide a bound on entanglement generated
by local adaptive quantum circuits. Specifically, consider
a depth-D adaptive quantum circuit, where each layer con-
sists of nonoverlapping local gates that can be a unitary
or a projector due to measurement; we show that the
increase of entanglement of subsystem A is bounded by
O(D|0A|) with |0A4]| being the boundary area of A. Here the
entanglement for a bipartite pure state |V) 5 € H4 ® Hp
is quantified by the max-entropy (also dubbed Hartley
entropy) So = log x, where y is the rank of the subregion
reduced density matrix py = trz [) (¥|. Equivalently, x
is the Schmidt rank in the Schmidt decomposition |) 45 =

X VPi#i) 4 ® 16:)5 with {|¢;) 4} and {|6;)5} being the
orthonormal basis sets for 4 and B, respectively.

Note that, while the above result only bounds the
increase of maximum entropy, one can immediately obtain
the following statement: given a product state, the out-
put state of a depth-D adaptive quantum circuit can at
most have O(D|dA4|) Rényi entanglement entropy S, =
[1/(1 — m)]log(try o) for any positive n (including the
von-Neumann entropy by the limitn — 1). This is because
our bound on entanglement growth implies that the output
state can at most have O(D]dA4]|) maximum entropy Sy, and
So > S, forany n > 0.

As anontrivial application, the result above implies that,
starting from a product state, the preparation of a 1D CFT
critical state of size L via local adaptive circuits requires
a depth D 2 O(log L) due to the logarithmic scaling of
entanglement in a 1+1D CFT. Therefore, the (log L)-depth
adaptive circuit we introduce in Sec. III for preparing a
critical state is optimal.

Below we present our proof for bounding the entangle-
ment growth of maximum entropy. The proof relies on the
following two facts.

(i) A gate acting only on A or B cannot increase the
entanglement maximum entropy. To see this, one
can consider a gate O, supported on region A. After
the application of Oy, a state |/) 45 in its Schmidt
decomposition )45 = Y5 /i 1¢i)4 @ 16;)5 will
transform to

X
(04 ®Ip)V)as =Y _ /DiOuldi)a ® |6:)5. (D)

i=1

Under the bijective map |0;)p <> (0;|p, the state
above can be viewed as a matrix of rank at most x.
By performing the singular value decomposition of
this matrix, one can obtain the Schmidt decomposi-
tion of (04 ® Ip)|¥) 5. Since the rank of the matrix
is at most x, the Schmidt rank of O4 ® Ig|V) 45 is

at most x as well. The same reasoning applies to an
operator acting on B.

(i) A gate Oyp acting on the bipartition boundary of
O(1) size (i.e., it acts on both A and B) can at
most increase entanglement maximum entropy by an
O(1) value. To see this, one can apply a Schmidt
decomposition to express Oyp as

/

X
Oup = Z raOua @ Opy

a=I

(D2)

with O44,0p, supported on A,B, respectively.
Applying this operators on V) 5 gives

!

X
Y ra/Pi(Oualdi)a) ® (Opalfi)s).  (D3)

a=1 i=1

Clearly, the Schmidt rank of the state above is at
most x’x, meaning that the increase of the bipartite
maximum entropy Sy is upper bounded by log x'.
Since the operator O 45 acts on a region of O(1) size,
x' is bounded by an O(1) number, and so is log x’.

Combining the above two facts leads to the conclusion that
the increase of entanglement maximum entropy is bounded
by the number of boundary gates in a depth-D adap-
tive circuit, independent of the measurement outcomes.
Since each layer contains O(dA4) boundary gates and there
are D layers, one finds that the growth of entanglement
maximum entropy is upper bounded by O(D|d4]).
Finally, we remark that it is tempting to argue that the
increase of the von-Neumann entanglement entropy obeys
the same area-law bound, but this is generally false. Con-
sider, for example, a superposition of the trivial state and
a Haar random state, with amplitudes +/1 — € and /e,
respectively. Certainly, by choosing a sufficiently small
€, one can ensure that the von-Neumann entanglement
entropy for any bipartition takes an O(1) value. However,
even a local measurement can lead to a volume-law entan-
glement growth by postselecting on the Haar-random state.
Such an example therefore invalidates an area-law bound.
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